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INTRODUCTTOR

The proposed monograph is devoted mainly to many-dimensional non-linear oscillations
of a conservative mechanical system studied in a complete way, i.e. in an unlimited period
of time and for arbitrary initial comditions. This problem, of which the famous three-body
problem in astronomy is a particular example, is probably the most complex and at the same
time the most beasutiful in classical mechanics. The point is that in the case of finite
motion (which is equivalent to oscillations in the broad sense of the term) in the absence
of damping, repeated interactions occur in the system, so that very subtle cumlative ef-
fects become important (Section 2.12). The complete solution of this problem is still a
long way off, Nevertheless, at the present time, particularly as a result of the mumerous
papers of the last 10-15 years, the general picture of the motion of such a system is al-
ready beginning to emerge more and more clearly through the thick fog of inmmerable details
and the particularity of specific problems,

There are two important reasons for constructing a general theory of non=linear oscil-
lations. On the one hand, in specially interesting cases it is not always possible to re-
main in the linear oscillation region, i.e. to keep within sufficiently small amplitudes,

On the other, the linear region is too narrow and therefore relatively poor in phenomena.

Of course, it is difficult to guarantee that qualitatively new processes will not be dis-
covered in this region, particularly if it is remembered that quite recently such interest-
ing and important phenomena as the Kapitsa pendulum®??) or the strong focusing of particles
in an accelerator'”?) were discovered in this region. Nevertheless, it seems safe to assert
that the linear oscillation region has been exhausted to a large extent and for subsequent
significant progress, both in understanding and applying oscillatory processes, we shall
have to switch to the non-linear region. An attempt to limit investigations to linear
oscillations is often very artificial, unduly reduces the possibilities of practical appli-
cation and resembles the notorious attempt to restrict the search to the area directly in
the spotlight. This latter method is certainly a good idea, since the beautifully worked
out comprehensive theory of linear oscillations is in sharp contrast to the disconnected
descriptions of separate non-linear processes. However, it is becoming increasingly dif-
ficult to find anything new "in the spotlight" and the development of a theory of non-linear
oscillations can be considered as an attempt to light, albeit a little, the general mass of
streets of a large town in addition to the brightly-lit main avenue,

At present, there are two main approaches to the problem. The first is connected with
the search for stable periodic or almost periodic motion. This is related to the classical
theory of non-linear oscillations (Poincaré, Lyapunov, Mandelstam and others), the basic
disadvantage of which -- that the cases of motion considered are too special -- was over-
come recently in the famous works of Kolmogorov, Ammold and Moser (KAM theory, Section 2.2).
Another approach, the ergodic theory, deals on the contrary with the case of extremely un-
stable wotion, leading up to a statistical description (Birkhoff, Hopf, Anosov, Sinai and
others, Sections 2.1, 2.3 and 2.4). Both approaches, in particular recently, have given a
series of brilliant results which form a reliable basis for further research in this field.
However, on account of the extraordinary mathematical complexity of the problem, they
nevertheless remain only special or, rather, limiting cases of motion. It is not even known
under what conditions the transition from one approach to the other, i.e. from stable to
umstable motion, takes place.
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In these ciramstances it appears advisable to reject the purely deductive method com-
pulsory in mathematics and adopt the semi-empirical method more usual in physics, which in
the present instance means a system of models, analytical estimates and experiments, mumeri-
cal or "real" (Section 3.1). To a certain extent the Mandelstam school carried out such
research with the aim of combining theory and experiment as applied to the special problems
of non-linear oscillations. A similar approach to the general problem outlined abave was
started by Krylov®®), many of whose ideas are used and developed in this paper. The main
difference in our approach is that we are interested not so much in the macroscopic molecu-
lar systems of statistical physics, the nature of whose motion has in any event been cor-
Tectly established, as in systems with a few degrees of freedom, where this problem is far
from trivial and is not of merely theoretical interest. Bearing in mind the given approach,
we shall speak of constructive phiysics, since the main task here is to construct an approxi=-
mate system of potions and laws in a region where, in principle (but not in practice!), the
exact laws are known, It should be noted that, at present, constructive physics, besides
being related to oscillation theory, is connected with such large branches of science as,
for instance, statistical physics and chemistry, and in the not too distant future probably
also biology. It should be stressed that the centre of gravity of constructive osciliation
theory (and this also applies to a certain extent to other regions of constructive physics)
does not lie in formulating any new laws of nature, but in applying well-known and firmly
established laws of mechanics to the explanation (analysis) and construction (synthesis)
of new mechanical systems and processes with the desired characteristics (Section 3.1).

The basis of our analysis of non-linear oscillations is the notion of non-linear
resonance ((hapter 1), which first arose apparently in celestial mechanics in connection
with the librational motion of the planets (Lagrange) and in a clearer form in accelerator
theory in connection with the phase stability mechanism (Veksler, McMillan). The most
significant and, as far as we know, new process proves to be the interaction of several
resonances, always taking place in a non-linear system,

A large part of the paper (Chapters 2 and 3) is devoted to the study of this interac-
tion,

A system of models was constructed (see diagram on next page) beginning with a one-
dimensional non-linear oscillator. The downward-pointing arrows show the simplification of
the model down to the elementary one, which is studied in detail analytically (Chapter 2)
and by means of muwerical experiments (Chapter 3). The results obtained are applied to a
series of increasingly complicated models, finishing with a many-dimensional non-linear
oscillator (upward-pointing arrows). For the analytical investigation wide use is made of
the Krylov-Bogolyubov-Mitropol'sky asymptotic averaging method [KBM theory®)] on the basis
of Hamiltonian formalism. We were naturally obliged to limit ourselves to the case of small
(or slow) perturbation (parameter € << 1), assuming that the motion of the unperturbed sys-
tem 15 known in one form or another. Since, however, the basic results of the work are
estimates in order of magnitude, their range of application can be extended to ¢ ~ 1.

Let us note here two of the results obtained, in our opinion the most interesting.
Firstly, a study was made of stochastic instability, which from a practical point of view
is the most dangerous instability of non-linear oscillations (Section 2.5) (and at the same
time a peculiar method of particle acceleration, Section 4.1), but from a theoretical point
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of view gives a model of statistical laws applied, as distinct from the model of contempo-
rary statistical mechanics, to a system with a few degrees of freedom N 2 2 (Section 2.13)°),
Secondly, a study was made of Arnold diffusion, which proved to be a peculiar universal
instability of non-linear oscillations in cases where there was no stochastic instability
(Section 2.12).

Furthermore, the studies made seem to us to give a rather detailed general picture of
pany-dimensional non-linear oscillations, and particularly the rather complicated structure
of their phase space. With the above-mentioned limitation on the perturbation strength,
the transition from the Kolmogorov region of maximum stability to the region of maximum in-
stability of the ergodic theory can be traced, and it can thus be shown that in the general
case both regions interpenetrate deeply in a rather complicated way, forming a system with
divided phase space. The latter fact is also an important obstacle to the construction of
a rigorous mathematical theory.

In spite of some indistinctness in this picture and some doubt about certain of the
details, giving rise to natural dissatisfaction, it can nevertheless serve as a guide line
for future research and current applications in this unexplored region. The work can,
therefore, be looked upon as a kind of reconnaissance in depth (although perhaps including
some superficial cbservations), intemnded to facilitate subsequent more accurate investiga-
tions,
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LIST OF THE MAIN DIMENSIONLESS PARAMETERS AND SPECIAL SYMBOLS

1. € : small perturbation parameter (Section 1.1).
2. an |L/w - d/dI|: non-linearity parameter (Section 1.3).
3. sn [MJHM : parmmeter of the overlapping of resonances;

(&) mon-linear width of resonance;
A : distance between resonances (Sectien 2.1).

4. 5; v Qgfwn(v s) : parameter of destruction of non-linear resonance separatrix

(Section 2.6);
B, ¢ frequency of phase cscillations (Section 1.4);
wy ¢ perturbation frequency (Section 2.6).

Ses’ : stochasticity parameter (s,5;) for re-nomalized resonance

6. pn e“':"r’ : exponentially small parameter of destruction of non-linear resonance
separatrix;
c® 1: constant (Section 2.6).

7. 4™~ sp : fraction of stochastic component in the region of Kolmogorov sta-
bility (Section 2.6).

8. N : mmber of degrees of freedom (Section 2.12).

9. m : multiplicity of interaction (Section 2.12).

10. ~ + sign of equivalence in order of magnitude (with correct dimension-
ality).

')].1. = : sign of proportionality (dimensionality not maintained).

g

The above symbols are valid throughout the text, with the exception
of special cases in which changes in the symbols are specifically
mentioned.

*) Typist's Note: In the handwritten formulae the signi has been used.
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CHAPTER 1

NON-LINEAR RESONANCE

This short chapter is an introduction. It sets out the basic ideas comnected with a
single resonance of non-linear oscillations, or, let us say, non-linear resonance. Although,
as we shall see later, the difference between resonant and non-resonant motion is not as
great for a non-linear system as for a linear one, the main features of the motion are
nevertheless determined by the non-linear resonance, which is an "elementary" non-linear
oscillation process.

1.1 Formulation of the problem '

Let us begin our investigation with a one-dimensional non-linear oscillator, subject
to various perturbations. Let us assume that the Hamiltonian of the system is:

Wodd, (paA) +2H,(p,9,A, 19, <)
A=\(Z); /’\’A( ik P J?l“‘); = {2 (T)

(1.1.1)

Here t = ct is the "slow" time, and the parameters define: A as the adiabatic processes, ¢
as the resonant processes, including those with variable frequency, . as the perturbation,
depending on the dynamical variables p, q and their derivatives; H, is the unperturbed
Hamiltonian; eff; is the small perturbation (e << 1).

Let us explain the idea of introducing the parameter A by the following example.
Supposing we want to consider the frictional force -- k§. The direct introduction into the
Hamiltonian of the term kgp/m "spoils'" the second equation: § ¢ (al/ap) = (p/m) + (kg/m).

But if we do the same thing through the parameter: qA(p) where Alp) = kp/m the equations
remain canonical, since differentiation with respect to p, q is carried out with a constant
A. The dependence of A on p should be understood in this case as an explicit dependence

on time, so that the Hamiltonizn is not conserved. This simple method of taking into ac-
count wnusual perturbations in the frame of Hamiltonian formalism is equivalent, essentially,
to using the generalized Hamilton principle for obtaining Lagrange equations!) ), A
similar problem was studied by Volosovi).

In spite of the apparent limitation of the problem, the Hamiltonian of the form of
(1.1.1) covers a fairly wide range of non-linear oscillatory processes, mainly on account of
the diversity of the perturbations. In a sense system (1.1.1) may be called an “elementary"
non=linear oscillator, which enables us to introduce, investigate and "sound" the basic
ideas and regularities of this region. In particular, some many-dimensional problems (sece
Section 4.5) can be reduced to the fom of (1.1.1).

*) However, it should be borne in mind that the said method should be used with cmtim.
Thus, for instance, frictional fnrmd:me phase space volume of the sy
(*.riulat;im of Liouville's theorem), while in the case of "real" explicit &q:mdnm of
the Hamiltonian on time the phase space volume is conserved.
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Let us suppose, for instance, that there is a many-dimensional system, which in a zero
approximation (e = 0) splits into independent one-dimensional oscillators. The perturbed
Hamiltonian of such a system depends, generally speaking, on variables of all degrees of
freedom, However, by calculating these variables in a zero approximation as explicit time
functions and substituting them into the perturbation, the system can again be divided (in
a first approximation) into separate oscillators of the form of (1.1.1), whose dependence
on variables of other degrees of freedom is replaced by an explicit dependence on time. It
should nevertheless be stressed that the one-dimensionality of the original model (1.1.1)
may sometimes lead to qualitative anomalies (see Section 2.12).

We consider the parameter € as fairly small, i.e. the perturbation is weak (or slow).
This assumption tums out to be correct in a series of cases and is due to the practical
need to use & kind of perturbation theory for analytical investigation. Under the condition
of small perturbation, resonance, i.e. cumilative perturbation, is the most significant
process for the oscillatory system. Thus our problem can be defined as the study of non-
lincar resonance in a one-dimensional system of the form of (1.1.1).

1.2 Transformation to slow variables

Since the perturbation is small, it is advisable to choose dynamical variables in which
the smallness will be expressed explicitly. In other words, it is useful to exclude the
"fast" wnperturbed motion from the equations. Let the solution of the unperturbed equations
take the form:

4=¢(1,8,A) ; 193_/&:(1',)!)464- Z
q'= “’qf'Va&; I=z—§_ f;:q"; (1.2.1)

where 2n/u is the period of the motion and I is the action canonically conjugated to the
angular variable @, Although the frequency of the unperturbed motion is constant, it is
placed under the integral in order to preserve the functional form of the solution also for
the perturbed motion. In this case the constants of the unperturbed motion (I,4) will vary
with time, but slowly. We shall choose them as new variables.

In the variables 1,0 the Hamiltonian (1.1.1) takes the form:
W="H, + A }1{(.1', 8,))+s X, (1,8, A,9,¢) a2

where & #f is an additional term to the unperturbed Hamiltonian because of its explicit de-
pendence on time. In order to find H we will write the total derivative of I:

SCOENCER T




and take into account that the operator in brackets depends only on the fumction I(p,q,A)
and thus is equal to 3/30. But from (1.2.2) I = -3H/30; equating with (1.2.3) we find:

J?: 5 jgg(?f)ﬁ f: f‘ﬂ(a?f £5 (1.2.4)

The latter expression is obtained if a similar procedure is carried out with the function
When calculating the integral it is necessary to express p,q through I, in

JCXRV
accordance with (1.2.1).
In slow variables (I,§) the equations take the fomm:
I=- 28 _ . 2%
el .- (1.2.5)
$= 828 i .

Since the differentiation with respect to both 2,¢ is equivalent, system (1.2.5) is cano-

niecal.
Let us transform aH/20 = (3 1/24), , using the relation:

"11'! J_f. 2T :J".___..!.._.__
w q; FEE R P ]

where W = Ho(p,q,2), and the bar signifies averaging over the unperturbed motion with con-

stant A. We have:

21 (peg.A) o I(¥A)  2(A) v, )
I (p.g.4) — e q% 2 (1.2.7)

N

(1.2.6)

2N
Whence
ATk

This equation clearly shows the adiabatic invariance of the action and is very convenient
for constructing various approximate expressions. A similar but approximate equation was

('%-' (%)ﬂ? )ﬂ,.& 4 ("‘% (%ij;? ) A
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obtained by Volosov?). It should be pointed out in this commection that all the equations

in this paragraph are exact.
Let us mention without proof another form of equation for § *):

AGESEEl S o

At first glance the disagreeable feature of this expression is that the velocity in the
denominator may vanish. In practice, however, this fact can be used to check the correct-
ness of the expression for @, since the mmerator, of course, may also vanish along with
the Mﬂﬂtﬂrt

For solving specific problems one can use any pair of the equally valid eguations
(1.2.5), (1.2.8) and (1.2.9).

Sometimes it is convenient to use the energy of the unperturbed system W instead of the
action. Calculating the total derivative in the same way as in (1.2.3) and using (1.2.1),

we find:
- ’A F
A — oHe 0' 4 J - Bt -—;-;55 (1.2.10)

W=

It should be borne in mind, however, that this equation is not canonically conjugated to
the equation for §.

1.3 Si_ng;ﬂ resonance

When the perturbation is small, the most important process for the oscillator is reso-
nance. Resonance generally takes place for a mmber of values of the oscillator frequency
w=uw. In this chnpmmmumsidermtﬂmuiammmrﬁrm, so that near
one resonance the influence of the others can be completely neglected. Such single reso-
nance is a kind of "elementary" process for a non-autonomous oscillator. The interaction
of several resonances will be thoroughly examined in the next chapter.

The time dependence of the unperturbed Humiltonian is assumed to be slow (but not neces=
sarily small): i ~ ¢ (1.1.1).

let us re-specify:

NH+eH, = e,

and use the parameter A to describe the losses in the system (for instance, frictional forces).
The equations of motion take the fom:
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fe-2 2H(50.8) _ . 5 (1 0)

26
?5 = g 23,(7,6,¥) (1.3.1)
27
In accordance with (1.1.1) and (1.2.1) H, is a periodic function of 0,0 of period 2n:

J(u"&‘-p-u:ﬂj
M, (1,6.9) = :‘?‘:‘«. Hyen )€ (1.3.2)
i
The resonance condition takes the form:
mew = « il (1.3.3)

Here m,n are any positive integers (we assume that w, § > 0); in contrast to this, in (1.3.2)
m,n may be both positive or negative.

All the harmonics that are multiples of the basic ones contribute to the resonance:

Ny HE; N=1,2,..; kg 2 0

Neglecting the non-rescnant harmonics in accordance with the averaging method, we obtain
from (1.3.1), (1.3.2) the so-called first approximation averaged Hamiltonian'®):

it t.'t&/
(jq:‘)kg i _,2;‘ gﬁﬂk,-.ve'e' Fb-- / (I}i“= (1.3.4)

= _% U, )+ A w; ¢p=ké-09; NE)=A(T, &)

where U is a periodic function of ¢, of period 2w.

The physical meaning of neglecting the non-resonant harmonics is fully understood; a
detailed mathemutical proof of the validity of such an approximation and also its accuracy, the
limits of its applicability and the construction of the subsequent spproximations, form the
subject of the Krylov-Bogolyubov-Mitropol'sky theory (KBM theory)?). The wost important
effect of non-resonant hamonics is that new frequencies arise in the system and cause new
resonances. For the study of a single resonance this has no significance by definition; as
regards the role of higher hamonic resonances for the case of the interaction of several
resonances, this question will be discussed in Section 2.7.

From (1.3.4) we obtain the first approximation equations (v c) of the averaging method
in the form:




f=—5.2;‘-;—- s A(r)

v o 3 9.....-..” {1.3.5)
g=ko(r)-€2+¢ =

Let us recall that the dependence A(I) is regarded as an explicit dependence on time and
therefore is not differentiated when obtaining the equation for §. The parameter A is con-
nected with a more usual quantity -- the loss rate (eP) =-- by the relation:

i T (1.3.6)

The system of equations (1.3.5) is canonical with the resonant Hasmi 1 tonian:

Jo&:j{km—fﬂ)df+ cU(T,¢)+ Mg (1.3.7)

For a constant A (dA/dI = 0) HP is the integral of motion and if it can be calculated
in explicit form it enables us fully to investigate the behaviour of the oscillator near
the resonance. This method is widely used (see for instance Refs. 4 and 5) and is specially
suitable (and necessary) when the non-linearity is small (a << 1). Usually just the case
of small non-linearity is studied, often in the hope of simplifying the equations. However,
things tum out to be just the opposite®). In the case of strong (but not very strong,
moderate as we shall call it in what follows) non-linearity

g << << /¢ (1.3.8)

the Hamiltonian (1.3.7) is substantially simplified, since the variation of I in this case
proves to be always small. Therefore one can neglect the dependence of U on I, having put

u(‘rr 5"/’ - ﬁ(.l;,, ,ﬁ) — U(y) (1.3.9)

and take into account the dependence w(I) only in first approximation:

ko-L = ©f.(I-1,); wi=k ?:(I,A
k“’(-zp)-'-' £

(1.3.10)

where ui{Ip] is the constant characterizing the non-linearity of the oscillator.

In the approximation considered, the conditions of application of which will be dis-
cussed in the next paragraph, the resonant Hamiltonian (1.3.7) takes the form:

2
Fy= b &2y ¢ (v @51




and the equations of motion:

I=-¢%£
9;'= hJi:' (:?3-.2;;d}

A
IS

(1.3.12)

Generally speaking, one could also take the losses into account in this same approximation
by adding the tem ;:A{In]:a to the Hamiltonian (1.3.11); however, it is more convenient to
do this later (Sections 1.5, 1.6).

System (1.3.12) can be reduced to a so-called phase ﬁql.ntimﬂ after eliminating I:

e ¢, AU 3
@+ L0l E‘gv=0 (1.3.13)

The Hamiltonian (1.3.11) describes the cscillations of a certain "particle" with a mass
Uui in a periodic potential field clU(y). Thus for moderate non-linearity (1.3.8) the
behaviour of the oscillator near the resonance proves in the first approximation to be
universal (except for the shape of the "potential well" and consequently the shape of the
oscillations). It should be remembered that with weak non-linearity (o £ ), the behaviour
of the systn;ﬂ. varies qualitatively according to the type of resonance (external, parametric,
etc.)¥r1%%),

Since the shape of the oscillations, genernlly speaking, is not important when study-
ing the general laws of non-linear resonance, it will be specified from time to time in
order not to complicate the writing of the formulae wmecessarily. Let us put:

U, )= UU.(T) Sy (1.3.14)

Then the original system (1.3.5) takes the form:

IT=-£U. Cos g —~ £/
= ko-€2 - sul by

(1.3.15)

and the universal Hamiltonian becomes:

M = “—';j‘ (7-7) e sl @ (1.3.16)

We studied the periodic dependence of the perturbation on the phase 6. Extension to
the case of quasi-periodic perturbation presents no difficulty, but neither does it lead to
any new effects. A periodic transient (acting in a finite interval of time) perturbation,
is not of much interest from the point of view of resonant processes. There is also steady
aperiodic (with a continuous spectrum) perturbation, which leads to a completely different
pattern of motion. This case will be discussed later (Section 2.11).




1.4 Phase oscillations

The analogy mentioned in the previous section with the motion of a "particle™ in a
periodic potential enables us to have a visual picture of non-linear resonance for moderate
non-linearity. Let us limit ourselves to the case of the harmmonic potential (1.3.14).

System (1.3.12) has two equilibrium states, 1 = 1, ¥ = #3/2, one of which is unstable

[depending on the sign U, wy, see (1.3.13)]. The pattern of the phase plane is periodic
in y and has a characteristic "bucket" appearance (Fig. 1.4.1). The phase trajectories are

M\m_/
@ X @& X @& X
—\w
I"W—""
_/""m

K X (B @D >«
W

i

\‘Jf’// :

[ \\‘

/'/

NS
\

f

\\“

Fig. 1.4.1: ugecmriﬁ in the vicinity of resonances for moderate
nm-linuant}r © - stable, or elliptic, points; x - unstable, or hyperbolic
points. The dotted lines show the first approximation separatrices; in the
subsequent approximations they are destroyed and stochastic layers are
formed in their place (Section 2.6).

determined from the condition H}. = const. When |[H | < |eUs| (insice the "potential well")
the phase trajectories are closed, i.e. the phase [and energy 7] of the oscillator varies
within restricted limits. These oscillations are generally called phase oscillations.

This name is fully justified, since the behaviour of the oscillator near the resonance is

determined by its phase conditions, namely phase shift law. The frequency of small phase
oscillations is equal to (1.3.13):

*} From time to time we shall speak of the emergy of the oscillator, which depends on the
action variable monotonically dW/dl = w > 0, This is shorter and more usual.
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.Q.; = sl, w'y (1.4.1)

When | > |els| (outside the "potential well") the phase shifts to an unlimited extent
and the energy oscillations decrease in proportion to their distance from the resonance (to
the increase of |H}'“' The equation for the separatrix (the upper edge of the “potential
well™] takes the form: Iﬂfl = |gKy| or:

(I'Ip)z-‘-' z‘“" (Sp 1) (1.4.2)

where the sign in brackets coincides with the sign I.lgmi.

The physical meaning of phase oscillations is that the non-linear oscillator deviates
from the exact resonance (ku = £f1) as a result of the variation of its frequency w(l).
Alternatively it can be said that the non-linearity stabilizes the resonance, since the un-
limited increase of the energy in the case of a linear resonance is replaced by the re-
stricted oscillations. Thus moderate non-linearity always stabilizes the resonance.

The region inside the separatrix is generally called the capture or phase stability
region. This means that although the oscillator deviates from the exact resonance as a
result of non-linearity, it does not deviate mich. Moreover, if, say, the frequency of the
external force varies slowly, the energy of the oscillator also varies so that the approxi-
mate equality ke = 20 is fulfilled all the time,

The size of the capture region is characterized by the width of the separatrix in the
direction of 1 (Fig. 1.4.1):

(ﬂl)f‘zf \/}E..%i" j k(ﬂ‘ﬂ)“=4|/]*‘-“.a“;l=4‘£¢ (1.4.3)

These relations determine the non-linear width of the resonance.

From the above-mentioned analysis of the resonance it can be seen that the essential
characteristic of a non-linear oscillator is the derivative ', i.e. the dependence of the
frequency on 1 (or the energy). In what follows, therefore, the term "non-linear oscillator”
will be equivalent to the term "oscillator whose frequency depends on the energy" or "non-
isochronous oscillator'. The oscillations may be of any shape and generally speaking their
shape has nothing to do with the non-linearity. Thus the rotation of a relativistic par-
ticle in a magnetic field is an example of a non-linear but harmonic oscillator, and an
ultra-relativistic particle in a square potential well represents an anharmonic oscillator
with constant frequency.

The conditions of applicability of the universal Hamiltonian are connected with the
requirement for small variation of its parameters U,(I), u&[l] and depend on the specific
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form of these functions. In order to obtain a general estimate we shall assume that in the
typical case: U ~ Us/I and o ~ aw’/I. It is then sufficient to require small variation of
the quantities I,w:

Elro/s s <t @)rrfocfs <1 o

!mm'gmﬂiﬂmufu.l.!)mw. if the parameter ¢ is chosen so that
Uy ~ wl -

Let us point cut that for moderate non-linearity the real expansion parameter is not
€ but /€. The universal equations (1.3.12) prove in this case to be of the first order in
vE and the original equations (1.3.5) of the second. This also explains the possibility of
simplifying the original equations.

Let us note that the behaviour of a non-linear system near to a resonance has been re-
investigated many times since the days of Poincaré’®). A simple picture of phase oscilla-
tions and phase stability was set out in the classical papers by Veksler’) and McMillan®)
which had such a great influence on contemporary accelerator technique. Nevertheless it
seens to us that so far due attention has not been paid to the universality of the phase
oscillation process and the decisive part it plays for the understanding of non-linear
phenomena.

1.5 Emsi_ng the resonance

thummtthnmiPmlidﬂydm:hmtim,mdmthudiffwme
1-1, and thus also kuw - Li, change sign. This may occur both as a result of the action
of perturbation with variable frequency 0(r) and as a result of the variation of the fre-
quency of the oscillator w, if the unperturbed Hamiltonisn depends on the parameter A
(1.1.1). Unlike other more usual adiabatic processes, in which one can use the conserva-
tion of the adiabatic invariant J = (1/2r)#Idy, the crossing of the resonance is a more

complex process, since here, generally speaking, J changes considerably independently of
the rate of crossing (see Section 1.6).

It is comvenient to study the crossing of the resonance graphically, by analogy with
the motion of the "particle” in a periodic potential, mentioned at the end of Section 1.3 %),
Let us first find the variation of the total energy of the “particle” (1.3.11):

JJ‘( % =l (z_IF)-fP = . ?,,I;’ (1.5.1)

When the perturbation is small, the width of the resonance is relatively small [~ /&,

(1.4.3)]; therefore ip can be treated as a constant, and we obtain:

*] In other words, all the dimensionless parameters of the problem except e, o are of the
order of mity.
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Jﬁfy - "fp {'f“‘?"-'-} (1.5.2)

By inserting this expression in (1.3.16) we find“}:

g

i V(-t)r Sy - Ly (1.5.3)

where the coefficient V characterizes the rate of crossing the resonance:
W _p R

V': _'Q_f:= 'k e ¢ & (1.5.4)
24 o

and the phase Yy is taken at the moment of exact resonance (ks = £4).

If we now represent graphically the quantity proportional to the potential energy of
the "particle: sin ¢, then analysis of the motion is made in the usual way according to its
intersection with the line of the total energy, namely with a horizontal line in the steady
case (i, = 0, Section 1.4), with a slanting 1ine V(y - ¥e) + sin s when i is constant, and
with a curve £(y) obtained from (1.5.1) in the general case (Fig. 1.5.1).

Fig. 1.5.1: Graphical investigation of the crossing of a resonance:
a - fast crossing; b - slow crossing; c - phase stability; this region is
hatched and limited by a separatrix (thin line).

In the Fig. 1.5.1 it can be seen that there are two qualitatively different regimes as
for crossing through the resonance. The first is characterized by the existence of two
points of intersection (“particle" stops), by restricted phase oscillations and consequently
by repeated crossing of the resonance (line ¢). This regime has been well studied for a
special case (charged particle accelerators) and is generally called capture or phase sta-
bility?»*). Capture is possible anly when |V| < 1 and for specific initial conditions shown
in the Fig. 1.5.1 by hatching. When |V| « 1, capture takes place for almost any initial
phase of the oscillations (when detuning is sufficiently small). Under capture conditions
the energy of the cscillator sutomatically varies in such a way that ke = L. The accuracy
of this equality is detemmined by the depth of the "potential well” and is of the order of
a, (1.4.3).

*] Limiting ourselves to the special case of (1.3.14).
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Another regime (lines a, b in Fig. 1.5.1) is characterized by a single crossing of the
resonance. When |[V| > 1 crossing is possible for any phase y,, but for |V| < 1 only for
some $o. It is the last regime that is a real crossing of the resonance, since when
t + == the system deviates a long way from the resonance and its energy approaches constant
values.

Lctusmidarmlimiting:msinuhichthammdm[liillnthclnatrcgtmm
herepmmdmﬂyticﬂly‘] h!willsq‘lpuﬁetlmtﬂwvﬂlmu.aimuiﬂumpnsitiw
lfl‘hf»ﬂ,itismﬂ:?mdmﬂgethammufﬂmtiwinﬂmmlutmn[L‘huremmceu
crossed in the opposite direction) and also to make a phase shift (Y - 7 - ;) on account
of the changing of the sign of V, as is eusy to see from Fig. 1.5.1. Ifl.luulﬂl},itii
necessary to shift the phase by v (¥s + %o + #) (1.5.3). Finally, if both the values {i;;
Uy "’h‘“’ it is necessary to perfom both transformations successively, which is equivalent
to changing the sign of the time and to the transfomation ¢ + -yq.

i) Fast, or linear, crossing of
the resonance (V >> 1)
In this case non-linearity can be neglected in the first approximation and then the
phase equation (1.5.3) or (1.3.12) is at once integrated:

- L
* F— % - --!a.r -rif-"'l {11515]

and the equation for 1 (1.3.12) comes to the Fresnel integral [see for example Ref, 9)):

Alls )t /E‘E'-f? -a-;(scu%)
dI 7@' G"(F’*Fj

(1.5.6)

Let us give the next term of the expansion in powers of the small parameter V', char-
acterizing the weak effect of non-linearity for the fast resomance crossing®):

-1
tlkw) =~ ZE 24 fCrp+ '% [1Gz-1) (5224 + G 2)){
f=tor ez ¢lo)®. =g+ X
243,

(1.5.7)

The upper sign corresponds to the motion after the resomance, and the lower to that before
the resonance. Since the expression in square brackets > 0, the sign of the non-linear con-
tribution to A(kw) is the opposite of the sign ﬁ.. In other words, the non-linear frequency
change for the fast resonance crossing is directed to the opposite side with respect to the
external change of frequency, as in the capture; it is as if the non-linearity somewhat
slowed down the crossing of the resonance.
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The variation of the frequency and energy upon crossing the resonance increases with
the reduction of the rate of transit, but in contrast to the purely linear case it is limited
by the condition V >> 1 and does not exceed: |.ﬁ(hd}[fﬂ¢{€u; [Hiiﬂa"”’i“"m_‘ “’k, << 1
(1.4.4).

ii) Slow, or reversible, crossing of

the resonance < |

It can be seen from Fig. 1.5.1 (line b) that in this case the phase at the moment of
exsct resonance is enclosed in a narrow interval around w/2:

b =Z+4; Vet < Yy a.5.8)

The rest of the phases correspond to capture.
An approximate integration of equation (1.5.3) ﬁm']:

Akw) = 2V Ry Cu (V+5)( V37~ §%) +
+ 2o, [tramv- 3

(1.5.9)

The first term is important only in an exponentially small region on the edges of the inter-
val (1.5.8), where it leads to unlimited variation of  (and I). The physical meaning of
this variation is comnected with the very slow motion (almost a halt) of the phase near the
value (s/2) = V (1.3.12). The sign of A(kw) is the opposite of the sign of {}; as in capture,
i.e. the crossing of the resonance is slowed down. This result is fully understood, since
the edges of the interval (1.5.8) are directly adjacent to the separatrix.

The main term in (1.5.9) is the second. In the limit V - 0 it depends neither on the
phase y; (and consequently also on the initial conditions), nor on the rate of crossing the
resonance i, ;

3 f
al= = £l (1.5.10)
il

Thus under these conditions there is no continuous transition to the steady case ({i; = 0):
this transition takes place only in the capture region.

The sign of A(kw) for slow crossing agrees with the sign of ﬁ., i.e. non-linearity speeds
up the crossing of the resonance. Because (1.5.10) is independent of the phase the slow
crossing process is reversible. In particular, when there is periodic crossing of the reso-
nance in both directions, the energy of the oscillator is subjected only to the limited
[and small (1.4.4)] escillations in approximation (1.5.10). A more accurate expression
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(1.5.9) already depends on g, and therefore may lead to certain cumulative effects. This
question will be dealt with in more detail in Section 2.9.

Let us note that the uniform change (1.5.10) agrees in onder of magnitude with the maxi-
mum possible fast crossing of the resonance.

Comparatively little is known about the process of slow crossing of a resonance.
Apparently it was first mentioned in a paper by Symon and Sessler'!), where it was called
the phase displacement mechanism ) and was proposed as a method of acceleration in addition
to the usual phase stability. A qualitative study of slow crossing of a resonance was made
by Sturrock?), but the criterion of slowness in his paper is incorrect:

- B
= e
(= ) sl (1.5.11)

2,

In this form it has no sense at all, since it depends on arbitrary detuning (w - 0). However,
as far as can be understood from the text of Ref. 9 the author takes as the width of the
resonance the linear expression: w = il & cUf [see (1.6.17)], whereas in onder to obtain the
correct criterion one should take the non-linear one: w =i, (1.5.4).

Let us now consider the effect of losses. In the first approximation to & it is neces-
sary to add to the universal Hamiltonian (1.3.11) the term chy, where A *A{Ip] = const.
like the other coefficients. The result can be regarded either as a change of the "potential
well" U(y) (its “'slope"), or as some effective change of the speed of crossing through the
previous resonance by the value (1.5.1):

a2, =-£Newy (1.5.12)

In the latter case the parameter of the rate of "crossing” the resonance takes the form
(1.3.6):

L] ot f -
V".'.' 'ﬂ" 5;1 e 3 = izii - :%" [1.5.13)
e Q4 -

In particular, with constant frequencies ({; = 0) capture is possible only under the condi-
tion P < wls. In the capture region the energy of the oscillator on the average does not
change, since the losses are compensated for by the action of the perturbation. Outside the
separatrix the energy of the oscillator decreases, and it goes away from the resonance.

If il = eAwf, an interesting "steady" case (V = 0) occurs with variable frequencies.

Unlike the true steady case (f}; = A = 0), the amplitude of the phase oscillations may vary
(Section 1.8).

*) Displacement in phase space.
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1.6 Second spproximation effects

The effects of the second approximation (namely * £, Section 1.4) in the non-linear
resonance are related to the effects due to the variation of the coefficients of the univers-
al Hamiltonian (Section 1.3): Us(I)uf(I), A(1), which in the first approximation to /E were
taken to be constant. These effects can be divided into two categories: oscillating (at the
frequency of the phase oscillations) and cusulative. According to the estimate of Section 1.4
the oscillating effects in the region of moderate non-linearity are always small (v vE),
and we shall not write out the corresponding corrections in explicit form. On the other hand,
the cuulative effects can be regarded as slow; the simplest way of studying them is to use
the adisbatic invariant of the phase oscillations:

Jﬂ%&*%’r"{’= %ﬁ‘é(f"{i—')di" (1.6.1)

The latter expression is valid for limited phase oscillations, when $ dw = 0. Far away from
the resonance J - I, i.e. the adiabatic invariant of the phase oscillations changes over to
the adiabatic invariant of the oscillator itself.

In order to calculate the variation of J let us retumn to the resonance Hamiltonian
(1.3.7) and use the peneral formula (1.2.8). The variashle parameters here are the frequen-
cies f,(t) and the loss parameter A(t). We have:

dd __}_,é i ?L.!’:’.; *,]_,_ EA{(WHELI: (1.6.2)
ot 2\ 2¢ DE ¢ 7

where T, hﬂmperinduftheymuﬁcilluﬁmmmﬂunﬂiﬂitdapmﬁmm time is due
to the frequenty variation (i,).

when there is sufficiently slow and smooth frequency variation the first tem, as is
known (Section 4.4), makes an exponentially small contribution to AJ, i.e. J scarcely
varies ), so that it is sufficient to examine only the second tem, connected with losses.
For the integration of (1.6.2) let us limit curselves to small phase oscillations:

¢l =|e¢-F| s @ << 1 (1.6.3)
where ¢, is the amplitude of the phase oscillations. In this case one can put
2 3 » - b - o J?l
¢xollrg); Ixdpr & <L 222 g

*) Provided the trajectory does not cross the separatrix of the steady-state phase oscil-
lations, for which T, = =, and the adiabatic invariant always changes independently of
the rate of transit, as is in fact calculated in Section 1.5.
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It is easy to verify that the relative accuracy of these expressions * ¥o/E. In order
to obtain J with the same accuracy it is sufficient to use the universal Hamiltonian:

T
j = M (1.6.5)
.Eu"k i

By inserting the expressions (1.6.4) and (1.6.5) in (1.6.2) and averaging over the period
of the phase oscillations, we find:

f:% R L (1.6.6)
or
f -G
J= I.'e._sv A Gl (1.6.7)

In the general case the parameter a‘.’[ip} may depend on time because of the variation of IP.
The direction of the variation of J and consequently also of the amplitude of the phase
oscillations (damping or increase) depends on the sign of the derivative A' = (P/uw) ’ (1.3.6).

The application of the averaging method to equation (1.6.2) in order to cobtain (1.6.6)
is permissible under the condition that:

$A e O (1.6.8)

In the steady-state case (fh = 0) the only important effect of the second approximation
is the damping (or growth) of the amplitude of the phase oscillations with a constant decre-
ment -m'{lpj (1.6.7); other effects lead only to small cscillating corrections ~ /&,

With sufficiently slow crossing of the rescnance under capture conditions, the anpli-
tude of the phase oscillations varies adisbatically according to (1.6.5) and (1.6.7). The
expression for the adiabatic invariant of the phase oscillations is universal in the same
sense as the Hamiltonian (1.3.11), i.e. it does not depend on the type of resonance (except
for the shape of the oscillations).

This result, mentioned for the special case of synchrotron oscillations in an accelerator
by Kolomensky and Lebedev®), is completely natural, since the expression for J can be obtained
with an accuracy of ~ /& from the universal Hmmiltonian. In the case of small phase oscil-
lations expression (1.6.5) is entirely umiversal.

The independence of the adiabatic processes of phase oscillation on the type of pertur-
bation can be considered from another point of view. If the phase of the perturbation & de-
pends only on time (1.1.1), the phase plane of the resonance (I,)) differs from the original
phase plane of the oscillator (I1,6) only by a tumning of the co-ordinate axes and by the
constant transformation of the scale [ = ko - 8(t)]. In this case the integral (1.6.1) is
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proportional to the phase area of the unperturbed oscillator, spanned by the trajectory of

the phase oscillations. According to Liouville's theorem this area (defined by the motion

of the ensemble of all the points inside the phase trajectory) is always strictly conserved
(also when there is perturbation). This corresponds to the approximate conservation of the
area spanned by the steady-state trajectory of the phase oscillations, in those cases in

which its intersection with the actual trajectories of neighbouring particles can be neglected.
The resonance itself detemines only the shape of the region, for example, for small phase
oscillations: g * 80~ w! « Al (1.3.12).

In the special case of a hamonic potential (1.3.14), under the condition that
V << 1 (1.5.13) and in the absence of losses we obtain:

(1.6.9)

=S

@~

which agrees with the result of the theory of synchrotron oscillations in accelerators’).
From the last expression it can be seen that damping of the phase oscillations can be ensured
both when the energy of the oscillator increases and when it decreases, owing both to the
special non-linear characteristic of the oscillator and to the variation of the parameters
of the resonance in time. This gives the possibility of using the non-linear resonance for
regulating the amplitude of the oscillations, within the limits compatible with Liouville's
theorem.

Let us consider the influence of second approximation effects on slow crossing of the
resonance™). ‘The most important influence is connected with the possibility of changing
over from one regime of crossing to another, i.e. with capture (transition to limited phase
oscillations) or, on the contrary, with moving out of the resonance. It is evident that
moving out of the resonance will necessarily take place sooner or later, if the amplitude of
the phase oscillations increases. In the case of damping of the phase oscillations capture
is possible (but does not necessarily take place). The point is that with slow crossing of
the resonance there is only one phase oscillation intersecting the steady-state separatrix
(see Fig. 1.5.1, line b), and therefore the damping may not have time to change the para-
meters of the phase oscillations so much that capture takes place. However, when V = 0
capture necessarily occurs, because the aforementioned phase oscillation in this case ap-
proaches the separatrix and an arbitrarily small change is sufficient for capture. Moreover,
as will be shown in Section 2.6, near the scparatrix there is always a more or less wide
stochastic layer which facilitates the capture process.

Let us estimate the critical value of the rate of crossing. Let us return to the com-
plete equation for § (1.3.15), which we will write in the form:

Ll - L # L)
p=we(I-1,) + @_;E)m; - U, Fuy- (1.6.10)

*) For fast crossing this influence is always small (~ +E).
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The first term is the main one, the second always being small for moderate non-linesrity;
capture may take place owing to the last term, if § vanishes after crossing the resonance
near sin = 1, where § has a minimm value according to the first approximation (Fig. 1.5.1).
For capture it is also necessary that § # 0 before the crossing of the resonance; in the op-
posite case all investigation is transferred to the next phase region (one y period to the
right, Fig. 1.5.1). This happens to be possible, since the first tem (1.6.10) changes sign
after the crossing of the resonance, and the last one does not change.

The minimm value of § in a first approximation is of the order of (1.5.3):

ip'dr.'u o -Qp V 41‘? (1.6.11)

Capture is possible under the condition of 6, /47 V £ |eUf|:

Qe '
Vetoomo ~ &, 5.6 -0 | s

The last inequality is the condition for the signs of the terms of (1.6.10).

For stable capture it is necessary for the amplitude of the phase oscillations to de-
crease after capture; in the opposite case only short-temm capture is possible. In the
absence of an explicit dependence on time and the condition U, > 0 the oscillations die down,

-
if");

, /
“5 -
( Ha)“Qf > dq (1.6.13)

This is compatible with the capture condition (1.6.12) when

v
/ Lo
W

744

. 6(., (1.6.14)

In the opposite case stable capture, as a rule, is not possible except for an exponentially
small region of resonant phases on the edges of the interval (1.5.8), for which inequality
(1.6.12) changes sign (Section 1.5).

Capture is also possible owing to the non-uniform rate of crossing of the resonance
(i # 0), if this leads to the reduction of V by the value AV ~ V (1.5.3), namely under the
condition:

*) In approximation (1.6.9), which we use as an example.
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2%

However, for this capture to be stable the damping of the phase oscillations must be suf-
ficiently fast. In fact, under condition (1.6.15) V passes through zero in a time of the
order of one phase oscillation and begins to grow again in absolute value, which may lead
to motion out of the resonance.

All the estimates of the second approximation effects in this paragraph were made for
moderate non-linearity (1.3.8). When there is large non-linearity ea 2 1 it is necessary to
take into account the subsequent expansion terms of the quantity (kw - £0) in the equation for
% (1.6.10). In particular, the relation of the second term to the first is of the order of
Vi@ * Yp. Hence it can be seen that for sufficiently small oscillations

@, << (5,.;_)"'/'- (1.6.16)

all remains as usual. However, the shape of the large oscillations (¢e ~ 1), and also the
position of the separatrix, may change substantially depending on the specific form of U(I,y).

When non=linearity decreases (ui*ﬂ]ueﬂmuyurﬂwutmlimurrmmm. In this
case the difference (kv - 1) in the system of equations (1.3.15) is simply constant detuning.
‘Ihermmnamrmpaﬂsmtha:unditim;-{l,wmael_iuﬂarwiﬁthnfﬂmm
(width of unstable region) is:

ki@w) = 2¢ iU (1.6.17)

The linear approximation is valid as long as the non-linear frequency variation [“‘I'z' Al is
much smaller than the linear width of the resonance (1.6.17). In particular, for AI ~ I we
obtain:
u!
Bt ot
@ grye =

>> 1 (1.6.18)

In the intermediate case of £ ~ a the motion of the oscillator may be very complex and
depends on the type of resonance. The most important feature of this region is the forma-
tion under certain conditions of a capture region, or, in other words, stabilization of the
resonance by non-linearity. The conditions of such stabilization are usually obtained from
the resonance Hamiltonian (1.3.7). An estimate of the order of magnitude can, however, be
obtained much more simply from the following considerations. Stabilization occurs in the
case when the non-linear frequency varistion exceeds the linear width of the resonance and
the oscillator thus begins to move out of resonance. On the other hand, the non-linear de-
tuning can be estimated according to the phase oscillation formula (Section 1.4):
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1
C&H*ZRJH ~.I2f.'\-'é-“n‘“£) “ (1.6.19)

Hence we obtain the stobilization condition in the form:

F

7 z
m’; > & _(_f.{'.-'....) (1.6.20)
Uo

As an example, let us consider the resonance for small slightly anharmonic oscillations
described by a Hamiltonian®):

k- g
%(ﬁf:f}=}ﬁ(f’¢ﬁ Z,, ( JUZ ype ,{? (1.6.21)

; £=-00 =k

where H; is the linear part and the smallness of the perturbation is ensured by the condi-
tion: 1 £ 1. The non-linearity is determined here by the first non-vanishing term Usems
with my > 2 {:.mmlly I.!.m.}:

ross b o -2 (1.6.22)
Wi =% Uouz,' Ra(R4—2) 1

mdthuvnlwufthepnrﬂutatimfurthumsmenfmkmhmnﬂn (k > 0) is (see
1.3.4):

(U | x 2k |Uyeyi- I‘ﬁ (1.6.23)

The stabilization condition (1.6.2) takes the form:

R,- Kk
] i l Ut ,
‘ . — —
I ’ {*"1"2} Ucoss =684

For I - 0 this inequality is always fulfilled when k > m; (stabilization at small amplitudes)
and not fulfilled when k < my. In the latter case stabilization is possible only for A £ 1,
and the stabilization boundary is given by the estimate:

2
- '\ .-k (1.6.25)

The stable region corresponds to a sufficiently large amplitude: I » I;. Let us note that
when A 2 1 this region (I 2 I,) becomes unstable for k > my. When k = my, the stabilization
condition does not depend on I: A £ 1,

For the special case of m; = 4 the estimates obtained agree with the results of the de-
tailed calculations on a similar problem carried out by Schoch'*) (see also Ref. 5) and
Mel'nikov?”),




STOCHASTICITY

This is the main chapter of the paper, in which the interaction of several resonances,
due to the non-linearity of the system, will be investigated. The interaction of the reso-
nances is a source of instability of the oscillations, which in turn leads to one or
another form of stochasticity, i.e. to the appearance of statistical laws in the dynamical
system. At this point, classical oscillation theory merges with statistical mechanics and
what interests us mainly is the border zone between the two sciences. In contrast to the
more elementary investigations of the previous chapter, we are obliged in what follows to
turn to a system of simple models and to make greater use of analytical estimates by order
of magnitude. Natural dissatisfaction with such a “non-rigorous" approach may be compen-
sated for to a certain extent by the mumerical experiments which will be described in the
next chapter.

2.1 The basic model

The central problem of this paper is that of the interaction of several resonances.
According to the results of the previous chapter, the size of the region of influence of
each resonance (in frequency) is of the order of (Section 1.4]*]:

(aw),, ~ R4 (2.1.1)

amwﬂthewmmwlmu#mp. If there are several rescnance values of the frequency
() [several resonances, as we shall say for the sake of brevity), then it is obvious that
the character of the motion will essentially depend, generally speaking, on the ratio:

g= @)y . Qe (2.1.2)
a A

where A = |mi+1 - “1' is the frequency distance between neighbouring resonances. The case

of single resonance, thoroughly studied in the previous chapter, corresponds to the condi-

tion
S<< 1 (2.1.3)

The asymptotic validity of this condition is fully mrldmt“l. A more accurate criterion
of the applicability of the single resonance approximation will be discussed later
(Sections 2.2 and 2.7).

*) For the case of moderate non-linearity (1.3.8), which will always be understood if no
special reservation is made,

»+) See Section 2.7 though.
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In the opposite case

52 4 (2.1.4)

it is necessary to take into account the interaction of the resonances, namely the simul-
tancous effect on a non-linear oscillator of several perturbations with different fre-
quencies.

It is not difficult to extend the universal Hamiltonian (1.3.11) to the case of
several resonances. Let us choose one of them as the basic resonance (basis of reference)
and designate the values relating to it by a zero index. Let us insert the phases
P09 ¥ "¥o - ¥ (see Section 1.3, k = £ = 1). The universal Hamiltonian can now
be written in the form:

};; = “.‘E’; (i-1,) e Z Uy Ko (ptos) @219

whence the equations of motion in a first approximation are

I= E; U; Cos (¢t¢pe)
:i;: w.’ (J-fa/,' fz_ =12,-2,

(2.1.6)

One can express the following qualitative considerations about the behaviour of this
system under conditions of interaction of the resonances (2.1.4). Each term defines its
own “centre of attraction” around which the phase oscillations of our "particle” (see
Section 1.3) can take place. In other words, in the oscillator phase plane (I,8) instead
of one "potential well" (or rather one "bucket", Fig. 1.4.1) there are a mmber of
"potential wells" around 1 i+ Under condition (2.1.4) these "wells" overlap, which makes
it possible for the "particle” to cross over from one well to another. The transition
conditions depend on the phase relation ¢ + Vis and generally speaking, vary continuously,
since the "wells" shift with respect to cach other along @ on account of the difference
of the frequencies f.

The law governing the migration of the "particle” from one "well" to another depends
on the specific form of the perturbation and in particular on the phase relations. Later
we shall give exammples of the various types of migration (Section 2.4). However, it can
be considered that in the limiting case of very large overlapping of the resonant zones

S>> {1 (2.1.7)

the law of migration will be alwost random. The reason is the very intricate variation of
I in this case (2.1.6), especially if one takes into account that the phases § + ¥; deter-
mining this variation themselves depend on I by virtue of the non-linearity of the
oscillator),

*) This conclusion is not trivial, see Section 2.8.
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It would seem that the motion cannot be "completely" random since it satisfies the
dynamic equation. However, the imitation of all the known properties of a random process
is possible and is sometimes so good that the question arises as to whether a "real”
random process is only a clever “imitation'. Discussion of this question will be postponed
until Section 2.13.

Motion of such a quasi-random type will henceforth be called stochastic, on the under-
standing that this covers all the features of a random process at present known (Section
2.3). The study of the stochastic motion of a mechanical system, begun mainly in con-
nection with the problem of the foundation of statistical mechanics [Section 2.13; see,
for instance Ref. 16], has now become a whole new branch of mathematics -- the metric
theory of dynamical systems -- which we shall refer to in the rest of the paper by a shorter
though less felicitous term, the ergodic thwrr'}. Unfortunately this theory, as a rule,
is too abstract and is not easy to apply to specific physical problems. It should be
stated at once that the most recent and most important results of the theory'”»3*s7¢:1)
are better in this sense and will be widely used in this paper.

Our basic task is to validate inequality (2.1.4) as a criterion of stochasticity,
namely as the border separating the stable and stochastic regions, for the special case
of a mechanical system of the form (1.1.1), and also to calculate the specific parameters
of stochastic motion.

The study of the general case of the interaction of resonances (2.1.6) encounters con-
siderable difficulties, the meaning of which will be clear in what follows. Therefore we
shall first simplify the model (1.2.5) chosen in the previous chapter, assuming that the
perturbation acts on the oscillator periodically (period T = In/0), each time for a very
short interval of time v = 0 (approximation of short kicks). Equatien (1.2.5) in this case
takes the form:

I:—"‘Ehﬂ(r:ﬂ)
. (2.1.8
The phase ¢ dependence of the perturbation (# = @) reveals itself by the fact that the

Hamiltondan h(I,0) is different from zero only at intervals of t; the indices ©,1 denote
partial differentiation with respect to the corresponding arguments

By integrating the system over the interval t we obtain as a first approximation :
al=-(T)hy(%,0.)+ O (% (Cw))
Ap= (_za-)-lfr (£.,8,)+ O (< @=)")

(2.1.9)

») The present state of the theory is presented rather completely in a r by Simi"].
]Eoeﬂsonufs.ﬂmu. S
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where 1,9, are the initial values. In the interval between kicks I = const., and the
phase varies by the value 26 = (T - 1) * w(ly), where I, is the value after the kick. The
total phase shift during the period is:

49: (T—t’_); M(I;)f"{;;tff +ff2)'4‘r (L: 9;):
il m(‘z“) +Cf?)'ft;(f-=.9u)*f’.?{£'; (}E‘u}l)

We can now describe the motion of the model by means of a system of difference
equations:

(2.1.10)

'Ilunl = Iu""‘ EL{,(I.,&..)
gh+f = 9«*Tm(fu+,)+ ;._’AJ_ (I-, ‘9", {2.1.11)

where t = 1, and the index "n" denotes the number of the kick (step), the new discrete
time of our dynamical system. Let us recall that the Hamiltonian h{I,8) is a periodic
function of © with a period of In,

Equations (2.1.11) are written to first approximation in € and can be put down more
accurately if necessary, using (2.1.8). In particular, let us write the expression for
Al with an accuracy *~ c?, which we shall need later on:

z
= =37 CIE‘ . i » - . -
W @ )£y+ —‘"Z_f_ Léﬂf‘; Aar 41}
~ . (2.1.12)
St S e
gt Mgy 0(£3, (’fE"m)’)
Since the original system (2.1.8) is canonical, the Jacobian of the transformation
{2.1.11) is equal to unity with the corresponding accuracy:

[’E(Ik” ? gﬁfi )
(1, 0:)

l =4+ 0 (r'_') (2.1.13)

which is easy to verify also by direct calculation.

Equations (2.1.11) determine the basic model of the interaction of the resonances.
It will sometimes be convenient to simplify it even further. As in the case of a single
resonance, the behaviour uf‘ﬁhe system to a certain degree does not depend on the specific
form of the function h(1,0) °, and therefore we shall choose the two most simple cases
[(2.1.14) and (2.1.15)]. Further, one can neglect in the first /£ approximation (see Section
1.4) the last term in the second equation (2.1.11), which represents a linear correction
to the frequency [Section 1.6 (1.6.17)]. Finally, instead of the action variable I, one
can directly use the frequency of the oscillator w. As a result we shall obtain the

+) See Section 2.7.
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following most sisple model equations describing the phenomenon of the interaction of the
TesonaEnces:

‘1,.UQF1 s W, + £ (rﬁfal"dyqﬂﬁ)
Proos = {‘K L (2.1.14)

Wyeq © W, + £ Cos 21‘?‘1‘

2+1.15
9’:4*-4" {”ﬁ,i" ém***_; ! )

Here the curly brackets represent the fractional part of the argument -- a convenient way
of specifying the periodic dependence. The coefficients of the model equations (2.1.14)
and (2.1.15) are selected so that the Jacobian |3(u, 4 ¥pey )/ 800, ) |= 1 exactly. The
reasons for the choice of two forms of dependence on ¢ will be clear from what follows
(see Section 2.4).

We chose for our basic model (2.1.11) a perturbation in the form of short kicks,

essentially in the form of a &-function. This choice is not very special or exceptional;

on the contrary, it is typical, since the sum in the right-hand part (2.1.6), when there

are & large number of terms, actually represents either a short kick (or series of kicks)

or frequency-modulated perturbation. In the latter case periodic crossing of the resonance
takes place, which according to the results of Section 1.5 is also equivalent to some kick
[(1.5.7) and (1.5.9)]. Thus it can be expected that the properties of model (2.1.11) will
be in a sense typical for the problem of the interaction of the resonances and stochasticity.

The transition to the difference equation (2.1.11) or, as they say, to the transform-
ation, means essentially the integration of the original system of differential equations
over the period of the perturbation, integration which becomes trivial for the special
case considered. We thus obtain some information about the behaviour of the system in a
finite, and characteristic, interval of time. This is really a reason for simplifying the
original system.

The true significance of the basic model is explained in Section 2.6, where it will be
shown that it describes the motion near the non-linear resonance separatrix and in particu-
lar the stochastic layer. The latter tums out to be the origin of any instability of non-
linear oscillations. Thus it appears possible to study the general case of the interaction
of resonances, using the basic model only.

2.2 Kolmogorov stability

Let us return to Eq. (2.1.11). If the perturbation is sufficiently small (e + 0) and
Tw= 21k (k is an integer), i.e. if the system is near to the resonance, the difference
equations can again be replaced by the differential ones:
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f"'%—l—* hﬂ CI,F)
a'I (H(Ij'-ﬂf)"i' -_%_' k;(ffg)

ﬂummphm&mmmemwufﬂwmduumrfmc}-m.

Let us study the nature of the motion in this case. First of all let us note that
the Eqs. (2.2.1), of course, are not identical to the original ones (2.1.8), in spite of
some resemblance. The derivatives (2.1.8) relate to the interval of time << 1 (time of
action of the perturbation), whereas the characteristic time for the derivatives (2.2.1)
should be >> T (period of action of the perturbation). This means that both the differen-
tial equations (Z.2.1) and the difference equations (2.1.11) contain some information about
the solution of the original system (2.1.8) during the perturbation period, as noted above.

Let us further point out that Egs. (2.2.1) agree exactly with the equations (1.3.5) in
Section 1.3, describing single resonance. Consequently, in the approximation under con-
sideration there is no interaction of resonances and the motion has the character of limited
phase oscillations (Section 1.4).

Let us consider these phase oscillations more thoroughly for model (2.1.15). The dif-
ferential equations in this case take the form:

W = 51:&43.3‘5#

e L (2.2.2)
e e

(2.2.1)

1
|

where k is an integer. The universal Hamiltonisn (see Section 1.3) is equal to:
(tu - 22k ) . £ 27y (2.2.3)

The most important characteristic of a non-linear resonance is the width of the sepa-
ratrix determining the region of influence of the resonance. In the present case it is

(Section 1.4):
(av), = 9 £,
)H =1 T (2.2.4)

The approximate replacement of the difference equations by the differential ones
(2.2.1) is thus eguivalent to taking into account a single resonance. Let us show this
directly. For this let us retum to the original equations (2.1.8) which for model
(2.1.15) take the form:

w = -‘-’Zﬂ. d(¢-nT) Cos 256

-"I"# IE.LS]

-
=

=
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Now by expanding the periodic é-function into a Fourier series, singling out, as usual,
the resonant harmonic, for which Tw = 27k and inserting ¢ = ¢ - kt/T, we obtain exactly
system (2.2.2).

Let us consider more accurate conditions under which the difference equations (2.1.11)
can be replaced by the differential equations (2.2.1). For this it is evident that the
following inequalities must be satisfied:

Iﬂ'+1' == I“ = 4 I {‘ I ; 4 ? s .t [LL&}

In order to satisfy these inequalities it is necessary first of all for the parameter
€ << 1. This is not, however, an additional limitation, since we always consider the per-
turbation to be small. Further, the value Tw must be near to a multiple of 2u:

J'T"m- Zyk) << 4 2.2.7)

This condition in its turn can be broken down into two: firstly, the initial de-
tuning must be small:

lTe.. - 2k ] << 1 (2.2.7")
and secondly, the variation of w in the process of motion must also be sufficiently small:

T_:(du)ﬂ << 1 (2.2.8)

let us show in example (2.1.15] that condition (2.2.7') is wnimportant. Since it is
not connected with non-linearity, let us assume that the system is linear, i.e. that
w = wy = const. In this case the second equation (2.1.15) gives Yy = Vo ¢ niy/2n:
8y = Twy, whence:

bo—o
Dy = W, + £ ?, Cos (23 +£B,) (2.2.9)
=
The latter sum permits a simple estimate:
cln-1
lo. Sl i sckpgiili-e V%) e
jﬂu-ﬂ,iwilﬂgz‘g {&i -
k=1 {1~ &°"*

Its value is always small except for the resonance regions, where condition (2.2.7') is
fulfilled.

In the general case the force f(§) in a transformation of type (2.1.15) has all the
harmonics:  £(4) = I.f, e?™A¥ 414 then the sum (2.2.10) diverges for any rational G4/27.
But this simply means that, besides the main resonances wT/2r = k (integer) in (2.2.2)
generally speaking the resonances of the higher hammonics «T/2v = r/q (rational) should
also be taken into account. This question will be discussed in Section 2.7. Going on
ahead, let us note that for a sufficiently rapid decrease in the amplitude of the harmonics

fquiththagrmhnfq,themmmofﬂnhiﬂwrhnrmicsmhamalm.
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There thus remains one important condition for the validity of the approximation by
a single resonance, and precisely condition (2.2.8) which agrees in order of magnitude
with inequality (2.1.3), since in the present case the distance between the resonances
A= InfT.

So far we have restricted ourselves to the first approximation only, taking into
account some tough effects of the second approximation. Naturally the question arises as
to whether some fine effects of the higher approximations qualitatively change the solution
after a sufficiently long time; in other words, are there not some kind of cumulative cor-
rections of the higher approximations?

The KEM theory enables us to construct a solution in the form of an asymptotic
series in powers of the small parameter ¢, the residual term of which is of the order of
Ry ™~ ¥l t *), such series, as is known, diverge and therefore there is no guarantee
against exponentially small error, say ~ t » eVE, It is true that if the system has
finite damping the asymptotic solution remains valid for any t when there is a sufficiently
small fixed ¢ V. However, for conservative systems the question remains upun*}.

The practical construction of asymptotic series is a highly laborious task. Apparently
the best technique for such construction was devised by Kruska1'*),

Only relatively recently, in papers by Kolmogorov'®), Arnold®®) and Moser®®), a new
technique for constructing convergent series was developed, which makes it possible in some
cases to solve the problem of the stability of the motion of a conservative system in an
infinite interval of time™*). This progress was possible because the problem was formulated
in a different way. The perturbed trajectory is gemerally calculated for given initial con-
ditions. In the averaging method’) the calculation of the varistion of the frequencies of
the motion in each successive ion plays an important part; this makes it possible
to avoid trivial secular terms’’. Instead of this in the KAM theory the perturbed trajec-
tory, or rather the invariant surface (torus), is calculated for given frequencies and the
torus shifts a little and becomes deformed in the phase space in each successive approxi-
mation. In other words, in the KAM theory a different principle of splitting up the phase
space into trajectories is applied. It turns out that in order to conserve such tori in
the presence of perturbation it is necessary, firstly, for the system to be non-linear and,
secondly, so that the frequencies of the motion on the torus shall have some special arith-
metical properties, roughly speaking, it is necessary for their quotients not to be too
close to rational mumbers (see Section 2.1.2). The change in the formulation of the prob-
lem and the success in solving it are comnected with precisely this latter condition. How-
ever, this condition is of a rather specific nature, it is not physical. Although the in-
variant surface of the unperturbed system has "good" frequencies with a probability of
unity, arbitrarily near to it are surfaces with "bad" frequencies which are destroyed by
the perturbation. In a real system it is not possible to distinguish between these two
kinds of invariant tori. Thus real conclusions on the stability of the motion can be drawn
only for a two-dimensional autonomous or a one-dimensional non-autonomous system. In this

*) In the case of small damping some effects may also be missed. See Section 2.10.
**) From now on we will refer to these papers as the KAM theory.
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case the invariant tori are inserted one inside the other and thus the "bad" tori are con-
fined between the 'good" ones, which ensures general stability of the motion independently
of the mythical arithmetical properties of the frmu::ieﬁ']. For the many-dimensional
case the question remains open for the present; there is only an example of instability
constructed by Amold*). This question will be more thoroughly discussed in Section 2.12.

Thus, in the limiting case of 5 = 0 (2.1.3) the motion of a system of the form (1.1.1)
actually has the character of limited stable phase oscillations. However, in its present
state the KAM theory does not make it possible effectively to estimate the critical value
tepr The existing estimates’®) are clearly too low by many orders of mignitude. The
numerical experiments (Chapter II1) show that €y is of the same order of magnitude as the
border of stochasticity s ~ 1.

2.3 An elementary example of stochasticity

Let us go over to the solution of the system of difference equations (2.1.11) in the
case when condition (2.2.8), or inequality (2.1.3) which is equivalent to it, is violated.

Let us begin with an elementary example. Let us consider model (2.1.14), rewriting
the equations in the form:

Oy = @+ £ (Y- 12)

(2.3.1)
‘7»-.*1 % {% 5 Tn}“_‘i' E'Téﬂn" "“‘l-)}
Condition (2.2.8) in the present case may be written in the form [see (2.2.4)]:
£ . » 1 (2.3.2)

The second of the equations takes on essentially the character of phase extension with a
coefficient €T. Thus it can be replaced in its turn by a model transformation of the form:

frvoe Lhw

It is difficult to imagine a simpler (and rougher) model of a dynamical system.
Nevertheless, it enables us to trace the most important features of the phenomenon of
stochasticity. Moreover this is the only model whose properties are completely known and
furthermore in the fomm of rigorous mathematical theorems with all the necessary conditions
and reservations®*). It can therefore serve as a safe point of departure, from which we
will endeavour to progress further by means of less rigorous methods of qualitative esti-
mates, physical (model) considerations and mumerical experiments.

=} We shall call this case one-dimensional.

*+) The main results are in the papers by Rokhlin®*) and Postnikev'®).
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When k > 1 the motion of the system (2.3.3) has all the attributes of a random pro-
cess 5o far known -- ergodicity, mixing and positive K-entropy’’) (see below). As men-
tioned above, we shall call such systems stn:!ﬂ#t:ic'].

The ergodicity of system (2.3.3) means the uniform distribution of the sequence b, in
the segment (0,1). The mixing is closely connected with the correlations in the system,
Let us consider several different trajectories with initial conditions: hm, m.m. —aey ;;.{
Let us combine them in one trajectory of an r-dimensional point (#,(*), ..., 4 (). ¥ win
speak of the absence of r-fold correlations in the original system (2.3.3), if the combined
r-dimensional system possesses ergodicity, i.e. if the trajectory of the point {""'nm’ hey -3“'["
uniformly fills the r-dimensional hypercube when n = =,

What is known as weak mixing means the absence of pair (twofold) correlations’*).
The tern "weak shows that this property is not sufficient for obtaining stochasticity.
It turns out™®) that with weak mixing only, the continuous distribution function (of the
enseable of the systems) in the phase space even in the steady state undergoes strong,
although also infrequent, variations; this is unsatisfactory from the point of view of
statistical mechanics. Let us recall for purposes of comparison that when only ergodicity
is present there is no steady state at all, but the distribution function varies almost
periodically®®).

Infrequent but strong oscillations of the distribution function when there is weak
mixing are apparently due to the higher correlations (r > 2). If the distribution function
relaxes to a steady-state function (constant), i.e. if the oscillations of the distribution
function decrease infinitely when t - =, one talks of strong mixing or simply mixing. It
is natural to assume that (strong) mixing is equivalent to the absence of correlations of
any mltiplicityﬂ. In order to give a full picture let us mention, going on a little
further ahead, that in the special but very important case when the relaxation process goes

according to an exponential law, one speaks of the positive K-entropy of the systen.

By virtue of the ergodicity, the correlations of several trajectories are equivalent
to the correlations of several points taken successively in the same trajectory:
a2, coes ) > Cinekys ooo tneky).  However, in this case all shifts in tine
between the points (Jki - kjij must increase infinitely with the growth of n. Correlations
with constant shifts are called autocorrelations. These always exist in a mechanical
system, since its motion is unambiguously determined by reversible dynamical equations.
Thus mixing means asymptotic (i.e. with kg - kjl + =) dying down of the autocorrelations.

The notion of mixing is also connected with the notion of the completely uniformly
distributed sequence introduced by Korobov'') (see also Ref. 24). This last term means
the absence of autocorrelations of any multiplicity with arbitrary non-zero shifts
fki ’ kj # 0). This sequence obviously cannot be given by dynamical equations. However,

it

*) mm term used in ergodic theory is K-systems, in honour of Kolmogorov who discovered

*+) For other definitions of mixing and the connection between them see the book by Halmos®*).,
+) This assumption still remains only a more or less plausible hypothesis.
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the dynamical sequence is asymptotically completely uniformly distributed when there is
mixing.

Let us consider pair autocorrelation more thoroughly. We determine the correlation
coefficient by

Pu (?J = <@ > (2.3.4)

where averaging can be carried out over ¢, by virtue of the ergodicity, and q is an integer.
An advantage of this definition of the correlation coefficient for a system of type (1.3.3)
as compared to the standard

P <(¥-<t)(¥- <t>)>
S <(h-<%>)">
is that the integer part of ¢ is m:tnutically excluded, which considerably simplifies the

calculation. At the same time |"’n {q)| has the properties of a standard correlation
coefficient” 2

From (2.3.3) and (2.3.4) we have:

(2.3.5)

ff}(f') — € = (2.3.0)

For integer k the correlation coefficient vanishes, because of the nature of its
definition”), for all q except q = -k in the other remaining cases it is of the order
of:

{ -ufn.é
I.Pl- J(i)] fk'f?f e 2.3.7)

and asymptotically decreases exponentially.

From this estimate one can also draw interesting conclusions on the space structure
of the mixing, which is characterized by the parameter q. In fact, expression (2.3.4) re-
presents the q:h Fourier component of the correlation, i.e. it characterizes the correla-
tions in the region of scale 1/q. From estimate (2.3.7) it follows that the correlation
coefficient for a given q does not decrease immediately, but only after some time (mmber
of steps), when k" > q. In other words, the mixing process spreads gradually into increas-
ingly small regions. Assuming that K" ~ q, one can obtain an estimate of the size of the
region up to which the mixing extends in time:

*) y idea of m:Eh a daftnin'&mz::;'isu from He}*l‘s“]' :Erigegu? ﬂ:]a;e uniform rgistrih;xticim
sequence (see also . Tt us ngt t (2.3. 5 standard correlation
coefficient of the quantities «:hig and :ﬂnqui"?

o) Spe also Section 2.11.
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~ulutk
(f/q)“ i L % (2.3.8)

Thus the size of the region not yet affected by mixing also decreases exponentially with
time,

Let us consider, finally, yet another, probably the most important, property of a
stochastic system -- local instability of motion. This means that trajectories that are
close together at first rapidly diverge. For model (2.3.3) we obtain directly:

(fi")u 3 (‘ﬁf').' k™= (ay): e menk (2.3.9)

i.e. the instability also develops exponentially at the same rate as the correlations
(2.3.7) decrease and the correlation length (2.3.8) is reduced.

Local instability of motion is the specific mechanism which ensures mixing and decrease
of the correlations in the mechsnical system.

The connection between local instability and stochasticity was first noted, apparently,
by Hopf*®) and Hedlund’®), analysed in detail as applied to mechanical systems by Krylov'®),
and rigorously proved for a rather general case in recent papers by Anosov’) and Sinai’ ),
Local instability appears to be a very convenient practical criterion of stochasticity,
since it needs only the investigation of linearized equations. It is also not out of the
question that local instability plays a decisive part in understanding the nature of the
statistical laws (see Section 2.13).

Using relation (2.3.9) the whole mixing process for our model can be visually traced.
At first [n £ In (1/6 ¢;)/1n k] the segment &), simply extends until it reaches the size
of the whole region {siirn % 1). After this begins the mixing of the trajectories emerging
from (8¢), throughout the whole region (0,1). At the moment when (&), ~ 1 the correlation
length ~ (&¢)y, since the trajectories of this segment (5§,) just begin to mix. This con-
dition leads, of course, to the previous estimate (2.3.8).

The distinctive feature of a stochastic system is just the exponential development of
local instability and the development of the resulting process of mixing and decrease of
the correlations. Exponential law ensures fast transition to "random" motion with a high
degree of accuracy. It will therefore be understood that the characteristic rate of this
exponential process is of the greatest importance for the stochastic system. It was in-
troduced in Ref. 25 and is generally called entropy. In our case:

A = & A (2.3.10)

Sinai established that this definition of entropy was equivalent to the original one
in Ref. 25, which was more complex. This quantity had already actually been widely used

by Krylov’®) and may therefore be called Krylov-Kolmogorov entropy, or K-entropy.

3% ,17)

The term entropy for the quantity (2.3.10) 3% cannot be regarded as felicitous,
because there is confusion with the usual thermodynamic entropy. In fact these quantities
are completely different even in dimension.
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Thermodynamic entropy characterizes the statistical state of the system and depends
only on the distribution function®’’:

H= - J‘fg'*f ‘fﬂ (2.3.11)

where i is the invariant measure of the region (the volume of the phase space for
Hamiltenian systems). In particular, thermodynamic entropy is constant in a steady state
(f = const.). For the classical system it is defined except for the constant, whose value
is comnected with phase space quantization’’) namely with the fact that the quantum
system cannot occupy a region iutlnp!msemleﬁsthmmdukh. This condition
leads to the standard expression®’):

H=- ff e (£ dpcne ) dpe (2.3.12)

For a purely classical system one can also introduce some minimum permissible phase
volume (8uy,) from the following considerations. In its physical meaning entropy charac-
terizes just the stochastic motion of the system. On the other hand, although in principle
a classical system may also occupy an arbitrarily small volume, its motion will not he
stochastic in the regions smaller than correlation volume Sy, (t), similar to the correla-
tion length 1/q (2.3.8) for model (2.3.3). It is therefore natural to choose By, as the
minimm permissible volume when calculating the entropy: Bgy ™ B . As a result we
obtain the relation:

H(t) = = [ £+ ba (#- epbes) 2u (2.3.13)

defining a new entropy which now depends not only on the statistical state (f) but also on
the dynamics of the mixing [buc[t}]. In this form it is difficult to use, both in statis-
tical and dynamical theory. However, it is easy to obtain from it the quantity character-
izing mixing dynamics only. For this let us choose any specific statistical state, for
example, steady state (f = const.). Defined, in such a way, the dynamical entropy perma-
nently increases with time (in a state of statistical equilibrium!) for any system with
mixing. In the case of systems with an exponentially decreasing correlation length the
entropy (2.3.13) proves to be asymptotically proportional to time. It is therefore natural
to introduce as a characteristic its mean rate of change:

, : jfu(ﬂ,&n (e))
L = g“‘" (— p; ) (2.3.14)

oo
This is precisely K-entropy; it is of the same dimension as the frequency, and is there-
fore sometimes called entropy per time unit (or per one step). We will call it K-entropy.

2.4 Stochasticity of the basic model

Let us tum to the more real non-linear resonance model given by the difference
equations (2.1.11). In order to study stochasticity it is most convenient to investigate
the local stability of the solution.
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For this let us write the linearized equations in the variations™’ :
I-Itf"f Sz {?_ E‘ﬂf}‘r}rﬁ s 54"- J‘gﬁ.

{2.4.1)
Ia&#{ = [T‘h"(f-z A‘J)*'i ﬁlr]'d:!. + (f*fi{?g“ TH!.*' f:‘:f‘t}@*

By equating the right-hand sides of the equations obtained to A -+ 41, and & - 48, respec-
tively, we shall find the characteristic equation for i:

Ac@ric)d+lc0 (2.4.2)
where the coefficient

Kox-cTo'h,, (2.4.3)

We put the last term of the characteristic equation as unity, since it is equal to
the Jacobian of transformation (2.1.11), which in its turn is obtained from the exact
Hamiltonian equations (2.1.8). In fact for this it is necessary to take into account the
subsequent terms of the expansion in ¢ (Section 2.1). In the expression for K there also
appear additional terms of the order of €2, e*Tw’, e’w’, ... It is, however, essential
for the factor Tw’, which may become large, always to participate only in the first power
and therefore the additional terms mentioned are small in comparison to the main one
(2.4.3).

The only coefficient of the characteristic equation (K) is closely connected with the
extension of the phase:

dBuss
—;*é": = f"f‘k’* E&JE (2.4.4)

The validity condition for the approximation of the single resonance (2.2.8) or (2.1.3),
for system (2.1.11) takes the form:

KK << 1 (2.4.5)

In this paragraph we shall deal with the opposite case of K 2 1. Thus the last term in
[2.4.4) can be neglected.

The roots of the characteristic equation are given by the expression:

l:‘f+§t/‘i{({+.¥)_' (2.4.6)

Depending on the value of A the solution may be of two qualitatively different types.
The first corresponds to the complex conjugate roots and takes place under the condition

*) Another name for (2.4.1) common in the ergodic theory is tangent transformation.
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~-Y <k <O (2.4.7

It is easy to verify that in this case |Ay| = |Az]| = 1, and consequently the linearized
transformation (2.4.1) represents rotation by an angle of §,:

—k‘(fﬂ- t/ﬁf') -
é: ‘f’ = + /f+ r/# (2.4.8)

which corresponds to the oscillatory nature of the solution of (2.4.1) with a frequency of
$:/T. This is the case of local stability of motion.

The quantity K is a periodic function of ©; let us introduce the amplitude:

K,= wax | K| (2.4.9)

When K << 1 the solution of (2.4.8) gives well-known phase oscillations (Section 2.2) near
to the stable equilibrium state (h, = 0; hy, + w’ > 0). It is important, however, that
such oscillatory solutions are possible, generally speaking, for any K;, including

Kz »» 1, near to the points of weak phase extension (h,, = 0; K=0; dﬂnﬂﬂlﬁn = 1).

Let us discuss this a little more thoroughly.

First of all let us estimate the size of the region of local stability in the phase
space of the system (AI, 48). This can be done using the condition that the parameter K
does not go outside the limit of the interval (2.4.7). We obtain the size of the stable
phase region immediately (2.4.7)

Ik [ =2 e
a0 < ¢ ! 5ol = X (2.4.10)

The latter estimate is valid provided that the function K(B8) is sufficiently smooth. The
permissible value of Al is obtained from the second equation (2.1.11), with the requirement
that the phase variation 941 - % shall not exceed the value (2.4.10):

£
al < ez (2.4.11)

Thus the phase volume of the region of local stability turns out to be £ £K;~°.

Further, let us note that when K, >> 1 the stability (h., = 0) and constancy of I
[hy = 0, see (2.1.11)] are mutually exclusive as a rule. Therefore even in the stable
region I varies. This means that the system leaves the stable region after one step
because of the variation of the term Tw in (2.1.11) and thus the actual size of the stable
region proves to be considerably smaller (see Sections 2.8 and 3.5).

However, a special case is possible, when the variation of Tw is equal to an integral
mltiple of 2m:

iT“"‘ﬂ = + .?3;& § k; { (2.4.12)
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Here a stable process of increasing or decreasing the energy of the oscillator may take
place. Such a process is used to accelerate charged particles in a microtron and histori-
cally this was the first proposal for the use of the phenomenon of phase stability in
mnieratursﬂ.

Since the left-hand side of the last equality ~ K, and the size of the stable region
shrinks abruptly with the growth of Ky, in practice microtron conditions are essential in
the region K; ~ 1. More complex periodic conditions are also possible, under which the
quantities 1,0 pass through several different values before returning to the original ones.
Such conditions are thoroughly studied by Moroz'*), where they are called generalized
microtron regimes. The role of all such stable regions and the related estimates will be
discussed in Section 2.8.

Let us now go over to the solution of (2.4.1) in the case of the real roots of the
characteristic equation, that takes place for values of K outside the interval (2.4.7).
At the edges of this interval A = :1. Exclding this trivial case one of the real roots
is always greater than unity in absolute value, and the other smaller, because of the con-
dition Ay » A3 = 1.

Let us first consider the simplest case, when the roots A1,: and the eigenvectors of
the transformation EE,E“ are constant (do not depend on 9). Then the solution of (2.4.1) can
be written in the form:

LB

3.5 }\'"-; 9= Yo A (2.4.13)

where £,n are the coordinates along the eigenvectors: A = Ay = 1/A; > 1. Model (2.1.14)
has just this property and is an exception in this sense (see below).

The description of the motion by the variables £,n, namely the description of the
relative shifting of the points of the phase plane (not necessarily close), may be called
the transverse flux’***"). In the simplest case which we are discussing the structure of
the transverse flux is very simple: all the trajectories asymptotically approach the
n axis when n + =, and the £ axis when n + -=, The flux of such a structure will be
called asymptotic., Let us note that the two special trajectories of the transverse flux,
along which either continuous extension (£ = 0) or continuous contraction (n = 0) takes
place, are asymptotes. According to the aforementioned results of the papers by Anmv"]
and Sim.i"’"], the stochasticity of a Hamiltonian system is equivalent to the existence
of an asymptotic transverse flux in the vicinity of any point of the phase space, or in
other words, to the splitting up of all the phase space into asymptotic trajectories.

The regular nature of the transverse flux necessarily leads to residual autocorrela-
tions, vanishing only when n = =. Any initial region of the phase plane extends exponen-
tially in the direction of n and contracts along £. The mixing process begins after the
length of the mg.iun extended in the direction of n reaches the maximm size permissible
for this system . The initial region is then transformed into a set of increasingly thin

*) This limitation is always fulfilled for systems of the oscillator » which are being
studied in the present r, at least for some of the variables ). Let us note
that the extension in systems occurs mainly just in phase (see below).
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(along £) layers crossing the phase plane along the axis n and wniformly filling it like
"flaky pastry”. The initial stage of the mixing process for model (2.1.16) is shown
schematically in Fig. 2.4.1.

Fig. 2.4.1: Schematic picture of the mixing process for model (2.4.16)
with £(§) = ¢ - }. The initial region is represented by a square; the
figures indicate the mumber of the step, The direction of the extension
coincides approximately with the diagonal of the phase square, and the
direction of contraction with the axis ¢.

The general character of the mixing process here is the same as for the model of
Section 2.3. However, there are also significant differences due to the fact that we are
now considering a Hamiltonian system, the motion of which is reversible in time, in con-
trast to the model of the previous paragraph.

The first difference is due to the fact that the mixing time (n;) depends now only
on the width of the initial region along n(Ans) and increases indefinitely when &n, + 0,
while the region along £ may be any size: ng ~ -In (4n¢)/In A = =, Let us note, however,
that the area of the initial region also tends towards zero together with Ain, for any finite
[

Another more important difference is that the initial region, which generally speaking
is of a very complex structure and has a large quantity of thin layers wniformly covering
the phase plane, can always be chosen such that in the process of motion it will shrink to
a region of simple form. In other words, a process which is the reverse of the mixing
process will take place. For this it is sufficient merely to change the time sign and
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trace the reverse process. The possibility of such a process appears to be inconsistent
with statistical irreversibility, and this leads to the so-called Loschmidt paradox’®).
This will be discussed (for the nﬂ' time!) in Section 2.13. Let us only note that for any
initial region consisting of layers of finite thickness, or what amounts to the same, for
any non-singular initial distribution fumction, the shrinking process lasts only for a
finite time, inevitably changing subsequently to a process of extension [along the other
eigenvector (2.4.13)] and mixing’). This is easy to verify by again tracing the reverse
process (in time).

Thus in a stochastic system mixing always takes place asymptotically (t = =) for any
direction in time! However, on the other hand one can always so choose the initial state
that the reverse process takes place during any finite interval of time.

Let us return to the general case, when the value of ) and also the eigenvectors
change from step to step. The direction of the eigenvectors can be obtained from (2.4.1)
in the form of the ratio:

£1:. £ho
§o 1-A - z4,

For small K; (A = 1 + /K) the eigenvectors can always be orthogonalized and instability
occurs only for K > 0, i.e. roughly speaking for half the phase region. It is easy to see
that this region corresponds to an unstable equilibrium state.

For large K; (A = K) the vectors EE* ;rt’ generally speaking, are non-orthogonal (for
K < 0). The direction of the vector Eﬂ (extension) is almost constant (81760 = 1/Tw’) and
forms a small angle with the axis 0. This shows that the extension, and consequently also
the development of instability (and mixing), goes mainly along the phase.

The direction of the vector 3;, (contraction) generally speaking varies considerably
as a result of the dependence of h,, on 8. This can lead, in principle, to the solution
entering sometimes into the extension and sometimes into the contraction region, which
leads to limited oscillations instead of instability. Such a situation may arise when
EE’ En are almost parallel, which corresponds to the phase values of O near to the stable
region (h., = 0). The size of this region decreases by at least 1/K,. Therefore, when
K »>> 1 entry into this region will take place rather seldom, so that even if the system
enters the contraction region it succeeds in going over to the extension region again.
When K; »> 1 this transition takes place relatively fast (2.4.13) except for an exponen-
tially small region near the vector EE' It may be considered that frequent entry into the
latter region is possible only for a very special dynamical system or very special initial
conditions™),

Another important question concerns the possibility of capture in stable regions, or
regions adjoining them, where the vectors 311;, En are almost parallel. This is not possible
for an autonomous system by virtue of Poincaré's recurrence theorem, valid for amy

(2.4.14)

+) This process is essentially development and relaxstion of a big fluctuation. A bright
demonstration of such a process was given by Orban and Bellemans (see Ref. 1B0). ”

*+) This question will be more closely studied in Section 2.8,
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Hamiltonian system with limited motion. For a non-autonomous system, which we are now
investigating, in principle capture is possible under microtron conditions with unlimited
energy variation. However, the size of the region of the initial conditions corresponding
to such capture is always small, since according to Liouville's theorem it cammot exceed
the size of the stable region [+ eK,™® (2.4.10) and (2.4.11)].

Thus we reach the conclusion that when K; >» 1 our model system is locally unstable
almost everywhere. The term "almost" signifies here the exclusion of a region that is
small but of finite measure, in contrast to the erpodic theory, where it relates to sets
of zero measure. This "negligible” difference unfortunately prevents the rigorous appli-
cation of the latest results of the ergodic theory’’*™) to the problem under considerstion.
Systems of type (2.1.14) are an exception, since they have no stable regions, because of
the special dependence K(0).

For model (2.1.14) with its constant 3, 'EE. 3,1 the basic theorems’ **") lead directly
to the conclusion of stochastic motion, provided the parameter K lies in the unstable
region. In fact, the demonstration of stochasticity can be extended also to the more
general case of the variable 3, Eﬁ. €,, with, however, the necessary condition that K(6)
lies entirely (for all &) outside the stable interval (2.4.7). This was recently shown
by Oseledets and Sinai'®") (see Section 2.8). The proof was based on the existence of an
asymptotic transverse flux (see above). However, the direction of the asymptotes now dis-
agrees, generally speaking, with the local direction of the eigenvectors 'eg, En [compare
(2.4.13)].

Since K(0) is a periodic function, the absence of stable regions necessary for the
proof of stochasticity is possible only in the case of discontinuity of K(8) or its deriva-
tive. If this condition is not fulfilled then, according to Sinai's paper*”), in order to
prove stochasticity an independent proof of ergodicity is required, or at least the exis-
tence of an ergodic component. Thus in the general case the question of the stochasticity
of the basic model is still open in the sense of rigorous mathematical proof.

Another difficulty in using the results of the ergodic theory lies in the different
formulation of the problem. Generally, mixing is considered in the whole region accessible
for the dynamical system (for instance on the full energy surface for autonomous systems).
The result of such mixing from the point of view of statistical description is a steady
(statistical) state. In this paper, however, we wish to go further, and in particular
to obtain the kinetic equation enabling us to trace the evolution of the statistical state
of the system (Section 2.10). For this it is necessary to split the motion into "fast",
which represents the mixing process, and "slow”, described by the kinetic equation. For
our model system the motion is fast in the phase 6. Accordingly, we need the mixing only
in phase.

Let us show how the latter difficulty can be overcome by means of a new model, which
will be called elementary. We will base ourselves on model (2.1.15), in which we replace
cos 2wy by arbitrary function £(¥). Further, let us multiply the first equation of
(2.1.15) by T/2w and introduce a new variable:

If = 1_-."_’_*{
n = (2.4.15)
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The idea of this variable is that the variation 4, interests us only in so far as it leads
to the variation of the phase ¢ . As a result we obtain a new transformation, describing
the elementary model:

Fure = {'ﬁc T k'f(““" )/(

(2.4.16)
‘l"n*i ks 2“:"... * ‘f,"‘*f-;
with a single parameter
L e 7 (2.4.17)
£F

The essential difference between the new and the old model is that both the variables (§,9)
are now periodic, the phase plane is limited (system in a square or on a torus) and for

k 2 1 all the v region, as well as the ¢ region is passed through in one step, i.e. one
can consider the classical problem of mixing in the whole accessible region of the phase
space of the system,

Model (2.4.16) is the wost simple non-trivial model of stochasticity in a Hamiltonian
system. With its aid it is possible to go more or less straight over to the real physical
problems. Therefore in the next paragraphs the behaviour of the elementary model will be
thoroughly studied analytically (Sections 2.7 and 2.8) and by means of numerical experi-
ments (Chapter 3).

Turning to the question of the K-entropy of the Hamiltonian system, let us first con-
sider again the simplest case (2.1.14). Since K-entropy (2.3.14) is asymptotic (in time)
like all the other quantities of the ergodic theory, enly the asymptotic behaviour of the
transverse flux is essential, i.e. actually, only its asymptote with extension, towards
which all the other trajectories tend when t + =. For model (2.1.14) according to (2.4.13)
the asymptote is characterized by constant extension with a coefficient 1", where the index
+ shows that the eigenvalue is chosen > 1, corresponding to the extension. The asymptotic
motion, in this case, thus coincides with the motion of the model of Section 2.3 and this
means that the K-entropy will also be the same as {2.3.10):

hiimsilie AT (2,4.18)

In the general case of the variable i, “E' e, the K-entropy depends on the extension
coefficient on the asymptote of the transverse flux A This coefficient, generally
wldn;, will be variable, since the smitim of th asymptote in relation to the vectors
“E » Changes. Mcnrdingtnsinai the entropy is equal in this case to

hucblulys (2.4.19)

where the averaging is done either along the trajectory of the system, or by virtue of the

ergodicity over the phase space, or to be more precise, over the ergodic component in the
presence of stable regions.
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For our basic model (2.1.11) the expression for the K-entropy can be simplified when
Ky >> 1. According to (2.4.6) in this case:

Ate K= K,- Fle/ (2.4.20)

Further, let us note that l differs from 2 only by thc factur depending on the angles
between the direction of thn asymptote and the vectors eg. 4 From (2.4.19) in this case
we obtain:

Aw bl +C —» Lk, (2.4.21)

where C is a constant ~ 1, depending on the specific form of the system. The latter ex-
pression becomes valid when In K, >> 1. More accurate estimates of the K-entropy for some
cases will be given in Section 3.4.

2.5 The border of stochasticity

In the previous paragraphs we have thoroughly discussed two limiting cases of very
small (as compared to unity) and very large values of the parameter of stochasticity K.
With some reservations, in the first case the motion is stable and in the second it is
stochastic. The question of the position of the border of stochasticity separating the
two cases naturally arises. In other words, it is a question of deciding under what con-
ditions stochasticity arises in the system, or, on the contrary, the motion becomes stable.

Let us point out that stochasticity is the most dangerous instability of a non-linear
oscillator. In fact, stochasticity means a diffusion process which makes the energy of
the oscillations change, roughly speaking = /T (see Section 2.10). The proportionality
factor is in a sense maximal for a given perturbation (Section 2.12). The only faster
process is linear resonance, in which the energy varies proportionally to t. However, for
a non=linear oscillator such resonance is not possible, because the frequency of the
oscillations changes with the energy. Microtron regimes, considered in the previous para-
graph, are an exception, in which also the energy may vary = t. But such regimes require
very special initial conditions, at least when K, >> 1. But stochasticity takes place in
a wide parameter region (K, » 1). Hence, the border of stochasticity is at the same time
a criterion for the occurrence of the most dangerous instability of non-linear oscillations,

It is not usual in erpodic theory te formulate the problems of the border of stochas-
ticity. Although there is also in the theory the term “ergodic component” referring to the
situation concerned, the approach generally adopted is to ask whether the system under con-
sideration is stochastic. In our case, namely for systems of the non-linear oscillator
type (1.1.1), the approach should be different and we should ask what the stochssticity
region of the system concerned is like. We are first of all concemned with a region of
values of the parameters of the system, such as the parameters of perturbation £, non-
linearity a (Section 1.3), etc. The border of stochasticity defines the critical values
of these parameters, corresponding to the transition from the stable to the stochastic
region. If these parameters are constants, i.e. do not depend on dynamic variables, the
problem can be formulated in the classical way: is the system stochastic (in all the
phase space accessible to it) for given values of the parameters?
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Let us note that for an autonowous system it is sufficient to require the parameters
to be constant on the energy surface, and the energy of the system can also be considered
as one of the paramcters.

In the general case the parameters determining the border of stochasticity or, as we
shall say for the sake of brevity, the parameters of stochasticity, depend also on the
dynamical variables. For instance, the parameter K depends on the phase (2.4.3). This
means that the border of stochasticity divides up the phase space of the system. For
autonomous systems this implies the dividing up of the energy surface, but for the sake
of brevity we shall simply speak of systems with divided phase space.

In the example given above (2.4.3) the stable regions are small when Ky »» 1, and in
a certain sense they can simply be ignored. lowever, cases are possible (see for example
Section 4.1) in which the border of stochasticity divides up the phase space into regions
of the same order of magnitude, so that neither of them can be neglected. This situation
is similar to the action of some weak additional conservation law; unlike the standard
one it does not single out a subspace of smaller dimension, but part of the phase space of
the same dimension. From the physical point of view it seems completely unsound to renounce
a statistical description in such cases. Consequently the problem arises of extending the
ergodic theory to systems with divided phase space. The difficulties of this problem can
be seen from the following rather plausible hypothesis of sinai®): for systems of the type
concerned the stable regions of the phase space form an everywhere dense set, which as it
were penetrates (saturates) the ergodic component. Thus in a rigorous formulation of the
problem the shape and even the topology of the border of stochasticity can be very complex.
From the physical point of view, however, such impregnations of the ergodic component by
the stable region are not of essential significance, provided that their dimensions and
over-all volume are sufficiently small, Therefore, the border of stochasticity can be de-
fined (of necessity approximately) as some intermediate zone of the phase space having a
finite thickness, approximately separating the region of quasi-stability, namely stability
for the majority of the initial conditions, from the region of quasi-stochasticity. Such
a border can probably also be introduced in a rigorous mathematical way, i.e. with all the
necessary conditions and reservations. An example of quasi-stability is discussed in
Section 2.2. This is so-called "Kolmogorov stability", with the region being penetrated
throughout by an everywhere dense system of unstable domains of small but finite measure
(see Ref. 35); the structure of this region will be discussed more completely in Sections
2,6 and 2.7, The term "quasi" here again signifies the exclusion of regions of small but
finite measure in contrast to the classical ergodic theory,

Returning to the basic model (2.1.11), it can be asserted that the border of stochas-
ticity lies somewhere in the neighbourhood

Ko~ 1 (2.5.1)

+) For a more thorough discussion of this hypothesis, see Section 2.8.
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This border, obtained for transformation (2.1.11) corresponds in order of magnitude to the
criterion of stochasticity (2.1.4) for the differential equations of motion, i.e. for con-
tinuous time. Indeed, according to (2.4.8), when K, £ 1 the quantity ;3; ~ Ko/T%; on the
other hand it is clear that A ~ 1/T, whence:

Koo 5% (2.5.2)

Thus the criterion of stochasticity (2.1.4) is confirmed for the special case of model
(2.1.11). It will be extended to the general case of the original model (1.1.1) in the next
section.

The physical border of stochasticity, defined above, in fact represents an intermediate
zone of highly complex structure, as was thoroughly described above. According to the
initial conditions, very different kinds of motion are possible in it: stable limited
oscillations (Section 2.2), isolated ergodic components unconnected, generally speaking,
with the main quasi-stochastic region (Section 2.6), and even systematic variations of the
energy of the oscillations similar to linear resonance (microtron regimes, Section 2.4).
The intermediate zome penetrates deeply on both sides, into the stochastic region in the
form of narrow stable regions (Section 2.8) and into the region of Kolmogorov stability in
the form of thin stochastic layers (Section 2.6). Nevertheless, it can be asserted that
estimate (2.5.1) defines some real physical border, the border of strong stochastic in-
stability of non-linear oscillations.

This is the main conclusion of this paper. It is completely confirmed by numerical
experiments, i.e. by numerical integration of the equations of motion of very different
systems (Chapters 3 and 4).

2.6 The stochastic layer in the vicinity of the separatrix

This section will be devoted to a closer study of the structure of the region of
Kolmogorov stability (Section 2.2) and at the same time to extending the criterion of
stochasticity for the basic model (2.5.1) to the general case of overlapping of the reso-
nances. As noted above, the KAM theory (Section 2.2) establishes the stability only of
"good" invariant tori. A "good" torus means one that is non-resonmant and located “far
away”" from all "bad", i.e. rmnm:'] tori. The term "far away" may be bewildering, since
the system of resonant tori, generally speaking, forms an everywhere dense set throughout
the phase space. The answer is that the term "far mway" relates to the width of the reso-
nance. The fundamental result of the KAM theory is precisely just that, roughly speaking,
it shows that the total width of all the resonances becomes arbitrarily small when the
perturbation is sufficiently small.

Although the KAM theory does not deal with the behaviour of the system in the vicinity
of the resonant tori (it simply excludes these regions), it enables us to conclude that the
motion in these regions is unstable. This conclusion can be drawn by comparing its results
with Poincaré's theorem’®) **), The latter mintains that under very general conditions')

*) With the resonance relation of the escillation freguencies: I.n = 0, n, are integers
(see Section 2.12). Kk k

**) Seec also Ref. 49 (Chapter 14, Section 2).
+) For example, systems with separable variables are an exception.
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a Hamiltonian system has no other analytical integrals of motion but the energy (or more
precisely all the additive integrals: energy, momentum and angular momentum). Comparison
shows that non-analytical (in the dynamical variables) integrals of motion may exist, which
gre destroyed in the vicinity of the resonant tori.

This conclusion may appear strange, since we saw (Sections 1.4 and 2.2) that just near
the resonance there are stable phase oscillations. In fact, the region near the resonance
can be studied by means of the same KAM theory”), applying it to the phase oscillation
equations. It twms out that a large part of this region is stable. Then where are the
unstable regions? Poincaré already numd"] that a likely place was the neighbourhood of
the separatrix (Section 1.4). Apparently the first detailed investigation of the neigh-
bourhood of the separatrix was made by Mel'nikov'’) who, however, was not able to estimate
the width of the unstable region. Such an estimate was made for the first time for a
special dynamical system by Zaslavsky, Sagdeev and Filonenko®*).

Below, an estimate is given of the width of the stochastic layer in the vicinity of
a non=linear resonance separatrix under very general conditions. Im fact, the only
essential condition is that the separatrix must pass through the hyperbolic fixed point,
i.e. the point of unstable equilibrium, at which both the velocity and the acceleration
vanish. This condition can be violated only for a singular phase oscillation potential
U{¥). When the above condition is fulfilled, the frequency of the phase oscillations
it =+ 0 as it approaches the separatrix, and the oscillations become anharmonic and non-
linear. In particular, the velocity of the motion during a great part of the period is
near to zero (the system is almost motionless near the point of unstable equilibrium) and
substantially increases only in an interval of time ~ EE', where a, is the frequency of
the small phase oscillations. This means that the effective action of the perturbation on
such oscillations will also be limited by the interval 'I-r:;" and consequently when 0 - 0
the perturbation may be represented as a &-function. Thus the oscillations near the
separatrix are described by our basic model (2.1.11), with the sole difference that it is
now necessary to take the variable half-period of the oscillations =/fi as one step of the
transformation. This means that we can directly use the criterion of stochasticity
(2.5.1) or, more conveniently, its equivalent (2.1.4).

Let us assume that the perturbation is characterized by a force uf with a frequency
w. The system of resonances will now be determined by the spectrum of the oscillations
themselves. This contains frequencies ki and has the form of a §-fimction's spectrum up
to frequencies ~ a,, and then decreases ::pmmti.nllyﬂ. This follows directly from the
uncertainty relation for frequency and time: A + At % 1. The amplitude of the velocity

harmonics can most easily be estimated from the normalization condition (Parseval's
equation):

Via Vg P2 e e (2.6.1)

«) With some modification’”*7*»37¢)
#+) Ref. 36, see also footnote on p. 179 of Arnold's reviw“].
+) For analytical U(¢), see, for example, Ref. 20.
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where v, is the maximm value of the velocity and is approximately constant in the vicinity
of the separatrix; the parameter ¢, ~ 1 depends on the form of the separatrix: for
example, for a harmonic potential (1.3.16) we have:

k
v = ({'u*f . _t%) e % (see Ref. 21)

let us first consider the case when the perturbation frequency lies in the main part

of the spectrum (2.6.1), i.e. wn ﬁg. The resonance condition has the form:

Q.0 = (2.6.2)
k

The essential difference between this system of resonances and that considered earlier,
for example, for the basic model (2.1.11) is that now the distance between the frequencies
of the spectrum () is not equal to the distance between the resonant values of the
frequency (4 = B =y = dii/dk), which enters into the criterion of stochasticity and
which as usual we will call the distance between resonances [see (2.1.2)]. The latter is
considerably smaller:

o> 2
Ax 3= % (2.6.3)

It remains for us to consider the second order phase oscillations, which arise owing
to the action of the perturbation ut‘u on the main phase oscillations (of first order), and
to estimate the size of their separatrix. The most simple is to use relation (1.4.3),
where elly is now ~ ui‘hhrk}ﬂ, which follows from the definition of U (1.3.4) and from the
fact that the perturbation of the Hamiltonian in our case is equal to: Hoe ™ uf v /0. As
a result we obtain an estimate of the border of stochasticity (0 ~ 2, v uw):

’
S s l fife Ty 20 ® ! A (2.6.4)
Lo ¥
where the derivative 0’ is taken with respect to the action. It can be seen that there is
always a stochastic region near the separatrix, since 0 + 0, and 0" + = (see below). This
region is situated practically symmetrically on both sides of the separatrix, since by
virtue of the periodicity of the potential U(y) the “external” and "intermal" phase oscilla-
tions are almost identical near the separatrix. By virtue of the aforementioned approximate
symnetry, the second order resonances lie not only inside the first order resonances, i.e.
inside their separatrix, but also outside it, in the immediate vicinity of the resonance.
For the sake of brevity we will henceforth keep to the term "inside" when referring to the
above situation. Similarly, the third order resonances lie inside the second order reso-
nances and so on. We thus obtain a hierarchy of resonances, also described by Greene'’).

The formation of a stochastic layer in the vicinity of the separatrix is thus due to
the overlapping of second order resonances, although the parameters of only first order
resonances appear in the final equations (2.6.12) to (2.6.17). The parameters of resonances
of higher orders may prove to be important when calculating the diffusion rate (see Section
2,10).
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In order to obtain a more definite estimate let us make the natural assumption that
the potential energy of the phase oscillations near the hyperbolic point (¢ = 0) has the
form U(y) = - m§$?/2, where m is a mass, and O; is a constant representing the inverse
time of the exponential drift of the system away from the point of unstable equilibrium.
It is easy to cbtain the asymptotic expression (W= 0): & = =y /InlAM| *). It is con-
venient to choose the constant A so that aw,) = R,

z2,
LY

Humh‘inﬂmmwufthmﬂlntimmrthmh,uﬂﬂﬁh the energy of the
small oscillations, and both energies are measured from the separatrix. For the non-
linearity of the oscillations we find:

(2.6.5)

'Qa JQ jf'ﬁ;
.QW,-.

(2.6.6)

,Q,n:

Letmmwﬂ:themllpemnrbnttmpﬂmterumﬂutfv ~ AN, **). This means
that when y ~ 1 the energy of the oscillations changes msiﬁernhly after one period
(ﬁ'un] Inserting expression (2.6.6) in (2.6.4) we obtain the following estimate of the

width uf the stochastic layer along the separatrix in units of phase oscillation frequency

we P
b AT
Q2. =
Cu L+ + T (2.6.7)
p 2

Here we have preserved the sign for approximate equality (instead of the one for a rough
estimate), since the indeterminate factor (~ 1) in the criterion of stochasticity (2.6.4)
is found in (2.6.7) under the logarithm.

It is more natural perhaps to take the energy width of the stochastic layer which is
equal to (2.6.7):

| A
""1:-';! gl s (2.6.8)

The width of the stochastic layer in units of the action | is also of the same order. Here

we neglect the disparity of the frequencies 1~ 0, ~ (3 ~ w. For the case when w << 0

? ¥
see below.

*) We assume that there are two identical hyperbolic points. In the opposite case one
?h!nﬂd put: 1/ = (1/fy + 1/6:)/2; the non-hyperbolic stop point corresponds to

*+) Here and below we assume that the amplitude of the phase oscillations ¢, ~ 1.

t) A comparison with Ref. 38 and with the results of the mmerical computation is given
in Section 4.2.
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It is clear that the estimates obtained remain valid for any oscillator having a
separatrix. Now, however, we are interested in the non-linear resonance separatrix, for
which we can even further specify the above-mentioned estimates.

If there is a single resonance, the only perturbation will be the non-resonant
harmonic (Section 1.3) with a frequency of wn n‘f-"i:' (Section 1.4). This frequency lies
far away in the "tail" of the spectrum (2.6.1) and therefore there appears in (2.6.4) an
additional factor n m"‘:“'lr"'E (c ~ 1), which can be included in the parameter u, by putting:

S~ e LT (2.6.9)
The pre-exponential factor here is ~ 1, since the parameter is determined by means of (see
above): " £, /aW, v furfn*: w1; £, ne; Ay~ /E. As a result we obtain the following
estimate of the size of the stochastic layer caused, if one may so express it, by a self-
perturbation, i.e. by the same perturbation that is responsible for the formation of the
separatrix (& << 1):

E -ng 'I-g‘f /'ﬁ‘* w_._...ﬂ‘._'r_t: . "?'- .
g e + 22 it T e TR T
< Sl

expressed in terms of frequency or:
<
w‘ — F‘
- - o E
expressed in terms of energy.

This width is very small and agrees in order of magnitude with the splitting up of
the separatrix (far away from the hyperbolic points) cbtained by Mel'nikov'’) (see also
Ref. 21). Hence it follows that the tongues of the split-up separatrix, the length of
which increase infinitely as they approach the hyperbolic point, spread along the unperturbed
separatrix and the stochastic region splits up into increasingly thin layers. This isa
typical mixing process, similar in structure to that described in Section 2.4 for the
elementary model (see Fig. 2.4.1).

Our result (2.6.11) agrees with Ref. 37 in the sense that it can be concluded from the
latter that the width of the stochastic layer in any case is not smaller than (2.6.11). From
our estimates it can be concluded that it is also not greater.

(2.6.11)

Let us now turn to the more interesting case when there are several resooances. First
let the system of resonances be determined by the perturbation, the spacing &s between reso-
nances and their width being of the same order. From the general expansion (1.3.2) it can
be seen that the nearest non-resonant perturbation in this case has a frequency wy = A,
Since in estimate (2.6.11) vE ~ i, /w, we now obtain a new estimate [see (2.6.1)]:

il
- Co Kz % (2.6.12)

by v/
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But the stochasticity criterion (2.1.4) follows directly from this. It is essential, how-
ever, to have two different criteria. The estimate (2.6.12) shows that when the condition
ﬁ¢ % wy is fulfilled the resonant region is almost completely destroyed, both inside and
outside the separatrix, i.e. the width of the stochastic layer becomes of the order of the
width of the resonance. The criterion (2.1.4) characterizes the overlapping of neighbouring
resonances. When both criteria are simultaneously fulfilled this ensures the formation of
a wide stochastic region, determined by all the resonances.

Now let the system of resonances be determined by the oscillator itself as in the
motion near the separatrix which has just been considered. Taking into account that
wi =8 (1.5.2); &= @/k (2.6.3) and (&) ~ 0/k [(2.1.2), Section 1.4], we find that
both criteria [(2.1.4) and (2.6.12)] again agree: (8] /8 » 0, fun.

The two limiting cases considered above are characterized by the presence of a single
perturbation or oscillation harmonic. It is clear that in itself a harmonic (sinuscidal)
form is within some limits unimportant (for further detail see Sections 2.7 and 2.8). What
is important is the structure of the resonance spectrum, which in both cases can be called
locally equidistant. The essential property of this structure is the finite (non-zero)
distance between resonances. The general case of a discrete spectrum of resonances that
is everywhere dense will be considered in the naxt section.

Thus, on the basis of the properties of the special model (2.1.11), we validated the
stochasticity criterion (2.1.4) for a system with a locally equidistant spectrum of reso-
nances. The most simple case of such a spectnum is a pair of resonances of the same order
of width. According to the criterion (2.6.12) this is already sufficient for obtaining
the stochastic layer inside the resonant region, i.e. of a width of ~ /& ",

Now we can estimate the relative fraction (&) of the stochastic component in the
region of Kolmogorov stability. Since (2.6.12) gives the width of the stochastic layer in
relation to the width of the resonance, in order to obtain the required estimate it is
sufficient to multiply (2.6.12) by s = (&),/4; in both the limiting cases considered
above we obtain:

~-c/s
S~ S0 (2.6.13)

where the stochasticity parameter (2.1.2) s < 1 in the region of Kolmogorov stability.

Let us have a closer look at the simplest case of two resonances, mentioned above,
Let us first of all ascertain how the mutual destruction of the resonances changes if their
width is substantially different. The perturbation parameter p will in this case centain
an additional factor (see p. 52) fpffq " [npfnq}’. where the index p relates to the des-
troying resonance and the index q to the one that is destroyed. The frequency of the
phase oscillations in estimate (2.6.12) characterizes the destroyed resonance: ! ﬁq.
and the minimum perturbation frequency

*) This conclusion was recently verified by means of a maerical experiment"®) and by
"real" experiments’®!),




W, = Wax (.QF 3 525 ) (2.6.14)

on the border of overlapping. The special case when a weaker resonance is entirely inside
a stronger one, 50 that w, is substantially less than (2.6.14), will be considered below.
Estimate (2.6.12) now takes the form:

Sﬁ, --..(;'g:s )z e c':%}';' (2.6.15)

Taking into account (2.6.14) it will be seen that the most stable is the weak resonance,
for which the (absolute) width of the stochastic layer is exponentially small:

Hq . 6,‘.'» [ﬂ;{ﬂq] . e'cﬂl"mq; np > ﬂq. while for the strong resonance (ﬁp < I}ql;

[ﬂqah.} " 0 It is ms:;iltinl, however, for the destruction of the strong resonance
also to be only negligible /. Therefore, in the case under consideration the relative
fraction of the stochastic component proves to be small (v nq} even under conditions
when the resonances overlap. Nevertheless, owing to the overlapping of the stochastic
layers of neighbouring resonances some diffusion from one resonance to another is possible,
although its rate may be very small (Sections 2.7 and 3.3).

This example shows the difference between the two criteria of stochasticity particu-
larly clearly: the criterion of the overlapping of the rescnances (2.1.4), which determines
the possibility of some diffusion for part of the initial conditions, and the criterion of the
destruction of the resonances (2.6.15), which determines the formation of a continuous or,
more precisely, almost continuous (Section 2.8) stochastic region with a maximm diffusion
rate (Section 2.10).

Now let a few neighbouring resonances almost coincide: wg << ﬂp G Hq‘ Then we can
consider them as one resonance with slowly changing parameters: U(y,)) and the characteris-
tic time of variation of 2 is + 1/uw;. The effectiveness of such perturbation is determined
by the accuracy of conservation of the adiabatic invariant, The latter always breaks down
near the separatrix where the phase oscillation frequency passes through zero. The width
of the stochastic layer in this case may be shown'*?) to be of the order

By ™ g- : (2.6.16)
q

We shall call the formation of a single resonance from a group of almost coincident
resonances renormalization of the resonances. It is seen from (2.6.16) that a continuous
limit transition takes place when wy = 0. Stochastic destruction of a narrow group of
resonances as a function of the perturbation reaches the maximm (full destruction) when
sn1 "), At the same time, when there is strong overlapping of a wide group of reso-
nances (much wider than the renormalized resonance) a system of renormalized resonances
forms, for which the condition: s’ ~ 1 is automatically fulfilled.

*) This effect can be used for stabilization of stochastic instability by an additional
strong resonance. The stable region appears inside the separatrix of this rescnance.

¢+)} This and other aspects of stochastic destruction of non-linear resonances hfve been
investigated in detail experimentally by Kulipanov, Mishnev and Skrinsky'*!),
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The application of the simple estimates of the width of the stochastic layer obtained
above [(2.6.12), (2.6.13), and (2.6.15)] requires some caution. In fact they are based on
estimates for u of the type of (2.6.9), which takes into account only the frequency spectrum
of the perturbation. This is certainly true if there is only one perturbation harmonic (two
resonances). In the case of several harmonics it is necessary to take into account their
phase relations which, in particular, may considerably reduce the value of y as compared to
the above-mentioned estimates. The simplest example is the basic model (2.1.11) wvhen T+ =,
In spite of the strong overlapping of the resonances in this case (s »>> 1) the motion will
be stable during each of the intervals T between kicks. This occurs precisely owing to the
special phase relation of the resonances. A more complex example of the effect of phase
relations will be considered in Section 2.9.

2.7 Full set of resonances

So far we have considered the interaction of an approximately equidistant set of reso-
nances, formed owing to the anhamonicity of either the perturbation alone (basic model) or
the oscillations themselves (separatrix, Section 2.6). In both cases the stochasticity
criterion had a fully defined sense, since the mean distance between resonances 4 remained
finite (2.1.2).

In the general case a complete set of resonances is dense in frequency, so that
formally & = 0. Physically it is clear that the amplitudes of the high hammonics, generally
speaking, rapidly decrease with the increase of the harmonic mumber (for an analytical func-
tion -- exponentially). Therefore a finite number of harmonics actually works and this
means also a finite number of resonances. The more accurate result is that the total width
of all the resonances is finite and small (for sufficiently small perturbation). As already
noted above, this is also the main result of the KAM theory. However, the technical dif-
ficulties of constructing convergent series in this theory lead to excessive requirements
for smoothness of the functions entering into the equations of motien (smoothness of force,
as we shall say from now on for the sake of brevity). Originally the analyticity of the
force was even assumed’®***) | although it was perfectly clear that this was simply a
technical requirement’®).

Moser has recently developed a technique for "smoothing" non-analytical functions,
namely approximating them by the sequence of analytical mﬂs"]; as a result it turned
out to be sufficient to require the existence of a mmber (L.) of continuous derivatives
of the force. The minimum value of L. obtained by Moser is**):

Ly > 2u+2 @.7.1)

where N is the number of degrees of freedom of the autonomous Hamiltonian system. For a
non-autonomous system and also for transformations, there are no estimates; as far as can
be understood from Ref. 28, in this case one should put: N + N + 1. Moser's result gives
essentially the upper (sufficient) limit of smoothness of the force, since it is determined
by smoothing technique.

In this paragraph we will try to give some estimates of the lower limit of smoothness
of the force necessary for Kolmogorov stability. It is assumed that an effective estimate
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of the stability conditions, taking into account the complete set of resonances, can be given
in first approximation (see below). Going on ahead, let us say that this assumption is

made not only to simplify the task, but also on the basis of the result of numerical ex-
periments (see Section 3.3).

The value of this hypothesis for obtaining practical estimates is evident, it simply
eliminates the need to calculate higher approximations, not to mention questions of con-
vergence. Let us note that the estimates of this paragraph are not equivalent to the first
approxination of the KAM theory”®), since the size and the other characteristics of the
resonances are taken into account and not simply excluded.

We will limit ourselves in the main to the elementary model (2.4.16), which will be
written in the form:

W= {‘-?...'F i*f(‘ﬂt}j
‘)"u-rf - {‘Pn : “'Ju-l--lf

(2.7.2)

where £(¥) is a certain function ("force”) which we will define more precisely later, and
c is the small parameter.

The main resonances, to which we have so far restricted ourselves, lic at w = r (r is
an integer) and correspond to the fixed point of transformation (2.7.2). It is not diffi-
cult to see that in the general case the resonance takes place for any rational value of w:

W = (2.7.3)

£
1
Indeed, under this condition the phase ¢ changes by exactly r periods after q steps. These
higher harmonic resonances (q > 1), as they will be called, thus correspond to the periodic
motion of system (1.7.2) with a period q.

The resonance condition (2.7.3) becomes especially clear if one changes over from
transformation (2.7.2) to the differential equations, i.e. to continuous time:

?m = FQ (2.7.4)

ﬂﬂmnummmﬁmufﬂmwﬂuﬂutm ﬂwntheremm{rq]uﬂ:erm-
nance of the T harmonic of the perturbation withtheq harmonic of the oscillations.

For what follows it is important to understand that the high harmonics occur for two
completely different reasons. First of all, owing to the anharmonicity of the force as a
function of the coordinate:

25
() = % £.-€ L8 (2.7.5)

The resonances thus arising will be called first approximation resonances or h ighe
harmonic resonances. Their width is determined by the coefficients £ which can h&

obtained without any fundamental difficulties.
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However, there is also another reason for the occurrence of higher resonances, even
for £f(¥) = sin 2wy, when fq =0 (q>1). This is as follows. The resonant frequencies
(2.6.4) are obtained from a Fourier expansion in time, whereas only the Fourier expansion
according to the coordinate (2.6.5) is easy to obtain. But the phase ¢ does not vary
strictly in proportion to time, since the frequency w in its turn varies under the action
of the perturbation, particularly under the action of the non-resonant harmonics (Section
1.3). It is easy to see that modulation frequencies w + ril appear in the first approxima-
tion. This leads to second approximation resonances of the form: 2w = ril, and the ampli-
tude of such resonant terms is ~ c¢®. Similarly it can be shown’) that the resonances
qu = 1l are defined by terms » ¢ decreasing exponentially with q. This gives grounds for
hoping that the influence of the higher approximation resonances will be unimportant.

In reality, however, the question is a highly complex one. A more accurate investi-
gation®®) shows that the terms of the q'" approximation ~ q!™ 9 + €4, In the case of a
non-analytical force with a power-law spectrum of the (2.7.6) type, this may lead to
divergence for very high harmonics. In fact, however, divergence does not occur, as was
shown by Moser®®).

It will be assumed that somehow or other the total (actual) width of the resonance
can be estimated in first approximation. In any event we can rely on thus obtaining the
lower limit of smoothness of the force necessary for Kolmogorov stability.

Bearing in mind the comparison with Moser's resmlt"]. let us choose as f{§) a function
whose (L + Ijth derivative undergoes discontinuity of the order of unity. It is easy to see
that the asymptotic (when q >> 1) spectrum of such a function is given by the expression:

fp'r ~ g -(¢r2) (2.7.8)

Let us consider some resonance (r,q). Ignoring the non-resonant terms the transforma-
tion (2.7.2) near the resonance (r,q) can be written in the form:

~€+1) P
‘I):+4= 5‘9’“1'{(1 .elzx?uf

¢ ¢ sn
GFloe =4 $S v Bl0S
where we changed the variables: w' = qu; ¢’ = qy. In the first approximation transforma-

tion (2.7.7) has a single resonance (basic, q' = 1), the width of which according to (2.2.4)
is (M)~ oE - q'”;"l]‘"rz or in the variable w:

(2.7.7

_ f+3

2 R
(4,.,)‘! ~ VE- g (2.7.8)

For a given value of q there are q different resonances, corresponding tor = 1, 2,
++s3 § (2.7.3). Simple sumation of the width of all the resonances gives:
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However, even in the frame of a first approximation simple summation of the width of
the resonances is not really justified. The point is that many resonances coincide or
almost coincide, or rather fall inside one another. The total (renormalized, see Section
2.6) width of such coincident resonances will, generally speaking, be smaller than the sum
of the width of the separate resonances. The sumation rule (renormalization) depends on
the phase relations. If all the resonances are "in phase" the {m]; proportional to the
amplitude of the perturbation harmonic accumulate; for "random” phases it is necessary to
sum up the (ﬂn]";. Apparently the latter case is nearer to reality, since the majority of
rescnances do not coincide exactly and the phase relations vary with time. It turns out
that the convergence of the resonance sum does not depend on the power of renommalization,
which is denoted by n and left arbitrary for the present (see below).

Thus we estimate the sum width of all the resonances with q" » q coinciding with one
of the q resonances, i.e. falling inside the resonant region [m)q (2.7.8). It is clear
that out of q' resonances of the q'ﬂ" harmonic only qf = [-lfsm]ﬁl » gq' will coincide, on the
average, with the resonance q. We have:

@u)ﬂ_ ﬂ@u;i +2'.' 9.7 (in L~

flages ;.; e/, (2.7.10)
vE:§ =
)y (17 P g /

where {M]qﬂ is the renormalized width. The sum converges if:

Lo % -3 (2.7.11)
Renormalization is unimportant when e + 0, q + =, if:
£z (2.7.12)
In the case of £ < 1, (&) >> (M), so that it is natural when determining qf to take

[Aw]qn instead of {Iu) Iﬂd ignore the value [m] in the right-hand side of (2.7.10). We
obtain:

. «
(“"sz = '2'-' ?!(““")f ) i

fmgee

il (2.7.13)
8 (£9) =0, o=t Cuuau.--.«

=1

») A similar estimate was obtained in Ref. 46.
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When summing up expressicn (2.7.13) for all the resonances, the coincident ones
should be excluded. For this let us introduce the value G(q) -- the total width of all
the gaps (in frequency) between the resonances with q' < q. Assuming that the reciprocal
distribution of gaps and resonances is an uncorrelated ([“randon) one, we can write the

equation:

Clart) = 6"(?;'({" f @"’)gf) (2.7.14)
Wien ¢ + 0 the solution takes the form:
q-1
G (q) = exp {— q_'z'; 9 (Ju}q,t } (2.7.15)

where we put G(1) = 1. Thus the conditions of the overlapping of the resonances are never-
theless determined by the direct sum of (2.7.13) for all the resonances. This converges
when:

z>1 (2.7.16)

This is alsc a necessary condition for the existence of Xolmogorov stability or the lower
limit of the required smoothness of force. Taking into account condition (2.7.12) this
limit is obtained from the most simple sum of (2.7.9).

The value of (2.7.16) is considerably smaller than the upper limit (2.7.1) which in
the present case (N = 2) is: L. > 6. The mmerical experiments seem to testify in favour
of a lower limit (see Section 3.3).

Let us investigate the case of i < 1 when the sum in (2.7.15) diverges and G + 0
when q + =. Nevertheless, exponentially small gaps remain for any finite q. There is
doubt as to whether they really exist, for two reasons. Firstly, for this there must be
a very sharp edge to the resonant region [the destroyed separatrix (Section 2.6)].
According to the KAM theory there exists in fact a border of absolute stability. However,
in the neighbourhood of this border (on the separatrix side) in the general case there is
a very complex transitional layer, characterized in particular by very slow development
of instability (Section 3.3). Secondly, solution (2.7.15) is essentially connected with
the assumption made above concerning the “randomness™ of the gap distribution. This
assumption is admittedly violated in two cases: if ¢ ~ 1, so that exponentially small
gaps appear already when q ~ 1, or if resonances of one harmonic overlap. In the first
case, the total overlapping of a small mumber of lower resonances is possible, the condi-
tions of which can easily be obtained (when ¢ ~ 1) from (2.7.13). In the second case,
total overlapping is possible with any c, if q - {M}qz + = when q + =, i.e, if:

(2.7.16)

f-:-f-!-—f_-;-
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This condition now depends on n, which was taken here as four (see above)., Assuming that
q* {m]q: % 1, the minimum harmonic mmber that already ensures overlapping and determines
the diffusion rate can be estimated; we have (n = 4):

£
§omiiE 7528 (2.7.17)

We used the renormalized width of the resonances (2.7.13). From expression (2.7.10) it can
be seen that this is valid only for sufficiently high harmonics q » Gy, where

1
e—1 (2.7.18)
foier £
It is easy to see that indeed qp > Qg in the region of applicability (2.7.16) of expression
(2.7.17).

Excluding the two special cases considered above, it can nevertheless be expected that
the gap distribution G(q) will be nearly "random". This is mainly due to the fact that
asymptotically (q - =) the position of the gaps depends essentially on the width of the
resonances determining the gap, and as a rule these will be resonances of different
harmonics having a different width. It is essentinl also for the distribution of the
resonances (2.7.3) to be asymptotically uniform (see below).

To sum up, we reach the conclusion that it is apparently not possible completely to
exclude the existence in the phase plane of gaps for any q, if

-i’. <l & 1 (2.7.19)

These gaps, in principle, can completely stop diffusion, in spite of the absence of
Kolmogorov stability. The results of the corresponding numerical experiments and the
subsequent discussion are given in Section 3.3.

Let us now verify the criterion of destruction of the resonant region, which in the
general case of rescnances of a different width can be cbtained from estimate (2.6.15).
First of all let us make this estimate a little more accurate, taking into consideration
the fact that for resonances of different harmonics p and g we have the relation

fpffq ~ (a/p) (ﬁpfﬂq}i, whence:
«
5 2 (-ﬂ t i (2.7.20)
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Let us note that when L > -3/2, namely in practice in all cases of interest to us, this

more accurate expression does not change the character of the estimate (2.6.15). Let us
recall that the index p relates to the destroying resonance and q to the one destroyed;

Eq is the width of the resonance, equal to q * (Au]q. and as (&w) it is necessarv to use
expression (2.7.8) or (2.7.13) depending on the value of &.

From estimate (2.7.20) it can be seen that mutual destruction is possible only for
resonances of close harmonics as was thoroughly demonstrated in Sectien 2.6. In particular,
for the power-law spectrum (2.7.6] the following condition should be fulfilled:
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When this condition is fulfilled the criterion of mutual destruction of the resonances can
be written in the form™:

S¢ = ¢ SRVEEE T 2 1 (2.7.22)
Ly fpu-—- kl
Here w is the frequency of the system near the destroyed resonance (r,q), but not
necessarily exactly equal to r/q, since what interests us is strong destruction of the
resonance and stochasticity; (k,p) is the destroying resonance complying with condition
(2.7.21).

Let us estimate the denominator (2.7.22). The lower estimate may be taken from
Moser's ;uq:er"i:

[po-Fk | > f':'- R e O (2.7.23)

o
Noting further that the minimum value of interest to us w; = pu - ky = {pu}, vhen p = 1,
2, ..., forms a sequence which is ergodic for any irrational w '*), we obtain the upper
estimate:

!pu-k,,f < %; =< 1 (2.7.24)

Comparing (2.7.23) and (2.7.24) we see that there is an effective estimate:

[pe- k| ~ -ﬁ (2.7.25)

and the mmbers of p,q can be chosen close together, if they are large enough; this close-
ness enters into the constant ¢; ~ p/lp - g|.

Fulfilment of the criterion (2.7.22) depends now on the asymptotic behaviour of nq
when q + =, For both cases (2.7.8) and (2.7.13) 83 ~ qF [nm)q + =, if:

L < { (2.7.26)

Thus for a complete set of resonances the criterion of destruction of the resonant region
also agrees in order of magnitude with the criterion of their overlapping, if one does not
consider the possible formation of the gaps mentioned above. For the criterion (2.7.22)

such gaps are completely unimportant, since the value of wy is determined, roughly speaking,
by the distance between the centres of the resonances and not between their separatrices.

The only case in which there is a considerable difference between conditions (2.7.26)
and (2.7.19) corresponds to L = 1, In this border case the resonances overlap, but the

#) In accordance with the cbservation in the previous paragraph (Section 1.7) for the re-
normalized set of resonances s{ < 1 always.
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width of the stochastic layers is exponentially small. Consequently the total area of the
stochastic component, and also the diffusion rate, are negligibly small when ¢ = 0.

Assuming that q* - (&) gp ~ 1, we can find the bondary of destruction of the reso-
nances in q, which, it turns out, coincides with the renormalization boundary qy (2.7.18).
From estimate (2.7.20) it follows that the separatrices of the lower resonances (q < Q)
are negligibly destroyed. Since the total width of the undestroyed resonances (g < q;) is
just ~ 1, the stable regions occupy a considerable part of the phase plane. However,
they are separated from each other by a thick network of interwoven stochastic layers. The
scale of the mesh of this network is determined by the mean distance between the destroyed
resonances and is:

i T
(gh).. qt '~ £ =F (2.7.27)

The estimates obtained in this paragraph are also important for the analytical force
f(y) of a special form with sharp (in the section &) << 1) variation of the (¢ + 1)™
derivative. In this case the spectrum of £(¢) is a power-law one (2.7.6) up to Gy ¥ 1/,
When L < 1 the previous stochasticity criterion ¢ »~ 1 (2.5.1) changes by

l-1 (2.7.28)
-i b 9.;
which is obtained from the condition: Gy ™ Q.
Let us turn in conclusion to continuous time, i.e.-to the differential equations

instead of the transformation. The amplitude of the resonance harmonic will depend in
this case not only on q but also on r (2.7.3). Let us put [compare with (2.7.6)]:

foo T o
when q,r >> 1. The resonance sum (2.7.9) now takes the form:
- é+3 e ﬂ*l
B EZ T Gl B nom

§=1 r=4

Convergence, and hence also Kolmogorov stability, takes place under the condition:

Lo-4:s Lol 7~d (2.7.31)

In particular, for analytical dependence on t{lt + =) the only essential condition is the
first, which is considerably weaker than the previous one (2.7.16) for the transformation.
The latter is obtained from the second condition (2.7.31) if one assumes: &, = =2
(&-function).

2.8 Quasi-resonances

Let us now make a more detailed study of the stochastic region. A troublesome
feature of this region for systems of the type of our basic model (2.1.11), a feature which
puts in doubt the possibility of "real" stochasticity occurring, is the presence of "islets"
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of stability, which do not vanish even for values of the stochasticity parameter Ky + =
(2.5.1). For the reasons given below we shall call these "islets" quusi-resonances. Our
task, therefore, is to estimate the size and over-all area of these "islets". Llet us again
restrict ourselves to the elementary model (2.4.16):

Cuve = {Pu+ kef(r)]
"P..+1 - {"Pu"" ‘Phtfﬁ

which was also used for the mmerical experiments (Section 3.5). .

The stable regions are situated near the periodic trajectories of the system. The
simplest periodic solution of transformation (2.8.1) -- fixed point (period T = 1 step) --
can be stable anly for special values of k (see below and Section 2.4). However, generally
speaking, there exists an inmmerable set of other periodic solutions with T = =, More
precisely Sinai**) showed that a stochastic system has an everywhere dense set of periodic
trajectories in the phase space. Of course, the measure of this set is equal to zero and
all the periodic trajectories are unstable. The following estimate follows from Ref. 40:

h(T-1) (2.8.2)

(2.8.1)

w(T)~ e
where w(T) is the mmber of periodic trajectories with a pericd s T; h i,.-.t}mlt-mtrnw'},,

Qur system is not stochastic in the full (classical) sense of this word because of
the presence of regions of stability around part of the periodic trajectories (2.8.2).
However, it can be assumed that estimate (2.8.2) does not change essentially, at least if
the fraction of stable regions is sufficiently small.

Before proceeding with the estimates, let us explain the stability mechanism near the
periodic solutions. As was thoroughly described in Section 2.4, for stochasticity the
existence of a so-called asymptotic transverse flux is required. This means that in the
vicinity of every point of the phase plane the trajectories of the transverse flux should
tend asymptotically towards a particular trajectory (asymptote) any segment of which will
expand exponentially in the process of motion, at least on the average. It is not diffi-
cult to see that the easily proved property of local instability of motion is not sufficient
to fulfil this condition. Indeed, by virtue of the conservation of the phase volume, the
transverse transformation is characterized by two cigenvectors (directions), one of which
corresponds to contraction and the other to extension. As a result of this, in the space
of the directions of the transverse flux there are two cones [for a one-dimensional system
of type (2.8.1) -- two sectors on the phase plane]: the extension cone and the contraction
cone, depending on the variation of the length of the transverse vector (M9,4)). In the
process of motion these cones may overlap, i.e. cross over into each other partly or

*) When h >> 1, expression (2.8.1) also gives the mmber of iodic trajectories with a
period of T, as can easily be verified immediately. It d be noted that we changed
estimate (2.8.2) somewhat as compared to Ref. 40 (T + T - 1) in order to obtain the
right asymptotic form for T= 1; h+ =,
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completely, which may lead to limited oscillations of the transverse vector instead of
continuous extension. This may in tumn lead to the appearance of stable regions.

let us first of all show that for model (2.8.1) the contraction and extension cones
do not overlap in the special case when there are no stable regions. This condition can
be written in the form:

If’(?")l >C >0 (2.8.3)

Now, even the minimum value of the stochasticity parameter K, = |k « f7; | > kc increases
infinitely with k.

Using expression (2.4.14) we find for the direction of the eipenvectors (see
Fig. 2.8.1):

z‘.’; O, = -;I—::—i: (2.8.4)

¥

Fig. 2.8.1: Structure of transversal transformation for elementary

el (2.8.1) in the absence of stable regions (2.8.3): 064 indicate
the direction of extension and contraction eigenvectors; 8, £’ re-
Ereﬁmt the border between contraction and extension cones (sectors)
efore and after transformation, respectively.
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where the eigenvalues A, are determined by formula (2.4.6). When K; >> 1 the direction of
thevecme iamfhmdmﬂwmmrﬁ! + 2/K;, and that of the 1.@;::1:;1'«:E to the sector:
/2 £ 1/%;. Fﬂr what follows the minimum value of the angle between EE’ t: , which is
obviously: a . = w/4 - 3/Ky, is important.

On the other hand, it is not difficult to show that under the assumed condition that
Ky >> 1 the border between the contraction and extension cones, i.e. the direction for which
the length of the transverse vector does not change, is at an angle 8 < 1/¥IKy to the con-
traction axis. Under transformation, the border transverse vector swings round (without
any change of length) towards the axis of extension and makes an angle of 8’ < 1/v7K; with
it (see Fig. 2.8.1). The minimm angular distance between the latter direction and the new
border is:

ﬂ"ﬁ"f’{= -;ﬁ:- .:.’i;%- Sed (2.8.5)

This is, of course, also the condition that the cones shall not overlap in the process of
motion. This means that no transverse trajectory in the extension cone can ever enter the
contraction cone. It follows that the transverse flux is asymptotic, and the motion of the
system stochastic (Section 2.4).

The stochasticity criterion using the condition of overlapping of the cones, was
formulated and applied to model (2.1.14) by Oseledets and Sinai (see also Refs. 42, 150).

Let us now investigate the influence of the regions of stability, not imposing any
further limitation (2.8.3) on the function f(¢). In this case part of the periodic solu-
tions of (2.8.2) may be stable, which leads to the formation of regions (“islets") of
stability in the phase plane, i.e. to the appearance of a non-ergodic component.

Let us first consider the special values of the parameter k for the elementary model
(2.8.1). We shall limit ourselves to the case of T = 1 (fixed point) which leads to the
largest islets of stability.

For the fixed point of transformation (2.8.1) we have:
$=2 3 kfig)=r (2.8.6)

where v is any integer. The fixed point is stable when (Section 2.4):

S b ol f’(q-'} < 0 (2.8.7)

The special values of k are determined from the compatibility [(2.8.6) and (2.8.7)]. This
condition is fulfilled within the interval

8 2k ’ 5
dk T k-f(i‘ﬁ}';#(‘:&,] y / (‘f’r) a (2.8.8)

around the value k, which corresponds to the centre of the stable region (2.8.7) and is:
T e
’ (2.8.9)

ﬂ (’E‘) r ; w‘/ 'l"-l )




The phase area of the stable region is:
5(&) ~ A, A?&- (f‘f" 3 Aiaud_ypm e (2.8.10)

It is essential for any dimension of this region to be arbitrarily small when k >> 1.

Let us note that on turning to the basic model (2.1.11) an additional factor
Al/8p = 1/Tw’ = e/k appears, so that the area of the non-ergodic component becomes even
smaller (see Section 2.4):

k)~ £ /L3 (2.8.11)
Let us now go over to arbitrary values of k. Supposing that:
5
v, = (2.8.12)
5 k-L%p.)

is the probability of entering the stable phase region (2.8.7); here it is assumed that
there are two stable regions with identical values of £, Let us further assume that for
T, k »> 1 the periodic trajectories are "randomly" situated in the phase plane. This
assumption is very important for us, since in the opposite case it is very difficult to
obtain any quantitative estimates. It is confirmed intuitively because we are considering
an almost stochastic system.

Further reasons in favour of the above assumption can be found by considering the
mechanism of the formation of a large mmber (2.8.2) of periodic trajectories. When k << 1
the set of first order resonances forms a set of periodic solutions v(T) ~ T2 (according to
a mumber of resonances W = r/q; q < T). With regard to the periodic solutions connected
with higher order resonances (see Section 2.6), they lie inside the first order resonances.
It is therefore possible not to take them into account up to the border of stochasticity.

In particular, the stochasticity criterion is determined by the first order resonances only.
If k >> 1, the resonances of different orders intermix and spread more or less uniformly
over the phase plane.

Several mechanisms of formation of stable periodic trajectories in a stochastic region
are possible. The most simple (we shall call it the first) corresponds to the case when all
thnTnfﬂwpuiuuufthﬂmjecmrrminthnsu!ﬂeﬂauugim (2.8.7). The proba-
bility of this is mt and the mmber of such trajectories is (2.8.2):

m('r}a... W, #(T)-. v, (u Eﬁ)?" £ (2.8.13)

This estimate i:verymitivemthevﬂmnfthemmv-muh. For a "force"
£(¢) = 1/27 sin 2mp (2.1.15), for instance, y = 2/r < 1. However, it is easy to construct
f(¥) so that y > 1 (see Sections 3.2 and 3.5). At first glance it may appear that in the
latter case the fraction of stable regions will be rather considerable, since expression
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(2.8.13) diverges when T - =, lHowever, experimentation shows that this is not the case;
moreover, it tums out that for large vy the fraction of stable regions is even reduced
(Section 3.5).

Two effects may produce this result which appears strange at first glance. One of
them, apparently secondary, is the fact that estimate (2.8.13) is in reality the upper
boundary. This is due to the fact that the periodic trajectory of the transformation, all
the points of which are elliptical, is not necessarily stable. Possible instability is ex-

plained by the, generally speaking, variable frequency of the phase oscillations around
the periodic trajectory, which may lead to parametric resonance.

The main effect is probably that when y » 1, considerable overlapping of the stable
regions takes place precisely because of the divergence of expression (2.8.13). But in
this case we can apply the general criterion of stochasticity according to the overlapping
of the resonances (Section 2.1). Indeed, the resonant region of a non-linear system signi-
fies, essentially, a stable region of quasi-periodic motion in the vicinity of the periodic
trajectory. The meaning of the overlapping of rescnances as a stochasticity criterion in
this connection is as follows. First of all, when the rescnances overlap the trajectory of
motion can cross over from one resonant region to another, i.e. it is no longer localized
in the vicinity of the original periodic solution. This feature is also conserved in the
case of the overlapping of quasi-resonances, as we shall call the stable regions when
k» 1.

On the other hand, the interaction of neighbouring resonances leads to the formation
of a stochastic layer in the vicinity of the resonant separatrix, the width of which in-
creases as the resonances converge and covers the whole of the resonant region at the
moment of overlapping (Section 2.6). Something similar also probably takes place for quasi-
resonances, although at present it is not clear what is the exact form of the second criterion
of stochasticity (2.6.12) and, in particular, what the quantity @ corresponds to in the
case of quasi-resonances. A peculiarity of quasi-resonances is that the stochastic compo-
nent is located among them, and not the invariant Kolmogorov tori as in the case of ordinary
resonances. This, of course, facilitates the destruction of quasi-resonances.

Another stability mechanism (the formation of quasi-resonances) is comnected with the
alternating entry of the transverse vector (4,4)) into the extension and contraction cones.
Let us recall that the stable case corresponds to the swinging round of the transverse
vector and the unstable (stochastic) one to its estension or contraction.

As shown above, the extension and contraction cones of the elementary model (2.8.1)
do not overlap as long as the trajectory of motion remains in the unstable region. Hence
it follows that it is impossible for the transverse vector to enter the extension and con-
traction zones alternately. However, it becomes possible when there is even one point of
the periodic trajectory lying in the stable phase region (2.8.7). In this region the
transverse vector swings round and may therefore change over into the contraction region.

The transverse motion splits into three phases: extension, contraction and rotation.
If the period of the basic motion is T, the duration of the contraction and extension is
(T - 1)/2. During the extension, the angle of the transverse vector to the asymptote
decreases to:




prpee e
where By ~ 1. It is obvious that the rotation must be carried out with the same accuracy
by order of magnitude, since the motion along the contracting asymptote is symmetrical.
The probability of such rotation » w,ET, whence the mumber of quasi-resonances of the
second type is*):

11:"}(1'} ~ u;p T¥(r)~ w71 (2.8.15)

The total mmber of quasi-resonances now proves to be infinite independently of the form
of the force, and from Ref. 40 it follows that they are located everywhere densely.

The size of a quasi-rescnance can be estimated as AS ~ Mp(Ar)?, where §,r are the
polar transverse coordinates, M) ~ #, and Ar is determined from the condition of the re-
quired accuracy of rotation: Ar ~ g. Consequently, even the maximm size of the stable
region:

P e k CT=1) (2.8.16)

decreases exponentially. The total area of all the T of the stable regions of the quasi-
resonances is:

SO% el Sat e e
and for all quasi-resonances of the type under consideration:
oo
~3h (1)
Sa{/k} ~ Z w, T e (2.8.18)
T=Ta

The lower limit of summation for an arbitrary k is determined from the condition that
v{?) (M) ~ 1, i.e. that the quasi-resonances really exist:

A
T ~ (2.) G (2.8.19)

Whence:

(2.8.20)

S¥u)a 4 -3 (/i =)

%

*) This estimate is not very reliable in view of some uncertainty in estimate (2.8.2)
for the number of periodic trajectories: in particular, it is pessible that the ex-
ponents v and 8 do not fully counterbalance each other. Neve less, numerical ex-
?eﬂmu mig the order of magnitude of estimate (2.8.20) following from (2.8.15)

see Sect .5).
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For the quasi-resonances just considered, the phase oscillation period coincides with
the period of the basic motion: T, = T. This condition is not compulsory, the trajectory
may enter in the stable phase region several times per period T, say N = T/T, times. In
the general case the length of each period of the phase oscillations may be different:

T, = T4 xf}f_l T, = T. If the T; do not differ too greatly from one another, it can be
considered approximately that the accuracy of each rotation will be determined by the
length of its period (2.8.14): B » e PTi™1), e probability of a specific sequence
of stable regions v Iy, (wse™) - u'hTi and the mmber of stable trajectories of this
(third) type is:

13,(”(7‘}*-' J’Je.““‘. cClérv) (2.8.21)

where C(T,N) is the mumber of ilﬂ'ereut combinations of T,. Since our estimites are valid
fnr'.ti:r‘l' mmwt E[T,H}mn..mren;'ﬂ smt’r:u o £ 1). Consegquent-
Iy n>>1) *

l’;mfr) ~ (e G A (2.8.22)

The total number of such trajectories and also the area of the stable regions diverges for
any y. However, the minimm period from which the divergence begins depends on y:

-4
T (=y) (2.8.23)

By analogy with the ordinary resopances, one can assume that total mutual destruction of
the quasi-resonances takes place only for close frequencies of the phase oscillations (see
Section 2.6). Hence it follows that there remain undamaged quasi-resomances of all types
with 'I" < Tm; their mumber decreases with the growth of v.

The phase area of the stable region around the periodic trajectory on the assumption
that ':I'i ¥ T’| is given by the estimate, similar to (2.8.17):

5;(’) Sl i i 3 (Te-4) (2.8.24)

and the total area of all the quasi-resonances of the third type is:

Sl) e o ) e N m
'I-T‘
where Ty is again d&temimd from the condition that quasi-resonances of this type exist

for an arbitrary k: :.,11 v (M) ~ 1. When T, = const, N = T/T, + =, the sun diverges
if Tﬂ > T.-i.n fLE.Zl]-

#) This estimate is an upper one, as (2.8.13) for quasi-resonances of the first type, see
explanation on p. 67.
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Let us recall that the conclusion concerning the divergence of the sum (2.8.25), from
which the destruction of the overwhelming majority of quasi-resonances ensues is not
rigorous, since we can obtain only the upper estimate for S(*) (k) (see remark on p. 67).
However, an interesting feature of the problem under consideration is the fact that the
basic conclusion concerning the stochasticity of motion of model (2.8.1) when k >> 1 does
not even depend on the assumption that the sum of (2.8.25) diverges. Indeed, if the sum
of the areas of the quasi-resonances converges, it goes to zero when k + =, since the size
of each stable region decreases with the growth of k (2.8.24); if the above-mentioned sum
diverges, mutual destruction of the quasi-resonances takes place, excluding the finite
number determined by condition (2.8.23), and their over-all stable area again goes to zero
when k = =, Of course, one camot exclude the very special case when all the time 5(k) ~ 1
when k + =, in spite of the fact that 5, - 0, but such a situation seems to us highly im-
probable. This result is confirmed by mumerical experiments (Section 3.5).

Thus we can now add a third effect to the two previous effects of the overlapping of
first order resonances (unification of stable regions and destruction of the separatrix) --
the formation of a large number of quasi-resonances which completely eliminate the last
centres of stability.

2.9 Periodic crossing of the rescnance

Before going over to the final sections of this chapter, devoted to the general case
of the interaction of resonances, let us consider yet another relatively simple system
which can be reduced to the basic godel (2.1.11) with discrete time. This is the periodic
crossing through the resonance of a non-linear oscillator.

If the amplitude of the frequency oscillations considerably exceeds the width of the
resonance

a8) >> (4w}, ~ 24 (2.9.1)

the action of the resonance can be considered as a short kick; accordingly, we have a
system of the type of the basic model, whose border of stochasticity is determined by con-
dition (2.5.1). On the other hand, as follows from the results of Section 2.6, the general
criterion of stochasticity (2.1.4) must be valid.

The system considered in this paragraph is of special interest also because in one of
the writer's early papers on stochasticity'®) an erroneous conclusion was drawn about the
existence of two independent conditions of stochasticity which had to be fulfilled simul-
taneously. This conclusion was drawn precisely on the basis of the process in question.

Let the frequency, say, of the perturbation vary according to the law:

Q- T+ 42 Gsat @2.9.2)

Under the condition f; << AD the perturbation has a locally equidistant spectrum with a
distance between resonances of @iy and a mumber of basic resonances v Alf{y. On the basis
of Parseval's equation (normalization condition) we obtain the estimate:




sfy ~ L -’gﬁ:)‘& (2.9.3)

where efy, €f, are the amplitudes of the frequency-modulated force and its hamonics, res-
pectively. The general criterion of stochasticity (2.1.4) gives:

/!
st= (.%E.)lu Ef'::,‘b! .(%.. %,,_, 4 (2.9.4)

independently of the rate of crossing the resonance. Here vy is the mmplitude of the
wlmitr.w&wmhmfm&mufﬂwmmundmwmufm
harmonics of the force, wnlike i, ~ /Efvou',, the frequency of the phase oscillations at
the moment of crossing the resonance (sce Section 1.5).

Now let us consider another approach to the problem. When the resonance is crossed
rapidly (V »> 1, see below) the change of the frequency (and energy) of the oscillator is
given by the expression (1.5.7), which leads to the first of the difference equations of
the type of (2.1.11). The phase equation can also be obtained from (1.5.7) in the follow-
ing way. Removing the brackets we find (k = 1):

z

- g
¢=for BE g doy % (2.9.5)

Here the third term gives the ordinary phase change due to the change in the frequency of
the oscillator after crossing the resonance. The factor | is explained by the fact that
this term takes into account only half the frequency change after the moment of exact reso-
nance [see Section 1.5). The other half is included in the second term, which when there
is arbitrary frequency variation Q(t) is replaced by J (f(t) = wy) dt = J 01 dt - wyt, where
wy is the value of the frequency of the oscillator at the moment of exact resonance. The
last term of (2.9.5) is small under condition (2.9.1). In order to obtain the phase of the
next resonance, it is necessary to sum up expression (2.9.5) after the first resonance
(upper sign) and until the second (lower sign). Taking into account also the rules of the
changing of signs when the direction in which the resonance is crossed changes (Section
1.5), we obtain:

i“ 2 2
(ac) “o)
it + | QM-+ 1 (2.9.6)
#= e J ot 4,

where tay = T/2 = n/ffly; is the interval of time between two successive crossings of the
resonance and it is assumed that w = §i (2.9.2). Equality te; = T/2 is violated, firstly
as a result of the frequency variation: Ate, ~ (Aw)?/fl; this effect can be ignored,

like the two last terms in (2.9.6) under condition (2.9.1). Secondly, it is necessary to
take into account the finite amplitude of the phase oscillations, so that the moment of
resonance is determined by the intersection of the straight line and the sinusoid in

Fig. 1.5.1. This leads to additional change of the phase of the resonance by & ~ V™',
This effect becomes considerable when there is slow crossing of the resonance (see below).
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Taking into account the above-mentioned approximations, the crossing of the resonance
can be described by the following transformation:

Dyypy © Qu = V%'—Q?' m(%t %)

"t’“."t y‘h +9""* Lﬁ-r?ﬂ

(2.9.7)

where the constant phase 0 = {Tﬂi}&thﬂthesimisdnw:minﬂb}*ﬂwdimim in which
the resonance is crossed (see Section 1.5). The stochasticity parameter for (2.9.7) is
found in a similar way to (2.4.9) and (2.4.3):

K, =~ T/zm .Q;' /_;2, S e f (2.9.8)

The last estimate gives the criterion of stochasticity (2.5.1). Since @i ~ A1  f; and
a2 v 0l (/80! (2.9.3), then Xy & (/85)* ~ 5* and both foms of the stochasticity
criterion (2.9.4) and (2.9.8) agree.

With slow crossing of the resonance, when

.s:?.. “Q“E’ ‘ﬂ -2
= — A ~ JBEk ., § << 2.9,
Y .1'2;'. .ﬁ':,' 8 1 (2.9.9)

the change of the oscillator frequency is given by expression (1.5.9):
s6(,3) =2V bu (v+5)(95V-3") +
+ :—2:1?,. ,/f+ I 7 1

(2.9.10)

The phase change is determined, as usual, by relation (2.9.6), but the additional finite
amplitude of the phase oscillations must now be taken into account, as noted above. This
is equivalent to changing over from the continuous phase §i determined by relation (2.9.6)
to the phase £ = ¢ - 7/1 limited by the interval: -V < E < J/83V. Since in this interval
cos £ = 1 - EX/2, from (1.5.3) we find (see also Fig. 1.5.1):

V(‘l"“{'*} = 1- }.:/1 (2.9.11)

In what follows we shall need the derivative:

df b A (2.9.12)
;f-l;l": 2 V+i /F

where we used the condition df/df = 1 (Fig. 1.5.1). The latter estimate is also easy to
obtain directly if it is taken into sccount that the range of variation of ¢ is equal to 2=
and of £ to vZaV.
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Now we can approximately describe the slow crossing of the resonance by the transforma-
tion:

Guss® u 2 a0 (oo, Fu)

2.9.13
Yuss ® $, +0 - T—-—-——‘Eﬁ;i‘" [ :
il

Here the function ﬁu{mn,ﬁn) is given by expression (2.9.10), the link between L and &
by equation (2.9.11) and the constant phase ¢ is defined above. The stochasticity para-

meter is:
md. i.{l.*—-‘-v iﬁiﬁ ~..'&— = ..‘L‘.E- (2.9.14)
AWper df. 2, Ss
where the first of the derivatives is given by expression (2.9.12) and the second
~ /Y0 E?ﬁ,.
Relation ([2.9.14) shows that in the approximation of short kicks (2.9.1) Ky »= 1,
i.e. slow crossing always leads to stochasticity.

At first glance, criterion (2.9.14) is in no way comnected with the parameter of the
overlapping of the resonances s. However, it should not be forgotten that the condition
of slow crossing (2.9.9) must be fulfilled, from which it follows that s > 1 always when
A0 > Qg. [If AD << @y, the parameter s loses its sense, since in this case there is in fact
a single resonance § = ﬁ. while the width of the remaining ones is considerably smaller
and they can simply be ignored (see Section 2.7).

We still have to consider the case A < 0., when the short kick approximation is not
valid. Instead of this, let us turn to the phase equation originating from the equations
in slow variables of the form of (1.3.15):

ft-iu.ﬂaﬁy

: Q/e) (2.9.15)
)& = > - ;
where 0(t) is the periodic function of (2.9.2). We obtain:
v 2 b
s]p-f-.ﬂ?. ng»-.-.:-ﬂ.(ﬂ (2.9.16)

This system has a separatrix in the vicinity of which a stochastic layer is formed
under the action of the perturbation in the right-hand side of ([2.9.16). According to the
results of Section 2.6 the relative width of the stochastic layer in energy is given by
the estimate:

-
-

e Pt _._.—-ﬂ'
S~ p ] B v (2.9.17)

under the condition that the perturbation frequency is sufficiently small: 0, = By In
the opposite case, the width of the layer is exponentially small (2.6.17). The results
of Section 2.6 are applied when there is small perturbation (u << 1), i.e. only for slow
crossing of the resonance. When the crossing is rapid, system (2.9.16) simply does not
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have a separatrix (Section 1.5). As regards stochasticity, which according to (2.9.4) is
also possible for rapid crossing, it is comnected with a completely different mechanism,
namely mixing of the phase from one crossing of the resonance to the next.

For slow crossing of the resonance there are thus two mechanisms of stochasticity:
one which is the same as for rapid crossing and another connected with the stochastic
layer. The influence of the latter mechanism depends on the ratio between the range of
frequency variation (A%) and the width of the layer: MYy & 2,/0s. The maximum influence
corresponds to the condition &, ~ @, (when 0, » o, the width of the layer decreases exponen-
tially). In this case stochasticity occurs, which is not at variance with the general
criterion according to the parameter s, since AQ << {I; ~ @, and this parameter loses its
sense, as noted above.

If @y << Hg (and AD << H!]. the case when A0 >> 0i; is possible, so that the stochas-
ticity parameter s 2 1 (2.9.9) has its ordinary meaning. From the point of view of equa-
tion (2.9.16) in this case stochasticity may also be expected, since the system passes
through a stechastic layer during approximately one phase oscillation period [(1.5.3) and
(2.9.17)]. Moreover, with slow crossing capture is possible [Section 1.6), which increases
the time the system spends in the stochastic layer and consequently also the over-all
stochasticity of the motion.

Thus the general criterion of stochasticity according to the overlapping of resonances
(2.1.4) also applies to periodic crossing of the resonance as well as to rapid and slow
crossing. In the latter case stochasticity always occurs, in contradiction to Ref. 10, in
which it was assumed on the contrary that stochasticity is always absent for slow crossing,
on account of the approximate reversibility of the process (see Section 1.5). As we shall
see later this last effect leads only to a reduction of the diffusion rate and the K-entropy
(Section 2.11).

2.10 Kinetic equation

If the motion of a dynamical system becomes stochastic, it no longer makes any physi-
cal sense to describe it in terms of a trajectory, because of local instability. The
changeover to a statistical description, the meaning of which also, in our opinion, lies
precisely in re-establishing the stability of the description, is usually carried out in
two stages. First of all, as the basic physical quantity, one introduces the distribution
function or phase density f(x,t) (x is the complete set of phase space coordinates) of an
ensemble of identical systems, differing only by the initial conditions. The variation of
f is determined by Liouville's equation:

5:—-{ = f-"/ (2.10.1)

where L is a linear differential operator'®’,

It is customary to emphasize the equivalence of Liouville's equation to the dynamical
cquations. However, it should not be forgotten that their solutions are physically iden-
tical only for singular initial conditions: f(x,0) = &(x - x;), since, at least within
the limits of classical mechanics, we are concemned with only one single system of the
statistical ensemble. This fact, which is often underestimated (see for example Ref. 50)
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is of paramownt importance when discussing the nature of statistical laws'®) (see also
Section 2.15). The use of the continuous density of f(x,t) already means introducing into
the mechanics some random element and, in particular, excluding a set of special zero-
measure trajectories. These special trajectories should not be regarded as absolutely ex-
ceptional. For instance, the periodic trajectories of a stochastic system which form an
everywhere dense set*’) (Section 2.8) are related to them. In addition, the introduction
of continuous density automatically excludes any fluctuation in the limit t + =,

With the above reservations, Liouville's equation is equivalent to the dynamical
equations and its solution for a stochastic system also proves unstable in the following
sense. Let us introduce so-called coarse-grained phase density f(x,t,\), which is obtained
by averaging f(x,t) over the phase space cells, of a size A » 0 **), (Only such a density
also has a direct physical sense. Indeed, we always have to do with a finite, although pos-
sibly also very large, number of systems N. Hence it is clear that the density is deter-
mined only for finite cells of the phase space containing many systems: £(x,t) « W 5 1.
If, on the other hand, there is only one system and the density is found according to the
relative time the system stays in the phase space cell, the system must enter the cell
again several times, i.e. the cell must have a finite size for any finite time of motion.

It is evident that the properties and behaviour of the coarse-grained density T depend
to a certain extent on the choice of one or another set of phase space cells. This is why
the notion of subdivision (of the phase space into cells) is one of the basic notions of
the ergodic theory. In particular, as Sinai®®) recently showed, special (Markovian) sub-
divisions can be chosen, which enable one to change over rigorously from a dynamical des-
cription to a statistical (random) one in the form of a Markovian process.

Let us assume that

£, t) = {T(J", £.4)+ ,F(f, 4/ (2.10.2)

where f(x,t,)) is the fine-grained density with a wave length A. It turns out that how-
ever small A + 0 is, the fine-grained f, generally speaking, has a considerable influence
over the development of the coarse-grained density T according to Liouville's equation.
This follows directly from the qualitative picture of the mixing process given in Section
2.4. It is obvious that we have to do with the instability of the trajectories of the
stochastic system expressed in other tems. Let us recall that the time of development of
such instability very weakly depends on the scale of A: T, % |In A| (Section 2.4).

In order finally to get rid of this instability, it is necessary to change over from
Liouville's equation to another one, which automatically excludes the fine-grained density.
This equation will be called kinetic*). In order to exclule the fine-grained demsity it
is natural to add to Liouville's equation the operation of periodic (for some characteristic

*) This definition is not generally - Sometimes, for example, Liowville's
equation’?), or one related to 1té%). is called Kinotic.  On the other hand, the temm

"kinetic equation" is also used, since the work by Bogolyubov in a narrow sense

to designate only the equation for a so-called single-particle distribution fumction.
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interval of time 4t) averaging of the equation (for T) over all possible functions of f,
or more precisely over a complete set of such functions. If as the latter one chooses
s-finctions in each of the phase space cells [£(x,t) = I; £; « &8(x - x;)] this will give
us a clear picture of averaging over the position of the trajectory of the system ina
phase space cell. Moreover, the trajectory distribution inside the cell is considered to
be uniform. This latter hypothesis, necessary for carrying out the averaging operation,
is the basis, explicit or implicit, of all the methods of obtaining a kinetic equation®®),
The "complexity" of the usual systems of statistical mechanics and the "complication" of
their trajectories afford intuitive justification of this hypothesis. These intuitive
considerations are formulated mathematically'®) by going to the limit N+ =, V + =, N/V =
const, where N is the mmber of particles in the system, and V its volume (for further de-
tails of this method see Section 2.13). Other justification can be cbtained by means of
modern erpodic theory (see below).

Let us explain the physical meaning of the averaging in terms of trajectories. As
already observed above, in reality we are always concerned with a single trajectory of a
single system (a finite mmber of systems, interacting or not, equivalent to one system in
the unified phase space -- so-called I-space). The motion along this trajectory can be
split into two processes: mixing in a small section of the phase space (A = 0) in the
immediate vicinity of a given point of the trajectory, and transition from one such section
to another throughout the whole of the accessible region of the phase space. The latter
process is exactly described by the kinetic equation, while the first is equivalent to
averaging in time or, because of the ergodicity, per phase cell. From the physical, or
rather, mechanical point of view, the initial process (in I'-space, see Section 2.12) is
averaging in time (first process).

The instability of the solutions of Liouville's equation for a stochastic system
generalizes the standard notion of an improper problem for the equation in partial deriva-
tives, a notion introduced by Adamar (see for instance Ref. 58). This means that there is
no continuous dependence of the solution on the initial conditions.

The Cauchy problem for Liouville's equation -- the wave type equation -- is always
proper in the usual sense, namely for a finite interval of time and with the "distance"
between the functions determined through their difference [for instance, p(f,4) =
max |£(x) - #(x)|, see Ref. 58], However, the parameter A of fine-grained density (2.10.2)
can be taken as the "distance” between the distribution functions. When A + 0 the func-
tions f(x,t), ¢(x,t) are considered to be close independently of the values 121, 18],
provided T + # in the usual sense. It is evident that the distribution functions that are
close in the sense indicated are characterized by an infinitely small trajectory shift;
this is precisely the physical meaning of the new definition of "distance” between the
functions. If, further, the asymptotic solution of Liouville's equation with t + = is
considered, the problem becomes improper and therefore requires special methods of solu-
tion. One of them is precisely the kinetic equation method.

Recently, completely independently of statistical mechanics, various methods of
solving improper problems of a completely different kind have been developed. The most
complete survey of this work is to be fownd in a report by Lavrent'ev®®). One of the
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methods, using a regularizing operator, proposed by Tikhonov'®), recalls the kinetic
equation method in its approach. It would be interesting to make a more systematic com-
parison of both classes of improper problems.

In connection with the averaging operation, the notion of the probability of transi-
tion (between phase space cells) naturally arises, and this can be calculated on the basis
of the dynamical equations and the above-mentioned hypothesis concerning the uniform
"spreading" of the trajectory over the cells.

The transition probability enables us not only to obtain a most general kinetic
equation of an integro-differential type®***?), but also to describe the fluctuations
neglected by the standard kinetic equation. Description of the motion of the system in
terms of transition probability is called the Markovian process. Its characteristic
feature is independence from the previous history of the motion. For arbitrary subdivision
of the phase space the probability of transition between the cells of the subdivision, de-
termined by the measure of the corresponding regions, generally speaking depends on the
previous states. This did not allow of rigorous transition from the dynamical equations
to the Markovian process’®) in spite of mmerous attempts. Only recently Sinai succeeded
in constructing special subdivisions for which such transition proved possible’®), These
Markovian subdivisions have, generally speaking, a very complicated structure. Therefore,
in the present paper, we shall restrict ourselves to obtaining the kinetic equation only,
as the simplest method of describing a stochastic process.

The solutions of the kinetic equation are generally speaking stable and thus again
have the usual physical sense. However, this stability is bought at the cost of part of
the solutions of the original Liouville equation, which are unstable. They describe the
growth of the fluctuations. A priori it is mot at all obvious that the stable solutions
of the kinetic equation {of the type with relaxation to an equilibrium state) generally
exist and, moreover, describe in some sense the overwhelming majority of processes observed.
This is due mainly to the fortunate fact that our world is in a strongly non-equilibrium
state. If we had to describe the miserable phenomena which could still occur in a state of
statistical equilibrium it would perhaps be just these processes of formation of large
fluctuations that would be the most important. We should be faced with the very difficult
dilemma of nevertheless devising some way of making a stable description of the growth of
the fluctuations, or of generally rejecting the requirement for stability when describing
physical processes. In any case, the statistical physics of such processes would appear
rather unusual from the modern point of view. As an instance, one can cite the present
method of describing the growth of large fluctuations & posteriori, nammely under the con-
dition (aftervards) of the formation of fluctuations with given parameters®'**?). Such a
description is made by means of an equation similar to the kinetic one and is stable. How-
ever, it is clear that the most important feature of the law of physics -- the possibility
of prediction =- will be lost. These questions will be discussed further in Section 2.13.

Since the processes of relaxation and growth of the fluctuations are reciprocally re-
versible in time, the kinetic equation which describes only relaxation is of necessity
irreversible. It is clear that this in no way means the physical disparity of both direc-
tions in time, or the existence of "the time arrow', the current cxprmim"}, but is the
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consequence of deliberate exclusion of reverse processes which are in principle possible,
but are unstable (for more detail see Section 2.13). It is interesting to note that this
point of view, which is perfectly natural for present-day ergodic theory (see Section 2.4)
is not shared by many of the physicists (see for example Ref. 70).

As far as we know, so far no-one has attempted to obtain a kinetic equation by means
of ergodic theory. Generally the statistical element when obtaining a kinetic equation is
just to postulate in one form or another, for instance the assumption of the absence of
pair correlations in Boltzmann's first kinetic theory, the Bogolyubov condition of correla-
tion relaxation®****) or the random phase hypothesis in the quasi-linear plasma wave
theory“:'.

In this paragraph the kinetic equation for the basic model (2.1.11) will be obtained
without any a priori statistical hypotheses, on the basis of the results of the ergodic
theory (Sections 2.3 and 2.4). A comparison of our approach to the problem and that of
present-day statistical mechanics will be made in Sections 2.11 and 2.13. Now let us note
only that the kinetic equation which we are just sbout to obtain is similar to the so-
called master equation of statistical mechanics, since it relates to I-space, This is the
only possibility for a one-dimensional system of the type of the basic model. In the many-
dimensional case a kinetic equation of another type in so-called u-space is possible (see
end of Section 2.12).

Since for our model the perturbation is small (e + 0], the kinetic eguation must have
the form of an FPK diffusion equation (Fokker-Planck-Kolmogorov)'®***) (2.10.10). 1t is
determined, as is known, by the two first moments ((AI)y), and {[M]: 3}, where the index 1
signifies that the mean value is taken per unit of time {one step in our case) and averag-
ing is carried out by means of transition probability.

Let us recall that the first moment ({Al);) describes the systematic variastion of the
momentum and is equal to the mean rate of its variation. The diffusion itself is described
by the second moment ((AI)7), which is equal to the mean rate of 1 “dispersion". All the
statistical properties of this process are linked just with the latter quantity and it is
only owing to this quantity that the FPK equation becomes kinetic in the sense indicated
above. Hence it can be concluded that for transition to the kinetic equation it is neces-
sary for the quantity (Al)® to increase (on the average) = t.

As noted above, averaging over the transition probability or the phase space cells is
not different from an approximate description of the development in time of one of the
systems of the statistical ensemble determined by a single dynamical trajectory. There-
fore when calculating 1‘.(&1]:} the original averaging should be carried out in time. Let
us write the variation I for one of the systems of the ensemble in the form:

4

LR

L =
=l it >, Aﬂ (6.) (2.10.3)
k=0

where for the sake of simplicity we neglect the dependence of hy on I, which will be taken
into account when calculating ((al)3) (see below). We find
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@ﬂt' E’:[é l(:(%) +g:f ft’ CHE 3;., (ﬂ:}j (2.10.4)

In order to obtain the kinetic equation it is necessary for this value to increase (on the
average) in proportion to time (= n), namely it is sufficient to ignore the second sum.

It is precisely that sum which includes all the instability of the stochastic motion and

also its reversibility (and hence the fluctuations), since this sum depends on the correlation
of phases that are successive in time. Accordingly, it is sufficient for us to require

the absence of pair autocorrelations (Section 2.3). If, morcover, the motion is ergodic

in phase, then:
(1)t = < (al) > =res -:A::» (2.10.5)

Let us note that the rejection of the second sum (E;) in (2.10.4) is not a trivial
mathematical operation, since I; is of the order of the first sum {z% hg [Gk) ~ hy * /).
The rejection is possible only on the average, since I; oscillates. In principle, this
procedure is similar to the averaging method in non-linear mchmins’}. Moreover, we
simply reject such special initial conditions when the second sum is much larger than the
first for a long time (fluctuations).

It would seem that it is the ergedic theory that provides justification for the re-
jection of L, in (2.10.4), even weak mixing being sufficient (Section 2.3). However, in
reality the situation is more complicated. The point is that according to the ergodic
theory mixing, and in particular the disappearance of pair correlations, takes place only
asymptotically when t - %=, i.e. it takes place parallel to relaxation to statistical
equilibriwm. But we wish to describe the relaxation process itself. Another aspect of
this difficulty is that mixing with respect to the phase 0, which we should like to regard
as a "simply random’ (“microscopic") parameter, is necessarily sccompanied, by virtue of
the equations of motion (2.1.11) by mixing with respect to the momentum I, which should
play the part of a diffusion (“macroscopic') variable. Therefore, at first glance it seems
generally impossible to apply the kinetic equation to inhomogenecous distributions and this
means that it completely loses its sense. These difficulties were thoroughly analysed by
Krylov®®) who came to a pessimistic conclusion.

It seems to us, however, that a solution can be found by using an idea of
Bogolyubov®* ***) of introducing different time scales into the problem. In the case of
the basic model it is a question of two kinds of time -- thﬂémimlﬁxingtimtn'hl
(one step) and the I diffusion time: tp~ ™' (steps, see below). Asymptotically when
£ = 0 we can thus separate both processes with an arbitrary degree nfa:mm:y'].

Let us make a more accurate formulation of the conditions of such separation of mixing
from diffusion. For this we will calculate (2.10.4), having split it into sub-sums with a

*) A comparison with Bogolyubov's theory, where other time scales are introduced, will be
given in Section 2.13.
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given difference m = k - & (L = 1,2, ...) and introducing the pair correlation coefficient
o(m) = Chy (8) + hy (8,0) / (h (2,)). The sum which is of interest to us turns out to
be asymptotically (n + =) equal to: I = n + (h}) « I p(m), namely proportional to n
like the first sum in (2.10.4). Therefore the (FPK)} kinetic equation remains valid also
when the correlation exists (with another diffusion coefficient), provided the sum Ip(m)
converges. In the opposite case I; increases faster than t and the kinetic equation is in-
applicable.

The sum convergence condition can be written in the form:

plx) < &% oo d; & —» Oo (2.10.5a)

This is the more accurate condition of application of the kinetic equation for systems of
the type under consideration. From this condition it can be seen, in particular, that weak
mixing is insufficient since generally speaking there is no limitation of the rate of de-
crease of the correlations. Stochasticity is a sufficient condition because it includes a
requirement for positive K-entropy (Section 2.3). In the latter case p(m) = e—h.n = g

(B <1; h=K-entropy) and for the second moment the following expression is obtained, de-
fining (2.10.5) more exactly:

<QI)}> =et<hy> (1- £l g (2.10.5b)

When the K-entropy is sufficiently great (h >> 1) correction is small. 1f, however, h << 1,
it is necessary to take into account not only the change of the second moment and consequently
also of the diffusion coefficient (2.10.12), but also of the dynamical scale of time LN Rt

It should be noted, finally, that the exponential decrease in the correlations when
h > 0, although not a necessary condition, considerably increases the accuracy of the
statistical description by means of the kinetic equation.

As noted above, the mixing process covers not only the phase © but also the momentum I,
which on the other hand is an independent variable of the distribution function. In order
to overcome this difficulty let us split I into two parts:

Ta T j»"' (2.10.6)

a diffusion (T) and a dynamical (T) part, so that the mixing process affects only 1 and not T.
On the other hand the diffusion is now determined only with an accuracy of the order of the
value 1, which must of course be sufficiently small for this whole procedure to have a
physical sense. The value of I can best be estimated from the slope of the extension

eigenvector, i.e. from the slope of the extending asymptote (2.4.14):

(AI)- = .?. L -fi_-‘ << f (2.10.7)

Thus there is a minimum size (AI,) of subdivision cell beyond which a kinetic description,
i.e. a description by means of a kinetic equation, becomes inmapplicable., The distribution
function f inside the minimal cell should be considered constant.
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The size of the cell (2.10.7) may be decreased if one considers the transformation to
be in N steps. Then € = &/R; K, - R‘E {see Section 2.11), but the ratio 13;‘111 " (Ne?)™?
decreases. The condition T, ~ Ta determines the maximum permissible length of the dynami-
cal mixing process: me % £7%, Whence the absolute minimm size of cell is:

6“:)&3* — e'— e“/ﬂt

where h ~ 1n K; is the K-entropy and ¢ ~ 1 is a constant depending on the required accuracy
of description.

It should be stressed that the limitation of the size of the phase space cell, and con-
sequently also the permissible subdivision, relates only to the description of the relaxation
process by means of a kinetic equation and does not extend to the asymptotic theorems of the
ergodic theory. In particular, this limitation no longer applies for an equilibrium state.
Let us note, however, that in any case statistical mechanics has to do with finite, although
arbitrarily small, phase space cells, which is equivalent to using a coarse-grained distri-
bution function®). Often it is not specially stipulated [see for instance Ref. 65], but
simply implied that the kinetic equation gives an incomplete description according to part
of the variables (say, according to the momenta), while the remaining variables (the phases)
determine the transition probability. In certain problems these "random” variables are out-
wardly camouflaged, as for instance in the Boltzmann type of kinetic equation. Sometimes
imperfections of this kind lead to direct ambiguities, and in particular to the erroneous
assertion that the “exact” entropy of the closed system does not increase’ .

(2.10.8)

Returning to the FPK equation, let us note that the first moment ((Al),) must be cal-
culated with the same accuracy as the second (2.10.5), namely with an accuracy » e¢*. Let
us use expression (2.1.12) for this and take into account that T + 0 (e7 = const);

(hy) = 0; (hgp * hg = hyg * hy) = 2 Chgp » hg) = ((hg * hydy) = ((h3)) . where we assume
that all the fimctions are continuous. We obtain:

:’@Z)’: = %% -((JI'),"}" 3 (2.10.9)

Taking into account this relation, the FPK equation

P e 2
'%f =—q%(f- <(aT)y> ]+ %%‘: £ {(41‘}").) (2.10.10)

-)

comes as is known ¢, to the standard diffusion equation

af o 2 10.
A7 = 3% (25('1‘) 'i_f) (2.10.11)

*) The recent revival of what is called symbolic dynmics"] already described by Birkhoff
(Ref. 16, Chapter 8, Section 11) is connected with this.

*+) See for instance Ref. 6S.
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with a diffusion coefficient

f 2 z
3(z) = f%’ o 5__‘_'__&‘{';_3 (2.10.12)

The last expression shows, in particular, the validity of the estimate made above of the
diffusion time scale 1, ™%,

In what follows we shall omit the bar above the function f and shall consider, if this
has not been done by special reservation, that all the distribution functions are coarse-
grained ones (T + f).

Relation (2.10.9) considerably simplifies obtaining the FPK equation, since for cal-
culating the second moment a first approximation is sufficient. Landau showed**) that re-
lation (2.10.9) follows directly from the principle of detailed balancing, i.e. from the
symmetry of transition probability in relation to the initial and final states. Unfortu-
nately, the principle of detailed balancing is far from always being valid, even when there
is a symmetry condition in relation to time reversal. In the latter case the reversal of
all velocities is implied, which generally speaking is not assumed when forsulating the
principle of detailed balancing.

In the general case it is necessary to add to the diffusion equation (2.10.11) the
term -(3/31) [f ((81),)], where ((AI).) is the additional (anomalous) rate of variation of
the momentum I. The general relation between the moments in the absence of detailed balanc-
ing was obtained by H:hrnw"}. A simple example is the crossing of the resonance by a non-
linear oscillator (Sections 1.5 and 2.9). However, in this case it can also be said that
there is no time reversal, since the process is considered for crossing the resonance in a
given direction. A similar situation arises when charged particles move in a given external
magnetic field**). Even for rapid crossing, generally speaking, a systematic shift appears,
which can be calculated from expression (1.5.7). However, (1.5.7) cannot be averaged simply
over the phase y;, which is no longer, generally speaking, canonically conjugate to the
momentum I. This is due to the fact that the transformation (2.9.7) relates to a variable
interval of time, which itself depends on the dynamical variables. The scale of this effect,
leading to non-uniform mixing in ¢,, is characterized by the value V™! << 1 (Section 2.9) and
proves to be of the same order as the constant shift in (1.5.7). Let us note that this effect
is unimportant when calculating the diffusion coefficient.

Dissipation can serve as an even simpler example. Let us go over from the momentum [ to
the energy W and put: ((aN) ) = W < 0. Then there is a steady solution of the FPK equation,
which can be written in the form:

W,
,{’(tf) = ) exp'f 5 '%: Jfr}’ (2.10.13)

This means that there are steady state stochastic oscillations of the energy of the system
under the action of the perturbation, which can be characterized by the effective "tempera-
ture'';

2
w (2.10.14)

Tre (W) = -
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The energy spectrum of the system depends on the form of the functions (W), W(W): in par=
ticular, the Maxwellian spectrum is cbtained when there is “balanced” (for the given dis-
sipation) perturbation: -D(W)/W(W) = T = const.

This simple example shows that even when there is damping in a non-linear oscillatory
system processes are possible which are described neither by the classical perturbation
theory nor by the KBM theory (see Section 2.2).

Let us note, in conclusion, that when there is an additional condition for the symmetry
of the momenta I, of the system with respect to the sign of the velocities, the principle of
detailed balancing and with it also relation (2.10.9), which for several degrees of freedom
is written in the form'®):

<(al;) > = %: {%ta'(ﬁrr)(dfu}? (2.10.15)

directly follows from the time reversibility. As a simple example one can take a system of
weakly coupled oscillators for which the unperturbed canonical momenta depend on the squares
of the velocities. In particular, for the one-dimensional case this follows directly from
the results of Ref. 38,

2.11 Transition to continuous time, or the al case
of the Interaction of resonances

In Section 1.1 we began by studying the motion of a one-dimensional non-linear
oscillator under the action of external perturbations. In the special but perhaps more in-
teresting case of stochastic conditions we had to simplify the problem and go over to the
basic model (2.1.11). The most important feature of the latter is discrete time. Although
in itself the transition to the transformation in place of the differential equations does
not limit the generality of the problem, since such a transition can always be carried out
by means of an ordinary S-operator’), the specific fom of the basic model (2.1.11) is un-
doubtedly a certain special case of the original problem.

In this paragraph we shall endeavour to extend the results concerning the stochasticity
of the basic model to the general case of the interaction of resonances (Section 2.1),
namely to a one-dimensional non-autonomous non-linear oscillator of type (1.1.1). What con-
cerns us mainly are the three basic parameters of a stochastic system -- the criteria of
stochasticity, K-entropy and the diffusion coefficient.

For the starting point for our argument we will take the elementary model (2.8.1)
which is almost stochastic when k >» 1. The term "almost" implies the existence, generally
speaking, of small "islets" of stability for any k + = (Section 2.8). This fact has so far
prevented a rigorous study of the stochastic properties of the elementary model (see
Section 2.4). Let us point out that our idea of its stochasticity is based not only on
physical intuition but also on the results of various numerical experiments, which will be
described in the following chapter.

With regard to extending the stochasticity criterion to the case of a arbitrary non-
linear oscillator (1.1.1) or to the case of continuous time, as we shall say henceforth

*) See for example Ref. 55.




- B4 -

for the sake of brevity, this has in fact alresdy been done in Section 2.6. Let us merely
recall briefly that this extension was possible because the mechanism of stochasticity is
connected with the expansion and overlapping of the stochastic layers of resonances, which
always exist in one form or another, the motion inside which, in the final analysis, amounts
to the elementary model.

From the point of view of the set of resonances (continuous time) the basic model re-
presents a special case in the sense that there are completely defined phase relations be-
tween the different resonances. The possibility of directly transferring the stochasticity
criterion for the basic model (2.5.1) and (2.5.2) to the general case of the interaction of
resonances shows that the stochasticity criterion does not depend on phase relations. This
conclusion is also confirmed, in particular, for the very special case of periodic crossing
of the resonance (Section 2.9). Unfortunately the same cannot be said of the two other
characteristics of stochasticity -- K-entropy and the diffusion coefficient.

Let us begin with the entropy, considering a transformation of the basic model type:
=Pt k. £(y)
Vo= ¢+ pr K fG)

where £(}) is a function that is periodic according to ¢ with a period of one. In what
follows we shall call the transformation a cascade, in order to stress the discreteness of
the time'). We shall give the description of the motion in terms of continuous time the
standard name of flux. What now interests us is the transition from the flux to the cas-
cade, the stochastic parameters of which we know how to calculate.

It is not difficult to verify that in the general case the cascade will not have the
form of the basic model. For this let us consider transformation (2.11.1) in two steps:

¢, = @+ kfle)+ kf(e+ pr £ECI)
b =g+ 2(ps kfe))+ kflesoekflet)

In the general case it does not amount to (2.11.1), especially as this concerns a trans-
formation with an arbitrary number of steps -- N. In the special case of k »> 1 the last
term plays the main role in (2.11.2) so that the effective value of the stocimsticit}' para=-
meter is K; ~ k*. In the same way, for a transformation with N steps K, » K. This result
could also have been obtained directly from the expression for the K-entropy of the basic
model (2.4.19), which, of course, should not depend on the interval of the transformation:
h= (/N) In KN = In k.

The quantity KNms;, is the parameter of stochasticity of the cascade, which thus depends
exponentially on the interval of the transformation. However, if we have a flux this
stochasticity parameter is given: s~ i M and consequently the expression for the K-en-
tropy of the cascade (2.4.21) cannot e T cevival case e uaadl bk the fin') Homver;

a-ll.l}

(2.11.2)

+) In other words, it is not clear what is the characteristic interval of time of the cas-
cade to which the parameter s* ~ k; of the flux corresponds.
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in the special case of short kicks or periodic crossing of the resonance the K-entropy is
actually determined by expression (2.4.19) with k, ~ s?, This shows that the K-entropy
essentially depends on the phase relations between the resonances and therefore a general
estimate of it is impossible.

Let us note that this problem does not arise for determining the border of stochas-
ticity, since at the border of stochasticity Ky vk~ 1. This illustrates the remark made

ashove concerning the non-dependence of the stochasticity criterion on the resonance phase
relations.

In order to estimate the K-entropy of the flux one can, however, consider a case that
is in a sense "typical", when the phases of various resomances are "random”, i.e. when
there are no special relations between them. Then the only interval of time characterizing
the non-linear interaction of the resonances will be the inverse frequency of the renormal-
ized phase oscillations [H"‘%} and the renormalization, by virtue of the assumed randormess
of the phases, should be carried out with a power n = 4 (Section 2.7). It is easy to obtain
the law of renormalization of a system of resonances of the same order of width, by analogy
with (2.7.13):

Q- s:z.;‘ ceele oL 2
-Q -4 pra

(2.11.3a)
(Au)z ~ @":Jz

where (&)g, (&) are the renormalized and non-renormalized width of the resonance pu = q,
respectively; 4 is the distance between the resonance values of the frequency w. Here we
used the relation Ry " ptm}H (Section 1.4), In what follows we shall assume for the sake
of simplicity: p~ 1. It is easy to see that as a rough estimate of the entropy one can
put:

-/

S _5'2!, -~ _5'21, A (2.11.3)
There is hardly any sense in making estimate (2.11.3), which we shall call "typical", more
accurate, because of its dependence on the phase relations. In particular, in the case of
the basic model:

h = ":-T b %! (2.11.4)

Local instability, characterized by K-entropy, determines the process of phase mixing
[for a system of the type of the basic model (2.11.1)]. The latter can also be described
by means of the phase sutocorrelations in a similar way to that mentioned in Section 2.3
for the elementary example of stochasticity. For reasons to be explained below we will
slightly generalize the correlation coefficient determined above, putting:

25lptn + G4/ s (2.11.5)

POGp.9)= < e
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Let us first consider the special case of the cascade (2.11.1) with £(y) = (1/2r) »
sin 2y and assume that n = 1. Expressing ¢y through §,¢ and integrating by virtue of the
ergodicity (k »> 1) over ¢,¥, we find:

25
Q) F 1
,P, (f’; ?) = E—ﬁ--zﬂ? (’éf} e W (2.11.6)

From this it can already be seen that the laws of correlation relaxation and of the de-
velopment of local instability do not agree, as was the case in the elementary example
{Section 2.3). Moreover, the dependence of the correlation coefficient on q, which occurs
when k € q (p ~ 1), is of a completely different nature from that described in Section 2.3.
These peculiarities are explained mainly by the fact that the correlation coefficient is
now determined primarily by the region near the stable phases (2.8.7): & ~ k'3,

Let us now calculate 91[1‘] (p,q). For this let us express 5 through the previous
phases ¥ 1, +.., ¥ by applying (2.11.1) successively:

% = Yrng+ é fﬂg{(j"/-f-{#'f)}?(f@/i- Ses
+ ;(‘f"u-f};:: ft vp + £ St

When k >» 1 the successive phases can be considered to be rmﬂm'}. Therefore the random
guantity Sn(ﬂ when n 2> 1 is distributed normally with the parameters:

X3
<S> =0; <S> =6* <4 ";T (2.11.8)

(2.11.7)

hhen calculating ﬂll} inttﬁmtim over § can now replace integration over 5, having
assumed that dw.&lﬁ e £ » Since dy is proportional to the measure in phase. Assuming
that g = -p to eliminate the term with § in the exponent (2.11.5), we obtain the estimate:

2_3
ﬁf’(}’:'ﬂ/* exp [- g—"‘-‘g—ﬁ--df 2 k2 3// (2.11.9)
The characteristic relaxation time of the correlations proves to be of the order of:

-
T = o, k-t (2.11.10)
which agrees with the "typical" estimate for the inverse K-entropy (2.11.3) [0i v k; 4 =2
for discrete time (2.11.1)]. Meanwhile, in the case under consideration (Matypical") the
K-entvopy is defined by expression (2.11.4) or, in discrete time h =1n k.

This difference is probably explained by the fact that the K-entropy is determined by
the behaviour of the system only on the asymptote, while the correlation coefficient is
some integral quantity. From the point of view of the mixing process the correlation

*) The small residual correlations (2.11.6) can be taken into account in the following
approximation, as was done in the previous paragraph (2.10.5b).
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coefficient is a wore direct characteristic, so that it enhances the role of the “typical”
estimate (2.11.3) and (2.11.10). It should, however, be remembersd that for a cascade of
type (2.11.1) with k >> 1 the difference between the K-entropy and the correlations can have
real value only for some very fine details of the mixing structure (q >> 1) which will not
be discussed here. For q £ k the residual correlations are small, even after one step
(2.11.6).

Returning to the flux, it can be concluded that the characteristic damping time of
the correlations, and hence also the mixing, will be determined by the "typical" estimate:
T, ~ b7t (2.11.3).

Let us take as an example yet another model, which can serve as a link between a
cascade of type (2.11.1) and a flux. The model is given by the transformation:

o= P+ b b2l v0:)
I?thf e 9‘1\\ + Soit‘-,r

where O; is the sequence of T random phases, which then recur periodically. We shall from
now on call this model quasi-random. On the one hand it recalls the basic model, since
it is given by a transformation and the perturbation has a period T. On the other hand,
when 14 + 0, where the interval 1, corresponds to one step, the quasi-random model changes
over to the "typical" flux with a random discrete perturbation spectrum and the distance
between the lines of the spectrum is A = 2n/T. Bearing in mind the transition mentioned,

it is assumed that k << 1.
-
|
1
s
£

(2.11.11)

Ft)
&

i_.
A
T'in

]----:»

X4

-

&

Fig. 2.11.1: Time dependence of the perturbation F(t) for the quasi-
random model: T1in is the duration of the interaction; T is the
perturbation period.
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Figure 2.11.1 is a schematic diagram of the time dependence of the perturbation for
the quasi-random model. The model has been further extended by introducing variable (in
particular random) distances between the kicks Tiﬁi"‘h) and a finite width of thel
kick v, , keeping a constant period T. Transformation (2.11.11) corresponds to the case
uf-ri-l; Tin = 0 A flux results when 1, ™~ Ty,

Using the results of Section 2.4 one can find the eigenvalues of transformation
(2.11.11):

Az (= /K k’:*"'é'f""??(%fl"-‘/ (2.11.12)

L3

and the directions of the eigenvectors (Fig. 2.8.1):

ff by x ¢ g (2.11.13)

If transformation (2.11.11) were unstable (K;>0) in each step, then the K-entropy would be:
h«kl . (/@5 T%). However, in reality in roughly half the cases K, < 0, i.e. the trans-
verse vector tumns, and hence it can change over from the extension cone to the contraction
cone (Section 2.8). When k << 1, the difference between the two cones is insignificant and
itself depends on k. We can therefore write: h ~ K, where m > }. For what follows it is
significant that h cannot depend on T, since under conditions of stochasticity (in a period
T) all the phases (y; ¢+ 8;) are random.

Let us mow turn to estimates in temms of continuous time, having formally represented
the cascade (2.11.1) as a flux with a é-function in time. By virtue of the periodicity,
the spectrum of the flux is equidistant: w = n « 4= Im/T. Taking into account further
that the sum of I} sin 21 6, ~ T}, we obtain the following estimate for the amplitude of
the perturbation hammonic and the non-renormalized frequency of the phase oscillations:

-1z 2

F, ~ F{E' o ~ R4 (2.11.14)
Since the value ﬂ¢ depends on T, it cannot detemmine the characteristic time for the de-
velopment of stochasticity, and that implies also K-entropy (sce above). Renormalization
with a power of n gives: e~ + (1,./8), or:

2 o
oo ill? LY oem

The dependence on T disappears when n = 4 and we thus arrive at a "typical" estimate
(2.11.3) for a special case of the quasi-random model (2.11.11).

Let us find the phase correlations for this model. It is not difficult to find out
that they are given by the same estimate of (2.11.10) as for the basic model (2.11.1).
The sole difference lies in the fact that for the quasi-random model this estimate is
valid for any k, and also when k + 0 (changeover to flux). In reality the only require-
ment in order to obtain (2.11.9) and (2.11.10) is that the quantity Sn{w} be the sum of
the random functions (2.11.7). However, this is automatically provided for in the quasi-
random model for any k (2.11.11), provided the stochasticity criterion is satisfied in a
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]
period T |:lr:1”'E 2 1; see (2.11.14)]. Using (2.11.10) and (2.11.14) we again arrive at a
"typical” estimate (2.11.3).

Let us now turn to the calculation of the diffusion coefficient of the flux. As shown
in the previous paragraph, for this it is sufficient to find the second moment ((AI){).
Let the variation of I be given by the equation:

g— 5 __')__" F.. G [Joncte + 8,6)] (2.11.16)
"

where the quantities :.:n[r.J, 8,,(t) slowly vary under the action of the perturbation during
& time % T .. Since w in fact signifies the differences of resonance frequencies, it
will be convenient for us to consider that they may be both positive and negative:

-y € wy < fl;. In what follows we shall assume for the sake of simplicity that the basic
part of the spectrum is situated symmetrically to the resonance: Oy 0y v . The
stochasticity of the flux (2.11.16) corresponds to the condition Toor * be § 1, where A,
is the mean distance between the lines of the spectrum u .

When t << Vonr the spectrum can be considered to be discrete. We find:

if é:_ [,‘:-L (ﬂ;‘f—.!- é‘_‘)m 51'-.:9..] (2.11.17)

.

al ~
whence

N z
2F, : + 2
{af__ltﬁ 4:':;(4“)' s E.EL{_. &1‘(/‘:’_55'.,.(9,,)1- S

¢ C oot et St (ot b ) ot s

Shn W

Let us first of all consider the most simple case of a discrete spectrimm == an
equidistant spectrum (w, = #n + 4,;), corresponding to periodic motion with a period of
T = 2n/8s. Let us further assume that in the limit N + = (4, + 0) the phases 6 are dis-
tributed in a circle "randomly", wmifornly and independently of F . The last condition is
fulfilled, in particular, for sufficiently continuous dependence of F, on n. Then the
second sum (I;) in (2.11.18) is equal to zero and (cos® {[mnn"!] + un]} = i.

The first sum is transformed in the usual way into an integral (see for example
Ref. 49):

L= 2
- ] [ N
(41)": 2 S Fr é“"—-—-‘l-:_ﬂ;- A Lo .t (2.11.19)
)
- " d,
whence the diffusion coefficient
D =R J(ﬂ) (2.11.20)

where

J(w) = ﬁ‘: (2.11.21)
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is the spectral density of the perturbation. Let us note that the value J{w) remains
approximately constant when there is local transformation of the form of the spectrum, for
instance upon transition from a discrete to a continuous spectrum, provided the frequency
variation is not very big. Hence it follows, in particular, that expression (2.11.20) for
the diffusion coefficient is universal. The other relations sometimes mentioned in the
literature in the final analysis can be transformed into the form of (2.11.20). For
instance, in Ref. 74 the diffusion coefficient is determined by the sum (in our symbols):
D~ L, F; V(w,), where V(u) is the spectrum of the correlation function. In this case,
however, F defines a spectral line of finite width TE;r' 50 that the sum L FI‘; * Viu) ~
% J(0) is simply the renormalization of the spectrum.

Another example is connected with the extension of expressions (2.11.20) and (2.11.21)
to the case of a complete set of resonances (Section 2.7), when the amplitudes F_ are of a
different order for different values of m, although the corresponding frequencies u may
be very near. In this case one can divide the components of the sum (2.11.19) (this time
over myn) into groups, in which the Fm functions are fairly smooth. Relation (2.11.19)
is valid for each of such groups, but the general result is given by the sum"*):

2
Je) = 2, (—i‘ﬂ ) (2.11.21a)
ot = uﬂ.ﬂﬁ.}

which as usual signifies the spectral density of the perturbation.

The result (2.11.20) was first obtained, apparently, by augomm“}‘ Strictly
speaking it is valid only in the limit N + =, but it can also be used approximately for
finite, sufficiently large N. However, in the latter case there is a limitation on the
maximm permissible time:

=
B RO (2.11.22)

where w . ~ 8. For greater times (t + 4, »> 1) expression (2.11.19) becomes invalid, but
from (2.11.17) it can be seen that the motion is in that case periodic (4, = 4n4,), so that
the kinetic equation is of course inapplicable.

In order to :uqlnftn the picture a lower limit was added to (2.11.22); in the present
case (2.11.19) .. ~uw o, where w  is the width of the perturbation spectrum, connected
by the uncertainty mlatim RS Tin ™ 1) to the dl.u'atim of the interaction 1, ~-- one
of the characteristic time scales intrndxm&hyﬂngulw . For our basic model

. 0. When t < 1, , expression (2.11.19) is determined Irp the whole perturbation
spectrum and not only by the value Fy. This leads to the diffusion coefficient depending
on time, i.e. dynamic correlations make their appearance and the FPK equation is no longer
valid,

#) In the general case this scale is determined by the correlation time i (see below).
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The requirements for the phases o formulated above are essential, at least the un-
iformity. The elementary model (2.11.1) with k << 1 (Kolmogorov stability) will serve as
a most simple example. Whatever the length of the interval (perturbation period) of T + =,
the kinetic equation will not be applicable to this system, since it is not stochastic.
Even in the stochastic case the value of the diffusion coefficient, generally speaking,
depends considerably on the phase relations between the resonances, as will be directly
seen from the cxamples given below.

Themquirnmtfur“m:ﬂmm“nfthummunmberuplud.dmmwwm
the general case of a discrete spectrum, by a requirement for "randomess” of the frequen-
cimun. I.ctd!m characterize the order of the "random” displacement of the line of the
aq.lidimtspnctm Mmﬂdditimlﬂmediglmﬁanmtaar,mdfqr
t}m" the phases become "randon’. It is evident that in this case the lower limit
of the ki.'rlutic interval (2.11.22) is:

-7
O v o AGD (2.11.22a)

In particular, in order to obtain the maximum interval it is necessary that fw, » w .

On the other hand, furm:}rm the phases become random asymptotically when t -+ =,
The interesting theorem of Kac'>) relates to this case; it states that the sum

e
. é' Cos w, ? (2.11.23)

is an asymptotically (N + =, t + =) random quantity, distributed normally with the parameters
{0,1) (mean and dispersion), provided the frequencies 4, are linearly independent, i.e. if

Iy Ap e, #0; A # 0 are integers. In this connection it should be noted that the measure
of the linearly dupmdmt. frequencies is equal to zero’').

For the kinetic equation to be valid it is necessary, however, for the following con-
dition to be fulfilled (also when going to the limit N = =):

AW, > 4o (2.11.24)

It would be natural to call just such a spectrum (in the limit A, + 0) continuous. It
is a sligthly stronger property than weak mixing (Section 2.3). The latter is equivalent
to a continuous spectrum in the sense that there is no eigenfunction of Liouville's
mtim“] *). From the results of this paragraph it follows that a continuous spectrnum
with condition (2.11.24) leads not only to a decrease of pair auto-correlations but also
to integrability of the correlation coefficient, i.e. it ensures the validity of the
kinetic equation (see below). In what follows, the term continuous spectrum should be
understood to mean with condition (2.11.24).

+) Apparently this is equivalent also to tion of a continuous spectrum

the general no
(8 = 0) wiﬂ:uut additional conditions imposed in the phases or frequencies.
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By virtue of the foregoing, inequality (2.11.24) can be called the continuity con-
dition of the sequence « . The latter is also equivalent to the notion of a completely
uniformly distributed sequence (Section 2.3).

Thus, for the kinetic equation to be applicable in a discrete spectrum the set of
frequencies w, (or phases 0) must be "continuous'. Let us see what this condition means
in terms of the time dependence of the perturbation F(t) = dI/de (2.11.16). We require
the quantity (A1)* = (JF dt)® = JF(t)F(t*)dt dt’ to vary approximately in proportion to
time in some interval (2.11.22). Let us introduce the autocorrelation coefficient™)

ettt
plu,t, f;}:[—i— jdf Fltrea) ;(g/j((;-?) o BRI 0
e

by means of which the second moment can be presented, as usual, in the form:

P
G‘I)z‘: 'ﬁ-‘i" j},‘ olee (2.11.26)

As in the case of discrete time (Section 2.10) the latter integral should converge and
should not depend on 3, t [in the interval {2.11.22}]. In the special case:

p () =e” «/z, (2.11.27)

we obtain

2
= (s I).r = F% A (2.11.28)

where the bar, as usual, means averaging in time. The latter cxpression is valid when
t2T, **) and thus the lower boundary of interval (2.11.22) is now determined by the
correlation time:

-1

S (2.11.29)

“b"ﬂr“ a~ oY, €€ @
This inequality is a necessary and sufficient condition for the validity of the
kinetic equation for a discrete spectrum; it simply means that the interval (2.11.22) is
non-null., For "typical" perturbation with “random” phases 8 the correlation time becomes

minimal: T, ~ugd v T,

=] The index "A" signifies the linear model. The correlation coefficient for a flux is
usually called the correlation function; we retain the term "correlation coefficient",
however, because it is convenient to have a single designation.

++) For continuously acting perturbation. For example, for a quasi-random model with a
kick duration of 1j, and an interval between kicks of 1, we obviously have tgin ™ Ta,
ﬂimh T4 ™ Tip << Te. However, in this case also the correlation time can be con-
5 toﬂbemu.:incedurimthistmumuﬂxtimismltnm; the
correlation coefficient (2.11.23), however, es for 1y > u > tip by virtue of the
peculiarity of its definition.
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By cosparing expressions (2.11.29) and (2.11.22a) we arrive at the interesting
estimate:

Car 0, ~ 4 (2.11.30)

which shows that the "randos displacement of the line fw. fills the role of its effective
width (in the discrete spectrum!).

S0 far we have considered the discrete spectnum, i.e. perturbation (2.11.16) with
constant frequencies w, and phases o . Such a case occurs, for example, in a pure linear
system, say in a system of linear oscillators with linear coupling. Such a system is
certainly non-ergodic, since it can be transformed into normal coordinates, i.e. into a
system of independent oscillators. Nevertheless, it is possible for such a system to have
the statistical behaviour described by the kinetic equation, in the interval (2.11.22).
For the reasons given, the case of a discrete spectrum will be called the linear
(statistical) model. As already noted, such a model was first introduced by Bogolyubov’')
and at present is the most widespread in statistical mechanics (see for instance Ref. 49).
This model will be more thoroughly discussed in Section 2.13 and we will do no more than
note in passing that it bears no relation to the ergodic theory and its main drawback is
an upper time limit (2.11.22).

The upper limit of the interval (2.11.22) is often called the Poincaré cycle and is
believed to be comnected with his recurrence theorem. This conclusion is valid, however,
as we shall see, only in the case of a discrete spectrum, i.e. for a linear madel. Taking
into account the non-linearity and the resulting stochasticity, the spectrum becomes con-
tinuous and the upper time limit (2.11.22) no longer exists.

Let us make a more detailed study of the foregoing case. Let us represent the
perturbation F(t) in the form

F(t) = fCE). v(¢) (2.11.31)

where f(t) is the given external force (divided by the frequency) having a discrete

(in particular equidistant) spectrum with a mean distance between lines of &; v(t) is the
velocity of the oscillator. It is obvious that the formation of a continuous spectrum is
connected precisely with the last quantity v(t) = ve(t) + cos ¢(t) and is the result of
the mixing process in the phase ¢(t).

Taking into account the fact that for small perturbation v,(t) varies insignificantly

as compared to the phase, the velocity correlation can be expressed through the phase
correlation {2.11.5):

v leva) rie)

Polu) = — ~ Py eum
ﬂ-i.
An explicit estimate of the latter correlation coefficient cannot be given in the general
form, but from the consideration mentioped at the beginning of this section it follows that
2{2) decreases with u exponentially with a characteristic time, determined by the “typical"
estimate of the K-entropy (2.11.3).
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The perturbation correlations F(t) depend, generally speaking, in a complicated way
on the linear correlations (2.11.25) of the force £(t) and the non-linear correlation of

the velocity v(t} (2.11.32). Let us consider the two limiting cases.
First let

oh << ! (2.11.33)

We will call this case quasi-linear by analogy with the corresponding approximation in
plasma wave theory®*). In this approximation the correlations are determined by the ex-
ternal force: p(F,F') = p(£,£%) when u ¢ T[f = £(t); £' = f(t + u)] and decrease with a
characteristic time L (see above). When u 2z T the linear correlations p(f,f’) increase
again on account of the quasi-periodicity of f£(t). In the simple case of a periodic force
f(t), the correlation coefficient p(f,f') is also periodic. This leads to a strong in-
crease in linear correlations in the intervals: kI-tu*fk‘.r*'rA; k=1,12, .... Itis
here that the velocity correlation: a(F,F') = p(v,0') becomes significant with a charac-
terestic time Toor ™ h™} (2.11.3). ‘The schematic variation of the total correlation co-
efficient is shown in Fig. 2.11.2 as a continuous line; the dotted line represents the

non-linear correlations plv,v').

It can be said that in the quasi-linear case there is a region of applicability of
the linear model, confirmed for t > T by the non-linear model.

In the opposite limiting case

2o h »» 1 (2.11.34)

the linear model is not applicable at all, but the decrease of the correlations is charac-
terized by the dotted line in Fig. 2.11.2, provided the following additional condition is
fulfilled

ooy 2 b ~ 2,5 (2.11.35)

The physical meaning of this condition is that there must be several renormalized reso-
nances which destroy each other. In the opposite case only one renormalized resonance is
formed and thumhmpemrhutimfmwwh“ Eﬂ. so that only a narrow
stochastic layer forms near the separatrix of this resonance (2.6.16).

Let us note that conditions (2.11.35), (2.11.33) and (2.11.34), are generally
speaking independent, since T} & € w . But for "typical" ("randos’") initial phases
G, we have: fw, ~w. ., 50 that the developed stechasticity corresponds only to the quasi-
linear case (2.11.33).

In conclusion, let us consider a few examples of calculating the diffusion coefficient.

Let us begin with the basic model (2.1.11) which was thoroughly studied in the previous
Section. Let us express the diffusion coefficient for it through the continuous time (flux)
parameters, introducing the é-function into the transformation. Let us assume h,(@) = cos @
= cos wt to be definite, then e €/T, and from (2.11.20) we obtain:
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Fig. 2.11.2: Schematic diagram of the autocorrelations of the perturba-
tion F(t) in the quasi-linear case. The dotted curve represents non-
linear correlations p(v,v') with a characteristic time ~ h™! ~ .Y . ﬂa’*";
the continuous curve represents the total correlations p(F,F’), determined
in the interval of applicability of the linear model (t < T) the linear
correlations p(f,f') with a characteristic time T, ml'_‘.

EZ
= e [E.ll.lﬁ]
2 AT
which agrees exactly with (2.10.12), if it is taken into account that T characterizes the
duration of one step.

The diffusion coefficient can be estimated in another way, which can be useful in
some cases, Keeping in mind the picture of “touching" renormalized resonances, we can
write:

2 3 y ¢
Do~ (A0) 5" Qe ~Q .~ %‘1 ~ —fl:(r-:’)z (2.11,37)

The index w shows that the diffusion coefficient is cobtained according to the frequency.
The latter expression shows that it agrees in order of magnitude with (2.11.36).

The first of the estimates (2.11.37) is valid for any "typical” system, and the
second only for resonances in the first harmonic: pu =gq; p = 1. Comparing it with the
"typical" estimate of K-entropy (2.11.3), we arrive in this case at an interesting relation:

D, ~ A 2 (2.11.37a)
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Let us note that if w is not a canonical variable it is necessary to change over to
the I diffusion coefficient: Dy =D =D -+ (d1/dw)?, before inserting it in the kinetic
equation.

Let us consider the quasi-random model
‘f’u P + é § <35 2#(;&?}"*‘?)
Gl vl
th

modified so as to obtain the resonances of the p— harmonic: pw = gil, where w = 2m/T;
fi = 2n/T. The distance between resonances, i.e. between the values of the perturbation
frequency: 8 = 20/T. In temms of continuous time [compare with (2.11.14)] we have:
ﬂ; ~ pFy ~ pk/vT; (m];, v k/p/T. Renormalization gives (2.11.3a): 0, ~ (pk) f;;

(), ~ k *p '*. Using the general estimate (2.11.37) we find: D~ (M) 0 ~ K%,
which agrees in order of magnitude with the general formulae [(2.11.20) and (2.11.21)]:
D, ~ Fi/as ~ K.

Let us now study the diffusion by periodic crossing of the resonance.

The simplest case is fast crossing of the resonance, which is described by transforma-
tion (2.9.7) of the basic model type. From expression (2.10.12) we find directly (for
symbols see Section 2.9):

2 2
< >
D, = Q";‘;‘; i %_.._1&55 (2.11.38)
or in the flux parameters:
Y 2 ~1
D~ —%‘ o R (2.11.39)
(23

-

The latter estimate agrees with the general expression (2.11.20). However, the region
of applicability of this expression, as for the previous example, is determined by the con-
dition t > T = 2n/ily, 50 that the quasi-linear region in the present case is completely
absent because of the special phase relations between the resonances.

For slow crossing of the resonance the frequency change is almost constant and almost
reversible (Section 1.5). Let us therefore consider the total frequency change Ao, per
modulation period, i.e. after two crossings (there and back). From expression (2.9.10) we
find

Jutté’\fﬂ*?h ?1"4. Y5V — }+_ JIEV + }* _ﬂ*(;t- ‘:_)
7 \" L.

L ot 12 sV-i Jusv+i
(2.11.40)

Since the £ distribution is now already completely non-uniform (see Section 2.9), without
further calcaulation one can obtain only the estimate:
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i liEEws] (2.11.41)

Here the numerical factor takes into account the muber of combinations from the logarith-
mic terms in (2.11.40).

- (.4“3‘}
2o b % 3

Let us note that for slow crossing the dependence of the diffusion coefficient on the
parameters (2.11.41) is roughly the inverse of what it is for fast crossing (2.11.39). In
particular there is the seemingly paradoxical result that the diffusion coefficient de-
creases with the increase of the perturbation. The explanation is that the parameter V
decreases simultaneously (with a given (1), and with it also the phase interval £, in which
a difference effect (2.11.40) ensues.

Thus for periodic crossing of the resonance the diffusion rate as a function of
Ei.i*n- F (the perturbation) or V (rate of crossing) has its maximum in the region of V ~ 1.

Above, we ignored the possibility of capture upon slow crossing of the resonance. In
fact, when V + 0 capture plays a considerable part (Section 1.6) and the diffusion process
becomes extremely complicated. On the one hand, as a result of the decrease in the phase
oscillations the process is found to be partly reversible and this leads to a reduction of
the diffusion. On the other hand, stable capture is possible only for one direction of
resonance crossing, and this causes a systematic frequency displacement. The biggest
possible value of the diffusion coefficient can, apparently, be estimated as:

3
g)mm wo (B2 ) 2, (2.11.42)

It does not depend on the perturbation at all.
2,12 Many-dimensional non-linear oscillator. Amold diffusion

In this section we shall try to extend the results obtained above to a many-dimensional
autonomous system consisting of a mmber (N) of weakly coupled non-linear oscillators. As
noted in Section 1.1, a many-dimensional oscillator can be reduced in a first approximation
to a one-dimensional non-autonomous oscillator of type (1.1.1). Since, as Ammuj showed ,
a stochastic system is cnnrse'], the higher approximations carmot jeopardize the stochas-
ticity or even substantially change its parameters. However, such a conclusion does not
apply to the region of the Kolmogorov stability, where the meny-dimensional system is con-
siderably different from a one-dimensional one*’).

Let us first consider a more accurate transition to a one-dimensional oscillator in a
first approximation. The essential difference from the given external perturbation is that
the perturbation frequencies now are not constant, since they represent a combination of
the frequencies of other non-linear oscillators.

*) ;ﬂg :;;nmumlly stable; a notion introduced by Andronov and Fnutryugh'l"]. See also
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The main resonance of a many-dimensional oscillator is the so-called simple reso-
nance, or resonance with a multiplicity of one, i.e. simply one resonant relation between
all the frequencies:

&
Z,.‘ e g ({,‘} =(n,w)= o (2.12.1)
-

This relation defines the series of intersecting surfaces (for arbitrary integers ny) in
the momentum space or a beam of planes intersecting at the origin in the frequency space.
In what follows, frequency space should always be understood, unless a special reservation
is made.

Let us write the equations of motion in the form

Xt 2H(1;, 8 “‘ $lm,e)
Ii- s 39;, C%J o 'ﬁ-JE

Be= w, (I;)+ 5‘7’_**%_{4&)

where H = 2 Fiey * ¢ ("0 i< the Humiltonian; all the quantities without indices and
in brackets represent N-dimensional vectors, and k, j = 1, 2, ..., N. Ignoring in the
first approximation the term with a}ifalk (Section 2.3) and introducing the resonance phase:

Vi = (n,6) (2.12.3)

(2.12.2)

we can write near one of the resonances in the absence of overlapping:

. ik ;, 5&
~ L]
(2.12.4)

"'ij = (h,w }
and the phase equation is:

el

0 -~ Cy ;

e it RS . 2 ¥

’hﬂj e (li f.Z; <’ "II ”J Hchr }E' '=-¢ 2. ™ (2225
v * Oy

where ﬂ(n} is the phase oscillation frequency of the resonance concemed, which is deter-

mined by a certain mean non-linearity for all the oscillators. The phase oscillations

change the plane (2.12.1) into a resonant layer with a thiclness of

520

v ]
— (2.12.6)

CAM)(”J -

where |(n)| is the modulus of the vector (n). The latter expression generalizes the
notion of the width of a one-dimensional resonance (Section 1.4).

A resonmance with a multiplicity k occurs when there is similtaneous fulfilment of k
resonant conditions (2.12.1), which occurs in the region of intersection of k resonant
layers. The motion near the multiple resonance is described by a system of k phase equa-
tions of type (2.12.5):




‘:E:g (5. R,
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where the indices 1, j =1, 2, +ou, k signify the mmber of the vector (n), and the phase
frequencies are given by the expressions:

24

(2.12.7)

- et £ e 12.
Iuﬂ_u;ht,ﬁ{e?‘ (2.12.8)
= (nfw)

In particular, for small oscillations el¥d . ;tj (the sign depends on the choice of a
stable or unstable fixed point respectively, see Section 1.4) and a system of linear equa-
tions is obtained.

As already noted, in the stochastic case there is no reason to expect any new effects,
but it is of interest to obtain many-dimensional estimates in a more explicit form.

First let us consider the total set of resonances and determine the critical value of
the smoothness parameter of the L. (Section 2.7). As in the one-dimensional case it depends
on the convergence of the sum I_ n) {m](n} Ly [n}” (n)|. As usual we shall con-
sider only first order rmmm and moreover restrict ourselves to non-renormalized reso-
nances. As explained in Section 2.7, in this way we obtain the lower estimate for &_,
which supplements Moser's upper mimtn"] What follows depends on the type of pertl.trhu-
tion chosen. Let us study two cases. In the first we put:

o~ -:r3)
Hou ™~ L1 7e

This expression gencralizes the one-dimensional (2.7.6) and means that the smoothness of
the perturbation is characterized independently for each degree of freedom by its own para-
meter L;. Inmserting (2.12.9) in (2.12.6) and using (2.12.5) we find:

' i 1&-.3)
Z's = %‘ 5 i, j_ n:,. )/C"Jl (2.12.10)

where only the quantities on which the convergence of I, depends are left. The convergence
is determined by the limit n; + =, For a given () all n; =n, = |[(n)|. Therefore the sum
L, = Iy nj"["fnﬂ converges, if:

(2.12.9)

Lwily >4 (2.12.11)

which agrees with the result of Section 2.7 for continuous time (2.7.31).
However, the perturbation can also be determined otherwise:
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~ ~(@+3)

A~ 2.12.12
H,,, ~ I @.12.12)

where |n| = Z;|n;|. Moser accepted just this determination’ ") (see also Ref. 20). It
signifies that the combined derivatives of the force are continuous only up to mmber & in-
clusive. The sum in which we are interested now takes the form:

-e- - ££3
Z;:ﬁ v (E.ﬂ ity [R] 3)1'/:'{“], - %:;nl .

and converges under the condition:

b > =3 (2.12.13)

Comparing this value with Moser's result®®), we find that the critical value of the smooth-
ness of the perturbation lies in the interval:

2y 2l 2N 2 (2.12.14)

Let us note that the width of the interval for Ly which is five if 2 is a real mmber, and
four if & is an integer, agrees with the width for the one-dimensional transformation:

1< £ <6 (Section 2.7). This question will be further discussed in the section devoted
to mumerical experiments (Section 3.3).

Let us now make a more accurate estimate of the border of stochasticity according to
the overlapping of the first order resonances. We shall limit ourselves to the case of
almost harmonic oscillations, i.e. we shall assume that in a zero approximation there is
only the basic hamonic w; for each degree of freedom, and the amplitude of the higher
harmonics n,u; are of the order of P

Let us further assume that an m-fold interaction takes p‘.lace"]. When calculating the
number of frequencies of the perturbation (and of the resonances) only those combinations
of oscillators which include the one whose motion interests us should be taken into account.
Then in a first approximation over ¢ the quantity of resonances is:

- -
i R e ) 2.12.15)
Wi i i (-1
This expression is easily extended to the case when there are ny first harmonics of com-
parable amplitude:

N, = :_': (3*" Z @"v-"'—) (2.12.15a)
(x=-1)!
In the second approximation (&) the number of resonances increases considerably for two
reasons: firstly on account of the higher harmonics, and secondly on account of the
appearance in each of the oscillators of the basic harmonic of all the rest.

#) i.e. direct interaction only between m degrees of freedom.
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The first effect can be ignored when 2m vE < 1. Indeed, it increases the mmber of
resonances Zm-fold, but in return the width of the resonance is reduced by /& times. In
the opposite case (2m /€ »> 1) the total width of the rescnances increases the maximum by
m! V2 @)™ - ¢™ times independently of N. This effect is neglected in what
follows.

The second effect is the main one and it leads to an increase of the mumber of reso-
nances by m « 2% N™1/(m - 1)! ~ Ny times, so that N; ~ Nf. Similarly it can be shown
that N, ~ N¥. It is not difficult to verify that the position of the border of stochas-
ticity by order of magnitude is the same in any approximation. Indeed, I:_EkJ @ EHI Ny =
(Ve Hllk “ 1. The latter estimate follows from the fact that /E N; is a dimensionless
quantity (for further details, see below). It is true that this cannot be said of the
stochasticity parameter s o E_P‘), which diverges when k + =, if V& N; > 1. However,
this divergence is fictitious since it is necessary to renormalize the resonances (see
below).

Thus it is sufficient for us to determine the border of stochasticity in the first
approximation. In the subsequent estimates we shall encounter sums of the form:
: o5 -r.';nifi, where n, = +1 and f, are some quantities. For such sums we shall take a
"typical" estimate, corresponding to a "'rmﬂm‘: set ng: Iy fvm, where f is a certain
mean value of f.. By putting: 3w/31 ~ aw/I, H{n] n wl, we obtain for an m-fold interac-
tion: A, ~w (com)} (2.12.5); |(m)] ~ /& and (8) iy wea)d; 0 wEel v wh is the
frequency interval of the quantity r‘;‘ nyw; occupied by Ny resonances. The border of
stochasticity is determined by the relation: s~ N; + (&) [n]m v 1 or®)

2
R 7 CEw)*=

Thus the critical value of the perturbation decreases, at least = N° (m = 2). Hence it is

clear that macroscopic molecular systems -- typical objects of statistical mechanics -- are

always far inside the region of stochasticity. In particular the size of the non-ergodic

component decreases, at least = N™* (Section 2.8).

Let us note that for the normalization used above {ﬁ[n] ~ wl) the small parameter ¢
characterizes only one resonance. Since the total mmber of resonances with Nj > 1
(2.12.15) is very great, the following additional condition must be fulfilled:

z
I T e T (2.12.17)

=) It is interesting to note that the value (ea)_ is here m times greater than in Ref. 76
(see also Ref. 13). This difference can be elplained by the fact that in Ref. 13 and
76 the border of stochasticity was detemmined from the overlapping of the resonant
layers in N-dimensional space. However, this condition is not sufficient, since the
phase oscillations inside the layer take place in a fully determined direction (Aw n]]
(2.12.4), while the motion along the layer is, generally speaking, slow (see beluwf
Therefore for stochasticity it is necessary for the chain of vectors (Au(n)l wr:ugmd-
ing to the various resonances, to be closed or, in other words, for the one-dimensional
widths of the resonances to overlap (2.12.6).
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where the new parameter £ characterizes the total perturbation, written by means of
Parseval's equality.

Let us now find the renormalized width of the resonance (Au) ()L [n!im]E which,
according to the results of Section 2.11 determines™) the dynamical time scale v, (local
instability, correlations, mixing). Hm:rfmlizing in the "typical” case with a power
n = 4, we obtain: [.!ir.u}£ % (fw) (“]?’ . &"'" (2.11.3). But acconding to our previous esti-

mates (&) o™ w/ea and:

o L
ase A cllen s Ooh '_C"_z"""__‘,Jg..' 1 (2.12.18)
Whence we find:
(A @)1 A LY .'.-.'{""% (.g;; ) /s (2.12.19)

Let us verify that the renormalized width of the resonance does not diverge in the
higher approximations: (8)* = (M) ~ £/3, but according to condition (2.12.17)
£ << 1 and this series rapidly converges.

According to the results of Section 2.11 the entropy and diffusion mffinient') are
expressed in the "typical” case through the renormalized width of the resonance (2.11.31**):

3 3 3 .
Do~ h ~ (@w), ~ =W (2.12.20)

The diffusion coefficient depends only on the square of the total perturbation (£*), which
acts as if it were completely random. In Section 2.5 it was said precisely in this sense
that stochastic instability leads to the most rapid diffusion possible for the given
perturbation.

Let us now go over to the region of Kolmogorov stability. As already noted (Section
2.2) the situation in this region is essentially different from the one-dimensional case.
The most important difference is that the invariant tori, whose dimensionality is obviously
equal to N, do not divide the (N - 1)-dimensional energy surface in the phase space of the
:)'stm”] ***). In the momentum (frequency) space, the invariant tori are represented
simply by points distributed among the everywhere dense web of interwoven and intersecting
resonant surfaces [planes) (2.12.1).

Each of the resonant surfaces represents, as we know, a layer of thickness (2.12.6)
inside which are invariant tori similar to the ones outside (this already follows from the
results of Arnold's paper’’’ and has been thoroughly investigated by Moser’®)), but outside
is the stochastic layer (Section 2.6). It is precisely these numerous intersecting

+) In the general case we have the diffusion tensor (2.10.15); the following estimate
relates to the diffusion along one of the axes: {(M];J = 2D, + t; for the total
N-dimensional vector: (| (&w)[?®) = 2ND, -« t.

¢+) When n; ~ 1 (2.11.3a).

=+#+) Let us recall that the case we call one-dimensional is that where N = 2 for an auto-
nomous system (Section 2.2).




- 103 -

stochastic layers which form an unstable (ergodic) component of the motion in the region
of Kolmogorov stability. The first example of such instability was studied by Arnold®)
and subsequently it was learnt that a similar instability mechanism is very general for
many-dimensional motion’®) (see also Section 2.6). It leads to a peculiar diffusion along
the system of intersecting resonances, which we shall henceforth call Arnold diffusion.

In order to understand the mechanism of Arnold diffusion let us return to the basic
equations of the many-dimensional resonance (2.12.1) to (2.12.5). Let us note first of
all that for each given resonant term the phase factor ei (n,0) is identical for all the
components of the vector (I) and therefore the variation (Al) is directed along the vector
(n). For the main resonance, which we will call guiding resonance henceforth this gives
the direction of the phase oscillations, and the phase factor takes the form: e (%),
where *En} is the resonmance phase (2.12.3). Each of the remaining terms in (2.12.2)
characterizes the perturbation of the resonant torus directed parallel to its vector (n].
The phase factor for each of these perturbing resonances can be written in the fomm:
et ¥(0)) \here wy = (An,u) is the detuning of the frequency in relation to the guiding
resonance. If the system is inside the puiding resonance, the perturbation of the neigh-
bouring resonances leads only to the deformation of the resonant torus. However, at the
edge of the resonance, inside the stochastic layer, the increments of the integral:
sde 1EATN) o Ty Wy /%y 5w (ny/¥1 for each half-period of the phase
oscillations with a freguency of ﬁ[ﬂl‘ form a random sequence on account of the random
phase shift of the phase oscillation with respect to the perturbation. A thorough analysis
of this stochasticity mechanism was made in Section 2.6. The momentum perturbation is of
the order of

-1
l"”u.' e su"ﬂ-'gc-u (2.12.21)

where the vectors (n), (n’) relate to the guiding and perturbing resenance respectively;
Ege™E ﬁ(n "ne

As already mentioned above, the direction of the vector (a1), s is along (n') and
generally speaking this is not identical to the direction of the stochastic layer. Diffu-
sion (2.12.21) is therefore possible only over a small distance of the order of the thick-
ness of the stochastic layer. For long-distance diffusion at least two perturbing reso-
nances with non-parallel (n')y, (n*); are necessary. Then one of them will certainly have
a component along the stochastic layer, which is the one that gives Arnold diffusion proper,
and the other will have a component across the layer, which ensures reflection from the
border of the layer. The diffusion will thus go along the line of intersection of the
stochastic layer with the plane of the vectors (n');, (n*);. For the diffusion to go in
any direction along the (N - 1)-dimensional resonant surface, there must obviously be N
linearly independent perturbing rescnances.

This is possible only for a non-autonomous system, i.e. under external perturbation.
If the system in question is closed there are (N - 1) perturbing resonances only since they
form, together with the guiding resonance, the full set of N linearly independent resonances.
Thus, for a closed system Amold diffusion can go only along some (N - 2)-dimensional surface
which must be, obviously, the intersection of the stochastic layer with the energy surface of
the system. No other limitations of the Amold diffusion seem to exist. At least we can
assume it as a hypothesis which is in accordance with Poincaré's theorem’®) on the absence,




= 104 =

in the general case, of analytical integrals of motion except the energy (sce also Ref. 152
and Section 21.6). In the light of the KAM theory it is natural to assume that the destruc-
tion of all the other integrals occurs precisely in the stochastic layers of the resonances
as a result of Arnold diffusion.

The diffusion coefficient can be roughly estimated as: Dy ™~ [e.l]:m, . ﬂiﬂl‘ or taking
into account (2.12.5) and (2.12.21):

= - 2¢/,
z s
‘2'.4 ~lw - RN e o (2.12.22)
nJE.

In order to obtain more explicit estimates of the diffusion rate let us put:

£ i.e_ﬁ"/zhﬁ (2.12.23)
where n is now the maximm harmonic mumber. We consider that for each degree of freedom
the amplitude of the perturbation harmonic decreases as ¢ V™, the interaction being m-fold
(Section 2.12). It would be more accurate to write: exp (-If,, |n|/ns), but for cur rough
estimates we shall put: I} n, = mh * my/2, whence (2.12.25) also follows ). In fact the
paramgter m now characterizes the mmber of frequencies for which harmmonics are taken. The
diffusion coefficient is determined, muinly by the exponent, which has the form™"):

Wik Sl gy
TN %
'E'XFC iTa % b " &'Er.‘h:’n?-f )

The argument of the exponent reaches a maximm when:

Eu/,f"' ot il
s de(w-1)n,€ ‘) "’g o 2.12.24)
S RV

The latter inequality is necessary for the validity of the approximation used (Section 2.6).
It is violated in a certain interval n, which can be determined from the condition:

]

£ Y o T
=5 "‘ ke SN “ (2.12.25)
( z = = -

Here we used estimate (2.12.29a) for Ege If u‘r.ﬁ is not too small, the unknown interval
is:

Yu, N i
. (2.12.25a)

In

Rz it < a
. =

When e/e, < (/&)™ always n’ > n. In the interval (2.12.25a) optimal n’ = n (Section 2.6)
and in the exponent only the first term may remain. Indeed the second term in the exponent
is always smill in comparison with the first, and the relation of the third to the first is:
(n'/n)/(N - 1). On the border, when n’ = n, the third term gives the correction factor

[ (N - 1)]. With only the first term remaining in the exponent, we obtain:

+) This estimate makes sense if different frequencies and n; are of the same order of
magnitude.

++] Here we use estimate (2.12.28) for wy, see below.
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From the validity condition of this expression (2.12.25) it is seen that always D} < D,
(2.12.29). This estimate on both borders of interval (2.121.25a) changes approximately in-
to estimate (2.12.29), which is easy to verify, using (2.12.25).

Let us now turn to the region n » Ne {for m <« né]. It should be explained that in the
majority of problems one is required to estimate the rate of Armold diffusion due to the
resonances with a given n, or more precisely an n of less than a certain value. The last
condition determines the mean distance between resonances 4 . The specific form of the
function A (n) depends on the form of the interaction, see for exawmple formulae (2.12.15a)
and (2.12.18) which are valid for m << N.

Now let us consider the opposite limiting case m = N. A rough estimate can be made
as follows. The total mumber of different combinations of the components of the vector (n)
is (20)¥, since each component can assume values from -n to n. Assuming that for large n
the distribution of the vectors (n) and (w) is on the average isotropic, one can estimate
the mean distance between resonances as'’:

L) 3
a, ~ o (2.12.27)

The main error of this estimate is due to the non-uniform density of the resonances (see
Fig. 4.3.1), which can be taken into account in (2.12.27) by introducing a special factor:
o - hlh

Expression (2.12.27) gives, in particular, the estimate of the perturbation frequency
wy, which we used above:

W, ~ A, ~ —=3 (2.12.28)
The mean "gap" between the resonances A, determines the density of the network of

stochastic layers along which the Armnold diffusion spreads. From estimate (2.12.22),
taking into account (2.12.23) and (2.12.24) we obtain

4 f"/‘[_
241# T e - A,
{2.12.29)
e nslo-1) % G 7
ity ..l.."-f #(EL)'?"’ Yorg o’ b
= i1, cx s Ry
’u“ F{ '("f"f[ ha £ € me J
where the critical value ¢, is determined from the expression:
2 N X
Q™ e S, w0 ~ ‘“(2«.) (2.12.29a)

In the latter estimate we used the effective value of the parameter n,, which follows from

the appearance of the exponential factor (2.12.23) e-:w’h;_ whence M, off = Ingfm.

*) We omit here the mmerical factor since it depends greatly on particular specification
of the set of resonances in question.
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Thus the rate of Amold diffusion decreases with the growth of n according to the
double exponent law. This clearly characterizes the degree of Kolmogorov stability in the
many-dimensional case. Let us recall that in the one-dimensional case the stability is
eternal (Section 2.2). In practice a dependence of type (2.12.29) determines a limit:

7 (2.12.29b)

beyond which the rate of Arnold diffusion becomes unobservably small. It should be noted
that this limit corresponds just to the condition m ~ n. (see above). This means that
estimate (2.12.29) can in practice be used only near the border (2.12.289b).

It turns out, however, that in some cases more rapid diffusion along the set of re-
sonances is also possible. The appearance of the double exponent in (2.12.29) is due, as
we saw, to the fact that the value s, *l-r ﬂm}ﬂxﬁ in estimate (2.12.22) itself becomes ex-
ponentially small, since a decreases with the growth of n exponentially, and 4 only as
J'I.N (2.12.27). But this does not apply to rescnances with a multiplicity of two, i.e. at
the intersection of two resonant surfaces. In this case . Fan 1 always and the exponent
disappears from the estimate (2.12.22). Furthermore, since the majority of resonances
with a multiplicity of two consists of resopances of the same order of n (n nmj' total
destruction of the resonance takes place, i.e, the width of the stochastic layer becomes of
the some order as the width of the rescnance itself. Thus there forms a relatively wide
channel along which the diffusion spreads at a comparatively high rate. In order to
distinguish this special kind of diffusion we shall call it streamer diffusion. This name
is comnected with the fact that for the minimal dimensionality, when this diffusion is
possible, the stochastic layer of a resonance with a multiplicity of two in the frequency
space has the shape of a narrow tube (streamer) aleng which comparatively fast diffusion
spreads, a picture which recalls streamer breakdown in gas.

Streamer diffusion is possible only when resonances with a multiplicity of two form
an intersecting network in the frequency space. From geometrical considerations it is clear
that this is possible under the condition:

NPTy A P 3 (2.12.30)

where Ha, }h is the mmber of degrees of freedom (of the dynamical frequencies) for an
autonomous and non-autonomous system respectively. Thus for streamer diffusion one more
degree of freedom is required than for ordinary Amold diffusion.

An estimate of the velocity of streamer diffusion is obtained from (2.12.22) and (2.12.23),
taking into account that s~ 13 nwn's

3 Ex
2 s =y (2.12.31)
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The quantity D_, of course, also decreases rapidly with the increase of the harmonic mumber
of the resonance, but not as catastrophically as D,. Except for a mmerical factor ~ 1 in
the exponent, D_ is identical with D;. (2.12.26). Both mechanisms give roughly the same
diffusion rate when n ~ 1, provided it comes within the region (2.12.25). In the opposite
case streamer diffusion proves to be even slower in this region. It is significant, however,
that the law (2.12.31) is valid with any n, whereas in ordinary Amold diffusion a double
exponent appears for large n. Therefore streamer diffusion plays an important part only in
the region n 2 n_ (2.12.25a).

Let us note that for streamer diffusion two rescnances are sufficient, instead of three
as for ordinary Amold diffusion (see above). This is due to the fact that both resonances
now coincide in space and their vectors (n) are always non-parallel. However, in the present
case the requirement for a component of the vector (41) [or (n)] along the streamer is non-
trivial. In particular, this condition does not apply when (AI), (&) are parallel:

(al) || (M), Since (4AI)|[(n) (2.12.2), from the resonance condition (2.12.1) it follows
that: (&w,w) =0, i.e. the vector (4w) is perpendicular to the resonant plane, and that
means also to the streamer, so that diffusion does not occur. Since the non-linearity
matrix 3w, /3l = a’w‘aiialk is symmetrical and can be transformed to the principal axes,

the condition for non-parallelism of the vectors (Al), (&), which is necessary for streamer
diffusion, amounts to & requirement for the eigenvalues of the non-linearity matrix to be
different.

Resonances with a multiplicity > 2 do not lead to qualitatively new effects.

The diffusion coefficient (2.12.29), like (2.12.31), does not yet determine real
diffusion in the momenta space. Indeed, Arnold diffusion spreads along the resonant sur-
faces, which in the general case form a very complicated system; in places where the sur-
faces intersect, "random™ (on account of the stochasticity of the motion) transition from
one surface to another will take place, so that, as a whole, Arnold diffusion represents a
combination of two random processes: diffusion along the stochastic layer and transition
from one layer to another. If the mean length between two intersections L is sufficiently
small, the total length of the diffusion trajectory L along the system of intersecting
layers can be estimated by the ordinary formulae of the random walk theory*’):

L~ (31)°/0, (2.12.32)

where Al is the total variation of the momentum in the diffusion process. Then the diffusion
time can be estimated according to the formula:

L 5
f e < e E"(&;/ "f/‘ (2.12.33)

where we put 2, ~ 4 /' = &+ I/ow.
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Let us note that the law of this "double diffusion" is unusual, since the diffusion

time t*upmpartimlmttanmht to the fourth power of "spacing" AI. Let us
introduce the "double diffusion" coefficient:

Y

3/,
ﬁ’ = 2‘%(&!}?} ~ T g7 Al (2.12.34)

2
B e
(%] ,(!'?r.

The relations obtained remain valid also for stremmer diffusion, substituting
“a - D,;‘

The rate of Arnold diffusion (2.12.29) decreases exponentially with the decrease of
the stochasticity parameter s €/e . Moreover, the diffusion takes place only for special
initial conditions, the relative measure of which ~ § << 1 (when s < 1; Section 1.6).
However, the total system of resonances, and that means also the stochastic layers, is
everywhere dense. Therefore the problem of the motion in the region of Kolmogorov stability
is asymptotically (when t - =) improper, since any arbitrarily small variation in the initial
conditions displaces the trajectory from the stable component to the stochastic one and
vice versa. Let us note that in the present case we cannot simply average over a small
volume of phase space, as was done when solving the kinetic equation. This is due to the
fact that in a large part of the phase space the system is stable and therefore such aver-
aging does not correspond to any real process in the system, and reference to the "practical”
uncertainty of the initial conditions is insufficient in mechanics.

It is possible, however, to regularize the problem as follows. Let us add to the
dynamical system some “external" diffusion process with a diffusion coefficient Dy, For
example, in the case of the motion of a particle in a magnetic trap (Section 4.4) the scat-
tering always present in residual gas is such a process. This additional diffusion eliminates
the singularity of the initial conditions and, woreover, enables us to neglect the resonances
of very high harmonics, leaving only a finite number of resonances. However, contrary to
the behaviour in a stochastic region, the motion will now substantially depend on the
additional diffusion, also in the limit Dy = 0.

The diffusion process will take place in two stages. In the first there occurs
"external" diffusion with a coefficient Dy up to the nearest resonant surface, i.e. over a
distance v &;. In the second stage the "external" diffusion occurs "parallel" to the
Arnold diffusion. In the most simple case, when the mmber of resonances is not great, so
that i ~ (4I), one can neglect the "double diffusion" and assume that the diffusion along
the stochastic layers with a coefficient ha is roughly the same as the diffusion in I. Then
the total diffusion coefficient in the second stage of the process is Iy + D, * w, where
w<1 is a reduction factor of the diffusion rate, because the system spends only a small
part of the time inside the stochastic layer. If n’ » n, estimate (2.6.13) gives
Ans, ¢ e'ﬂ‘ﬁm Comparing this with estimate (2.12.22) one can conclude that the reduction

factor w is equivalent to some change of mmerical coefficient in the first exponent of

the expression for Dh'




- 108 -

Let us note that the total diffusion coefficient depends essentially in any case on
the "auxiliary" parameter D,. The latter should not be too large, otherwise the stochastic
layers stop functioning at all. The critical value of Dy is determined from the condition
of leaving the layer in a time of the order of one phase oscillation, which is just the
order of the diffusion rate in the stochastic layer (Section 2.10). Hence the conditions
for the existence of Amold diffusion:

Dy = '254 (2.12.35)
However, an observable effect of this diffusion takes place for considerably smaller
Dy £ Dy we

Let us note that the dependence of the diffusion time on the perturbation parameter
will have the characteristic shape of a transition curve with two plateaux for small and
large perturbation. In fact, in both limits the diffusion coefficient is equal to Dy, but
the diffusion distance is different: (AI) and b respectively. The ratio of the diffusion

times at the plateaux is therefore:
2
L (f?{- (2.12.36)
f 3

Let us now consider the more interesting case of a large number of resonances:
L, << (aI), when "double diffusion takes place [(2.12.33), (2.12.34)]. This means that the
kinetic equation takes on a more complex form than usual (2.10.10). In view of the roughness
of the estimates relating to “double diffusion", we shall not solve this equation but will
use the simple estimate for ordinary diffusion: d(AI)*/dt ~ Dy and for “double diffusion'':
d(a1)*/de ~ DD (2.12.54). Hence the total diffusion rate is:

_ pe, JRTN 2
J?:J -~ 3, {'}* {.'-%‘); y= _55: (2.12.37)

By integrating this equation in the most simple case w = const, we cbtain the total
diffusion time:

"'{q ~ a;f f’(‘.r)t—- ¥ lu (¢+ ‘fﬂ;;:}_] (2.12.38)

which again depends essentially on Dy.
Some experimental data on Arnold diffusion will be given in Sections 3.6 and 4.4.

For streamer diffusion the picture remains qualitatively the same, but the effective
diffusion coefficient !JE- D. * w decreases not so much:
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2
DDt x T (2.12.39)

o e
us Dﬁ (see above). In the latter estimate we used relation (2.12.31) and the expression

for L

HI;;

2 T 7
5.~ _&-&- ~ ./;:_f:- . u“{ e % (2.12.40)

The ratio of the diffusion times on the plateaux will be smaller than (2.12.36), since
instead of the “absorbent” resonance surfaces which are necessarily intersected in the
diffusion process D, there are now "absorbent" tubes (streamers), which may be by-passed
("missed”). However, the increase in the lifetime is slight, since the probability of a
miss rapidly decreases as the streamer is approached.

As a model, one can examine the diffusion between two concentric cylinders with absorp-
tion only on the imner one. Simple calculations show that the diffusion time is proportional
only to the logarithm of the ratio of the cylinder radii. In our case this relation * Sy
since the mean distance between streamers is of the same order as that between the resonance
surfaces. Thus, instead of (2.12.36) we find:

k- i:,}‘-'- )’/;z.. = (2.12.41)
Fd

In conclusion, let us make a fow remarks about the kinetic equation in the many-
dimensional case. If the mmber of degrees of freedom is not great, the distribution
finction as usual describes the ensemble of identical N-dimensional systems in the
2N~-dimensional [-space. The equation for such a distribution function is called the
master equation®?)., However, as a rule the complex systems of statistical mechanics consist
of a very large mmber (n » =) of identical elements (“particles'), interacting with each
other. In this case a new possibility appears: besides the master equation one can write
the equation for a so-called single particle distribution function describing the density
of "particles" in the phase space of one "particle", which is called u-space. Since the
total mumber of particles n is always finite, then in u-space (as in I-space) only a coarse-
grained distribution function has direct physical meaning (Section 2.10).

In a similar way one can introduce the kinetic equation for s-particle phase density
(s << n), describing the distribution of the subsystem of s "particles".

For a many-dimensional oscillator a "particle" is a one-dimensional oscillator, weakly
coupled to the others, for instance a phonon in a crystal lattice. If such a one-dimen-
sional oscillator is considered to be non-autonomous with a given external perturbation, we
arrive at the master equation in the most simple I-space (Section 2.10). But if the same
one-dimensional oscillator is assumed to be a "typical" representative of the system of
interacting oscillators, we obtain the kinetic equation in u-space. In both cases one of
course obtains the same equation (Section 2.10) and the only difference is the physical

meaning of the phase density.
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2.13 Remarks on the nature of statistical laws

Since we have to do with statistical mechanics and in particular kinetic equations, it
is difficult to resist the temptation to make a few general remarks on the nature of
statistical laws, irreversibility and other such problems that are still somewhat mysterious.
It is hoped that these remarks will not prove to be a mere repetition of well-known argu-
ments. In this question we have the advantage of the Jdetailed investigation made in this
paper into the transition from dynamical to statistical behaviour for a very simple,
probably the simplest, mechanical system -- the elementary wodel, which represents a one-
dimensional non-linear oscillator under the action of given periodic perturbation.

To the main question of whether the motion of such a system is a "true" random process
we reply in the affirmative, unlike many other authors engaged in investigating this problem.
Among them is Krylov'®), whose point of view in other respects is very close to ours and
whose ideas are in fact extended and developed in the present paper.

If this assertion is accepted, it opens the way to a general explanation of the statis-
tical laws of nature on the basis of the classical mechanical wmodel. In this case the
statistical laws are valid in a dynamical system, in so far as the motion of the system is
stochastic in the sense given to this tem in the present paper (Section 2.3). This point
of view is perfectly natural at present for mathematicisns with their ergodic theory (see,
for example Ref. 42) but, strangely enough, apparently alien to physicists, in any case in
current statistical mechanics®’»**) in which the so-called linear model exercises completely
sway (see Section 2.11 and below]).

The most unexpected result of the above point of view proved to be the possibility of
statistical behaviour of extremely simple systems right down to the elementary model, which
has only one degree of freedom. However, for the ergodic theory this was not unexpected.
Hopf**) already pointed out this possibility for a system with two degrees of freedom,
although it was only recently that Sinai succeeded in demonstrating the stochasticity of the
motion of a real mechanical system -- a system of hard balls in a box, which in the simplest
case has only two degrees of freedom'*®), This result sharply contradicts the idea which
is of very long standing in physics, that the statistical laws are valid only in a very
complex system with an enormous mumber of degrees of freedom N + =,

Let us now turn to the basic assertion made above, that the statistical laws correspond
to a certain special case of motion of a classical mechanical system, namely stochastic
motion.

There are two kinds of possible cbjection to this assertion. One of them, the less
important, is connected with the "islets" of stability which always exist in the stochastic
region of the elementary model (Section 2.8). This means that as a rule one always finds
special initial conditions of finite, even though very small, measure, for which the motion
is not stochastic. With regard to this objection it can be said only that such stable

Tegions, generally speaking, really exist and can be observed for simple systems (Section 3.5).
Let us note, however, that such "islets" of stability are characteristic just for oscillatory
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systems, for instance, for a crystal lattice, if one tums to the typical macrescopic
molecular objects of statistical physics. At the same time there are no stable regions at
all in gas, and probably in liquid. At least this was demonstrated by Sinai for the gas
model as a system of hard balls, mentioned above'®*), Furthermore, even for cscillatory
molecular macroscopic systems the stable regions are extremely small (Sections 2.8, 2.12):

al (2.13.1)
T =

At this point one is tempted to use phase space quantization to prove that very small Al
are completely impossible®®)., Such a proof is not possible, however, as explained by
Krylov?®). Roughly speaking, it is a question of the type of description of the motion
changing simultancously with the quantization, namely it is necessary to change over from
the phase space of classical mechanics to the Hilbert space of the wave functions, in which
the motion of the quantum system is described, as usual, by a trajectory.

Finally, and this is our main argument, both types of statistical physics system (with
and without stable regions) always interact with each other through molecular collisions,
and also through electromagnetic (thermal) radiation. Under these conditions the stable
regions can remain only for very simple macroscopic or molecular systems with a small nusber
of degrees of freedom (2.13.1), and during a short interval of time as compared to the time
of relaxation with the surrounding medium. Similar effects are actually observed, in
particular, in so-called wnimolecular reactions, for instance thermal dissociation, if the
mmber of atoms in the molecule is greater than 2. At present there are two contradictory
theories on such reactions, one of which [that of Landau’®?) and Kassel'**)] is based on
the unlimited stochasticity of intramolecular motion, whereas the other [that of Slater'®)],
an the contrary, assumes the existence of a full set of integrals of motion. In reality,
as confimed by direct experiments and mmerical calculations'**), when collisions are rare
a certain intermediate case occurs that is typical for a system with divided phase space
{Section 2.5). In order to avoid confusion, let us point out once again that divergences
from statistical behaviour are limited in this example by the very short interval of time
between two successive collisions.

The second considerably more profound objection to our general conception of the
statistical laws is comnected with the very nature of mechanical wotion as motion along a
trajectory reversible in time. This problem has been most thoroughly studied by Krylov'®).
It is also closely connected with the Loschmidt paradox, arising from the contradiction
between the dynamical reversibility and the statistical irreversibility of the motion.

Krylov's main objection to the classical mechanical model of the statistical laws
gmounts to the following. Since dynamical motion is reversible, its irreversible statistical
properties (for instance the increase or decrease of the entropy) will wholly depend on the
initial conditions. Let us further consider the usual organization of a statistical ex-
periment as a multiple repetition of a process under given macroscopic initial conditions.
Then in order to obtain statistical behaviour the distribution function of the microscopic
initial conditions for a given macroscopic state must be uniform in sufficiently small
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regions of the phase space. Meanwhile the evolution of the distribution with time leads

on the other hand, to an increasingly singular state which is easy to verify by investigating
the inverse motion. Thus we find it virtually impossible not only to prove, but even to
introduce a postulate concerning the initial microscopic conditions.

Sometimes this objection is "developed" still further and it is asserted that from the
point of view of the dynamical model the probability of the entropy increasing or decrcasing
is generally idemtical, since by virtue of Liouville's theorem the phase volume of the two
states with different entropy through which the system passes in the process of motion is
identical. It will be ecasy for us to begin by refuting this explicitly incorrect assertion,
which is in fact based on a misunderstanding. The point is that if the term “phase space
volume' is interpreted literally, in any real situation it is equal to zero, since we always
have a finite mumber of systems (and of particles in a system), and also a finite mmber of
repetitions of the experiment (see Section 2.10). If some indefinite phase volume is

introduced, determined approximately according to a finite number of points in phase space,
it is not conserved in the process of motion.

Let us examine this latter case more thoroughly, using as an example a system of
N >> 1 oscillators of the type of the elementary model, weakly interacting with each other.
We shall describe the state of this system in u space (Section 2.12), which in the present
case is identical with the phase square of the elementary model. The state of the system
is represented by N points in this square. Let them be distributed statistically uniformly
and independently so that the system initially occupies "all" the phase space. This does
not prevent it, however, from congregating in the process of motion in a very small
region £ of the phase square. Let us estimate the probability of this, assuming that the
region £ has a simple form. Let us consider the inverse process of mixing, when the
region £ is transformed into a system of narrow strips with an over-all area of ¢, uni-
formly distributed over the square (Fig. 2.4.1). It is evident that all the N points must
lic an cne of the strips of this systen: the probability of this is w, = " or, if we are
tntnreﬁtedinthemtiminmymumgimz(mufmmtrmjzu-ﬁﬂhl.
But this is exactly the probability corresponding to the fluctuation. Thus Liouville's
theorem does not contradict the smallness of the fluctuations, which lead, in particular,
precisely to a decrease of the entropy.

The example taken is also the answer to Krylov's second objection regarding the evolution
of the distribution function. Undoubtedly, the continuous [fine-grained (Section 2.10)]
distribution function tends with time to become singular, as can easily be understood from
the picture of the mixing in Fig. 2.4.1. However, as already noted, such a function does
not correspond to any real experiment, i.e. it is essentially unobservable and should
therefore be excluded from the theory and replaced by a coarse-grained distribution
function (Section 2.10). The latter tends to become uniform according to the ergodic theory.
This gives the possibility not only of eliminating the contradiction pointed out by Krylov,
i.e. of introducing a postulate concerning the initial microscopic conditions, but also
opens the way to proving this postulate. It is now natural to assume that the initial state
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(t = 0) of the process concerned (t > 0) in a system is determined by the finite state of
the previous process (t < 0) in the same system.

Here, however, there are two difficulties. The first is due to the fact that uniform
distribution occurs, according to the ergodic theory, only in the limit t + =, This diffi-
culty is not important, since when there is positive K-entropy the mixing process runs
exponentially fast and in practice is completed in a comparatively short time. However,
there is still the other difficulty, connected with the organization of the statistical
experiment. As noted above, multiple repetition of the process under study is assumed,
with the same macroscopic conditions. This requirement is not very definite, in the sense
that it does not mention the microscopic state. This gives rise at least to the suspicion,
if not the certainty, backed essentially by our somewhat hazy idea of our freedom of will,
that we can "create' any initial micro-state and so cbtain any course of the process in
contradiction to the statistical experiment. Of course, on the other hand there exists an
intuitive idea that the microscopic co-ordinates are in fact "inaccessible" to the experi-
menter, so that in practice it is not in our power to influence the microscopic state of
the macroscopic system, But this does not constitute a proof, and in any event there is
always the chance that we shall somehow learn how to do this in the future, or, to quote a
popular modern catch-phrase: "Mothing is impossible for science!"

It seems to us that these doubts can be banished on the basis of an analysis of the
most important property of a stochastic system -- the local instability of motion developing
exponentially with time, It is not difficult to verify that owing to this property there
is no system in nature that is closed in relation to its dynamical motion, except the whole
Universe. As an example let us consider the motion of gas molecules in a model with hard
balls of radius r, with a mean free path 2. Let us study the perturbation of this motion
by the gravitational field of a single proton at the "other end" of the Universe, i.e. at
a distance R~ 10°* om. Taking into account the fact that the perturbation is tidal and
that a change in the gravitational field of the proton is essential on account of its
displacement, we obtain the additional angular deviation of the gas molecule:

(a8), ~ % (g} 3 (2.13.2)

where « is the gravitational constant and v the velocity of the molecule. This perturbation
will grow according to the law:

L B
(8, ~ (dd);(*:.—?} (2.13.3)
where n is the mmber of successive collisions of the molecule and in
h f"l (" #Jﬂ
1 gh f/r (2.13.4)

collisions becomes (48); ~ 1, i.e. the trajectory of dynamical motion changes considerably.
1f one takes a gas under normal conditions: m ~ 107%" g; v~ 10° am/sec; & ~ 10°* om;
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r % 107% cm, then estimate (2.13.4) gives: ny = 60, which requires only “ 10™* sec. This
limiting example ecasily shows that from the point of view of molecular dynamics there is
only one closed system -- the Universe as a whole, which naturally alse includes the experi-
menter. The latter thus has no control either over his own or any other microscopic state.
This state is determined by the initial conditions of the Universe at t = —=, and not at all
by "creating" the initial state in a specific statistical experiment. The violation of
statistical laws in such a model in an infinite interval of time is possible therefore only
for initial conditions of zero measure. The fact that the Universe is not in this special

state is the minimal hypothesis of our model.

Being minimal, this hypothesis is not trivial, for the same reasons as those behind
Krylov's second objection: when t + += the phase point of the system tends towards a
certain exceptional position, whereas its initial valve (t + -=) should not be exceptional.
It seems to us, however, that this difficulty is psychological rather than physical. The
point is that the two exceptional regions (t + +=) are completely different. Formally they
differ only (1) by the change of the sign of all the velocities, and this has a kind of
hypnotising effect. But we know that even negligible variation of the initial conditions
of a stochastic system leads to a complete change in the trajectory of motion. With regard
to the above-mentioned exceptional regions when t + ¢, then as can easily be seen from the
picture of mixing in Fig. 2.4.1, they represent two systems of intersecting strips. There-
fore any exceptional region t + += is wniformly distributed over all the exceptional regions
t + -=, in other words it completely loses all its exceptionality when the velocity is
reversed.

It seems to us that in this lies the answer to the Losclmidt paradox concerning irre-
versibility in statistical mechanics.

With regard to the predominant direction of the thermodynamical processes in the
Universe, this is determined by its strongly macroscopic non-uniformity of cosmological
origin. The most important thing here is the daminating role of gravitational interaction
in the Universe. When there is such interaction there is no steady state at all, on account
of so-called collapse (unlimited contraction), which terminates the development of both the
Universe as a whole and of individual sufficiently massive stars'®’). Let us note in
passing that the absence of thermodynamical equilibrium makes thermal death of the Universe
impossible. As far as we know, this simple consideration was put forward very recently by
Zel'dovich and Novikov'*"). If singularity does not cease to exist upon the collapse of
the Universe*), a state will occur which could be called the cosmological death of the
Universe. If singularity ceases, as one can, apparently, conclude from the work of Lifshits,
Sudakov and Khalatnikov'®*) **) then the Universe periodically has the chance of starting
life "all over again" (and of course of making a better job of it!).

") For the closed model of the Universe, which in our opinion is more probable’**),

**) See moreover p. 551, of Ref. 157.
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let us now briefly discuss a fow possibilities of eliminating the minimal hypothesis
formulated above. Is such a hypothesis really necessary? Can one select such special
initial conditions, even of zero measure, that statistical behaviour proves impossible
regardless of the stochasticity of the system? It may turn out that such conditions simply
do not exist independently of their measure. In order to understand this, let us return to
the numerical experiment with the elementary model and assume that there are absolutely no
stable regions in it, as in the case of molecular collisions. Since this relates to real
mmbers there are always exceptional initial conditions for which the motion does not obey
any statistical law. The measure of such trajectories is of course equal to zero, but they
exist. However, a mmerical experiment is always limited in principle by rational mumbers
because of the finite number of digits of the computer mantissa, the measure of which is
also equal to zero. But two sets of zero measure and completely different nature certainly
do not intersect. In any event here there is a theoretical possibility of rigorous proof
that all initial conditions lead to stochastic motion. The question arises as to whether
the same effect does not also occur in nature as the result of space-time quantization, if
the latter really exists. The answer to it is not at all evident, as was seen in the
example of phase-space quantization mentioned above. However, this possibility is not
excluded. It is interesting that in this case even a reversal of the velocity does not
lead to violation of the statistical laws, since the trajectories of the forward and return
motion are not at all identical, on account of "round-off™ ("quantization'). It is inter-
esting to note that the motion is nevertheless in a certain sense reversible, since the
dynamical equations including the “round-off™ procedure do not change when time is reversed.

It is significant that the absolute value of the space-time quantum in practice is of
no importance, as a result of the exponential development of the local instability of the
stochastic motion. So, for example, even though the quantum has an order of gravitational
length (» 107*® om for an electron) its influence on the dynamics of the motion of the gas
under normal conditions (see above example) will be effective already after ~ 16 collisions,

or ~ 107 sec.

A new peculiar phase-space quantization has been studied by Krylov'®). As noted
above (Section 2.3) the usual quantization (4u ~ 1) does not lead to the expected effect,
as a result of the change in the type of description. In order to avoid this difficulty,
Krylov put forward the hypothesis that macroscopic systems do not have a definite ¥ function,
because of the special complementarity assumed by Krylov between the microscopic (quantum)
state and its macroscopic (thermodynamical) characteristic. This leads to the quantization
&u »» N and gives the possibility of explaining the statistical behaviour even in the
classical formulation of the problem (see above). This hypothesis cannot be examined more
thoroughly here, since the present paper is restricted exclusively to classical mechanics.
Let us only say that the development of this hypothesis seems to us extremely interesting
and, furthermore, that it means essentially that quantum mechanics is inapplicable to a
macroscopic system and consequently that there is no continuous transition through a quasi-
classical region.
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The other possibility of eliminating the minimal hypothesis is connected with the fact
that the exact dynamical laws of nature may prove to be irreversible in time. Now this is
one of the possible explanations of the anomalous decay of the K-meson'®*). It is again
significant that under conditions of exponential local instability of the stochastic system
arbitrarily small irreversibility of the dynamical equations might be sufficient.

Sometimes it is assumed that quantum-mechanical motion is essentially irreversible as
a result of the so-called "reduction" of the ¥ function (wave packet) by measurement, i.e.
by interaction with a macroscopic object, which is not described by the Schroedinger
equation?’), In fact in present-day quantum mechanics there is no clear understanding of
the process of measurement, so that this whole question remains open. However, in our
opinion there is a more plausible hypothesis, which is in a sense the opposite: that the
"reduction” of the ¥ function is itself due to the statistical properties of the macroscopic
measuring apparatus. This hypothesis is based on the following consideration. "Reduction"
of the ¥ function must not necessarily be accompanied by the transformation of the original
¥ function into one of the states whose superposition it was before the measurement. It is
sufficient for the original pure (or coherent) state to have been transformed into the mixed
{or incoherent) one, i.e. for the phase relations between the superposed states to have
become indefinite. In the latter case there is no interference between the states and the
¥ function gives the classical probability, when the system "in reality’” is in one of the
states before, but we do not know exactly which. In contrast to this, before the measurement
the system was "in reality” in all the states simultancously (pure state). But the destruction
of the phase relations between the superposed states, necessary for the transformation of
the pure state into the mixed one, is also apparently inevitable as a result of the inter-
action of the micro-system with the statistical apparatus. This hypothesis of course needs
detailed investigation, which does not come within the scope of the present paper. Let us
point out that this problem has been discussed for quite a long time in the literature
(see, for exmmple, Ref. 162).

In conclusion let us compare our point of view with the linecar model of present-day
statistical mechanics, introduced by Bogolyubov’ 1) and more fully developed by Prigogine
and his school*?) (see also Ref. 161). As already mentioned in Section 2.11, the latter
model does not need ergodicity but it is valid, i.e. it leads to statistical laws, rigorously
speaking, only in the limit of a very large mumber of degrees of freedom N + =, For a
finite N the application of the model has an upper time limit (Section 2.11). For macro-
scopic molecular systems this upper limit is very great'*’) and in practice is insignificant.
It is essential, however, that even when N + = a statistical description is possible only
for the small sub-system N;/N = 0 **), This condition can be formally satisfied by taking
only the retarded sclutions of Liouville's wave equation (2.10.1) (with the additional
requirement N, V + =, N/V = const., V is the volume of the system) thus excluding the
reaction of the whole system on the sub-system studied. For the reason mentioned, this
condition is sometimes incorrectly linked with the principle of causality*®). It seems to
us better to speak of definite initial conditions [:tha sbhsence of incoming (advanced) mes].




_ua_

since in fact the total solution of Liouville's equation (retarded + advanced) must also
satisfy the principle of causality.

In the light of the above condition it can be said that the linear model makes it
possible to obtain the Gibbs canonical distribution for a sub-system in a thermostat without
a microcanonical distribution of the whole closed system. The sub-system achicves statisti-
cal behaviour because of the additional demands on the parameters of the whole system
(thermostat) of the type of a requirement for random phases or frequencies (Section 2.11).

A linear model is possible in statistical physics and is very convenient by virtue of
the relative simplicity of its mathematical technique, However, it is not necessary and,
in fact, does not correspond to real molecular dynamics, since real macroscopic molecular
systems are stochastic (Section 2.12). This is contradictory to Prigogine's assertion that
such systems are not ergodic and have a full set of integrals of motion*®). The inaccuracy
of the latter assertion is evident, if only from Sinai's example'®*), The origin of the
error is that the series representing these integrals, generally speaking, diverge. Accor-
ding to the KAM theory they converge only when the perturbation is sufficiently small,
outside the stochastic region. Let us note in passing, that in the stochastic region, and
more precisely, even for weak mixing (Section 2.3), Liowville's equation (2.10.1) does not
have eigenfunctions at all (except a constant].

Nevertheless, there is a region in which the linear model is very important. Let us
explain by taking a gas as an example. In his approach to statistical mechanics
Bogolyubov**) introduced two characteristic time scales: the duration of the interaction
upon collision (r; ) and the time between collisions (rﬂ]. The latter turns out to be
just of the order of the mixing time (v h™') %), Therefore our non-linear model works
only for t > Ter i.e. only in a diffusion (hydrodynamical) region, where gas relaxation
(diffusion) takes place in co-ordinates (compare with the diffusion of the basic model,
scale 1, Section 2.10). Gas relaxation in momenta takes place just in a time ~ Ty 50
that it cannot be described by a non-linear model. In the best case the latter gives only
the order of the relaxation time®®). For the basic problem of the foundation of statisti-
cal physics such a lower time limit is unimportant -- what is more important is the absence
of an upper limit. However when it comes to applications it is very important to extend the
region of applicability of the kinetic equation in the direction of lower times. This can
be done precisely by means of the linear model with an additional special limitation on the
conditions of the system. The most general limitation of this type was obtained by Sandri®?)
and called by him "the principle of the absence of parallel motion', which means the absence
of strong correlations at the initial moment (t = 0), According to our way of thinking,
this "principle" can be validated on the basis of the previous motion of the system (t < 0)
taking into account the mixing. Let us note that "the absence of parallel motion" sccording
to Sandri does not at all mean, as is sometimes supposed®®), the total absence of collective

processes. It is only necessary for there also to be random relative motion of the particles,
or more precicely, for the pair correlations to grow no faster than v,i when v,; - 0, where
viz is the relative velocity of two particles®!),
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GHAPTER 3

HIMERICAL EXPERIMINTS

This chapter gives the collected results of mmerical experiments with the elementary
model, which is apparently the simplest but is at the same time adequate for the basic prob-
lem concerning the motion of a system of weakly coupled non-linear oscillators. In this
chapter we shall mainly study the basic criterion of stochasticity according to the over-
lapping of resonances, and also some details of the structure of the motion of a system with
divided phase space. In our opinion the experimental results obtained below form a suffi-
ciently relisble basis for the theory of stochasticity developed in this paper. Further
experiments with more complicated models will be presented in the next chapter.

3.1 General resarks

In the last chapter by means of semi-qualitutive physical considerations we established
the existence and estimated the position of the border of stochasticity for a one-dimensional
non-linear oscillator under the action of external periodic perturbation. This is the main
result given in this paper. Unfortunately, attespts at rigorous mathematical analysis of
the problem have so far met with insurmountable difficulties, due mainly to the very com-
plicated structure of the phase plane of the system (see Sections 2.8 and 3.3). Under these
conditions it is natural to tumn to experiments. In the present case, however, it is not
necessary to carry out "real" experiments, i.e. to observe the motion of some kinds of real
mechanical systems; furthermwore, this is not so simple to do from a technical point of view,
since conservative systews are what interest us most. Apparently the best approximation
would be the motion of protons in colliding bean storage rings'®). However, no such rings
have yet been built ), A rather less suitable experiment (because of radiation damping) is
the motion of electrons in a magnetic trap under ultra-high vacum. Such experiments have
been carried out®'"*?) with interesting results, which will be discussed in Section 4.4.

Of course, the chama of "real" experiments is that in investigating even the simplest ques-
tion one may encounter a new fundamental law of nature by chance. However, if we limdt our-
selves a priori to so-called "constructive :i:rsic:;} (see Introduction), i.e. solely to the
consequences of fimmly established fundamental laws of nature, in the present case the laws
of mechanics, a much simpler and in a sense more powerful method of investigation is what
is known as numerical experimentation, which in the present case is taken to mean mumerical
integration of the equations of motion by a digital computer. Of course, one can consider
the computer itself to be a specific mechanical system and calculating in it as a special
case of a "real" experiment, exactly as, let us say, the motion of electrons in a magnetic
trap can, in its tumn, be considered as an analogue (electronic!) computer. Nevertheless,
this "special" case (the computer) is sharply distinguished by its unusual, or one could
say unlimited, flexibility, bearing in mind the principles of construction of the computer
and ignoring the merely technical limitations of the present day. Of course the latter
must be carefully taken into account; as in any experiment, they determine its ultimate pos-
sibilities. For the computer the main limitations are:

*) This apparently not very felicitous tem is used to signify such wide areas of physics
as, for instance, statistical physics or chemistry (see below) as distinct from
narrower and more specialized probless of technical and applied physics.

**) The author is happy to be wrong now on this point after the successful putting into
operation of the first proton Intersecting Storage Rings (ISR) at CERN.
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a) computation speed (% 10* operations per second for typical present-day computers;
b) operational memory size (v 107 bits);

¢) nmumber of (binary) digits of the mantissa, on which the computing accuracy depends,
and also the degree of continuity of the quantities in the computer presentation (= 50).

The best type of dynamical system for computer experiments is a cascade, i.e. a trans-
formation with discrete time. With the above-mentioned limitations one can confidently

work in times ~ 10* steps (iterations), rising in individual cases to 10'°® steps

(Section 3.3). On changing over from a cascade to a flux, i.e. to differential equations,
the situation Jdeteriorates considerably, since in order to ensure reasonable accuracy one
is obliged to take an extremely small integration step and the actual duration of the pro-
cess under investigation is considerably reduced. The situation is extremely bad for the
integration of eguations in partial derivatives, especially many-dimensional ones; here the
operational mewory of the computer is utterly insufficient. In this connection we wish to
draw attention to a computing system of a mew type, "Illiac-4", now being installed at the
University of Illinois (USA), which is a combination of 256 central processors of ordinary
camputers**) [see also Ref. 87)]. For a certain class of problem, including the integration
of equations in partial derivatives, the effective computation speed of this machine reaches
10* operations per second. This would be indeed an enormous step forward in the technique
of numerical experimentation!

Thus we must turn to mmerical experimentation. Of course, the laws cbtained by this
method must also somehow be derived by simple deduction from the equations of motion. The
ergodic theory works in just this way. It is interesting to note that the difficulties oc-
curing here are connected not only (and probably not so much) with proving the corresponding
theorems, but also with formulating them. For, the more complicated the phenomenon the
greater the quantity of increasingly intricate conditions that have to be introduced in
onder to ensure the "mathematical rigour" of the theorem. Therefore, in a number of cases
the result can be obtained much faster by inductive means (as in fundamental physics), i.e.
by means of generalization, extrapolation, analogy, check experiments, etc., with the
specific aim of constructing an approximate theory and, what is more important, the whole
system of notions and models connected with it, which enable us to approach the practical
problems of applied physics. It is therefore natural for the main value attaching to ex-
perimentation in this region to be heuristic, i.e. it should help us to guess a correct ap-
proximate theory or at least to understand correctly, even though qualitatively, the funda-
mental features of the phenomenon concermed. Therefore, it is not necessary for us to
integrate the very complex equations of motion of real mechanical systems, it is sufficient
to examine the most simple models that are adequate for the main problem. It is evident
that the correct choice of a model is also one of the main difficulties of such experimenta-
tion.

The conception under discussion is generally well-known and widely applied in such
areas of "constructive" physics as oscillation theory, hydrodynamics, statistical mechanics
L]
and even chemistry ). Here we should like only to point out again two important aspects:

*) See for exmsple the very interesting Nobel lecture of Mulliken'®®) where he says in
particular: "... I should like once more to express my conviction that the age of compu-
tational chemistry has already begun, when hundreds (if not thousands) of chemists will
switch from laboratory work to computation for the study of newer and newer problems”.
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firstly, the need to combine experimentation (“real" or mmerical) with analytical theory,
even though semiqualitative, without which it is completely impossible to orientate oneself in
the inexhaustible sea of phenomena of applied physics; secondly, any use of mmerical ex-
perimentation is just a heuristic method and not simply a way of cbtaining specific mmerical
data’,

In this connection it should be noted that perhaps the main advantage of mumerical ex-
perimentation, apart from its simplicity and convenience (when there is a good cosputer
available!) is the possibility of extremely “pure”, i.e. fully controlled, organization of
the experiment and extremely flexible variation of the conditions, unattainable in a "real"
experiment. Furthermore, a computer offers wide scope for processing, including logical
processing, of computation results, even without output from the machine, and these possi-
bilities are begimning to be used also in "real" experiments, for instance by on-line com-
puters. The main drawback of mmerical experiment, better termed “apparatus" effect, which
needs careful watching, consists of so-called “computation errors", which boil down to
round-off "errors", i.e. comnected with the finite mmber of mantissa digits in the computer.
The space of all quantities in computer experiments can be said to be "quantized”. This
"apparatus" effect will be thoroughly discussed in Section 3.3.

Below we describe mmerical experiments with the most simple models specially constructed
for investigating the fundmmental characteristics of stochasticity. In the next chapter we
shall deal with some applications of the theory developed to more or less practical problems.
The mmerical experiments carried out in this connection may also be considered as a continua-
tion of the experiments with the most simple models, although they are already considerably
more difficult to interpret on account of the much greater complexity of the corresponding
dynamical systems. This last remark applies also to the incomplete numerical experiments
with the most simple many-dimensional system, described in Section 3.6.

Quite a number of papers have appearcd recently on the subject of numerical experiments
similar to those described in this and the subsequent chapters. Perhaps the closest results
are those obtained by Hénon and Heiles®*) and Greene'’). References to other papers are
made in the course of our report.

In what follows, for the sake of brevity we shall replace the term "mumerical experi-
ment" by the term “experiment"; this will not lead to misunderstandings, since everywhere
in this paper except in Section 4.4 we mention only mumerical experiments.

The majority of the experiments described in this chapter (except for Section 3.6) were
carried out on the BESM-6 at the Computing Centre of the Siberian Section of the USSR Academy
of Sciences, in co-operation with Israelev.

*) There is a very interesting discussion of the heuristic role of the computer in an even
wider class of so-called mathematical experiments, not sarily connected with the
integration of differential equations, in a paper by Ulam®®). It is also extremely use-
ful permanently to associate computer experimentation with the experimenter's theoretical
conclusions. continuous link be man and machine has even been given a special
name, the "synergetic approach" **»*%), It seems to us, however, that this is a typical
experimental situation and the “synergetic approach" can be considered simply as a
special case of "real" experiment.
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3.1 (hoice of model and processing
of computation ts
The detailed analysis made in the previous chapter showed that the phenomenon of sto-

chasticity can be reduced, ultimately, to an elementary model (Section 2.4), which for con-
venience we will re-write again in the form:

@’ = {.lp + k«ﬁ(‘if)f (3.2.1)
¢'={¢+¢'s

where the brackets signify, as usual, the fractional part of the argument. The possibility
of simplifying the problem in this way is due, in particular, to the fact that the elementary
model describes the motion in the stochastic layer near the non-linear resonance separatrix,
which is the "nucleus" of any stochasticity (Section 2.6). Therefore our basic experiments,
described in this chapter, were carried out with the elementary model (3.2.1). Only in the
last section shall we introduce the results of some experiments with a many-dimensional
system. The model for these experiments, close to the elementary model, will be described
there (Section 3.6).

The form of the function £(3) in (3.2.1) ("force") was determmined mainly by reasons
connected with choosing the case that would be the simplest for computing while being non-
trivial. Non-triviality signifies the presence of "islets" of stability in the stochastic
component, or of quasi-resonances (Sections 2.8 and 3.5). An example of a trivial "force”
is the function

f(i") = ¢ - T/ (3.2.2)

for which stochasticity was rigorously proved recently by Oseledets and Sinai under the condi-
tion of local instability (Section 2.8).

The "saw" type "force'” used below is of the same type:

_J¥-"ri ¢stla
Flv) My -wi ¥z

(3.2.3)

However, if we "smooth out" the peaks of the "sow" by the quadratic fumction:

PeaC¥) = L= 8- Ao(y-/)" (3.2.49)

for ¢ = | and similarly for ¢ = 0; 1, this "smoothed-out saw" is already a non-trivial "force",
since these quadratic sections lead precisely to the fornmation of regions of stability
(Section 3.5).

*) Trivial only in the stochastic region but not in the region of Kolmogorov stability
(sce Section 3.3).
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In the majority of the experiments use was made of the most simple non-trivial “force™:

Plp) = F—¢ + i/ (3.2.5)

Here the minimum nusber of multiplications was chosen and the linear temm (-y) improves the
smoothness (only the derivative is discontinuwous); the coefficient 1/6 eliminates the con-
stant drift @ (< £ » = 0), leaving only the diffusion.

For some control experiments an analytical “'force™ &) was used:

S Loy .
;(fﬁ) = T (3.2.6)

Finally, for the study of stable regions use was made of the transformation:

5’:2 = 5‘:3 (3.2.7)
Lot ge e

which is essentially equivalent to the elementary model (3.2.1) (with £ = -¢*), but does not
contain the factor k ) and what is most important, makes it possible to avoid taking the
fractional parts (for stable trajectories). As a result a record computation speed was
achieved for the latter model -- 7 usec per step (3.2.7), while the computing speed for
model (3.2.1) with a "force" (3.2.5) was about 20 psec per step. In order to achieve maxi-
ma computation speed the program was written in computer language. In particular, it was
possible to fit all the main loop of the computing of transformation (3.2.1) proper in the
fast registers of the BESM-6, which cbviated the need for relatively slow access to the
operational memory. Moreover, the normmalization and round-off were suppressed, i.e. in fact
fixed-point was used; this further increased the computation speed.

The main output data was a histogram of the distribution fimction of the trajectory in
the phase plane, i.e. the mumber of times the trajectory entered each of the bins of the
phase square. It is not given, as a rule, on account of its extreme m;tﬁammm even for
very rough subdivision of the phase plane (32 » 32 bins, 1024 nuwbers) ). On the basis of
the histogram a much more compact phase map can be constructed (see for example Figs. 3.3.1

and 3.3.2), which records only the fact of whether or not the trajectory enters each of the
bins.

The finest division of the phase plane in order to obtain the histogram was
128 = 128 = 16584 bins. For a phase map it is not necessary to occupy a whole word of the
machine memory for each bin, it is sufficient to use one binary digit'*). This makes it pos-
sible to increase the mumber of bins to 512 = 1024 = 524288, With this nuber of bins the

*) The factor 2v in mmplitude was introduced for easier comparison with (3.2.5).

**) The introduction of this factor into (3.2.7) is equivalent to the transformation
¢+ @ik ¢ - vk
***) See also Section 3.6 where individual sections of similar histograms are given.




Fig. 3.3.1: Phase map of system
(313&1} fﬂl‘ ”fﬂm" {3[315}; d-i"
vided into 32 = 32 bins: k =1
¥ = 0; %o =0.765; t=35x10°
steps; the stochastic region is
hatched; the bins completely free
from the trajectory are shown by
an unbroken line; between the un-
broken and dotted lines are bins
with considerably less density of
trajectory (only part of the bin
occupied by the stochastic com-
ponent); the small circles repre-
sent the stable trajectory wit
initial conditions P = 0;

e = 0.460; t = 5 x 10%.

Fig. 3.3.2: The phase map for
“force" (3.2.5): 128 = 128 bins;
k=0.2; t=5=10"; the

stochastic component is hatched.
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output of even a phase map becomes impossible, and one has to limit onself to computing the
empty and full bins and to the output of characteristic sections of the phase plane map
(see for example Fig. 3.5.21). Let us note that all array dimensions for the distribution
function and phase map were chosen equal to some power of two, which considerably simplifies
programing in computer language. Some special processing methods will be described below,

3.3 ko rov stabili

Let us begin with a description of experiments on Kolmogorov stability. It should be
recalled that this means the existence of non-resonant invariant tori®®), which for system
(3.2.1) have the form of curves crossing the whole of the phase square along the axis .
In particular, for an unperturbed system (k = 0) they are simply straight lines: ¢ = const.
According to the KAM theory (Section 2.2) this invariance does not, generally speaking,
extend to the resonant regions, situated for transformation (3.2.1) in the vicinity of ra-
tional values of the momentum:

e 5
Y = 7 (3.3.1)
r,q are integers. If the resonances of this system overlap, the non-resonant tori, and with
them also the Kolmogorov stability, vanish.

According to the estimates in Section 2.7 under the condition:
AT | (3.3.2)

overlapping of the resonances of the higher harmonics (of the first order) takes place for
any k = 0.

For "force" (3.2.5) L = 0 (discontinuity of the first derivative) and therefore it can
be expected that there will be no Kolmogorov stability for any k. Figure 3.3.2 gives the
phase diagram for k = 0.2. It will be seen that the stochastic component crosses the whole
region along §, leaving only isolated islets of stability. This in fact signifies the
absence of Kolmogorov stability as determined above.

For smaller values of k, however, the region occupied by the trajectory is limited in
¢, at least during the computation time t; = 10*. Moreover, towards the end of the motion
[t 2 0.7 = tg), no diffusion at all can be observed to within the size of the phase bin
(4p = 1/128).

For the other "force” (3.2.3) with the same smoothness parameter i = 0 the stochastic
component remained limited in @ even for k = 1 during t = 5 = 10°.

At present it is not quite clear whether this means the existence of some region of
Kolmogorov stability, i.e. incomplete overlapping of resonances, or a very small diffusion
coefficient. It can be asserted only that the resonance regions occupy a considerable part
of the phase plane, since out of ten randomly chosen initial conditions [for "force” (3.2.5),
k = 0,01] it turned out that four lay inside rescnances of high (q ~ 100) hammonics (motion
limited in ¢), six fell in narrow (&4 ~ 10~') stochastic bands (probably destroyed separat-
rices) and there was not one case of Kolmogorov stability. A summary phase map is given in

Fig. 3.3.3. The resonance regions can be clearly seen inside the stochastic bands. However,
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Fig. 3.3.3: Summary phase map of the motion of system (3.2.1) with a
"“force’” (3.2.5) for different initial conditions k= 0.01; t = 107;
the size of the given section of the phase plane (M),4) is 3/512 = 1/128;
it is divided into 374 = 128 bins. & wide ergodic bands are hatched;
the narrow regions (one or two bins wide) represent stable trajectories
inside first order resomances.




the most interesting feature of the motion in our opinion is the overlapping stochastic
bands with diffusion limited in. This shows especially clearly the extraordinarily com-
plicated structure of the phase planc of the system under consideration, if moreover it is
taken into account that the bin size (4,49) in Fig. 3.3.3 is approximately

(3% 10°%) x (6 x 107°).

A no less interesting case is illustrated in Fig. 3.3.4 *], which gives the phase
map of the motion for "force" (3.2.3) and k = -1.145. Here the grey circles show the region
of the phase space actually occupied by the trajectory of motion, and the black circles and
crosses represent the periodical extension of the "grey" region along the axis §. BHoth
regions overlap (the overlapping bins are represented by crosses), nevertheless the diffusion
is limited by the “grey" region, at least during the computation time (3 = 10° steps). This
shows that there are possibly very narrow gaps in the set of overlapping resonunces of dif-
ferent harmonics. A similar hypotiwsis was discussed in Section 2.7.

It is possible to explain the stopping of the diffusion in a completely different way --
attributing it to so-called “cycling", i.e. the appearance of periodical motion because of
the finite mmber of points of the computer phase space (see below). “Cycling" is facilitated
by the fact that in some segments along \p the diffusion can be very slow (Section 2.7).

In order to verify the above assumptions, experiments were carried out with an artifici-
ally reduced musber of mantissa digits. This was done by “cutting off" the lowest digits of
¥ and ¢ after each step of the transformation. Some of the results of these experiments are
given in Table 3.3.1, which gives the mumber of bins of the phase square (out of 16384) fil-
led by the trajectory, depending on the mumber n of binary digits of the mantissa "cut off",
for two values of the parmmeter k.

If gaps are the reason why the diffusion stops, then an increase of n should facilitate
diffusion on account of "jumping" over these gaps; if the “cycling" is responsible, the op-
posite effect should be observed, since "cycling" appears more easily when there are less
digits. From Table 3.3.1 it can be seen that the dependence of the diffusion on n is of a
complicated and contradictory nature, and it is possible that both factors are operative.

In any case this question requires further study.

Table 3.3.1
" 0 - 9 14 15 | 10 25
k = ous o815 | 4838 | 11270) 12807 | 0688 | 14427
k = 003 1246 808 | 144

*) This drawing is borrowed from Ref. 76 where a similar problem was studied.
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Fig. 5.3.4: Phase map of model (3.2.1) with a "force” (3.2.3):
k=-1,145; t =3 = 10°, The black circles and crosses represent the
periodical extension along the axis @ of the region occupied by the
trajectory and denoted by grey circles; bins Ljrﬁﬂﬂ.t;ugﬂ

are marked by crosses.

th regions




""12.9"

Let us note that a similar effect of stopping the diffusion had also been chserved
earlier in mmerical experiments by Courant®”) and Hine?®). Thus the motion in this case is
in a sense even more sStable than could be expected from the first approximation (Section 2.7).
Nevertheless one has the impression that in the case studied (L = 0) there is in fact no
Kolmogorov stability outside the resocnances, in accordance with the estimates of Section 2.7.
According to the results of Ref. 76 the same apparently takes place for the case L = 1,
whereas for L = 2 the results of this paper are not inconsistent with Kolmogorov stability,
again in accordance with the results of Section 2.7

T " “ ¥ w

Fig. 3.35.5: Fhase %ﬁnr the analytical "force™ (3.2.6): 128 x 128 bins;
k=0.62; t = 10°. hatched region represents the stochastic layer in
the vicinity of the separatrix of the main resenance.

For purposes of comparison Fig. 3.3.5 gives the phase diagram of system (3.2.1) with
an analytical force (3.2.6), for which the amplitude of the hammonics decreases exponentially.
It can be seen that there remains only a small unstable band along the resonance separatrix
(Section 2.8). Recent mmerical experiments'®*) seem to point in the direction of the former
cause, i.e. the existence of extremely thin gaps of less than 10~'?, since for double pre-
cision computation the diffusion drops considerably.

It is inconvenient to use force (3.6.2) for numerical experiments, since it takes too
long to compute the sine. It was therefore used only for the check experiments (see below).

Let us now return to the isolated stable regions which can be well seen in Figs. 3.3.1
and 3.3.2. They lie inside the resonances of various harmmonics. The largest region of
stability corresponds to the basic resopance q = 1, although in Fig. 3.3.2 one can distin-
guish stable regions of resonances of up to the fifth hamonic inclusive.

The reason for the increased stability of these regions is that the trajectories here
are limited in ¢ (see for example Figs. 3.3.1 and 3.3.6) and do not generally speaking cross
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the singularity of the "force" f(¥). On the other hand, the KA theory also applies, with
same modification’»'7%,7%) | to the internal region of the resonances. It leads to the con-
clusion that under specific conditions there exists a sufficiently small stable region
around an elliptical point (around the periodical solution, in the general case). The size
of the stable region is determined in the present case by the width of the stochastic layer
in the vicinity of the separatrix. It can be estimated by the formulae in Section 2.6, or
according to local instability (Section 2.4). In particular, the complete disappearance of
the stable region in Fig. 3.3.1 corresponds to the transformation of the elliptical point of
transformation (3.2.1) from a "force" (3.2.5) (¥ = | - 1/¥I2 = 0.21) into a hyperbolic
point. This takes place under the condition k » kﬁ = 41 = 24,) ®= 7 which can be considersd
a form of stochasticity criterion (Ref. 47, Section 2.4). Since for the case in Fig. 3.3.1
k=1 << 7, the stable region must be of a considerable size, determined in practice by the
singularity £(y) at the point ¢ = 0. The same conclusion can be reached by considering the
parameter of destruction of the separatrix s, = ulfﬂ} (Section 2.6), where the perturbation
frequency wy = Iv and the phase oscillation frequency is obtained by linearizing transforma-
tion (3.2.1) at the point ¢ = ¢, which gives: @, = /Zk. Assuming that s, ~ 1 we obtain:

kg v 2n%, ‘The relation k(/k, ~ 3 characterizes the accuracy of the estimate: s, ~ 1,

A fundammental question arises: is the approximate border thus determined the same
border of eternal stability whose existence follows from the KAM theory? In other words, is
not the border of stability in Fig. 3.3.1 substantially displaced if the time of the motion
is considerably increased?

Model (3.2.7) was chosen for carrying out this experiment. A similar experiment had
been carried out earlier by Laslett®') with the transformation:

9'= 4+ 5 p -
Pl=profiaat

The motion of this system is similar to the motion in the stable region in Fig. 3.3.1
[“force" (3.2.5)]. The reason for choosing a more symmetrical transformation (3.2.7) was
connected in particular with round-off errors (see below). Moreover, transformation (3.2.7)
has a "real" border of stochasticity, i.e. it has a region of strong stochasticity deter-
mined by the overlapping of the resonances, while the border of stability for transformation
(3.3.3a), as in Fig. 3.3.1, is determined by the destroyed separatrix. In the latter case
there is some indeterminacy in establishing the distance to the border of stochasticity,
since in any neighbourhood of the chosen initial conditions there are always destroved
separatrices of resonances of sufficiently high harmonics. Unfortunately, in Ref, 91 the
position of the border of stochasticity was not determined at all, so that we can do no more
than make a rough estimate of it according to the criterion of local stability (Section 2.4),
which gives a value: q ™ 0.5. In this case the energy for the stable trajectory studied
in Ref. 91 is approximately 200 times less than at the border of stochasticity, i.e. this
trajectory lies far inside the region of Kolmogorov stability.

In order to find by experiment the approximate border of stochasticity in our case
{in a short time) an auxiliary system was used:




’ = b ‘_ z3
’fpn-rf oy {‘P“ B(Y;'* f/‘i) J
7’ 4 &
S"uﬂf" {"Fu"" 9"”?15
the phase map of which is given in Fig. 3.3.6 for t = 5 = 10°. The fractional parts here
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Fig. 3.3.6: The phase plane of system (3.3.3); the notation is the smme
as in Fig. 3.3.1; the ergodic trajectory corresponds to the initial con-
ditions @} = 0; ¢ = 0.830; the long computation trajectory ¢ = 0;

pf = 0.735 is represented by small circles; the crosses represent the
other stable trajectory near the second order resonance: Wi = 03

vt = 0.803; for all three trajectories t = § = 10%,

are indispensable, since in the up;m:;imnmm the trajectory in the stochastic region
rapidly runs to infinity: ¢ ~ 4 cbBds e, By computation this leads to overflow.
The transformation coefficient 8 and the shift of ¢ by | were chosen with a view to con-

venient arrangement of the stable region in a standard phase square 1 = 1,

From Fig. 3.3.6 it follows that the border of stability lies somewhere in the interval
0,68 < < 0.93 (@ = ). The more accurate measurcments of Ref. 76 lead to the value
g = 0.80 (for t = 10%).
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Let us note that the position of the border of stability cannot depend on the singu-
larity of the "force" comnected with taking the fractional part in (3.3.3) (discontinuity of
the function £(¢)). Indeed, the border in this case is clearly separated from the location
of the singularities (¢ = 0; 1); therefore the latter can in no way influence the trajec-
tories of the system that are located between the border and the singularities.

The stable (for t = 5 = 10%) trajectory, represented in Fig. 3.3.6 by crosses, lies
precisely on the border. However, it is not continucus, i.e. it may be situated in "islets"
of stability inside the stochastic region (see Section 3.5). This is just how it is in
reality, according to Ref. 76. In this connection, a more "normal" trajectory was chosen
for the long computation, marked in Fig. 3.3.6 by small circles, for which ¢ = -0.67 (§ = 0).
This is 124 less than the critical value for the phase and 40% less for the energy.

This trajectory was computed in t = 10'® steps. After every 100 steps the position of
the system was marked on a phase map with a minimm bin size [1/512 (in §) by 1/1024 (in #)].
The trajectory occupied 1876 bins, and this mumber did not change for t » t; = 10%.

The latter value is of the order of magnitude expected, which can be estimated as
2
£, ~ Z (3.3.4)
i v

where L is the length of the trajectory (mmber of bins) and v = 1/100 is the frequency of
ocutput on to the phase plane. The estimate is based on the assumption that there is "random"
intersection of the bin by the trajectory, so that out of L bins there may be one in which
the length of the trajectory will be ~ L times smaller than the average.

In order to reinforce the result cbtained, the following additional processing proposed
by Arnold was carried cut. In the lower horizontal segment of the trajectory with minimm
curvature (Fig. 3.3.6) a square was chosen with sides 27'" = 4 = 107, Exact values ¥, ¥
of all the points (about 100) entering this square during t = 10* were printed out at the
beginning and end of the long computation. The values cbtained were interpolated as a straight
line by the least squares method, separately for the beginning and end of the long computa-
tion. The differences 2 between the co-ordinates of the points and of the interpolation
line (& = 0), proportional to the distance of the points from this line, were plotted de-
pending on time (Fig. 3.3.7) and on ¢ (Fig. 3.3.8). The quantity &, 107%% gerves as the
unit length along the axis M and is equal to the maximum round-off error.

In Fig. 3.3.8 no correlations are cbserved between A¢, ¢, for example, due to the curva-
ture of the trajectory or entry into a high order resonance. It can therefore be concluded
that the scattering of the points is due to some “diffusion". The diffusion process can be
especially clearly seen in Fig. 3.3.7. It may be due either to round-off errors or to the
fact that we have not yet reached the region of eternal stability of the KAM theory. In
order to check this last assumption the experiment was repeated for a trajectory lying con-
siderably nearer to the fixed point (§ = ¢ = 0) than the long computation trajectory
(§ 1.7 times smaller, energy 2.9 times lower), and also for a trajectory lying further away
(P 11% larger, energy 23% higher). In both cases the diffusion coefficient turned out to
be the same as for the long computation, so that the diffusion must be related to the effect
of round-off errors.
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Fig. 3.3.7: Weak diffusion due to round-off for transformation (3.2.7):
M is the deviation of the experimental points from the interpuiatim
strai ht lim: in units of the maximum round-off error (space "quantum'™)
or = 107'%; ¢y = -0.316 (long computation); the points on the left
relate to the beginning of the long computation and those on the right
to the end.

Fig. 3.3.8: Search for the correlation Mp, ¢ : O - the beginning of
the long computation; = - the end of the long computation (see
Fig. 3.3.7).
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It thus appears very likely that the long computation trajectory lies in the region of
eternal stability of the KAM theory. In other words, the strict border of stability for
transformation (3.2.7) is somewhere in the interval:

O.6F < A (3.3.4a)

As already repeatedly noted [see for instance Refs. 89 and 90] the border of stability in
the general case is not simply a line, but there is a whole transitional region of alterna-
ting stable and unstable layers of increasingly fine structure, corresponding to higher
harmonic resonances. Some of the regions are characterized by a relatively long time of
development of instability. So, for instance, according to the data of Ref. 76, when the
computing time is increased from 3 * 10® to 10* the border shifts from ¢ = 0.88 to ¢ = 0.80,

i.e. by approximately 10%.

This transitional region for the transformation in question (3.2.7) was thoroughly
studied recently in Ref. 184 using double precision computation. It was found that both
boundaries of the region are rather sharp: the upper one is at ¢ = 0.62 (¢ = 0) where the
trajectory's “lifetime" (up to running away to infinity) drops from t, ~ 100 steps down to
ttﬂ-l in 8 ~ 2 x 107%; the lower boundary is at § = 0.52, as compared with ¢ < 0.56
according to (3.3.42) 7%), where the lifetime increases steeply from t, ~ 3 x 10° up to
t, »~ 10° in &¢ ~ 3 x 107", The latter must lie very close to the border of KAM eternal
stability since a stable trajectory was found (certainly in the region of Kolmogorov stability
in & = 8 = 107" only. This trajectory proved to be stable with an accuracy better than
107** (in ¢) during the computation time t = 107,

Although the exmmple we have studied of a trajectory stable for such a long time is
{of necessity!) unique, it gives grounds for hoping that the position of the strict border
of stability according to the KAM theory can in fact be estimated in order of magnitude by
means of the relatively simple stochasticity criteria obtained in the present paper
(Chapter 2). In any event this correspondence has been observed in all (about 100) cases
of computation for a time t ~ 107,

The accuracy of this assertion is determined by the residual diffusion in Fig. 3.3.7,
which can be explained by round-off errors (see below). Let us note that this diffusion
does not contradict the KAM theory, since the round-off errors are equivalent to some rough
{with a great number of fine discontinuities) perturbation, which is inadmissible for the
theory.

The residual diffusion coefficient is (see below): D=4 x 107?7, In Ref, 91 this
estimate was considerably reduced on account of the use of double precision computation:
D= 1.6 x 107%', However, in the experiments in Ref. 91 there was systematic accumlation
of round-off errors (drift): \I’q = dq/dt = 1.3 = 107"'. This value should be compared to
D= 6 « 10'* in our case, so that the accuracy achieved in Ref. 91 is all the same con-
siderably greater. It is true that the trajectory chosen in Ref. 91 apparently lies sub-
stantially further from the border of stochasticity and was computed in a considerably
shorter time (t ~ 107). In this connection let us note that the increase in accuracy does
not necessarily compensate for the reduction in the time of motion, since instability may
develop according to an exponential law (see Section 3.6).
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From Fig. 3.3.7 it can be seen that there is a conspicucus stopping of diffusion after
t + 10*. This is apparently explained, at least in part, by "cycling", i.e. the appearance
of periodicity of the motion. "Cycling" necessarily occurs soconer or later as a result of
the finite mmber of points (5) of the phase plane in the computer presentation. The maxi-
mem possible time until “cycling" begins is obviously: T{: = 5, after which one of the pre-
vious points of the trajectory is necessarily reached and consequently an exact repetition
of the motion begins. In the case under consideration S is determined by the area of the
ring along the trajectory, the width of which (d) depends on the scattering of the points
in Fig. 3.3.7: S=L+d=2» 10'% x 1600= 3 = 10'%, where L = 2 = 10'" is the perimeter
of the trajectory in units of maximum round-off error 4, = 107'? which is the computer space
“quantum’’.

In order to obtain a more realistic estimate of the quantity T. we shall assume that
the round-off is characterized by "random™ diffusion with a coefficient D¢ (see below).
Then the probability of the trajectory arriving in one of the previous points in a step is
equal to the relative density of occupation of the phase space by the trajectories:
wit) = t/L - d(t), where d(t) = 2/T I;t. The beginning of the "cycling” is determined (on
the average) from the condition: [,© w dt = 1; this gives

To % (34 /285 )

Putting here the experimental value obtained below™) D, = 4 x 107%, we obtain: T_= 6 = 107,
This does not contradict the data of Fig. 3.3.7, but it also does not prove that the limita-
tion of the diffusion is necessarily due to the "cycling”. This question will be discussed
further a little later on.

Let us note that in the stochastic case L - d ~ L* ~ 5 = 10, nn:l'rc 2 /5 102, so
that "cycling" is completely insignificant. The diffusion coefficient can be determined
from the mean displacement [!;f]_{ between the points in Fig. 3.3.7, which are separated by
an interval of time 1:

(5.3.5)

— (Cal oD P
eqp 7 -;.‘:'r (3.3.6)

The results of the computation of I:-qu, for all three trajectories (see above) are
given in Table 3.3.2, which also gives the mean values of the diffusion coefficients for
all the trajectories. Moreover, it gives the experimental root-mean-square errors, which
satisfactorily agree with the expected values. The variance between different values of
DHP' including those for various 1, does not substantially exceed the statistical errors.
The least probable are three small values of D for T = 10" (probability ~ 61). However,
if rejecting the end of the long computation, :hxgr.h is possible, corresponds to "eycling"
and is therefore insignificant, the probability of the two remaining cases is increased to
16%, which is no longer a substantial deviation.

*) Here and in what follows all lengths are in units of Ap.
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Table 3.3.2
Long computation
1 Vo =29 300 s = -0.187 | \ = -0.350 < Doy >
Beginning End

10% |- S.2x107" | . sx 10" 5.8 x 200" 4.3 x 107° (4.1 ¢ 0.9) = 107?
107 | ST x107% | 2.8 20"Y § 24 x 10! 1.5 = 107} (3.1 ¢ 1.6) = 107
10° | 4.72%10° | 1.1 x107* | 0.9 x 107 1.0 x 107° (1.9 ¢ 1.9) = 10™?

The distribution of large values of (), was also studied. At the beginning of the long
computation they agree well with the normal law, and at the end there are two jumps, the
probability of which is ~ 1072, The latter may also signify the “cycling” effect at the
end of the long computation. If this case is refused, one has the impression that the
accumulation of round-off "errors” indeed follows a diffusion law.

The same result is obtained from an additional series of experiments with artificial
reduction of the number of mantissa digits by 2, 4, 8, 12, 16 binary digits out of 40. The
mean diffusion coefficient of this series is < D > = (5.6 ¢ 1.2) x 107}, which agrees well
with the results in Table 3.3.2.

When 20 digits were "cut off" “cycling” was observed for t = 10*. If estimate (3.3.5)
is applied here, we obtain Tc = 6000, i.e. almost 200 times less than the value cbserved.
This result can be explained, for example, by the strong correlations of neighbouring values
¥, ¥. If this really is the main cause, strong correlation of approximately 200 neighbour-
ing values can be expected. This hypothesis is partly confimmed below when the diffusion
coefficient is calculated. If it is applied to the long computation, “cycling' can be
expected only when t » 10'°, i.e. only at the very end of the long computation, Then there
must be some other reasons for the limitation of the diffusion after t ~ 10%, which can be
clearly seen in Fig. 3.3.7. The question as a whole requires further study.

It should be pointed out that according to the results in Table 3.3.2 if there is any
change in the diffusion coefficient it decreases rather than grows with 1. Hence it follows,
in particular, that within the limits of statistical fluctuations there is no permanent
drift, i.e. no systematic accumulation of errors. Let us write the upper limit of possible
drift in the form: V_, = d - i .

[ = d(ag)/de i"ﬂ; ;?tﬂ 6 % 107 (in units of 4.)

The absolute value of the diffusion coefficient DA 10" (Table 3.3.2) does not
correspond at all to the expected value for random errors (4). The latter can be calculated
according to the formula: D = <A*>/2. The quantity <A"> depends on the round-off algorithm.
In our case the lowest digits of the product were simply rejected, which corresponds to a
random quantity of A, uniformly distributed in the interval (-A ¢ 8). Since in one step of
the transformation (3.2.7) there are two multiplications®), D_ = <a®> = %, i.e. it is
approximately 80 times greater than the experimental value. This discrepancy may signify

*) gd&i.?i* used fixed-point arithmetic (Section 3.2) there was no round-off when doing
tion.
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strong correlation of neighbouring errors. Let us assume, for example, that the correlation
decreases according to an exponential law: p = ﬂ'w“', where n is the mmber of steps.

Using expression (2.10.5b) for the diffusion coefficient taking into account the correlations,
we obtain: n, = B0.

Let us mow have a closer look at the accumulation of random errors, limiting ourselves
to the most simple case of interest to us in fixed-point arithmetic. In this case the error
is determined simply by the lowest digits of the product. But this operation is similar to
one of the standard kinds of pseudo-random mumber generator (Ref. 95, 96, see also Sec-
tion 4.7). Thus, the problem of round-off error accumulation is brought mainly to the study
of various pseudo-random mumber generators. The specific mechanism of such a penerator de-
pends on the computation algorithm. In the present case the generator turns out to be rather
poor, judging by the value of the correlation cited above. Precisely such a generator has
not been studied, as far as we know, but similar ones containing the squaring operation in
fact give poor results’®). If our transformation contained the operation of multiplying by
a4 constant, we should obtain a generator of the type of system [2.3.3), which is stochastic,
with an enommous constant k ~ 47'. Various tests of this generator show that it gives ran-
dom numbers (usually called pseudo-random) of very good quality (Section 4.7). Accordingly,
in this case the accumulation of errors must take place according to a random law. This
last result is confirmed, apparently, by the data of Ref. 91 on the investigation of trans-
formation (3.3.8a), which contains just such multiplication by a constant. The "error dif-
fusion” in this case agrees with the merely random diffusion®').

A slightly more complicated question is that of constant drift, which was chserved in
Ref. 91 [\l'q‘bq + A, ~107"), but is absent in our experiment. There are apparently two
most important differences between the two experiments:

i) We used fixed-point arithmetic while Laslett®!) used floating-point mmbers;

ii) Our transformation (3.2.7) is symmetrical with respect to the sign of ¥, ¥, in contrast
to Laslett's transformation (3.3.3a).

Asymmetrical round-off was used in both experiments: < 4 > =4 /2 # 0, but for fixed-
point arithmetic this is equivalent to a constant "force” in the equation for the "momentim",
which only slightly displaces the trajectory of the system; in the case of floating-point
arithmetic this “force" is proportional to the "velocity", i.e. it becomes "dissipative".

To be more precise, the "force" is proportional to the velocity modulus if, as is the case

for the majority of present-day computers, a negative mumber is represented in a complementary
code, But in such a case, for symmetrical oscillations the mean "dissipation” vanishes and
for asymmetrical ones it remains.

The most radical means of preventing drift is to introduce symmetrical round-off, which
is provided for in the majority of computers but requires additional time. Another method
is to change over to fixed-point arithmetic, if the algorithm of the problem permits. This
considerably increases the computing speed also, particularly if double precision is used.
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3.4 Stochasticity

In this section we will discuss the experimental results relating to the behaviour of
the elementary model (3.2.1) in the region of stochasticity, i.e. when k >> 1,

Is the motion in this case really stochastic?

let us begin with K-entropy (Sections 2.3 and 2.4). For the experimental determination
of K-entropy Sinai's uqmtinn”; was used:

A = é’i;.:a o (8V/r) (3.4.1)

where £, L' is the length of the transverse vector (Section 2.4) before and after the trans-
formation respectively, and averaging is carried out along the trajectory of the main motion.
We chose L = 1077, so that for the largest value of k = 10° the value 2/ ~ 107" << 1.
Mumerical calculation of transformation (3.2.1) was carried out for two trajectories, the
initial points of which were I apart, and after each step of the transformation the length
of the transverse vector (i) was brought to the initial value of ¢ = 10”7 without changing
its direction.

An analytical estimate of the K-entropy is given by expression {2.4.21), which can be
made more sccurate for the elementary model, on the basis of Sinai's equation (2.4.19):

e Pr )L (3.4.2)

where 1 is the projection of A" in the direction of the nsymptutn, which generally speaking
is not idmtir.::u:l with the direction of the extension eigenvector (& }. if the latter turns
(Section 2.4.8).

However, for large kf’ the direction of the eigenvector hardly changes, as can be easily
verified by using expression (2.4.14) or (2.8.4):

%,9 1 O :’/&f! (3.4.3)
A narrow phase region near the stable phase region (2.4.7) is an exception:

—Y< k- LU¢) < 0 (3.4.4)

the probability of entering which is ~ 1/k. In the main region the variation of
8" ~ 1/k.

Let us note also that the regions of the values (sectors) E.', @~ do not overlap for any
kf'. Indeed, it follows from (2.8.4) that the full range of variation of o' is:

"6 B fgﬁ*-e: 9 (3.4.5)

and the range of variation of o~ is precisely complementary to (3.4.5). In the majority of
cases the contraction vector is directed almost along the axis §:

Zg (’——5/’-‘3' F (3.4.6)
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Hence it follows that the asymptote practically all the time makes an angle of ~ 1/k
with the direction of the extension vector, only occasionally (with a probability of ~ 1/k)
deviating by an angle of ~ 1. In this case one can put approximately: 3 = 1" with an
accuracy of ~ 1/k. In fact the accuracy of this equality is even better, since the ratio
Juaj’f varies both ways and partially compensates for the deviations. Let us explain in
this connection that A, is an oblique projection of X along the eigenvectors, which are
generally speaking non-orthogonal (Section 2.4).

Thus the K-entropy can be estimated according to the formula:

L bkl (3.4.7)

where the averaging is carried out over ¢, and in the stable region (3.4.4) one should put
A" = 1. Let us note that it would be incorrect simply to exclude all the stable phase
region (3.4.4) from the mean (3.4.7), since according to the data of the next section the
stochastic trajectory occupies almost all this region except for a very small fraction of
vislets" of stability.

The E-entropy was calculated for a "force" of two forms: (3.2.5) and (3.2.6). In the
first case the intepral (3.4.7) can be calculated to the end and gives:

b= [H(kve)+ H(E-1)]/k
Hex) = X O (x+/a%7) = /351

(3.4.8)

In the case of force (3.2.6) an explicit estimate can be obtained, if use is made of
the approximate expression (2.4.6):

A= |58 s 1+ S48 e kg =

{
r kp'+2 2 T2

(3.4.9)

where the sign is identical with the sign of £'. Limiting ourselves to the first term only,
the accuracy of the K-entropy estimate again will be a little better than ~ 1/k, since the
contributions from the subsequent terms almost counterbalance each other. For force (3.1.6)
we gbtaing

‘
L‘ 2 qu/- lu |k Cos 2¢ | = Eu% (3.4.10)

e
A similar estimate for force (3.2.5) gives:

L (ﬁ, k)~ 1 (3.4.11)
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The results in Table 3.4.1 enable us to compare the experimental values of the K-entropy
with the various estimates. As already noted above, the initial distance between the trajec-
tories was chosen as L = 1077, Increasing it to 107" changes the experimental value h from
3.615 to 3.72 [k = 100.2; force (3.2.5)]. The usual mmber of steps when calculating the
K-entropy according to formula (3.4.1) was t = 10*. Reducing this figure to 10" leads to a
change in the K-entropy from 4.2 to 4.242 [k = 142.0; force {S.R.ﬁ}:}.

The results in the table show the very good agreement between the experimental values
of the K-entropy and the analytical estimates, even the most simple cnes [(3.4.10), (3.4.11)].
This also shows indirectly that when k »>> 1 (in fact, when k > 10, see table) the stochastic
component occupies practically all the phase plane of system (3.2.1).

Table 3.4.1
“Force” (3.2.5) “Force" (3.2.6)
z‘ Exp. | Estimates Exp. Estimates
value  |(3.4.8) [(3.4.11)] value | (a4 (3.4.10)
.21 0,658 o8 | 0.828 | 1.157 1.133 1183
14.0 1.854 1.888 | 1638 | 1,840 1,018 1.648
25,0 2.241 2226 | 2218 | 2.5% 2,526 2,520
50.0 2.814 2,813 2.612 3,237 3.218 3,318
100.2 3.08 3.008 4,807 3,014 3.e14 3014 |
12 3.838 3,055 3.650 4.2 4,283 4,263
200 4.308 4.208 _ 4.2c68 4,803 4.505 4.605
1000 8.020 | 5008 |scos |ezs | 625 | ezs

This result is confirmed by direct experimental verification of the ergodicity of trans-
formation (3.2.1). In itself ergodicity is a weak property, completely insufficient for
stochasticity. However, when there is the additional condition of local instability of
motion almost everywhere, as is the case for our model (3.2.1) from (3.4.4) when k >> 1, the
establishment of ergodicity is decisive evidence of stochasticity, according to the latest

results of Anosov?') and Sinai®*»17),
A rough check of the ergodicity was made by a phase map with the smallest bins (512 =
1024 = 524288 bins). From the results in Tables 3.4.2 and 3.4.3 it follows that for suffi-

ciently large k the trajectory in fact goes through all the phase plane bins*). From the
analysis made in the next section it will be seen that the stochastic component may neverthe-

less not occupy all the phase plane, but the area of the stable regions (and their dimensions)
decreases, generally speaking exponentially with the growth of k, and for special values of

k proportionally to k™.

*) With regard to the last three cases in Table 3.4.3, see next section.
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Table 3.4.2

"Force" (3.2.5)

¥ e 4 8 1@ a2
Number of empty bins 42038 80 1] (1]
Fraction of |
the area x 10% BO00 i 11.4 0 | o

Total mmber of phase plane bins = 512 = 1024 = 524288

Table 3.4.3

"Force” (3.2.6)

L a.en 478 | 888 |8.64 | 105 |28 | 8.7 | 50.3
Number of empty
bins 48688 | 10202 | 1681 | M 0 45 8 1
Fraction of | ! ; !
the area * 10° | 0300 | 16® | 820 i 4.8 o 'ssé | 15 |o076 |
| L i |

Total mumber of phase plane bins = 524288

A finer check of the ergodicity consists in investigating the unifommity of the occupa-
tion of the phase space by the stochastic trajectory. For this the phase square was sub-
divided into N1 = 128 « 128 = 16384 bins and the mmber of times the trajectory entered each
of the bins {ni) wis calculated. The criterion of uniformity used was the variance:

D =<(n; - M? >, where M = < n; > = t/N; is the mean value of the number of entries, t is
the time of motion (mmber of steps) and averaging is carried out over all the hins. The
predicted value of D is: DM =1 2 /IR = 1 + 0.011; the last term gives the root-mean-
square deviation. The experimental value for force (3.2.5) when k = 16, t = 107, is

D/M = 1,017. The probability of such a deviation is about 12%.

Finally the stochasticity was further checked by watching the process of occupation of
the phase plane bins by the trajectory. For random motion for not too long a time there
must remain a certain number of empty bins (N;), which can be calculated according to the
standard Poisson distribution:

- AL
Ny =M@ + /Mo (3.4.12)

where Nz = 512 = 1024 = 524288 is the total number of phase plane bins. The results of this
experiment are given in Table 3.4.4. It should be pointed out that in the present case
M = t/5N;, since output on to the phase plane was carried out every fifth step.
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Table 3.4.4

t, steps 10" 24107 a0’ ax10” i
Number of empty bins,
experiment 11531 258 f | 1]
' ed mmber of b
bins for random L a0 281 58 0.12 250077
occupation = 107 = 18 x 24 F 035 = 0,05

+

To sum up, it can be said that the motion of the elementary model (3.2.1) when k >> 1
really appears to be "random". The question arises as to whether finally this is the result
of round-off errors or, in other words, special properties of the "quantized" space of the
computer. In our opinion this is not so, for the following reasons. To begin with, round-
off "errors" are in no event random and are determined by an exact and invariable algorithm
of the computer. The latter forms a kind of dynamical system, which in its turn is open to
the question of whether it is stochastic or not. This depends on the computation algorithm;
in the typical case, when there is multiplication in the algorithm, the round-off is ap-
parently stochastic. But even in this case its influence is negligible for a stable system
(Section 3.3). Even if round-off "errors" were not accumilated diffusely but systematically,
which is possible in some cases®!), they would be considerable only in an interval of time
wa’! = 10'%. Therefore round-off can have an important effect only under the condition of
local instability, which in itself already signifies stochasticity. In other words, the
influence of round-off "errors" is not the cause of stochasticity but its effect. Let us
note, however, that these "errors™ can substantially sharpen the transition to stochasticity
and, in particular, make it comsiderably less sensitive to the initial conditions. This is
due to the fact that at the moment when local instability appears, the original dynamical
system (3.2.1) immediately becomes much more complex, since it begins to be "sensitive to"
the round-off algorithm. As an excuse, we can only say that probably something like this
happens in Nature, too; this was thoroughly discussed in Section 2.13.

Finally, it should be mentioned that motion in "quantized" space may possibly have
exclusive properties, since the measure of such space in relation to continuous space is
zero, and all the theorems of the ergodic theory are valid except for zero measure, It
seems to us, however, perfectly improbable that two sets of zero measure and of a completely
different nature could be identical.

In spite of all the above optimistic remarks in connection with the purity of mmerical
experiments, further study (both experimental and analytical) of the characteristics of the
"quantized" space of the computer is certainly desirable,

3.5 Intermediate zone of the system
with divided phase space

In the previous section it was established that for sufficiently large k the motion of
the elementary model really satisfies all the tests for stochasticity. Let us now study the
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intermediate zone (k ~ 1) which also gives us a better understanding of the mechanics of
stochasticity.

The main feature of the intermediate zone are the "islets" of stability, or quasi-
resonances, penetrating a long way into the stochastic region and apparently existing for
any k + = (Section 2.8). Furthermore, the intermediate zone extends deep into the region of
Kolmogorov stability. This is revealed, first of all, by the fact that the chserved border
of stochasticity depends on the time of motion, and near the border there is a region of very
slow diffusion. The corresponding results are given in Section 3.3 and we shall not return
to this question. Moreover, the whole region of Kolmogorov stability is penetrated by
stochastic layers of resonances, which is of considerable importance for the many-dimensional
system (Section 2.12). Some experiments with the simplest many-dimensional system will he
described in the next section.

In this section we shall restrict ourselves to investigating the quasi-resonances in
the intermediate zone. As was shown in Section 2.8, the largest quasi-resonance corresponds
to special values of k, lying in the intervals (2.8.8) and (2.8.9) and to the period T = 1.

An example of such a quasi-resonance is given in Fig. 3.5.1 for k= 60; t = 10*. The
size of the stable trajectory (M = A = 1/32) lying, to judge from its improper form, rather
near to the boundary of the stable region, agrees well with estimate (2.8.10):
o9~ &p v 2/k = 1/30 [£* = 2 for “force” (3.2.5)]. The relative area of the stable region
is in this case (4/kf*)* ~ 10°% (2.8.10).

'

by ¥

/'

¥FryYenw

OO

\

Fig. 3.5.1: An "islet" of stability for a special value of k = 60.1993377;
$o = 0.01; ¢, =0.483; t = 10*; size of bin (1/512) = (1/1024); the
picture does not contradict the ideally thin curve corresponding to an
absolutely stable trajectory.
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For values of k outside the intervals of (2.8.8) the area of the stable regions decrecases
considerably faster, as seen from Table 3.4.2 (sece previous section). The table gives the
number of phase plane bins not occupied by the stochastic component, depending on k.

The phase map for one such case is given in Fig. 3.5.2 ["force” (3.2.5); k = 8;

t = 10]. Two “islets" of stability can be clearly seen. More detailed analysis shows
(see below) that there is also a third "islet”, denoted in Fig. 3.5.2 by a dotted line. It
is narrower than a phase plane bin and therefore remained unnoticed. The period of motion
in this case is T = 3, and the figures on the phase diapram show the sequence of motion.
Two "islets" (1,2) lie in the stable phase region (3.4.4) and one of them (1) strongly
spreads out in the direction of the extension (see Section 3.4). The third islet (3) lies
in an unstable region in § and strongly spreads out in the direction of the contraction.

! =y
v £
L 4
s0
10 b |
° 2 = 3
'l;;.
[]ﬂ
0
O
e ]
[F]DD 0
EP 0
ﬂ%+i B ey il 8 + ¥ e

Fig. 3.5.2: "Islets" of stability in the stochastic region [“'force"
(3.2.5)]: k=8; t=10% T=3. The figures show the sequence of
motion. "Islets" (1,2) lie in the stable e region, and islet (1)

strongly in the direction of the extension (in the unstable
region). "Islet" (3) is situated in the unstable region and spreads
strongly in the direction of the contraction.
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Fig. 3.5.3:

situated in a narrow region (3) (Fig. 3.5.2):

The stable trajectories inside the second order resonance,

k=8: t=32x10": for

the middle trajectory the dots correspond to the end of the computation,

the crosses to the beginning;

the scale along the axes differs by a

factor of 10 and the figures give the last decimal digit of the numbers
in the centre of the diagram.
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Figure 3.5.3 shows three trajectories inside one of the "islets" (3), which were in
fact used to establish the existence of three stable regions for the case presented in
Fig. 3.5.2. The dots in Fig. 3.5.3 denote the values obtained after computation lasting
t =2 = 107 steps (for the middle trajectory). A striking feature is their regularity, which
becomes still more remarkable if it is noted that they agree with a high degree of accuracy
(better than 107") with the values cbtained right at the beginning of the computation,
denoted in Fig. 3.5.3 by crosses. They coincide in both coordinates, which may indicate
that they fall in the vicinity of a second order resonance of a very high hameonic (q = 108).
The dimensions of the "islets" agree in order of magnitude with the estimates of Section 2.8
[(z2.8.16), (2.8.14)]. Thus for "islet" (3) Fig. 3.5.2 gives: & =0.04; 4y = 0.003, and
the formulae of Section 2.8 give the estimates: 4§ ~ 0.1; & ~ 0,01 (T = 2), if expression
{3.4.11) is used for the K-entropy of the "force" (3.2.5).

The case considered partly confirms Sinai's hypothesis (see Section 2.5) that the stable
phase region may "damage" the stochasticity also outside this region. However, it is the
dimensions and over-all area of the stable regions that are important. From the results in
Table 3.4.2 it can be seen that the last quantity rapidly vanishes with the growth of k
within the limits of accuracy of the experiment, when the minimm distinguishable size on
the phase plane is ~ 107%.

A negligible fraction of the stable regions may be due to the specific form of the
"force" (3.2.5). Indeed, for this force there is only one stable phase repion (3.4.4) near
¥ = 1. It is not possible for there to be a periodical solution (T > 1) lying entirely in
region (3.4.4), which may lead to a considerable decrease in the mmber of stable regions.
In order to test this assumption the experiment was repeated with "force” (3.2.6). In this
case there are two stable phase regions ¢ = '{; ¥, so that the above-mentioned limitation
drops.

The results of this experiment are given in Table 3.4.3 and Fig. 3.5.4. With the ex-
ception of the last three values of k, lying just on the left-hand border of the stable
interval (2.8.8) for all the remaining (unspecialized) k values the area of the stable
regions very rapidly decreases with the growth of k. The law of decrease agrees in order of
magnitude with estimate (2.8.20), which for "force" (3.2.6) can be written more specifically
in the form:

S¥a ~ e £ e HORNSE= )] o

Here we used expression (3.4.10) for the K-entropy of the "force" (3.2.6). Estimate (3.5.1)
is shown in Fig. 3.5.4 by a continuous line. It is very sensitive to the quantity w, (k).
Therefore for the other "forces" the k values of the experimental points in Fig. 3.5.4 are
converted according to we: kpr = 4/, [see (2.8.12)].

According to the results of Section 2.8, a fraction of the stable regions is sensitive
to the value of the parameter v = wy - . When y > 1, the mmber of quasi-resonances of
the first type and their over-all area formally diverge (Section 2.8), i.e. the fraction
of stable regions can be expected to be considerable. For "force" (3.2.8) v = 2/e < 1, as
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@i

Fig. 3.5.4: The dependence of the number of stable bins of the phase
plane (N;) on the parameter ky¢¢ for various cases: © - force (3.2.6);
¥ = 0.63; = - force (3.2.5); ¥ = 0.74; oO- force (3.2.3) and (3.2.4);
the values of vy are indicated near the dots; the continuous line is

an analytical estimate sccording to formula (3.5.1).

also for force (3.2.6): y = 2/n. Precisely for this reason a special "force" of the
"emoothed out saw" type (3.2.3), (3.1.4) was constructed, for which any values of y depend-
ing on the parameters &, A, and k are possible:

éiq k(x/e)lr;f . k < ""'/l-i
s &
::.L('AE) : k 2L/Al, (3.5.2)

J
{ i
?*E‘H e \/q':ﬂ." 'f‘ Y e = .51,

The results of the experiments with "force" (3.2.3), (3.1.4) are also given in Fig. 3.5.4,
the value of the parameter y being indicated next to the experimental points. Contrary to
expectations, the stable area in the case of v > 1 proves to be even smaller than estimate
{3.5.1). A pessible explanation of this interesting result in terms of the mutual destruc-
tion of quasi-resonances under overlapping is given in Section 2.8.

Apparently this can also explain the fact that the experimental results ave of the same
order of magnitude as estimate (3.5.1), at least for "force" (3.1.6), which takes into account
quasi-resonances for the second type only. However, if quasi-resonances of the first type
are significant enly when vy > 1, the total muber and area of quasi-resonances of the third
type are already divergent for any y (Section 2.8). It is evident that they, like the quasi-
resonances of the first type for vy » 1, mutually destroy each other when they overlap.
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In spite of the fast reduction of the area of the quasi-resonances with the growth of k,
it is not out of the question that their total mmber is unlimited, and they form an every-
where dense set of stable trajectories (Sinai's hypothesis, Section 2.5). The estimates of
Section 2.8 give precisely this result; however, they are not sufficiently accurate, so
this question still remains open.

In spite of all the experimental results given above, there is still some doubt as to
whether the whole system of stable regions is so fine that it escapes observation (like one
of the stable regions in Fig. 3.5.3). It seems to us that the answer to this question is
given by the following gross experiment. We have in all about 100 cases of computation with
k »>> 1. A stable region was not entered in any of them, in spite of the quite different
initial conditions.

3.6 An e of weak instability of
a whm system

In this section we shall give a brief description of the first attempt to observe
Amold diffusion for a two-dimensional non-autonomous oscillator, given by the transforma-
tion:

/

I, = I'l-"ﬁl’*"f""ﬂt

= 2.~9t j o, g
¢, = "Pq""I: i
Y, = ‘Pz*I;

It is easy to see that this model is an extension of the elementary model to the two-dimen-
sional case. The choice of £(¢) = 4§* is due to the desire to have more rescnances with
conservation of the analyticity of the force (see below).

Iﬁl:urical experiments on Arnold diffusion were carried out together with m:“‘ and
Sessler ) on the CDC-6600 computer at CERN, in Gemeva’). Model (3.6.1) was chosen after
many preliminary experiments.

Before going over to the experiments themselves let us obtain some simple analytical
relations for model (3.6.1) which will be useful later on.

If |g]] << 1 and [ue9i| << 1, transformation (3.6.1) can be approximately replaced by
the differential equations:

)
- = L + + -
g 7 s ?4 (3.6.2)
et

with the conserved Hamiltonian )

'] El ki—l—. m. m. mt:lﬂ'lll'd.

**) A. Sessler, Lawrence Radiation Laboratory, University of California, Berkeley
California, USA. 4 ' t

*#2) We thus ignore the external perturbation, whose effect in fact turns out to be very
weak (see below).
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H=4(1}+1}) + (0" )-pov 2 (3.6.3

In view of the sharp dependence of the potential emergy on the co-ordinate §, it can be con-
sidered approximately that the unperturbed motion (u, = 0) takes place in a rectangular
potential well; it is characterized by the fruqmcy'

- .W';- ‘ﬂ (3.6.4)
and spectrum:
?lquat = ..8—-(-{) ?ﬂ‘ 62""' f) (3.6.5)

The last expression is valid for harmonics that are not too high: n £ 10, while an approxi-
mation to a rectangular potential well is valid.

In approximation (3.6.3) there are only coupling rescnances: mw; = nw;, the effect of
which can lead only to an energy exchange between oscillators, while the total energy H
(3.6.3) is conserved. Since the latter depends also on the coupling energy Hi = -ugpi¥:,
the maximem value of the amplitude of one of the oscillators, say §i1e, is reached under the
condition us¥ie = 'F:n or:

10- H, = Hc (3.6.6)

where Hs 'ﬂi:ﬂﬂi H=H ¢H +Hj.

Variation of the total energy of the system H is possible on account of the external
resonances :

R, +hw, = 2% (3.6.7)
where we took into consideration only the first hammonic of the external perturbation with
a frequency of 2r, since under the condition ¢* << 1 assumed above, w ~ §* << 2r (3.6.4).
From the shape of the spectrum (3.6.5) it follows that maximum amplitude corresponds to one-
dimensional resonance n = 0 for m = 0), and w3 = 0, whence the minimal oscillation harmonic

necessary for an external resonance is equal to: m= 2v/w, where wy is the maximm value of
the frequency for given initial comditions,

Let us now turn to a description of the numerical experiments.

The largest part of the computing programme, including the rather laborious data
processing, was written in FORTRAN. However, the main loop for computing transformation
{3.6.1) proper is written in the symbolic operating code of the CDC 6600 (ASCENT) in order
to obtain the maximm computation speed‘}. We manaped to place the whole of this loop in
the instruction stack of the CIC 6600's central processor, thus eliminating the relatively
slow reference to the operative memory. Moreover, advantage was taken of the possibility of
two parallel multiplications in the CDC 6600. As a result it proved possible to reduce the

*) The possibility of mi:iuhg these two languages was in our opinion a considerable
advan r.wh: compil the CERN computer. ®

tage of
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time for the computation of one step of transformation (3.6.1) to 9 usec in spite of the
large number of multiplications. The processed computation data was put out periodically
after a specific mumber of steps and included, in particular, a map of the two-dimensional
projection of the four-dimensional phase space of the system onto the plane (¢ ,§:) (see,
for example, Fig. 3.6.4), and also part of a histogram near the edge of the distribution
function of the trajectory £(¢: :) (sce, for example, Fig. 3.6.5). ‘The purpose of this pro-
cessing wus to find out whether the edge of the distribution was sharp or smooth. It is
easy to see that the latter indicates that there are no invariant tori, i.e. that there is
some instability of motion. Indeed in the one-dimensional case the phase trajectory is an
ellipse and its projection onto the axis ¢ leads to the singularity f(¢) = |¢ - up;;'l near
the edge of the distribution. For a two-dimensional system with y; = 0 the distribution
function occupies a rectangle in the plane (@,,¢:) with a similar singularity around the
edge (Fig. 3.6.7). If uy # 0, but there are invariant tori, the singularity is conserved,
but now with a more complicated outline, reflecting the configuration of an invariant torus
(Fig. 3.6.9). Finally, if the edge of the distribution becomes smooth, this points to the
destruction of the invariant tori and their transformation into a layer of some thickness
{in four-dimensional space, Fig. 3.6.5).

First of all it is necessary to determine the region of one-dimensional stability
(3.6.1) when ug = 0. This can be done as in Section 3.3, by one trajectory, the initial
point of which certainly lies in the region of stochasticity. In order to prevent the tra-
jectory from drifting into "infinity"”, i.e. the computer's overflow, it is necessary to
limit the phase plane of the system by taking the fractional part (Section 3.2), which is
equivalent to periodical boundary conditions. In the present case a square was used:
-151,¥< 1. The phase map of the system for t = 10* is given in Fig. 3.6.1, where the
circles mark the bins occupied by the trajectory. For I = 0 the initial phase y, should
lie in the interval (-0.78, +0.78). The accuracy of this value of the interval is determined
by the bin size of the phase map and is about +2.5%.

Let us compare this result with the theoretical estimate, which it is easiest to obtain
from an analysis of the local stability (Section 2.4): K, = -093 < -4, whence: ¥, < 0.9,
which is very close to the mumerical result given above.

As noted in Section 3.3, at the border of stochasticity in the intermediate zone the
instability develops very slowly and therefore the border of stochasticity chserved depends
on the time of motion. The value given above for the stable interval relates to t = 10%,
When t = 2 = 10" the border of stochasticity shifts outwards by approximately 4% (along ).
. It is not out of the question that when t > 10* it shifts inwards again a little, although
according to the KAM theory there is certainly a border of eternal stability (see Section 3.3
and below).

Probably the most interesting experiment with model (3.6.1) is the unique case of very
weak instability which was observed when: up = 0.00115; Tyg = I3 = 0; "u = 0.375;
¥:o = 0.721. Figure 3.6.2 shows the time dependence of the increase (45) of the area (S) of
the above-mentioned two-dimensional projection (§:,$:2) of the trajectory of motion in a
linear and logarithmic scale.
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Fig. 3.6.1: P;E region of one-dimensional stability for model (3.6.1);
Ha = ﬂ: t=10%.

Fhase maps of the projection of the motion on to the plane (§:,4:) are given in
Figs. 3.6.5 and 3.6.4; the first of them relates to the beginning of the motion (t = 107
steps), and the second to the very end (t = 3.648 = 10*), when the trajectory emerges into
the region of one-dimensional instability. A histogrom of the distribution in the latter
case is given in Fig. 3.6.5, where it is clearly seen that its border is smooth and con-
sequently some instability takes place.
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Fig. 3.6.2: An example of the weak instability of a two-dimensional non-
autonomous oscillator (3.6.1): us = 0.00115; ¢;. = 0.375; Y20 = 0.722;
Iig = I30 =0; 5 is the area of projection of motion on to the plane
ET;.Q;L;E 45 15 the increase of 5 in the process of motion; T, is tﬁe

r u-. -

The law of the development of the instability in time is surprising. First of all it
is striking that the increase of the arca (45) takes place in portions. This, however, may
be due to the finite size of the phase plane bin; so, for example, the first "step” in
Fig. 3.6.2 corresponds to 19 bins only, and the whole area S comprises about 5,000 bins.
An analysis of the phase maps, which were put out periodically in At = 107, shows that the
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Fig. 3.6.4: Phase map of the:mmhg. 3.6.2 near to the end of the

computation: t = 3.648 x 10®. ‘The circles mark the bins
occupied l:y the trajectory and the dots give the coordi-
nate network.
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Fig. 3.6.5: Part of the histogram of the distribution of the projection
of the lra;nctnry on to the plane (§:,§:) for the case in Fig. 3.6.2:
t = 3.648 = 10°,

increase in the area occurs smoothly along the whole perimeter, which shows the rapid energy
exchange between the two degrees of freedom. Measurement of the local instability shows
that this exchange takes place already in t ~ 10° (see Table 3.6.1).

The most surprising thing in Fig. 3.6.2 is the unexpected steep rise of the curve 45(t)
at the end of the computation. The data of the phase maps show that almost immediately after
the beginning of the rise, the energy exchange between the oscillators ceases and the increase
in § is on account of only one of them.

On the whole the function 4S(t) is exponential rather than linear or proportional to
vt. If the last sharp rise is excluded, the dependence 45(t) agrees best with a linear func-
tion, although one certainly cannot exclude the possibility (because of large experimental
errors) of a dependence like 45 = My = /T, corresponding to ordinary diffusion (4ps << ).
In the latter case the mean diffusion coefficient is: D-.p = d(8)2/dt ~ 2 x 10720,

If it is assumed that there is a linear law S5(t]), the mean rate of development of in-
stability is: \F¢ = d(ip,)/dt » 4 x 107*%, However, this case appears unlikely. As far as
we know, the only mechanism leading to a linear law is comnected with the so-called microtron
resonance (Section 2.4). However, this contradicts the local instability of motion dis-
covered experimentally (see below).




o

The weak instability discovered cannot be explained by the computer round-off errors. In-
deed, the relative ervor of single round-off in the CDC-6600 does not exceed e, = 277 = 1075,
Even if it is considered that all the errors accumulate one way, then the error of one step
(for @) is: &1 = des <¥" > + 2us €3 < §* > + g0 = €5, and for the whole computation:
€y < £¢ * 10* = 107, which is considerably less than the size of a phase bin &9 = 2 = 1072,
As a check the trajectory of system (3.6.1) with the interaction "switched off" (p, = 0) was
computed during t = 10*. Figures 3.6.6 and 3.6.7 give the phase map and distribution histo-
gram respectively. The stability of motion in this case is evident. Similar results are
also obtained with the interaction "switched on" (even though u; = 0.00915) for special
initial conditions, for example for ¢y = 0.375; ¢z = 0.522 (Figs. 3.6.8 and 3.6.9;
t=5=x107).

The mechanism of weak instability is most probably connected with Arnold diffusion
along one of the strong resonances. In this case the motion must be locally unstable. In
order to check this assumption two trajectories very close together at the beginning (Al = 0;
& % 107'?%) were computed simultaneously and the distance between them was calculated depend-
ing on time (divergence of the trajectories). Figure 3.6.10 shows the divergence in phase;
it does not contradict the exponential law with a rise-time 1, = h™' = 10°, where h is the
K-entropy of the system. Approximately the same result is obtained for the momentum diver-
gence of the trajectories.

Nevertheless the question is in fact more complex than it may appear at first glance.
In Fig. 3.6.11 the data of Fig. 3.6.10 are plotted in a log-log scale and do not contradict
(especially &:) the linear divergence of the trajectories. The latter can be explained as
a simple frequency shift of the non-linear oscillations.

It is evident that the chosen interval t = 3000 is too short for any fimm conclusion
for the given value of the perturbation uy = 0.00115. An example of local instability when
there is greater perturbation is given in Fig. 3.6.12. There is no doubt here as to the ex-
ponential nature of the divergence of the trajectories (on the average). Let us point out
that the law of variation is identical for all four quantities (Al;z; Aiz). The exponen-
tial divergence continues up to A1 ~ I = 3.4 % 10°%, The subsequent insignificant increase
of Al is explained, probably, by phase oscillations in the coupling resonances.

For weak instability (u. = 0.00115) additional measurements of the local stability were
made for different initial conditions in the interval: 0.5 < WYei < 0.75 (1,4 = 0) and
t = 10°. In 11 cases out of 26 clearly expressed local instability was observed. An example
of instability is given in Fig. 3.6.13, where 4 = AI. The difference Al increases by more
than 10 orders and reaches 4 " 107? (initial trajectory shift Al ~ 2 ~ 107'%), The K-
entropy in this case is h = 2.5 = 107, i.e, four times less than in Fig. 3.6.10. Figure
3.6.14 gives an example of a trajectory which was interpreted as stable. In spite of the
great dispersion of the points the non-exponential character of the dependence AI(t) can be
fairly well seen. Moreover, in contrast to Fig. 3.6.13, here the motion is explicitly
regular (strong periodic excursions of the points upwards), which is incompatible with
stochasticity. But there is an especially sharp discrimination between stable and unstable
cases by the maximm value of Al at the end of computation. For example, in Fig. 3.6.14
the final value of AI = 3 x 107'!, i.e. it differs by more than seven orders from the un-
stable case in Fig. 3.6.13. Such a clear discrimination can always be achieved, provided
the computing time substantially exceeds the characteristic time for the development of
instability: ht >> 1,
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Fig. 3.6.13:
¥is = 0.555;

Local instability for the case in Fig. 3.6.1, except that
$i0 = 0.745; & = al;: the motion is unstable.
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The same as Fig. 3.6.13, except that: $1s = 0.670;

P20 = 0.640; the motion is stable.
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A summary of the results on local instability is given in Table 3.6.1. The members in
the first column show the computation sequence for a random choice of $i¢, P20. All the un-
stable cases are grouped at the end of the table in order of decreasing K-entropy (the mean
values of the K-entropy for two momenta and two phases are given). The values of the K-en-
tropy are clearly divided into five groups, as shown in the table. The last colum gives
the mean values of the K-entropy per group. The different groups correspond, apparently,
to resonances of different harmonics. The difference of the resonances according to their
magnitude shows that the overlapping is slight. This result is also confirmed by the value
of the relative fraction of unstable initial conditions, which according to the data of the
table is: & = 11/26 = 43%.

Table 3.6.1 illustrates once more the clear discrimination between stable and unstable
cases according to the values 4 and thus the applicability of the method of investigating
local instability.

Unfortunately the available experimental data does not make it possible unequivocally
to link the discovered weak instability with Arnold diffusion, nor does it contradict such
a hypothesis. Let us demonstrate this, using estimate (2.12.22). The main expression
(2.12.29) is inapplicable in the present case because of a big difference in frequencies
for an external resonance (see below). Let us choose coupling resonances as guiding reso-
nances, and external rescnances as perturbing rescnances. The harmonic number of the latter
is detemmined from (3.6.7) and (3.6.4) and is equal to (2.12.23):

m! ' 8/
g i (5:6.8)

Further, € *~ ug/Ps' (3.6.1); a~1; ¢ = 0.7. In view of the marked uncertainty of the
estimate of the Arnold diffusion coefficient, let us use its experimental value, given above:

%2 x 107" and estimate the unknown parameter n, instead. As a result we obtain
ng = 3.5 which does not contradict the expected value ns v 10 (see beginning of section).

Nevertheless, one cannot completely exclude the possibility that the observed weak
instability is some complex one-dimensional effect. In particular, stability of motion
when ug = 0 (Figs. 3.6.6 and 3.6.7) does not exclude this possibility either, since negative
coupling energy may lead to an increase in the amplitude of the oscillations when us # 0
(35.6.3).

It is obvious that this phenomenon calls for much more detailed experimental investi-
gation. It seems to us that even a single case of weak instability which has in fact been
observed shows that the problem as a whole is sufficiently interesting and important.
Another case of possible Arnold diffusion will be discussed in Section 4.4.
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Table 3.6.1

Z e
2
& ®
N ‘Pm ?n 8 can chonie?| 4 Sax ¢hs x 10° k> 3
.l e | o.088 | 510710 510"
2.| om0 | o.oi8 10~ 2.1078
al o.so6 | 0738 | w1070 a0
a.| o.ut8 | v.es | e10”!! 4,107
W -11 -9
&l 0.517 | o.ms| 810 2.10
7.| o.e0 | om0 e.10”M! 81072
s.| 0.2 | o.ev2 | 80! 2,10 |
.| o500 | o.zs8 | a10”'0 210% |
12.| 0.288 | o0.803| 310719 5.10°
18.| .01 | o.018| 4107 a0
4 -10 -2
17.] 0.831 | o720 210 10
16, 0,88 | 0714 8107 2,10°®
21| o.om0 | a.mo] 7.007M! 2.10°8
22| 0.ea1 | o0.000 | 510”10 z.107®
26.| 0.574 | 0.500 | 2.10710 1078
50287 | 0744 ] 207" | 1.2 810" 1.2
E =1
4. o518 | o731 | 20070 | M2 210 L1
o] 0744 | o.83s| 107! | 1.2 8.10”"! 0.0
< . L1
w,| o750 | o.se8| 107 | 10 s,1c”! 1.1
2. 008 | 0853 7007 | 10 | a0 | 12
16.] 0.682 | 0.800 7.1072 a10”! 0.8
13| 0.822 | o.338] 4.102 | o8¢ | e10™ 0.54 0.54
10, 0.525 | o.:2] 210 | 033 | aa0™ 0.31 0.32
20.| 0.747 | o.es8] 310" | 018 | e.107! 0.18 % aite
22.1 0.8 | o.858] .10 | 0.3 810" 0,13
25,| 0,885 | 0745 5107 [o0025 | 7007 0.025 0,025
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(HAPTER 4

SOME_APPLICATIONS

This last chapter of the present paper is devoted to some applications taken from the
most varied regions of mechanics. Their choice is rather arbitrary and merely reflects
current success in the application of the developing theory of stochasticity to specific
problems. Some of them have been completely solved right up to the stage of practical ap-
plication (Sections 4.1, 4.2, 4.7), and others have only been formulated (Section 4.3). In
some cases mnumerical experiments were used, which may also be regarded as further proof of
the general theory (Sections 4.1, 4.2, 4.6). In our opinion the questions of special inter-
est are those comnected with Arnold diffusion in the Solar System (Section 4.5); however,
here there is still a great deal that is unknown.

4.1 Femmi stochastic acceleration

The stochastic method of acceleration is generally connected with the name of Fermi, who
proposed one of the variants of such acceleration as an explanation of the origin of cosmic
rays®®). A little earlier (in 1948) a similar proposal for ordinary (terrestrial) accel-
erators was made by Burstein, Veksler and mlmky‘“]. However, this paper was not
published and remained little known until 1955!%®), At the present time there are a large
mmber of papers devoted to the various aspects of statistical acceleration in plasma [see
for example the review by Tsytovich!?!)]. However, there is a question that has not been
clarified in any of these papers and in fact has not even been posed: under what conditions
is the motion of particles in plasma, accelerators, etc., stochastic? Is Fermi acceleration
always possible? Clarification of the latter question by means of rumerical experimentation
in the simplest one-dimensional model was undertaken by Ulam'®?) with a negative result,
From the point of view of the present paper this result is perfectly natural, since for
stochasticity of the motion, special conditions have to be fulfilled which are more strict
the simpler the system. For the above-mentioned one-dimensional Fermi acceleration model
the question was clarified in co-operation with Zaslavsky in a papur“‘] of which we will
also give an account. To complete the picture let us recall that the condition of stochastic
acceleration in plasma were explained a little later by Zaslavsky, Sagdeev and
leﬂhﬂ#‘].

As already mentioned, in Ref. 102 the simplest case of Femmi acceleration was inves-
tigated: the motion of a light particle between two parallel infinitely heavy and
absolutely elastic plane walls, one of which is motionless and the other oscillating
according to a given law. MNumerical computation of the motion of such a particle’®?) gave
a negative result: acceleration was practically not observed. The velocity of the particle
sometimes reached three to four times the velocity of the wall and in the majority of cases
was of the order of velocity of the wall, whereas according to the Fermi mechanism the mean
velocity of the particle should grow infinitely in proportion to the time®*),

Let the wall oscillate according to a "saw-shaped” law, so that its velocity varies
linearly with the time during each half-period. Further, let the minimm distance between
the walls be & and the amplitude of the oscillations of one of them a. Then the motion
of the particle is described by the following exact set of difference equations:
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Here v_ is the velocity of the particle after the n*® collision; V/4 is the amplitude of
the velocity of the wall; ¥, is the phase of the oscillations of the wall at the moment
of collision varying from 0 to | when the wall moves in one direction and from | to 1 when
the reverse motion occurs. The brackets { ... } denote, as usual, the fractional part of
the argument. The plus sign in (4.1.1) corresponds to formula (4.1.2) in the previous
step, and the minus sign to formula (4.1.3).

As will be seen from what follows, an interesting case is:

Co»ra; UL » V (4.1.5)

Then the set (4.1.1) - (4.1.4) takes the form:
Vier ™ o + .V(‘H.*- 'fa)
L
%1'1 = "p""‘ = { llbu 2.5

1€a vy, ,

(4.1.6)

e

This transformation is of the same type as the basic model (2.1.11). According to the results
of Section 2.4 the stochasticity parameter can be determined as: K = {dwnﬂkﬂun] -1 (2.4.4)
and is equal to:
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K~ - é (—E) . (4.1.7)

whence the border of stochasticity (2.4.7):

Vi 1L (4.1.8)
v § v

The stochastic region thus covers the interval O-vy. In order to obtain considerable
acceleration (v »» V) it is necessary to fulfil the rather unexpected condition:

a <= £ (4.1.9)

Under the condition av/v =« V/v << 1 the kinetic equation takes the form of mn FPK equation
(Section 2.10):

W(rt) 5 /. 20£(r, ¢
._,_ag - o (./é(r) - i} (4.1.10)

where the diffusion coefficient in velecity is (2.10.12):

f{(ﬁﬂ'/?-‘: / &"Vz (4.1.11)
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As a boundary condition it was proposed in Ref. 103 to use the condition of the absence
of flux at the border of stochasticity:

;) Eg-/ - 4.1.12
.., o (4.1.12)
sV,

R

This condition, of course, is not exact, since there is a transitional zone, but it makes
it possible to obtain an approximate solution of Eq. (4.1.10). In particular, the steady-
state distribution (3£/it = 0) proves to be simply uniform: £(v,t) + v;"2.

In order to check the degree of approximation of such a solution, the exact set of
difference equations [(4.1.1) - (4.1.4)] was computed during n = 10® collisions with the
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following parameter values: a =1; V =4; v, = 0. In order to reduce the effects of the
finite mumber of digits the mantissae of the quantities & and V were chosen in the form of
a set of random mmbers. The result of the numerical experiment was a distribution function
F(v,t) proportional to the particle sojourn time in a given interval of velocity. The
relation between £ and F is given by the expression:

. i
F(ujf)':zaj.f[?’;l‘/f:ff (4.1.13)

Figure 4.1.1a gives a typical steady-state distribution fimction for t >» t..» where
the relaxation time is t_~ vi/2D ~ 24v;8/V* ~ 10° (for the case in Fig. 4.1.l1a:
ifa = 10*; vy = 50); along the x-coordinate the particle velocity is plotted in units of
the maximm wall velocity. The arrow denotes the maximum velocity reached by the particle
during 10* collisions. The distribution function is cut off rather sharply near the border
of stochasticity vy = 50 (4.1.8), illustrating the accuracy of the boundary condition
(4.1.12). The fluctuations in the distribution function in the stochastic region are de-
termined by the mmber of independent particle transitions through the whole acceleration
vegion: N~ u‘tr. For the fluctuations we obtain the estimate:

l%{ s M-‘/""m I/m—;: (4.1.14)

When ifa = 10 (Fig. 4.1.1a) AF/F % 1/10

Figure 4.1.1b illustrates the validity of the stochasticity criterion |i'.:]"1 ~ 0.5
{4.1.8) for various i/a. Let us note that the parsiﬁlu penetrates quite far (particularly
when there are small £) into the transitional zone J.

A further interesting experiment was carried out by Israelev. He investigated the
local stability of transformation (4.1.1) to (4.1.4) by the method of returning to the
initial point. In other words, for various initial conditions n = 10" forward collisions
were computed, and then by means of an inverse transformation the same mmber of backward
collisions. A stable trajectory should then almost return to the initial point. Table 4.1.1
gives some results of this experiment for the case when i/a = 2500 (vy = 25).

The first number in each box (vp) gives the initial value of the velocity, the third
f?n] the final value after n = 10* collisions in one direction, and the second (vin) after
the reversal. Four regions are represented in the table. The first (I) is the wide stable
region with high velocities (v > vy); the fourth (IV) is the wide stochastic region (v < vy).
The most interesting are the two narrow regions (II,III) at the border of stochasticity, one

*) Considerable penetration of the trajectory behind the border of stochasticity is ex-
plained by the fact that the transformation under consideration is not smooth so that
the region of stability does not actually exist (compare Section 3.3).
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Fig. 4.1.1. Distribution function for Fermi one-dimensional stochastic
acceleration: a) Eurti:lu velocity v in units of maximm wall velocity
(V=4); i/a=10"; b) particle velocity expressed through stochasticity
parameter K : 1 - L/a = 400; 2 - /a =10 3 - i/a = 4 = 10°,

of which (III) is stable and the other (II) unstable. This again proves the connection

between local instability and stochasticity, and also the complex structure of the transi-
tional zone (Section 3.3).

For stable trajectories the values vy and vyy agree with a relative accuracy of
% 107", The divergence is determined first of all by round-off errors, to which for
transformation (4.1.1) to (4.1.4) are also added the errors of the square root computations.
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Table 4.1.1
1 1 111 v |
. Stability Instability Stability Instability |
Vg 100135814 28,0140073 270832487 26,4028022 |
Vin 100, 148814 78.0250083 27.08:12485 78.1138416
v 101.653578 22,2647118 #7.8428800 2B, 3230604 l'
i
Vs 50, 1386132 8.0130073 20,0 1874 18.88T0432
Vin £0. 1380430 23,8B08307 20.0M 1874 415012538
v 40,2770544 32,8250518 27.0211400 18, 5240320 |
Vo 20,0838478 280035073 254801287 10, 1506183
vin 20,0538476 34.11802469 25. 4801451 18.8857803
v 30,0826340 435767423 26,1233050 187303390

If it is considered that the latter are of the same order as the round-off and are also
symmetrical, the relative accuracy of the reversal can be estimated as (see Section 3.3):
Zh.r* /al/3 ~ 107", where N » 10 is the mmber of operations in one step of transformation
(4.1.1) to (4.1.4); A = 2-** and the factor 2 takes into account the mean value of the
mantissa (floating point arithmetic). This estimate agrees with the observed accuracy of
the reversal except in the last case in region ITI, which probably indicates weak in-
stability near the border of stochasticity.

To sum up it can be said that in the one-dimensional case the Fermi acceleration
process essentially depends on the fulfilment of the stochasticity conditions.

If we now turn to the case of two or more dimensions the situation changes substantially.
In particular, Sinai showed'®*) that for elastic collisions of disks or balls stochasticity
always occurs. This result follows directly from the simple fact that, as can be easily
shown, in this case strong local instability of motion always arises (Section 2.13). Of
course rigorous proof of stochasticity is considerably more complicated®®). It applies
also to the general case of the collision of bodies with a convex surface’®®). This latter
condition is exactly that which ensures local instability of motion. At the same time the
presence of concave sections of the surface may lead to the appearance of regions of
stability. A modification of the case of the motion of a particle between walls, considered
above, can serve as a simple example, if one of the walls is made concave and the many-
dimensional problem studied. It is clear that the transverse motion in this case will be
stable’), and consequently the border of stochasticity will remain the same as for the plane

*) If the curvature radius is larger than the distance between walls.
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walls. In the case of a convex wall the transverse motion is always unstable and the
border of stochasticity disappears.

As already noted above, a stochastic accelerator (stochatron) was proposed in Ref, 100,
However, in this paper it was assumed that the phase of the accelerating voltage should be
random, but this is not so simple to realize in practice. We see now that this requirement
is actually superfluous. In this respect the Femmi mechanism®®) is much closer to the ideas
of the present paper than the processes studied in Refs. 100 and 101,

Stochastic acceleration at a fixed frequency was first applied, apparently, by
Volosov et al, for pre-heating plasma in the stellarator'®’»!**), The stochasticity cri-
terion for this case was obtained in Ref. 107.

Below we give the derivation of a similar criterion for the ordinary accelerator, to
which the original proposal referred'®®), but working at a fixed frequency w,. In a short
kick approximation the equation of motion of the particle in such an accelerator can be
written in the form:

Woeo = W, + eV, Gy,

*h*‘ - *h + T’h}. [‘11‘15}

where T,W are the period of revolution and total energy of the particle, and V, is the
amplitude of the accelerating voltage. According to the general theory (Section 2.4) the
criterion of stochasticity is detemined by the relation:

k’, e iEV; w, EJ% | = 4 (4.1.16)

Developing the expression for dT/dW in the usual way®), we obtain an estimate of the
maximm energy of the stochatron in the form:

w‘n" = Wo 1=y >
:V.s u . r‘- ‘ ["-1-1?]

Here w is the rotation frequency of the particle in the sccelerator, y is the relativistic
factor, a = Q~? is the momentum compaction factor, and Q the mmber of betatron oscillations
per turn. From this last expression it can be seen, in particular, that stochasticity is
always absent near the critical energy: Y'm'i=q. However, as a result of the
"infiltration" of the particle into the transitional zone (see for example Fig. 4.1.1)

more or less slow crossing of this region is possible.

To complete the picture, let us note that the ordinary microtron’) works just at the
border of stochasticity (4.1.17) so that, for instance, raising the accelerating voltage
inevitably makes it po over to stochastic conditions.
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Going back to the stochastic heating of plasma’®”»!**). let us note that its effece
tiveness can be cven greater than follows from the simple theory!®%107), o particular,
instead of uniform distribution in velocity, in the real system maximm density can be ex-
pn:tedmﬂppmrmrthuhn:ﬂurufmmndty, i.e. near the maximm energy, due to
the capture of the particles in the stahle regions owing to the presence of dissipation.
This effect has apparently been actually observed in the experiments by Volosov's group,

mcmlmiunletmmkemmrksmmimmw&whmﬁmmd the con-
finement of plasma in magnetic traps. This method has become increasingly popular recently;
in particular, a separate section was devoted to it at the Third Conference on Plasma
Physics and Controlled Fusion (Novosibirsk, 1968; see also Ref, 109). Since this concerns
rather dense plasma, the alternating field is equivalent to the oscillating wall, so that
it is necessary to take into account effects cormected with the border of stochasticity., On
the one hand these effects can lead to the limitation of the maximm temperature of the
heating. On the other hand, for instance for high frequency confinement in magnetic traps,
they may in fact considerably impair the confinement on account of the increase in the longi-
tudinal velocity of the particles.
4.2 cs of the lines of force of the

magnet e stellara

The objective of this section is to make some calculations, or rather estimates, of
the conditions of stability of the motion of a single particle in a magnetic field of the
stellarator or levitron type.

In general it can be considered that the magnetic moment of a particle is conserved
with a sufficient degree of accuracy (see Section 4.4), so that the important thing is the
stability of the drift trajectories of the particle, Further, limiting oneself to a region
sufficiently far away from the separatrix, for the overwhelming majority of untrapped particles
the deviation of the drift trajectories from the lines of force of the magnetic field can
be neglected'!?), Thus it is necessary to investigate, as is usual, the stability of the
lines of force, which can be regarded as trajectories of a dynamical system, namely an
oscillator, since the main feature of a stellarator field is the finite velocity of the
rotation («) of the lines of force in a plane perpendicular to the magnetic field.

This oscillator is subject to various perturbations (inaccuracies of manufacture,
race-tracks, toroidality, etc.) with a period equal to the perimeter of the stellarator.
The main danger comes from the resonances. leymbunmtmllaﬂintmm.

Firstly,ommn}mseﬂm"fmm:y'mfarmfmm the resonant values, as is
generally done in charged particle accelerators. For this it is necessary, however, for
the oscillator to be almost linear, i.e. for the "frequency" w to depend weakly on the
rotation radius (r) and for all thaﬂcllmtﬂrmgimufintmttnmmhmidnth
resonances. Such stellarator fields are possible (for instance, a double helical field
with a large pitch) but apparently undesirable » if only because the size of the separatrix
then decreases considerably’),

*) Let us note, however, that a double helical field with a small pitch makes it possible
toc el tethamustdunaem:mtmlrmmahrﬂmpﬁmﬂnit&nfﬂwmlwuf
w(0) 111} (see note on p. 178).
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Another known means of controlling resonances is to make the oscillator non-linear,
i.e. to make its "frequency" depend on the rotation radius (on the amplitude): @ = w(r).

The mmerous papers on research into resonant perturbations in the stellarator (see
for instance Refs. 110, 112, and 113) may give the impression that an increase in non-
linearity (du/dr) always leads to increased stability. Similar hopes also existed in the
initial design stage of strong focusing accelerators. In reality, however, the situation
is different. Although non-linearity does stabilize resonances (Section 1.6) it leads also
to the appearance of new instabilities. The most dangerous of them is apparently stochastic
instability (Chapter 2). As far as we know, stochastic processes of this kind as applied
to a stellarator were first studied by Sagdeev and Zaslavsky*®). Below we will make a more
thorough examination of the destruction of the internal region of the magnetic field of the
stellarator, according to Ref. 89.

As an unperturbed system let us choose a straight n-helical magnetic field created by
2n conductors with a current J in each, wound with a pitch of 2n/a on the surface of a
cylinder with a radius a. Let us relate the toroidality of the real stellarator to the
perturbations. Let us assume that the equations of "motion" of the lines of force have
the forn!!®): 3

L]
h z
g5 =2ens . Sn; O-p-uz; 5=(f);
%_f iy 4,: (4.2.1)
%: Ens v ConnB; E"-”‘ct!ﬁ-

where H_ is the strength of the longitudinal field and r, , = the cylindrical co-ordinates.
For (4.2.1) to be correct it is necessary, penerally speaking, for both quantities ea,
s << 1, However, the estimates by order of magnitude will also be correct in a wider region,
in fact everywhere except in the immediate vicinity of the separatrix. The same remark
also applies to the other strong inequalities. The quantity s = (r/a)?, canonically con-
jugated to the angle § was chosen as a variable. In accordance with Ref. 115 let us intro-
duce the dimensionless "frequency” w by the formula § = muz, where § is the mean angle of
rotation.

The mean rotation of the lines of force, which is also the main factor for the stability

of the stellarator field, is rather similar to the betatron oscillations in an alternating
gradient accelerator or to the stability of the Kapitsa pendulum'7#,171),

Let us assume that the perturbations (constant in time) are described by the same
equations as the main field (4.2.1), but with their own parameters e;, ni, 3. Let us
further assume that the perturbation is a set of short uncorrelated “kicks", i.e. the
parameters £;, N, 4; are constant over a length i (correlation length) satisfying the
inequality:

-
i << 2 - (H.'ﬂ'.!) (#13.2]
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There is a similar formulation of the problem, for instance, in the stability calculations
for a strong-focusing accelerator®), As a result of the closure of the stellarator, any
perturbation will be periodic with a period L (perimeter of the stellarator).

Let us first consider a single "kick" at the point z = 0, From Egqs. (4.2.1) under
condition (4,2.2) we find:

AS=2¢,n, s=£ LFung o

(4.2.3)
ap= £om 5Ly Cos iy

The first equation determines the displacement of the magnetic surface, depending on the
angle y in the region of the perturbation. The latter changes under the action of the per-
turbation [the second equation in (4.2.3)] and also as a result of the rotation with a
"frequency’ w, by a quantity alw (per period). As a result, the action of the perturbation
under consideration can be described by means of the following set of difference equations,
similar to the basic model (Section 2.1):

-

#iﬂtﬂ sﬂ (‘* m u""ut“-:“)
Lknrf«t ‘kv + L hy & (‘rﬂii‘} -+ 3 Gos, 5"_‘, (4.2.4)

> -1
Pt mibegnt s

Under specific conditions (see Section 2.2) the difference equations (4.2.4) can be
replaced by the differentinl equations:

5:%—;25 ;':Ioif‘

=ty (w-0,)+ §Cos g (4.2.5)

Here Ly = m L; w, = 2m/al; (2 =0, 1, v0) 119} is the resonant value of the "frequency”
w "); the dot denotes differentiation with respect to the "time" N. Everywhere in what
follows, s derotes the parameter of the magnetic surface, i.e. we shall ignore its smll
deviations from the cylinder'!®), The phase frequency of the oscillations (4.2.5) is:

,  dw(s)
_Q:. = fudsw’}; w's ——?s-(—— (4.2.6)

Let us note that the frequency 0, is here measured in units of (al)!.

(p) .

"}‘Ih-msnmnsa the hi approximations: w™’ = (2m/x L £ pn)/(ny *+ gn)

). 25 ses 1) have mtiml small factor uf(ﬂm form [ (e/a) : sﬁﬂ'!]f'
andmbe important only near the separatrix.
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Let us first estimate the stabilization of the resonances by non-linearity, as was done
in Section 1.6. In the linear case (w' = 1’!¢ = 0), system (4.2.5) determines the resonant
(unstable) bands of the width:

ld,(40), = 23% (4.2.7)
At the same time the non-linear width of the resonance (size of the separatrix) is:

a Ly () ﬂ « According to Section 1.6 the stabilization condition can be written in
the form: (m“ 2 (M), or (squared) *):

tdiSw? h=2 N
i = N <L w ope ﬁ (4.2.8)

where iL = alw is the total rotation angle of the line of force around the stellarator, and
we used the relation: o = §r 15)

The stochasticity parameter for system (4.2.5) is:

K=2Letlsw’s cu-s;:.«=$‘z_; Cos st (4.2.9)

Let us determine the border of stochasticity from the condition: K; = ﬁ; = 4, This choice
of border is confirmed, in particular, by the results of the mmerical computation given in
the previous section (Fig. 4.1.1). The condition of stability of the motion thus takes the
form:
2 o 2
& By e Cn-2) ip, (4.2.10)

The last expression is exactly the opposite of (4.2.8). This means that the permissible
perturbation reaches a maximm in the region:

=
i . — el z?'..:...; i (4.2.11)

The formulae given above are directly applicable only when n > 2, For a douhle helical
field one should assume that''®): (n - 2) ¥, * 49 the latter is the difference between
the rotation angles at the axis of the stellarator and at the radius r under consideration,

If the condition of non-linear stabilization of the resonance (4.2.8) is violated, the
line of force withdraws into the wall in a time (mmber of turns):

*) The stabilization condition of the resonance in the centre of the stellarator {up o
has a different form: £sal; w=n; §. 'minrmnmniscsﬁ 3'
since it leads to the destruction of a r of the size r = g, '/ (=3 5_ m o= 1),
while for peripheric rescnances the size of the region destroyed is Ar = /&,.
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2
L
Np > 3 (4.2.12)

In the stochastic region, when condition (4.2.10) is violated, the diffusion coefficient
D~ (Es/n;)? and the "lifetime” of the line of force is:

st ne =
Myl H('; )~ A (4.2.13)

The estimates obtained cease to be correct in the immediate vicinity of the separatrix
where, in particular, the higher hamonics (k) play a part. This problem was studied by
Zaslavsky, Sagdeev and Filonenko'*). However, the solution they obtained was not final,
namely the dependence of dw/dl on w was not disclosed. In Section 2.6 it was seen that for
very general conditions the behaviour of the system near the separatrix is universal and is
described by expressions (2.6.7) and (2.6.8), It follows from (2.6.8) that the spatial
width of the stochastic layer in the stellarator being proportional to the energy width is
always small and is completely negligible in the sense of a limitation of the stable region.
It is interesting to note that the width of this stochastic layer is not exponentially small,
as in the case of the non-linear resonance (Section 2.6), but simply proportional to the
small perturbation parameter. This characteristic was already discovered by M'nﬂw‘“].
The explanation is that in the case of the stellarator the perturbation frequency, for
example on account of toroidality, ™ w, whereas the destruction of the separatrix of a reso-
nance soms way from the border of stochasticity is usually due to the action of high frequency

perturbation,

The frequency width of the stochastic layer (2.6.7) is always great and therefore it is
impracticable to rely on the use of a large rotation angle in the immediate vicinity of the
separatrix of the stellarator. Figure 4.2.1 gives the results of mmerical computation from
a paper by Gihson!1®) (toroidal perturbation). In the case concerned nc = gy - L where
Yo (= ,) is the rotation angle at the separatrix and §_ the rotation angle at the border
of stochasticity. The interpolation line equation is given in Fig. 4.2.1 and the expected
dependence takes the form (2.6.7):

e gl B a8

From the results in Fig. 4.2.1 we obtain: mma = 1.28, whence the last term = 0.06, which
cannot be regarded as a serious deviation from the interpolation line.

The stochastic instability of the lines of force can be used to create a so-called
Skornyakov trap''?). The distinguishing feature of this trap is the region of "turbulent
motion" of the lines of force, in which the lines, at first close together, rapidly diverge
considerably, Stochastic instability also has this same property. The reason for using
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Fig. 4.2.1. Decrease of the rotation
angle of a magnetic line of force in

on the ratio of the stella-
rator radii ¢ = r/R (toroidal pertur-
bation): is the maximm rotation
angle at separatrix; is the
rotation angle at the of the
stochastic layer,

- -t wr ;F‘k;'_'

such a "turbulent" region is the hope that inside it the development of plasma instabilities
will be hampered, Indeed, the spatial non-uniformities (fluctuations) occurring in the
plasma, moving along the rapidly diverging lines of force, will spread out and mix, which

is equivalent to some damping. The difficulty of creating a Skornyakov trap lies in the
fact that the turbulent region must be completely surrounded by a reliable "laminar layer
of regular magnetic surfaces to ensure heat insulation. In particular, the stochastic in-
stability considered in the previous section is completely unsuitable for this purpose,
since the turbulent region extends as far as the separatrix.

One of the possible methods of creating a "turbulent" layer in a stellarator by means
of an additional short "resonant" winding is described in Ref. 89. Two other methods will
be mentioned here,

The first was proposed by Mel'nikov and does not require any additional equipment at
all. It is based on the fact that the separatrix of the central resonance w = 0 (which is
always the case for n > 2, see note on p. 178) is destroyed by toroidal perturbation, which
automatically leads to the formation of a stochastic layer. The width of the layer depends
on the ratio of the perturbation frequency [u; = 1 for toroidal perturbation'’*)] to that
of the phase oscillations a, (4.2.6). For the central resomance the frequency i, can also
be estimated from the relation: a, §/s 7 28/m ~ €, since s~ s and ¢ &~ 1, This estimate
is of the same order of magnitude as (4.2.6) on the edge of the resonance: al,w ~ £ (see
above). The transition to dimensionless "frequency" is effected by means of the transfor-
mation: nt - nafn[., Whence:

o L -

T
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In this last estimate we used the above-mentioned condition £ ~ a L; w for the size of the
central resonance (my ™~ 1), Since it is desirable for £ << 1, a large width of the
stochastic layer, corresponding to the condition wy £ 1, is possible only for a very small
a, which leads, in particular, to "discontinuity” of the field when it rotates in the stella-
rator. For continuity of the field it is necessary for al 2 2v/n ~ 1,

The second method of creating a "turbulent" zone is based on the destruction of the
central resonance by a special winding, the pitch angle of which (a;) is identical to that
of the line of force at the edge of the resomance: oy = ow, The total rotation angle of
the additional winding is then equal to: oL = owl v [ << 1, so that there are again dif-
ficulties with the field continuity, but only for the additional winding.

The entropy in the "turbulent region characterizing the rate of decrease of the in-
stability®®) will be of the order (per : unit, representing time):

h ~ atw ~ 7;._ (4.2.16)

This value is smaller (when £ < 1) than in the method described in Ref. 89, where
h= (In ﬂ:)ﬂ.m L=}, if the error in formula (15) of this paper is corrected.

At present the possibility of stabilizing plasma instabilities in a Skornyakov trap
remains highly problematical. The main difficulty here is due, apparently, to the border
between the "turbulent” and “laminar' regions, where large gradients of plasma density may
occur, facilitating the occurrence of plasma instabilities. Nevertheless, in view of the
simplicity of the additional equipment required for creating a "turbulent" layer, it appears
expedient to carry out the corresponding experiment.

4,3 Arnold diffusion in the interaction of

Mw

Below only the simplest case will be considered —- that known as weak-strong inter-
action, when the influence of the weak beam on the strong one can be neglected. This is
usually the case for colliding electron-positron beams and will be even more so for proton-
antiproton beams"), Weak-strong interaction amounts in fact to an interaction between a
single particle and a colliding bunch. A convenient model of such an interaction, which is
fully acceptable for our estimates, is proposed in Ref. 13.

For proton, and especially antiproton, storage devices even very weak diffusion can be
important, since under natural conditions there is absolutely no damping of the oscillations
and the necessary lifetime is a few hours'?®), Recently, Budker proposed artificial cooling
of protons by means of an accompanying electron beam*?*), in which case everything would
depend on the damping time in fact realized.

It is convenient to characterize the intensity of the interaction by the frequency
shift of the small (linear) betatron oscillations (Av); as the small dimensionless parameter

*) For a description of colliding beam technique see Ref. 80.
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let us choose € = Avfv. When the amplitude of the oscillations is of the order of the
transverse size of the bunch the non-linearity reaches a peak, equal to: o~ & ”].

The resonance condition takes the form:

NVt M Ve + p =0 (4,3.1)

where all the frequencies are given in units of the revolution frequency ws; ny, n;, p are
integers; vy is the frequency of the external perturbation, which we assume to be #-shaped
(any p). Taking into accoumt that in the present case m = 2, the amplitude of the pertur-
bation hammonic can be written in the form [see (2,12.23)]):

£E,.~£-€

The parameter n; depends on the shape of the beam and the amplitude of the oscillations a.
In particular, for a cylindrical beam shape ny ™~ a/rg, where vy is the transverse dimension
of the beam'?), Let us also introduce a dimensionless parameter of the coupling between the
betatron oscillations 8%, which in some cases can be very small'*%),

The rescnance density can be estimated in the same way as in Section 2.12, taking
N =3, since the external perturbation, as we assumed, has many harmonics. Moreover, the
resonance density must be inversely proportional to the constant frequency of the external

perturbation vg. As a result we obtain from (2.12.27):

J
. e Pl
iy H"

An example of a set of resonances up to and including the fourth order is shown in
Fig. 4.3.1. It can be seen that the density of the resonances is very non-uniform. This

effect can be included in the parameter vy (4.3.3).

- “‘fﬂ.

(4.3.2)

Tad
S

[4.3.

Fig. 4.3.1. Set of resonances Ry +
+ ngvy + pup = 0 for vy = 13 In.l -
- Ln;T < 4; p is any integer; 40
different resonances in all.
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Let us first of all estimate the border of stochasticity, which is detemmined by the
overlapping of the main resonances (n £ n,). Using expression (2.12.2%9) in which we put:
£ - e (the majority of the resonances are coupling resonances), we obtain:

v 1
£g by Bay (4.3.4)

Turning to the estimate of the rate of Arnold diffusion, let us note that in the present
case we are interested in the expression for the diffusion coefficient as a function of the
mmber of the resonance harmonic (2.12.29). The point is that the main deleterious result
of the interaction of the colliding beams is the "blow-up" of the weak beam, leading to a
decrease in the so-called hminosity of the colliding beams®®). The frequency of the beta-
tron oscillations changes, roughly speaking, by a value 4v = cv of the total frequency
shift under the action of the oncoming bumch. It is therefore clear that the action of the
resonances will be substantial for the majority of the particles, if this frequency change
exceeds the mean distance between guiding resonances & (4.3.3).

When € << ¢, expression (2,12.29) can be simplified, neglecting the term n/Zn, in M,
and putting [zn’ ce¥ = 1)/%°n) /N = 1, Further, if one considers the diffusion along
coupling resonances under the action of other coupling resonances, D Y is in addition multi-
plied by a factor B' (Section 2.11). This case is typical. Taking into account, finally,
that a » € and N = 3, we obtain from (2.12.29) the following estimate for the Arnold
diffusion coefficient:

kA 8
ﬁA(n)ﬂ-Izu,iﬂﬁl-erp(-i(z—“)’.gzrﬂj (4.3.5)

Since Arnold diffusion occurs inside the stochastic layers, the volume of which can be
ignored when & << Eg {Section 2.6), in practice it can become substantial only in the
presence of additional (Mexternal') diffusion, for instance on account of gas scattering or
some other kind of fluctuations in the storage rings. "External™ diffusion ensures the
entrance of the particle into the nearest stochastic layer and subsequent Armold diffosion,
If the latter is sufficiently great the "blow-up" time of the beam will be determined by
the "external" diffusion up to the nearest resonance surface, i.e. by a distance ~ L
instead of (ev) in the absence of Arnold diffusion. Since the diffusion time is proportional
to the square of the distance, the beam "blow-up" time will then be reduced by

cv ¢
k=(5) e

times (see Section 2.12).
By means of (4.3.3) and (4.3.6) wo find:
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-1/ e
T?; ~ L, & o g s (4.3.7)

Substituting this in (4.3.5), we obtain:
- g--*%
2 3 =3 e
2}4”"‘! ﬂ.fﬂﬁ . E‘x‘{:(-g‘\;q!} ' e a' y (4.3.8)

TMWJmofnki:dntumimdhymrmirdlifuﬁn {("blow up" time) of the beam
, ¢4 I}Amﬁh. Putting: B-B(mm]f’mﬂk-l,mnrﬂw at the equation for the lower
limit v,, determining the region of influence of the Arnold diffusion:

5'3..;%. é’"[@g,}% buB]= 1 (443.9)

This expression shows in particular that the threshold of v, depends weakly-on the coupling
coefficient 82, provided the latter is not too small: £* >> (in B)™* = A%, The equation
for ¥, can be written in the fomm:

JJ'.',%- Cu (Aps:) = 1 (4.5.50)

Pl.lttﬁla Y1 = hl in first mmmw find:
- Aé 3
n — d 1 fﬂ ( g, }j [4_11,1:))

It is evident that the latter expression is valid only for A2 »> 8; if this is not so it
is necessary to solve equation (4.3.9) more accurately.

From expression (4.3.10) it can be seen that the critical value of the frequency
shift (av); depends substantially only on the frequency of the external perturbation ve
and the field smoothness parameter of the oncoming beam ng;; dependence on the other para-
meters is weak, including that on the coupling parameter of the oscillations 8% and on
time 1.

When (Av) increases above the threshold it can be considered that n/n, = const (4.3.5),
and D, increases on account of the factor {h)"*"‘ (4.3.8). Then from (4.3.7) it follows
that:
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(d o)

£.3.11)
fﬂi’h (

Let us also write down the expression for the hammonic mumber of the resonances deter-
mining the Armold diffusion. From (4.3.5) we have:

ryx 6n, bu [(ﬁ'f_‘)‘fj. buB] (4.3.12)

The estimates obtained were based on formula [2.12.29), which is valid when n’* > n (Section
2.12). Let us find the condition under which it is possible for n' = n, and the diffusion
coefficient is given by the estimate (2.12.26). Using expressions (2.12.25) and (4.3.7)
we obtain:

> ('f:")a-m o, 1 (4.3.13)

Din

Estimate (2.12.26) in our case takes the form:

D4~7 L.EVS . e 3 (4.3.14)

Let us consider the influence of synchro-betatron resonances on Arnold diffusion. The
simplest effect is a considerable increase in the density of the resonances. For this it
is necessary only for the spectnum of the synchro-betatron resocnances to span the distance
between resonances (4.3.3). The width of the spectrum depends on the mechanism of synchro-
betatron interaction. For colliding beams the main effect is apparently the modulation of
the frequency of the betatron oscillations, which takes place for two reasons, Firstly, on
account of the modulation of the non-linear frequency shift, when the width of the spectrum
mylmmrmh&cmnxﬁur,whnmn is the harmonic mmber of the betatron resonances, and
v, the total non-linear frequency shift of the radial oscillations; secondly, on account
uf the modulation of the revolution frequency, the width is 4 mnwc[q [q is the high

frequency hammonic mni:ur*]']

The overlapping condition can be found from the following considerations. In the
muonnfthurmmntinivi =0, ﬂutmnﬂv‘:mﬂ: should be of the order of the
variation of the residual sum between neighbouring resonances, which in its turn
v A vo/n® (4.3.3). Hence the overlapping condition: 8. 2 vg/n® v n + (&v):, where n
is determined by the time of the Arnold diffusion and (&v), = (av!h is the Arnold diffusion
threshold, without taking into account the synchro-betatrom rescnances. Then the last
expression for the width 4 leads to the synchrotron frequency limitation:




V. = —*—1‘:;, (4.3.15)

The Arnold diffusion threshold will now be determined by the distance between the synchro-
betatron resonances, which is * vo/n'*?), i.e. it decreases by nd /v_ times, which at the
boundary (4.3.15) is ~ (wn/q). In fact, the decrease will be even greater, since the rate
of the Arnold diffusion also increases on account of the increase in the density of the
resonances ) and therefore resonances of much higher harmonics begin to work. The first
expression for "c e {a&.ur,} leads to the condition &v_ > (M)i, i.e. it does not lower
the threshold.

The modulation of the magnetic field of the storage ring acts in a similar way. Again
there is fmmm@luimwithasmmﬁdthﬁﬂmmﬁ,ﬂwrug- 4 HfH is the ampli-
tude of the modulation. From the overlapping condition Ay 2 nd_, we obtain the limit of
dangerous modulation:

Vo
22 CHE (4.3.16)

In this case the decrease in the Amold diffusion threshold (by ve/n®y times) will be con-
siderably greater on account of the small modulation frequency ¥y @nd also on account of
the increased Amold diffusion [see above and (4.4.15)].

The action of radio-frequency modulation is considerably more complex. On the one hand
it leads to frequency modulation with a threshold (4.3.16) for a quantity qf = qiw/w. It
is true that the amplitude of this perturbation may already be considerably smaller than that
from the oncoming beam. On the other hand, the perturbation modulation spectrum may span
the gap between neighbouring synchro-betatron resonances, which under condition (4.3.15)
leads to an even greater lowering of the threshold of Arnold diffusion. The above-mentioned
gap is * v./n in betatron frequency’®®) or ~ v_/vn in revolution frequency. Hence the
boundary of dangerous modulation of the radio-frequency is:

© T Vg gvEn” (4.3.17)

This last estimate is given in the limit (4.3.15). The amplitude of such perturbation may
also be small (see above).

Finally, the effect of modulation of the synchrotron frequency itself is also possible
under the action of variocus factors. However, spanning the gap between the synchro-betatron
resonances in this case already calls for rather considerable modulation av /v, 2 n-t,

*) See similar estimate in next Section (4.4.15).
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As we saw, the action of (frequency) modulation amounts to splitting up each resonance
plane and forming a distinctive multiplet of the parallel planes. When the distance between
these resonances is sufficiently small they begin to destroy each other with the formation of
a solid stochastic "corridor". It is significant, however, that this phenomenon does not
change the Armold diffusion, since the vectors (n) of all the resonances of the multiplet are
parallel (see Section 2.12). :

Returning to the synchro-betatron resonances, let us note that they may also lead to a
more important effect than a simple increase in the density of the resonances, namely to
streamer diffusion (Section 2.1Z). The high frequency accelerating voltape is here the
external perturbation destroying the conservativeness of the system. In other words, this
perturbation shifts the system out of a constant energy surface and thus ensures streamer
diffusion.

For diffusion to take place over a considerable distance, neighbouring streamers must
intersect. This is possible if the dynamic frequency variation

Vo
AV 2 Sw ~ Ty (4.3.18)

Here we are considering four frequencies -- two betatron frequencies, the revolution frequency
and the frequency of the external perturbation. The last must have a sufficient mnumber of
harmonics (- n). In the opposite case the necessary (&v) considerably increases (see below).
This requirement is usually not satisfied in storage rings. Firstly, the accelerating
voltage, as a rule, has only one harmonic, and secondly, under synchrotron operating condi-
tions the revolution frequency on the average remains constant. Streamer diffusion in this
situation is possible only outside the limits of the synchrotron separatrix, which may be of
importance for very low energy protons or electrons (see Section 4.4).

Under ordinary conditions it is necessary to bear in mind the synchrotron oscillations,
the frequency of which will also be a third dynamical frequency in addition to the two

betatron ones.

For considerable streamer diffusion it is necessary, as noted above, for neighbouring
stremmers to intersect. This is possible precisely on account of the variation of the syn-
chrotron frequency itself 4v_. If one puts by, ™ V., the condition for intersection of the
streamers proves to be the same as that obtained above for crossing the gap A ~ ve/n’
by the synchro-betatron resonances. From the width of the spectrum of the latter, due to
the non-linear frequency shift: A, ~n + (&v)) (p. 185), we obtain the streamer diffusion
threshold in the form

v

(ave), ~ —5 (4.3.19)

Modulation of the revolution frequency gives a threshold identical to expression (4.3.15).
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The harmonic mumber of the resonances n is determined by the time of the streamer
diffusion for which, taking into account “extemal' diffusion, estimate (2.12.39) should be
taken. Let us re-write it for the problem under consideration, taking into account that
N=3; c+c+ 8% anre; m=2; w=uwy; weobtain:

_ S
D~ I'w, v (f;.) !/3 it ol (4.3.20)

Let us specify this estimate in the simplest case 8% ~ 1; fv, ~ dv. Using estimate
(4.3.15) and again introducing the beam "blow-up" time T ~ I*/D7, we obtain the equation
for the critical value of the synchrotron frequency:

4 - -3
O G Bt fenfov @) (2 )7 7 s

This depends weakly on the strong beam current J « Av, provided (wstv) « (Avw/v)? » g% >3 1
(4.3.20). Combining in a similar way (4.3.19) and (4.3.20) we find the streamer diffusion
threshold in current from the equation:

(ad), ﬁ L {fﬂ-[ (veo,)(55 "E (.‘.s;..)'i']j A (4.3.22)

Effects (4.3.21) and (4.3.22) work independently. The "blow-up" time decreases in approxi-
mately inverse proportion to the square of the amount by which the corresponding quantity
exceeds the threshold [see (2.12.41) and (4.3.11)].

Modulation of the magnetic field or the high frequency may lead to an increase in
streamer diffusion, but it cannot bring this about by itself (without synchrotron oscillations)
since the modulation frequency is not a dynamical variable.

As an example let us choose the following parameters for a proton storage ring:
T=10% sec; ve=10; vo=1; we =10" sec™; B 1; (av), » 1/20. The last value
is taken from mmerical experiments®’»!27) md from u:perimts on electron storage
rings'#74133) | In all cases the quantity (4v), lay in the interval 1/10 - 1/40. Hence the
parameter ns " 2 (4.3.4) can also be estimated.

Solution of Bq. (4.3.9) by the successive approximation method gives: y; = 1/50 whence
(av)y ™ 1u"‘, with resonances working up to n = 8. The streamer diffusion threshold (4.3.22) is
()2 ~ 2 = 10°* (n = 8), i.e. roughly the same as for ordinary Arnold diffusion. Finally,
the synchrotron frequency threshold (4.3.21) is: {vcjlfq ~ 5 x 10™ (n = 6) when &v = 10™%,

In fact the synchrotron frequency should be even smaller: uc.-"q:; 2 » 10=*, which follows
from estimate (4.3.15) withn = 8. In the opposite case the ordinary Arnold diffusion
threshold decreases in addition by ~ wn/q = 80/q times. The tolerance is of the same order
for both the magnetic field modulation and the frequency modulation (qiw/w) (4.3.16).
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The case of the cylindrical beam which we are considering is probably the worst. An
effective way of preventing Arnold diffusion appears to be to decrease the coupling between
the betatron oscillations, i.e. the coefficient £°, and also the anharmonicity parameter ng.
Moreover, the working point of the storage ring (v;,v:) should be located in the region of
minimm density of resonances. The most radical means would be to cut off the high frequency
completely, but this might reduce the luminosity of the colliding beams'**). Increasing
the high frequency hammonic mmber to q > nv also helps (p. 186).

When the intensity of both colliding beams is comparable the large-size beam plays the
role of the weak one, since the parameter n, is very smll for a narrow beam'?). When the
dimensions of the beams are comparable, their mutual "blow-up" is possible, in which event
(&v) decreases to the threshold value. In this case the process can be considerably compli-
cated by the coherent oscillations of the beams'??), but these are comparatively easy to
suppress, for example by means of a feedback**”) .

The estimates obtained above are of course very rough. They can be refined in specific
cases by means of a mmerical experiment. According to Ref. 76, for this it is sufficient
to investigate the local stability of motion in a comparatively short computation.

It would be still better to carry out model experiments on electron storage rings.
Although in this case the time of the Amold diffusion is considerably limited by radiation
damping, it can be made long enough to observe this process (up to 1 sec in the rings de-
scribed in Ref. 133)*),

4.4 Magnetic mirror traps: conservation of the adiabatic invariant

The confinement of a charged particle in an open magnetic system of the type of a
magnetic mirror trap is effected, as is known, at the expense of the conservation of the
orbital magnetic moment of the particle (u), which is the adiabatic invariant of Lamor
rotation''?), An adiabatic invariant is not an exact invariant and until recently its con-
servation conditions were still unclear. In particular, in a paper as early as 1928,
Andronov, Leontovich and Mandelstam'!?) showed in a simple example of the Mathieu equation
that an adiabatic invariant can be destroyed when there is arbitrarily slow but resonant
periodic variation of the parameter. For periodic perturbation, Firsov introduced corrections
to the adiabatic invariant which made it possible to remove the substantial deviation of the
invariant up to increasingly high orders of asymptotic expansion'*?). This direction was
pursued by Kruskal in a paper'®) showing that the improved adiabatic invariant is conserved
in all orders of the asymptotic expansion. Of course this does not mean rigorous invariance,
but it is equivalent to an assertion that the variation of the adiabatic invariant is in any
event “exponentially" small (see below and Section 2.2). Only relatively recently Arnold
was able to demonstrate the eternal conservation of the adiabatic imvariant for a one-
dimensional non-linear oscillator and, correspondingly, the eternal stability of motion of
a charged particle in an axially-symmetric magnetic trap**®). The requirement for axial
symmetry is essential here and is comnected with the topological features of the KAM theory,
which were mentioned in Sections 2.2 and 2.12.

As we already know, the KAM theory does not give the critical value of the perturbation.
This can be estimated from the mmerical experiments in Ref. 123 and from Rodionov's experi-
ments with electrons'?!), In both cases it turned out that the border of instability is

*) There is a unique possibility of experimentation on Amold diffusion using the proton
colliding beams (ISR) now in cperation at CERN.
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determined approximately by the simple criterion of the overlapping of the resonances'®),
However, it remained unclear whether the stability observed was eternal, in conformity with
the XM theory, or whether the time for the development of instability simply increased. A
series of experiments'?®»*1=%3,131) yore dovoted to this problem. All these papers report

the discovery of very weak instability developing during up to 10® reflections of the electron
by the magnetic mirrors. A particularly thorough investigation of this weak non-adiabaticity
wias made in Refs. 82 and 83. An example of the dependence of the mean lifetime of an electron
in a trap on the strength of the magnetic field is shown in Fig. 4.4.1, taken from Ref, 83.
The curves correspond to different pressures of residual gas in the trap and different methods
of measuring the lifetime. The non-adiabaticity manifests itself in a more or less sudden
reduction of the latter. The formation of a lower "plateau”, i.e. independence of the life-
time on the low magnetic field, was completely unexpected.

Tw
3l

240 480

Fig. 4.4.1. Dependence of the lifetime of electrons in a magnetic
mirror trap on the strength of the magnetic field H.

The nature of this weak instability has not been clarified experimentally. At present
only two hypotheses can be put forward,

According to the first, the instability discovered is due to the fact that the real
magnetic field of the trap was not axially-symmetric, in spite of all the measures taken.
In this case the system becomes three-dimensional and the KAM theory can no longer guarantee
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stable motion, in spite of the invariant tori. Furthermore, Arnold discovered a specific
mechanisn of instability in this case®'), which in Section 2.12 was called Arnold diffusion.
This second hypothesis will be examined thoroughly below.

Let us first of all discuss the second hypothesis, according to which very weak in-
stability is also possible in an axially-symmetric trap on account of the indeterminacy of
the border of stochasticity and the penetration of the stochastic sections deep into the

region of Kolmogorov stability (Section 2.5).

The motion of the particle in the trap can be described by means of a transformation,
if the variation of the magnetic moment during a half-period of the oscillation between
the mirrors is integrated (for a trap which is symmetric in relation to the median plane).
The result of this integration is presented in the most convenient form in a recent paper
by Hastie, Hobbs and Ta}'lur”"]. Their calculations are based on the chservation, already
made in Ref, 123, that the main variation of y occurs in the median plane of the magnetic
field. This can be explained as follows. If the lines of force diverge without curving,
then the magnetic field H is locally axially symmetric. Hence, in this case the magnetic
moment is exactly conserved, since it is proportional to the generalized momentum. If the
lines of force curve, the axial symmetry is destroyed even locally, the generalized angular
momentun is not conserved and only adisbatic invariance of u is possible. Since the curving
of the lines of force is proportional, roughly speaking, to H" (the prime signifies the
differentiation along the lines of force), we arrive at the following expression for the
local parameter of the adisbaticity'®*);

3 U it e
g o Ao il
A 2 uﬂ WV 2H A & {‘p‘-l)

Here w, = ef/mc is the Larmor frequency; 0 is the frequency of the longitudinal oscillations;
v, is the particle velocity component along the line of force, and the mumerical coefficient
is introduced for the sake of convenience. Let us note that the latter expression loses its
sense near the axis of symmetry of the trap, over a length of the order of a Larmor radius,
because of the conservation of the generalized angular momentum, Above it was mm‘} that
the variation of uwry&mnglrdcpnnﬂsuntamdmnuqumtlyitixinpmtlmm]

and takes place at the maximm of ¢ ;. In the simplest case, but of course not always, this
maximm coincides with the median plane.

According to Ref. 124, the variation of the magnetic moment after transition through
the median plane is given in first approximation by the expression®*):

*] For a sufficiently smooth (non-resonant) tic field configuration. In the opposite
case the region e p is changing and Ay itself increases considerably, and all ex-
pressions of this section become invalid,

**) By using the estimate ¢_ ™~ 0/u, (4.4.1) we arrive at the typical expression, &u e w0
or the variation of adiabitic invariant when there is mlzilul variation of the
f th adiabl ' ’

parameter, which we repeatedly used in this work (see also
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ap x A-e
Here y is the Lamor phase at the maximm of ¢, and A is a certain complicated expression:

Ao R Ce 3)- 0 S p ) o 0

where p is the Larmor radius; R the radius of curvature of the line of force; r the distance
from the axis of the trap; 1® = H/H". Expression (4.4.2) is valid when r < 1 ‘%),

The phase shift between two successive transitions through the median plane in first
approximation is:

R e T

If in the same approximation e, and A are considered to be constants, we obtain a trans-
formation of the basic model type:

/4’=/~«+ £ Cos & ; szﬁg-é*
phm O ()

(4.4.5)

The stochasticity criterion takes the form (r/p)e/%a~ 1 or e, v 1.

Taking into account the results of the mmerical experiments described in the previous
section, one can hardly hope for any kind of residues of stochasticity when the value of
the dinensionless small parameter eds/dy ¢ 107 *%,%) (e < 0.1: r~ ). It is true that
the exact equations of motion are more complex than transformation (4.4.5) and it may be
thought that it is just these small corrections that lead to slow diffusion. However,
according to the KAM theory small perturbation does not destroy the invariant tori. Never-
theless, since the limit of applicability of the KAM theory has been established experimentally
only for a very special system (Section 3.3), the question still remains open.

Let us return to the first hypothesis., The resonance condition now has the form:

PRy 1 eR+C4& =0

(4.4.6)
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Here Hg << {1 << © are the frequencies of the drift and the longitudinal oscillations, and
the mean frequency of the Lammor rotation, respectively. As in the previous section, we
can again use the Arnold diffusion theory developed in Section 2.12.

The mean features of the problem are as follows:

1. An electron in an asymmetrical trap represents a three-dimensional asutonomous oscillator
with threefold interaction (m = 3). Estimate (4.3.3) for the density of the resonances
remains valid:

A, ~ -;L"';' (4.4.6a)

and the parameter w, ™ w also takes into account the deviation of the density of the
resonances at a given point of the frequency space [ﬂ.i’ fl, @) from the mean (<ws> = ).

2. The working point (@, 9, w) is given by the parmmeter of adiabaticity

By n S e (4.4.7)
52 [

The exponent for ¢ (2.12.23) is now written in the form: IPHEns + lql/2n, + |2|/2n,.

In (4.4.7) let us put & = 0;1 so that the term £/2n, can be neglected. Further p  q (4.4.7)
but probably n_ >> n,, The latter is due to the fact that the azimuthal non-unifommity is
usually also limited along the trap, i.e. it is operative for a time < 0=', Hence

n_ 2 m“ﬂ >» 1. Consequently, only one of the three terms of the exponent remains, Now

B
taking into account the relations (4.4.2) and (4.4.3) we arrive at the estimate:

-1
E - ™ E.‘_‘ e fﬂ‘. (4.4.8)

The mmerical coefficient in the exponent was chosen here according to (4.4.2). The

frequency of the phase oscillations of the triple resonance [p, q, & # 0 (4.4.6)] is given
by the estimate (a ~ 1):

Ry~ Gf [ Q /0 ~ SEafp (4.4.9)

Here the factor nzfn (instead of the exponent) takes into account the fact that the azimuthal
perturbation, although it is also operative for a short time, is almost repeated through a
half-period of the longitudinal oscillations. The stochasticity parameter for an asymmetrical
trap can be written in the form:

% ...(EJ i‘-P e g ~ P nf(.g_) ~ 3)3 (4.4.10)
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*
The numerical value of the parameters is based on the experimental results of Ref. 82, which
show the strong effect of azimuthal non-uniformity when g% ~ [ﬁHfi{)‘r = 10%. In the Arnold
diffusion region the dependence .. (8) is very weak (sec below).

3. According to (4.4.1) g, =V, /H= E!ﬂn £)/H, and the change of the angle of slope of the
trajectory to the median plane 46 = 1_*, where ™ is the time of diffusion due to gas
scattering. There is still an angular interval (sin & = 0), where the Armold diffusion is
not considerable and everything is determined by gas scattering. This region is at least
partly responsible, apparently, for the formation of the lower plateau in Fig. 4.4.1.
Putting 40 ~ © we can cbtain the shape of this platesu from the condition [sin 8)/H =

= (sin 8_)/H_:

2 A
T = %_3 Gresium ﬁf"f}fcr ). Siw 5’:.] (4.4.11)

where Hﬂ is the critical value of the magnetic field above which Arnold diffusion stops
playing a part (for a given pressure of residual gas); 7, is the lifetime of the electron

in the upper plateau and ©_ is the angle of the loss cone. Law (4.4.11) works only for
particles in the region © = 0, the mmber of which depends on the method of injection. The
lifetime of the remaining particles is determined by the diffusion up to the nearest resonance
as in the problem in the previous section. In this case, as we know, two plateaux are also
formed (Sections 2.12 and 4.3). Let us estimate the step between them. For this let us
compare the distance infrnmmytothnmﬁtmmhnmdm the exit from the trap
A~ 0, Using (2.12.36) and (4.4.6a) we find;

z o
k~ (%3% Sty 4 (4.4.11a)

where we put we “w % £ 8; nn :a". The shape of the curves in Fig. 4.4.1 is determined
by a complex combination of both processes {4.4.11) and (4.4.11a).

Additional information about the structure of Arnold diffusion in a magnetic trap from
the point of view of the hypothesis under consideration can be obtained from the very
interesting results of Ref. 83 shown in Fig. 4.4.2.

This is a diagram showing an example of trapped electron distribution (spectrum) in u
in units of the maximal Mo The point ufum- 1 corresponds to the motion in the median
plane (& = 0). The point on the extreme right of the spectrum (/¥ = 044) 1lies on the
loss cone. The upper spectrum (a) was plotted immediately after injection (10~ sec after)
and represents some kind of fast processes in the trap. The picture of Arnold diffusion
is comparable to the lower spectrum (b), plotted 3.4 sec after injection. The most
interesting feature of this spectrum is the minimum, which is identical to one of the main
resonances nil = & (n = 7), whose position is marked by an arrow. The presence of a minimum
in the spectrum testifies to particle losses, probably due to the diffusion along the sto-
chastic layer of resonances. Similar losses occur also in the resomances n = 6;8 (Fig. 4.4.2b).
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Fig. 4.4.2. Electron dis-
tribution in the trap in
magnetic moment

a) 10~ sec after injection;
- s - b) 3.4 sec after; . is
O. 0.6 ST 1.0 the maximm value of p.

A slight disagreement with the calculated position of the resonances can easily be explained
by experimental errors, since the spectrum in Fig. 4.4.2 was obtained by differentiation of
the directly measured integral spectrum.

According to the results in Fig. 4.4.2 one can determine the reduction in the lifetime

of the electrons as compared to the upper platesu:
ku .é-_-.-‘f_‘_) :z(.&_.{) :..'2'5—
Apefa LI

(2u is the distance between resonances), which agrees in order of magnitude with the value
k = 16 from the results in Fig. 4.4.1. However, it is substantially different from estimate
(4.4.11a), which in this case gives: k ~ 10°. The reason for the difference is obviocus
== in the case in Fig. 4.4.2 the lifetime is detemined by the diffusion up to the nearest
main resonance nil = U, and not the three-frequency resonance nil + i0g = U as assumed in
(4.4.11a).

A possible explanation of the peculiarity noted is connected with the structure of the
transitional region in the O(u). As already nmoted above, for sufficiently high u + o
Arnold diffusion is absent (¢, = 0). Therefore in the transitional region only the strongest
resonances can manifest themselves. At the same time in this region there are generally
quite a mumber of particles, since it corresponds to a large solid angle (small 8). There-
fore the measured lifetime of the electrons in the trap depends essentially on the processes
in this region. Three-frequency resonances operate effectively, apparently, only in the
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region uﬂ.!m: £ 0.6 (Fig. 4.4.2), where the lifetime therefore sharply decreases, which
leads in practice to the absence of particles in this region (Fig. 4.4.2). The formation
of a stochastic layer near the loss cone coinciding with the separatrix of the particle
oscillations in the trap might be a competing process here. However, the width of this
layer according to the estimates of Section 2.6 is negligibly small: &y ~ e™'/%a ~ 1/400
(4.4.2).

It remains for us to estimate the rate of Amold diffusion. For this it is necessary
once more to obtain an estimate of D, (Section 2.12) taking into account the remarks made
above. The exponential factor takes the form (2.12.29):

.ﬂn = W - !.xP ( (‘ff;“l:‘ )‘{J({.PJ--;: e g%‘) (4.4.12)

It is difficult to find the exact value of the numerical factor in the first exponent
(B~ 3); it is obtained below from experimental results. Let us find the diffusion co-
efficient in a similar way to that used in Section 4.3: -

= 3 : f/"“
%A—.r/qzm g‘p ‘“’P(‘ "3{:&)% ) : (4.4.13)

The vesults of Ref. 83 lead to the following values of the parameters for o = o_ = 50°
(on the loss cone): € = 0.18; © = 3.5 x 10°; 1t =100 sec. The most indefinite quantity
is the azimuthal non-uniformity. As already noted above, in the majority of experiments no
special non-uniformity was introduced and according to measurements with an accuracy of
0.5% the field was uniform. On the other hand, in special experiments increasing the non-
unifornity up to 10% did not change H_, within the limits of experimental errors of +201 *%),
On the basis of these results one can apparently put: (), = 8% ~ 10~%, Fortunately
the value B, which we want to deternine, depends weakly on the non-uniformity: B = (a/H)}/%,

Before calculating B, let us find the relation between T and I]A. Since nA very
sharply depends on €, i.e. on u, the diffusion time will be considerably less than the
qtmityumr As a rough estimate one can assume that t ~ [ﬁu}’t& where Au is determined
from the condition that the exponent in (4.4.13) 1 = B(ge)™*/? ei/sea i reduced by a
unity. Putting: m:ai:: ~ Apfu and 6c, = 1, we obtain: u.r‘m: A l~in (ufee :‘H}A} = h‘.l.fi:aﬁ‘rﬂ,]-
Assembling all the relations, we find: a = 2.0, The difference from the expected value
B % 3 cannot be considered serious in view of the roughness of the estimates. If one attempts
to take into account the factor neglected in the exponent: (Cws/4ins®)'/® = 0.62, putting
wg V@3 Comg~1, then B= 1,9, Although this already agrees better with the experimental
results, one should not attach much importance to this in view of the arbitrary choice of some
parameters. It can only be asserted, apparently, that our hypothesis does not contradict
the experimental results.

The Arnold diffusion coefficient depends very strongly on the parameter of adiabaticity
(4.4.13). This leads to a rather sharp fall in the lifetime for H = Hcr (Fig. 4.4.1).
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Even in a semi-logarithmic scale the dependence of in 1 on £, is exponential and may give the
impression that there is a limit of absolute stability*?),

Estimate (4.4.13) shows how difficult it is in such experiments to escape from the
influence of azimuthal non=uniformity. Thus, for instance, decreasing the non=uniformity
100 times, from 10% to 0.1%, leads to reducing H“, by only 46%.

Of course, for serious confirmmation of the above-mentioned hypothesis on the nature of
the weak instability of particles in a magnetic trap, additional special experiments are
NEeCessary.

In conclusion let us consider what effects the variation of the magnetic field of the
trap in time may lead to. With continuous growth of the magnetic field the transverse
energy of the particle increases = H(u » const.), and the longitudinal energy only as J,
since the square of the frequency of the longitudinal oscillations is proportional to the
effective “potential" energy of the trap ull., As a result the pitch angle of the velocity
of the particle to the line of force increases, i.e. the particle is dragged deep into the
"potential™ well. The stability of motion naturally increases.

The most interesting case is the periodic variation of the magnetic field, which can
take place, for exsmple, on account of the residusl pulsations of the rectified current
feeding the magnet coils. Thus in experiments described in Refs, 52 and 83 the field
pulsations reached a magnitude of 0.1% in the centre of the trap and about 0.03% in the
magnetic mirrors. The pulsation frequency was 300 cps. Since under the conditions of
these experiments the pulsation period is much smaller than the lifetime of the particles
in the trap, new resonances appear. On account of the spatial non-uniformity of the
pulsations, frequency modulation can be assumed to occur at all degrees of freedom. As is
h::m"]. the spectrum of the frequency-modulated oscillations is equidistant, the distance
between the lines being equal to 0y (modulation frequency) and the total width of the
basic part of the spectrum ~ 45 == the total interval of frequency variation. For
LD »> {; == a condition that is generally satisfied -- each resonant plane splits into a
multiplet of N~ AG/ily parallel planes * fis/n apart, where n™ ~ O/ » €, (4.4.6). The
origin of this small factor is easy to imagine from geometrical considerations (see also
Section 4.3).

Ifnm&'u?nznn {«4.46a), the mean density of the resonances sharply increases and
at the same time also the Arnold diffusion., Putting n lf:a, we find the tolerance on
the field modulation:

z

oG~ €2 %

The mmerical estimate isnhnimdfmth:ﬂitimﬁ:uml, determining the boundary of
the region in which Armold diffusion may in practice be important (4.4.13). For £ 2 Ser
the increase of the diffusion can be estimated as follows. First there is an increase in
the density of resonances: we/W v (88/0,)~" ~ (£5/R,)" (4.4.12). Furthermore, the width
of each resonance decreases by (ATJH;}‘ times owing to the reduction of the amplitude of
the perturbation of the resonant hammonic by [ﬂﬂ,)l times as a result of the splitting of
the resonance. The diffusion coefficient consequently becomes:
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r - it Z%‘
Dy~ pE e }g:’, E.KF(-.Z(%)- Cf;fd”") (4.4.15)

where we used the value B = 2, obtained above (4.4.13). The main new factor in the exponent
(/65 is in the typical case » 10.

If the magnetic ficld modulation is in resonance with particle escillation in a trap,
streamer diffusion may occur. The process is exactly similar to the case in the previous
section, where in fact we studied the same problem of particle motion in a magnetic trap of
special configuration. Streamer diffusion will not be thoroughly studied here. Let us only
note that for this the frequency of the external perturbation (modulation) should be suffi-
ciently high, at least of the order of the drift frequency Ilg.

4.5 Stability of the Solar System

The problem of the stability of motion of the planets, although not a pressing one from
a practical viewpoint, has long attracted the attention of astronomers, mathematicians and
students of mechanics by its beauty and difficulty (see for instance Ref. 129). From the
very beginning it was clear that very fine effects of the mechanical motion of a conservative
system are important here. Even the simplest non-trivial case of two planets leads to the
well=known and still completely unsolved three=body problem. Stability means here the
absence of any significant and, what is more important, cumulative energy exchange between
planets., As is known, in another similar system =- an excited multi-electron atom == this
energy exchange occurs in the relatively short time of ~ 10* turns and leads to so-called
auto-ionization’*®), It is clear that these two systems differ essentially by the perturba-
tion strength (c ~ 107" for planets and ¢ ~ 1 for the atom, see below)., However, the question
arises as to whether the apparent stability of the Solar System during ~ 10'? turns is
rigorous stability or only very slowly developing instability. Like other similar questions
(see for example Section 4.4) this problem was solved to some extent only by the KAM thmry"*].
The peculiarity of the problem under consideration, unlike, for instance, the motion of a
particle in a magnetic trap (Section 4.4) lies in the fact that even in the simplest case of
two planets with nearly circular coplanar orbits (known as the plane three-body problem) the
system is many-dimensional in the sense of the KM theory (Section 2.1), i.e. the four-
dimensional tori do not divide a six-dimensional surface of constant energy and angular
momentum in phase space. This means that in spite of the invariant tori, Amold diffusion
and slow instability are possible along the everywhere dense system of stochastic layers
of resonances (Section 2.12). Only in the case of two planets of substantially different
mass, when one can neglect the reaction of the light planet on the heavy ome, under the
additional condition of the co-planarity of both orbits and the circular orbit of the heavy
planet (so-called restricted circular three-body problem), does the XKAM theory lead to the
result of the eternal stability of such motion. Below we give some preliminary estimates of
the rate of Armold diffusion for planetary and similar systems.
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Let us once more recall in order to avoid misunderstandings that the actual 1ifetime
of a planetary system may be considerably longer depending on the initial conditions and
the additional “external" diffusion (Section 2.12). To take into account the effect of
these latter factors would be outside the scope of this paper. In this section we will
thus give a lower estimate of the lifetime of the solar system. lowever, taking into
account the fact that in the process of evolution of the system the planetary orbits could
vary considerably (see, for example, Ref. 141), this estimate will probably not be too far
from reality.

The main peculiarity of the system under consideration is so-called Coulomb degeneracy,
meaning that the unperturbed motion of a planet has only one ("fast") frequency instead of
three (in non-relativistic approximation). This degeneracy is removed by interaction with
other planets, and therefore the other two frequencies are always small ("slow'). Having
used the result of Ref. 144, let us re-write the non-resonant averaged equations for the
variation of the parameters of the unperturbed orbit, mainly for the variation of its fre-
quencies, We shall restrict ourselves to the case of small eccentricities and inclinations
(e, i =< 1), which is the second characteristic feature of the Solar System; this is valid
even for the majority of asteroids, not to mention the large planets. We have:

% = - g&t. E‘.é.f_.l. $tu B’
5-‘2 = = ). ::_;E'_i: I-h-;..th”
J‘R.,F e :t' Et- : :“a L {‘-5-1}
do’.. ety ST2tN Rt
—11.!&.15_
£= Y L a.)

Here 0i', ' are the longitude of the ascending node and the angular position of the perihelion
measured from this node, reipﬂ:ti‘vul}rt"}; m, @y are the mass of the perturbing planet and
the semimajor axis of its orbit; w, a are the frequency and semimajor axis for the perturbed
planet (a; >> a); e is the small parameter of the problem. From the equations written it
can be seen that one slow frequency is comnected with the precession of the eccentricity

(«') and angular momentum (') vectors; it has an order 0 ~ ew, The second slow frequency
depends on the difference &' + 28 and is ~ cuwe? & cui? (e v i).

For the Solar System the latter frequency can be neglected, in view of its smllness
(v 107* w). Therefore streamer diffusion (Section 2.12) is possible only for Ny = 3 planets,
taking into account one slow frequency I, or for N; = 4 in the fast frequencies. Ordinary
Arnold diffusion can occur for Ny = 2 (taking into account £) and for Ny = 3 in the fast

frequencies,

Let us estimate the amplitude of the various resonances. The Hamiltonian of the inter-
action of two planets is m/r, where
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r, ¥ are the coordinates of the planet in the plane of its unperturbed orbit with a para-
meter Ty '*?), After expansion of 1/r in powers of cos (§» - 1) the harmonics of the
difference frequency nfw; - ;) appear, the higher the nearer the planet orbits. The power
expansion coefficients for n >> 1 take the form

L 8 zfa .
£m ;z_r,_r_,_,,:) e[ ZCie) ) (4.5.2a)
AL W, 3 4 33

where we used the relation w = ri’-‘r*. All these harmonics give one and the same resonance:
wy = wy. In order to obtain the other resonances npiy = mpie (Mg # ng), it is necessary
to expand r1, r; in (4.5.2) in powers of eccentricity, or take into account the frequency
modulation ¢(t) for motion in an elliptical orbit. Both effects tum out to be of the same
order and give a small factor €7, where q = |n; - na| is the so-called order of comensu-
rability (of the frequencies)!??) *). The total mumber of two-frequency rescnances = nq.

Resonances with slow frequency 11 appear as a result of eccentricity modulation in
(4.5.2). The amplitude of this modulation ~ i* (4.5.1) and the harmonic mumber (p) of the
frequency 0 does not exceed the order of commensurability: p < q. An additional small
factor ~ i*P appears. If e, i << 1, the "slow" resonances (including the frequency i)
cannot £ill the distance between the "fast" resonances, since this would require too high
harmonics p. Therefore Arnold diffusion over considerable distances is impossible under
these conditions. However, such diffusion may begin after a considerable increase of
e,i as a result of Arnold diffusion along resonances with a small p ~ 1. We shall
estimate it later.

According to the above estimates the amplitude of the resonmant harmonics for two planets
turns out to be of the order of:

@) :
g, ~ ‘E,E.“L =P ex (— %ﬂ) (4.5.3)

)

this section the letter ¢ always signifies eccentricity, whereas the symbol exp will
used for the exponential,

In
be
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where the parameter ns can be estimated from the power expansion coefficients of the per-
turbation m/r (4.5.2a):
20n, Hdzﬁl

-1
h
o= fw W3, g0

(4.5.3a)

With regard to the hammonic mumber in (4.5.3), n = my, if the expansion is taken in e; and
inversely.

Let us now consider three planets. Their combined resonances are possible only in
second approximation in the small parameter ¢, since direct gravitational interaction is
two-particle. In order to estimate the amplitude of the resonances let us note that in the
case of three planets the quantities ry, r; in (4.5.2) in first approximation contain small
perturbations due to the interaction with the third planet. In second approximation this
leads to three-planet resomances. When the perturbation m/r is expanded two independent
frequency differences appear (for example w, - w; and w; - u;), Their harmonics are simply
multiplied, which leads to a set of resonances with two independent harmonic mmbers. This
gives % n* resonances even for circular orbits. When ellipticity is taken into account
additional resonances appear as in the previous case. As it is easy to verify, the order
of commensurability is now: q = |n, # na + ns| (N, @y + Nz ey + Ny wy = 0); the total
number of resonances ~ n* (q + 1). The corresponding small factor in the amplitude of the
resonance remains as previously el, like the factor i*P for the p™ harmonic of the slow
frequency. The resulting estimate of the amplitude will contain an extra factor £ and
exp (-n/ng) owing to the appearance of a second frequency difference. The exponent in
estimate (4.5.3) takes the form (ny + m2)/ns = Zn/ns = n/ng, where n is now the maximm value
of the hamonic number [compare (2.12.23)]. The final estimate for the three planets gives:

)

[ ]

2
E.~ c'el iV exp (- (459

In a similar way one can obtain an estimate of the smplitude of the resonance for an
arbitrary mmber of planets:

(V.) N -1 2, M b
ES T~ £ e Ve Veup (- 2=
s P( ‘7'"') (4.5.5)

q=| & |
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Here it is assumed that the masses of all the planets and the parameters of their orbits are
of the same order.

The total mmber of resonances is now ~ nloo~1) * (g + 1) and the mean distance between
them:
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Let us first consider the case of Ny 2 3 planets, when Arnold diffusion may occur in
fast rescnances. Moreover, we can put q = 0, since e << 1 [{1.5.51 and (4.5.6)]. Let us
first find the border of stochasticity, for which (2.12.29a) can be used. Putting: a~ 1;

me=No; No=Ng=1; e o N7l (o ohtain:
L als
£, = G‘g: ) e (3.5.7)
L4

The minimm is reached for the smallest Ny = 3: rs"un."’.

This estimate was obtained taking into account only N, frequency resonances. They
are in fact the majority, but they are very weak on account of the reduction of the effective
interaction parameter (4.5.5). For Ny >» 3, it is therefore reasonable to consider the
opposite limiting case of pair resonances, the number of which is obviously equal to
Ng =1 = Npg. Then the stochasticity criterion (2.12.29a) becomes:

£~ N T (4.5.8)

Hence it follows that for a sufficiently large N; the system necessary becomes stochastic.
This applies, for example, to star clusters'”™). If one considers that the masses of the
stars in a cluster are of the same order, then ¢ ~ 1/N;, since each star moves in the field
of all the others. From estimate (4.5.8) it then follows that the border of stochasticity
corresponds to Ny » 3. A double star, of course, is absolutely stable in the absence of
external perturbations. A multiple star with N; > 2 may also be stable if the masses of
its components or the distance between them are substantially different, which further
reduces the interaction parameter £ (4.5.1). Our Solar System is like this.

A many-electron excited atom behaves in a similar way, which leads in particular to
auto-ionization, which was mentioned at the beginning of this section. Also in this case
the stochasticity may be violated if the interacting electrons are at a considerable
distance (in different shells).

Actually the picture is the same for the nucleus, since in estimate (4.5.8) the
specific nature of Coulomb interaction was nmot used. Furthermore, the Bohr statistical
model, assuming stochasticity of motion, can be invalid, particularly when a small number
of nucleons are excited. This effect has been observed experimentally'*®),

Let us return to the Solar System and estimate Arnold diffusion, first in fast
resonances. Let us divide the resonances into guiding and perturbing (see Section 2.12).
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For the former, the effective perturbation parameter can be written in the form:

ey v &) [(4.5.5), p = q = 0], and one should have: Ns 2 3; for the second, let us
express the perturbation parameter through the mmber to independent frequencies N=Nj - 1
(4.5.6): g2 :;H; the quantities Ny, Ni can be different. In the estimate for the dif-
fusion coefficient (2.12.29) let us put exp(mn/4n.N) ~ 1, since we want to estimate the
maximum diffusion rate in the lower resonances n v 1. Moreover, let us assume that the
factor [2N/ng(N - 1)] [...11""“ % 1 (2.12.29). Introducing the diffusion time v over Al ~ 1,
we obtain the estimate:

s
o )~ /%, E;'- exp (:., ’“") ~
M=o

- 21’?_!_3”{ axp(i--f:’-)

(4.5.9)

If one assumes that for the Solar System & » 10°%, the last expression reaches a minimum
for Ny = N = 3, equal to: (twy) ~ 10'% (years)'). This is considerably greater than the
time of existence of the Solar System (v 10'° years).

In fact the diffusion time will be still considerably greater, since there are only
two large planets for which € ~ 107, whereas for the above-mentioned estimate four planets
are required (N = 3).

In the case of two planets, as already noted above, it is necessary for Armnold diffusion
to take into account a slow frequency, which is too small to span the gap between the fast
resonances (see above). Nevertheless the diffusion may cccur by resonances of the first
harmonic in slow frequency: ny wy + ny we + pd=0; (p=0, t1). There are thus three
resonances forming an intersection, exactly the minimm necessary for Amold diffusion
(Section 2.12). The eccentricity and inclination of the orbits increase, the orbits come
together and as a result the interaction between planets considerably increases. If the
initial distance between the planets was not too great, intersection of the orbits is
even possible, and this will certainly lead to stochasticity. The latter is connected with
the fact that arbitratily close encounters are possible, which means that the parameter
ng + = [4,5.3a) and the density of the resonances increases infinitely (see also Fig. 4.5.1).

The width of the resonances under consideration and the distance between them is of
the order [see (4.5.3) and (4.5.1)7]:

25 =

o~ w- il e exp(-F5)

e (4.5.10)
n

*) The frequency ws = 0.53 year~' is taken for Jupiter.
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In the case when the masses of the two planets are substantially different, the motion of
the heavy planet can be considered to be given (restricted three-body problem). If, more-
over, the eccentricity of the heavy planet e; = 0, in the rotating frame of reference of
the heavy planet the total energy of the light planet is conserved -- the so-called Jacobi
integral, which can be written approximately in the form'*7):

4 2603 s
a Wr-,/ﬂ (1-e*) = coust (4.5.11)
(-4

Hence it is seen that if, as proposed above for the rescnances chosen, a = const in the

Arnold diffusion process, e* + i* = const also (e,i << 1). This diffusion cannot substantially
change the orbit if initially e,i << 1. Therefore, it is necessary to take into account the
eccentricity of the heavy planet, i.e. to expand the perturbation m/r over both eccentricities.
Since for the heavy planet the eccentricity is usually small, we shall restrict ourselves to
the first power of it. Then estimate (4.5.3) takes the form:

(2) 1=4 .2 ‘
£, ~ E.rn)e ¢ i exp (—f;) (4.5.12)

where n now relates to the heavy planet. Instead of (4.5.10) we obtain, respectively:

- 1-{
Q. ~ c..mf’l/s'{e.u.}e. . exp (—-“ﬂ) (4.5.13)
a4, ~ Ew

The diffusion mechanism indicated above is operative for q 2 2, since for q = 1 there are
no lateral resonances with slow frequency, i.e. p = 0.

In order to estimate the rate of Arnold diffusion it is necessary to use the original
formula (2.12.22). Since the diffusion rate strongly depends on e, the diffusion time will
be determined in order of magnitude by the duplication of e from the initial value or the
quadrupling of the energy of the radial oscillations, which is AI/I ~ e® of the total energy
of the planet. Estimating the time necessary for this as t » [MJ*HJA, we obtain from
(2.12.22) for case (4.5.13):

ek et £ exp/.
(zw) ~Ee.ne )(f)‘"‘f'(e expofad) s

e,e 1-1

Let us apply this estimate to the Solar System. Let us first consider a set of large
planets, the characteristics of which according to the data of Ref. 139 are given in
Table 4.5.1, including a hypothetical Olber's planet (No.5) between Mars and Jupiter,
disintegrated into asteroids'*”). The quantity £ is equal to the ratio of the frequencies
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Table 4.5.1

Yol of Panet | ) | @ o F ;”%? o i-‘.;»’:.i¢1 s i
1 |Mercury 0.038 | 0.39 4.18 0.3815 /8 0.85 021 | 0,12
2 |Verus 082 | 072 | 1.88 | o882 /8 L6 | 0.007 | 0.052 |
3 |Eartn 1.00 | 1.00 | 100 | 0.8317 va | 32 [eot7| - |
1 |Mars o.11 | .62 | 083 | os0t4 | w8 | o4 | 0088 | 0032 |
5 |Asteroids™®) |¢ 0.1 [(2.8) 0.21 | 0,98 8 | 0.2 ] - e |
e lJupiter sto | s2 | cose | aeoos | as ! 0.28 |0.048 fc—.uza |
7 |Saturn ot |es oo | o030t | ws | 17 oo |00 |
. & |Uranus 14 | 18 | 0012 | 0.208 | 12 | 1.0 Iln.u-n L o.o1s |
: & | Neptune 17 | 0 jo.0081 | o.c808 /3 '. 0.8 | 0.008 | 0.001 '
10 | Pluto o84 |40 |oooio | - - - }n.za 0% |

*) Mass of the sun M= 3.3 = 10%.
**) Hypothetical Olber's planet, decomposed into asteroids'*?),

of neighbouring planets, and £, indicates the "closest" resonance. The choice of this
resonance is rather arbitrary and is determined by a compromise between the q value and the
gccuracy of the resonance (£ - £5).

Let us begin with the last pair of the Solar System, Neptune-Pluto. In this case, as
noted above, it is not the resonance 2/3 (q = 1) that is operative but the resonance 4/6
(q = 2), which is identical to it. Putting € ~ 5 = 10”® we obtain by means of estimate
(4.5.14): 1~ 5 = 10'° years, which is comparable with the lifetime of the Solar System.
It is possible, therefore, in view of the roughness of the estimate, that the anomalously
large eccentricity and orbit inclination of Pluto is explained just by Arnold diffusion.
On the other hand, the reverse influence of Pluto over MNeptune is considerably weaker on
account of the small mass of Pluto (1t ~ 4 » 10'? years). A similar anomaly for Mercury
apparently cannot be explained by Arnold diffusion on account of the small mass of Venus
(t~ 7 % 10" years) "), Let us note, however, that if the order of commensurability of
the frequencies of Mercury and Venus were not q = 3 but q = 2, even for e = 0.1 we should
obtain t * 10'* years, i.e. Arnold diffusion would already be appreciable. It is possible,
therefore, that this diffusion played some part in the process of formation of the Solar
System, limiting the distance between the plancts from below. This is connected with the
fact that over small distances there are many resonances of the form (n - 2)/n (q = 2;

Ny = ﬂ;].

*) This anomaly is possibly explained by the small mass of Mercury itself!*!),
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Evidently, one must have a clear understanding of how controversial and unconvincing
such hypotheses may be, which, by the way, is necessarily rather typical of astronomy'*?).
Nevertheless, when a new phenomenon is discovered, such as Amold diffusion in the present
case, it is useful to imagine, although this enters the world of fantasy, all its possible
manifestations.

Let us now turn to another resonant pair Jupiter-Saturn, for which: q = 3; ¢~ 107%;
n/ng = (2/9) * (g%/n) = 2/5. In this case we have to use (4.5.10), since the masses of both
planets are of the same order. This, by the way, does not give a great disparity since the
values of eccentricity of their orbits are also close. From estimate (4.5.14) we obtain a
sufficiently long time v % 10'* years on account of the small eccentricity. Again, for q =1
it would be T ~ 3 x 10* years and even for q = 2 it would still be t ~ 10" years. For the other
pairs of planets Armold diffusion is negligibly small on account of the small masses of the
planets except for the Saturn-Uranus pair. In this case 1~ 3 » 10'? years, i.e. of the
sume order as for the Neptune-Pluto pair. The difference between these pairs lies in the
fact that the first of them is considerably further from the resonance. It is also possible
that the estimate of T for the latter pair is considerably reduced, since the anomalously
small eccentricity of Neptune's orbit may have been substantially greater in the past.

Finally the resonance of Jupiter with the hypothetical Olbers' planet was also possible
{see table). Let us assume that this planet, having a small mass, had considerable eccen-
tricity, say the same as Mercury: e = 1/5 (~ i). Then estimate (4.5.14) gives: 1 ~ 10*
years. This result, in our opinion, enables us to overcome the difficulties in explaining
the mechanism of the rupture of Olbers' planet and the formation in this way of a belt of
asteroids. As far as can be judged from the literature'*”) the hypothesis of the rupture
of the original planet is the most probable for explaining the origin of the asteroids.
From our point of view, the destruction of Olber's planet could have been the result of its
close encounter with Jupiter. The rupture (or several ruptures) proper of the planet could
also have occurred later, for example, under the influence of planet rotation'*7), With
regard to the distribution of the asteroids, at present it may be considerably different
from the original distribution as a result of the evolution of the orbits.

In this comnection let us note that the classical perturbation theory generally used to
analyse such evolution is mot applicable near resonances'?*) for t 2 t., where t_ is the time
of development of instability in the stochastic layer, which can be estimted as (4.5.13):

- E |
s~ 77 ~ 107 years. (4.5.15)

The mmerical value is taken for rescnance 2/5 with Jupiter. Therefore the "unchanged” or
eigen parameters of the orbits of the asteroids introduced by Hirayama'***'*") have sense
only far away from the main resonances. In particular, Arnold diffusion violates the Laplace-
Poisson theorem on the absence of secular perturbations in the semimajor axis of the orbit.
It is interesting to note that the five main families of asteroids with close values of
"unchanged" elements, discovered by Hirayama, lie just between the main resonances

(Fig. 4.5.1).
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Figure 4.5.1 gives a histogram of the distribution of the asteroids in the semi major
axis (a) of their orbit, or, in other words, the frequency spectrum of the asteroids. The
interval represented: 1.8 < a < 4,0, covers 1641 asteroids out of 1660, the parameters of
which are given in Ref. 149, The arrows denote resonances with Jupiter, which are divided
into seven groups according to the value of the order of commensurability q = 1-7 9,

For all resonances with q £ 5 in the distribution, there are so-called "gaps", i.e.
clear decreases in the mumber of asteroids. Slightly less definite “gaps" are also ob-
served for resonances with q = 6, but they are completely absent for q = 7, Resonances
2/5 and 4/9 appear to be an exception; they correspond to the distribution maximm instead
of "gaps". lowever, a more detailed distribution (dotted line) shows that near these
resonances the mumber of asteroids decreases also (compare with resonance 2/7). Sometimes
a "maximu" is mentioned near resonance 3/4 (a = 4.2949) implying a single asteroid Tule
(a=4.2829; e = 0.032; i = 0.041) **7), However, a single case cannot constitute a
serious objection to general regularity, and all the more since in the present case the
quantities e and i are anomalously small [<e> = 0.141; <i> = 0,166 '*7)],

Finally, there is yet another exception -- this time an undoubted one -- the so-called
Trojan group (15 asteroids) '*7) situated inside resonance 1/1 (a = 5.2028), the relative
width of which ~ /& = 3%. The reason why this resonance is an exception iz because it is
inside the stochastic ring, since the distance between resonances with a given
q [e1/wz = (n - q)/n] vanishes when wy/u; + 1: A, * a/n®. However, these resonances,
the width of which ~ /Ee9 [(4.5.13), ns = (2/9)/(a/n)*, see above] cannot completely destroy
resonance 1/1, the width of which is substantially greater (v v/€). Therefore, a stable
region forms inside resonmance 1/1, in which the Trojan group is located. Similar stable
regions are also possible for the other resonances, since the neighbouring resonances with
slow frequency producing Arnold diffusion are considerably weaker and cannot destroy a
two-frequency resonance completely. This effect also apparently explains, at least in part,
the conservation of a certain mumber of asteroids in "gaps".

Let us estimate the Armold diffusion rate for asteroids, putting for the sake of sim-
plicity in (4.5.14): emn~ e~ i~ 1/5; n"~ng. Then for q = 2 we obtain: 1~ 4 = 10°
years. The limitation of the operating resonances can be found if one takes as the maximm
observable 1 ~ 10'° years. We obtain Qax = 4(1a ~ 3 x 10* years). Agreement with the
experimental results in Fig. 4.5.1 may be regarded as satisfactory, taking into account
the roughness of the estimates.

Figure 4.5.1 also shows the dependence of the mean eccentricity of the orbits of the
asteroids on their semi-major axis [according to Putilin'*")],which is clearly correlated
with the resonances in accordance with estimate (4.5.14). The exception is resonance 1/2,
the distinguishing feature of which is the equality of the rotation frequency of the
asteroid and that of the radial oscillations of Jupiter in the frame of reference spinning
with the latter. The oscillations may be so phased that the distance between two planets
would be maximal.

*) Sometimes one denotes also a "gap" connected with Mars (resonance 2/1), also shown in
Fig. 4.5.1. However, the fall in the distribution function in this place certainly
does not go beyond the limits of statistical error.
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The width of the majority of the “gaps" is ~ 11 (Fig. 4.5.1) and weakly depends on the
lmiarlof t?!ﬂ‘ resopance. Its lower limit is determined by the width of the resonance and is
~ 107 =107 (q = 2-5). The upper limit depends on the additional diffusion, for exmmple
due to the interaction of the asteroids between themselves or with interplanetary matter.
Besides the diffusion, systematic variation of the orbit also plays a part. In this connec-
tion let us point out that some of the "gaps" (2/7; 3/8; 4/9; 12/3, see drawing) are
displaced in relation to the resonance to the side of greater emergies (a), which corresponds
to an increase of the size of the orbit with time. In any event, it can be expected that if
the distance between the working resonances becomes smaller than the width of the “gap", the
majority of the asteroids will be destroyed. Apparently just this is observed in the section
a > 3.2 (Fig. 4.5.1). There are only 16 asteroids with a > 4.0 and with special parameter
values; the rest, if they existed initially, must have come too close to Jupiter, entered
the stochastic ring and been captured by Jupiter. It is possible that the explanation of
the almost complete absence of asteroids near Mars (there are in all three asteroids with
a < 1.8) is similar.

As far as we know, the only competing hypothesis is the Brouwer hypothesis'®'), which
explains the appearance of the "gaps" simply by phase oscillations in the resonances, on
the assumption of uniform or, at least, sufficiently smooth distribution of astercids in
the integrals of motion. This cffect undoubtedly exists, but the sbove-mentioned in-
dependence of the width of the "gap" from q is unclear, as well as the limitation of the
operating resonances by the condition q = 6 (Fig. 4.5.1). In order to clarify this question,
more accurate estimates of Amold diffusion in the Solar System are necessary.

4.6 Non-linear waves; turbulence

In this section, we shall endeavour to apply to the motion of a continuous meditm the
notion of stochasticity that has been developed. In exactly this case we have a well-known
and extremely clear picture of stochastic motion -- turbulence. Moreover, turbulent motion
is a typical example of a system with divided phase space (Section 2.5) (laminar and
turbulent zones), a fact which seems so surprising for a discrete dynamical system. There
also exist critical values of the parameters, for example the flux velocity giving the
border of turbulence (stochasticity). For analytical calculation of this border, the
criterion of local instability is used'®*) which in discrete systems is equivalent to
stochasticity (Section 2.4). There is thus a close analogy between the motion of a discrete
and a continuous dynamical system. This analogy can be fully understood if it is recalled
that under ordinary conditions, for instance when the dimensions of the medium are res-
tricted, its motion may be decomposed into some discrete modes (“quasi-particles"),
weakly interacting with each other, at least for some values of the parameters of the
problem. Moreover, in a series of cases the spectrum of such modes is limited, for
instance, by dispersion, so that only a finite mmber of modes effectively interact. In
this case there is complete analogy with a discrete system.

The distinctive feature of the methods of investigating stochasticity developed in
the present paper lies in the use of the properties of non-linear resonance. Therefore,
at the present time, it is not clear how these methods can be applied (and if they can
be applied at all) for investigating classical turbulence in hydrodynamics. However,
there are also the specific oscillatory problems of the motion of a continuous medium.
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These are non-linear waves interacting with each other. Similar problems have been studied
from different angles by many authors. It is not possible for us to analyse all these
papers thoroughly here, so we shall mention only two effects, in our opinion the most
beautiful. The first, the stability on non-linear modes, discovered by Fermi, Pasta and
Ulam'**) is similar to Kolmogorov stability for a continuous system. Going further in this
direction Kruskal and Zabusky discovered specific non-linear formations -- solitons --
possessing remarkable stability, or in other words so-called reversible shock waves'®®),
The second effect —- collisionless (and, as usual, irreversible) shock waves -- was
predicted in theory by Sagdeev'’*),

Below we shall restrict ourselves to the study of the Fermi-Pasta-Ulam problem'®*)
and as a model of the system we will not take a continuous medium but, as in Ref. 165, a
chain of coupled non-linear oscillators approximately representing it, or for the sake
brevity, a non-linear chain, the motion of which is described by a set of ordinary dif-
ferential equations:

" ? 3
x, = ("‘l’u- 2 Xp & X{_‘J-!-P[(XF“‘XJ) " fo'xm)] (4.6.1)

L=1,2, ..., N=1; a=1; L =N, Here a is the unperturbed distance between neighbouring
masses (m = 1), coupled by a non-linear spring; L is the total lemgth of the chain.

This model is very convenient in the first place for numerical experiments, since it
does not call for the integration of partial differential equations. Moreover, such a
relatively simple model makes it possible to trace the transition from a discrete system
to a continuous medium.

Set (4.6.1) is related to the second order wave eq.mtiun'“]:

2 Z
R0y inas e

where z = fa is the coordinate along the chain. The last term was introduced by Zabusky'*?)
and characterizes the dispersion due to the discreteness of the chain:

2. at' 4y sl
¥ 12 12 ("M") $4:6¢3)

In the absence of dispersion the solution of the non-linear wave equation, after a short
time becomes singular and then multivalued.

For a wave of one direction one can also write a first order e:pntim‘”):

* vl (4.6.4)
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where u = ax/3z; & = 2y'/38; 1 = (3/2) & (t - 2) and the index denotes the differentiation
with respect to the corresponding argument. In this form the equation is valid only when
g -0 (see below].

As follows from Bgs. (4.6.1), (4.6.2) and (4.6.4), we will restrict ourselves here to
the (simpler) case of cubic non-linearity (in force). Quadratic non-linearity (v = u)
has been studied in detail by Israelev'®®),

The statistical properties of a non-linear chain (4.6.1) are explained more or less
thoroughly in Ref. 168. The main thing here is the border of stochasticity, which provided
an explanation of the result of Fermi, Pasta and Ulam which was paradoxical in its time --
the shsence of equipartition of epergy among the modes of a non-linear chain.

Let us first find the position of the border of stochasticity. As an unperturbed
system let us take a linear chain (8 = 0), the motion of which can be represented in the
form of a superposition of normal oscillations Q{t]'}:

tay
> F 2 L s Tkl
Xg = v/..v.-f é 0& Sia Y (4.6.5)
with frequencies:
o
W, = 2 i W (4.6.6)

As the small perturbation parameter let us take the quantity:

€=3p wt = 3 w- (4.6.7)

where w is the density of the energy of the oscillations per unit of chain length. Let us
restrict ourselves to the case of k << N, which gives the possibility of transition to a
continuous medium (N + =), Then the distance between resonances in first approximation is:

o
4= LD, 1~ e = (4.6.8)

N

This expression is valid if the number of perturbed modes (N;) is small. In the opposite
case it is necessary to use estimate (2.12.15), which in the present case [four-phonon
interaction (4.6.2)] leads to the expression:

*) Here we are studying the oscillations of a chain with fixed ends: xy = Xy = 0, i.e.
standing waves; for travelling waves, see below.
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A N (4.6.9)
The preceding formula is thus applicable under the following condition:

t/a

No i A (4.6.10)

The non-linearity coefficient of the chain a ~ g, since the unperturbed system is
linear and cubic non-linearity shifts the frequency already in first approximation®).
This is why the problem is simpler for cubic non-linearity than for quadratic, for which
frequency shift appears only in second approximation. Finally, the phase oscillation
frequency is of the order:

£k

| e——

Nop ~ £, 5o (4.6.11)

Whence the border of stochasticity is determined by the estimte'**)

4 A
£5 - -";— A ‘5-—+ (4.6.12)

where ) is the wave length of the oscillations. It can be seen that when the lower modes

are excited the stochasticity threshold is raised; this explains the result of Fermi,
Pasta and Ulam'**),

In fact in estimate (4.6.10) it is necessary to put the maximm value of k reached
in the process of evolution of the non-linear wave. The evolution amounts, mainly, to
the disintegration of the initial wave into so-called solitons'®®). The quantity km is
determined by the width of the soliton and can easily be estimated from (4.6.4)'%%);

e
Ko "{‘(T > MEe N (4.6.13)

This estimate is valid if the initial k; 2 l&'-. in the opposite case the disintegration
into solitons does not take plu:u‘“]. For (4.6.13) the border of stochasticity (4.6.12)
takes the form:

€, ~ N (4.6.14)
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In the following approximation in k/N the frequency w, = 7k/N - (#¥/24)+(W/N)*, so that
a denser system of resonances is possible, with a minimm distance of:

k z
d1 L ”J [4.54]5}
This gives a border of stochasticity of the form:
) ke
fj ] #"'-"t (4.6.16)

The total width of this system of resonances is: &~ (k/N)?, which corresponds to an
energy exchange:

E. Eyp wl ENE (4.6.17)

Comparing with (4.6.16) we find that in the interval:

ke fe ®
= = € £ &5 (4.6.18)

developed stochasticity must occur.

Finally, stochasticity is also possible owing to the non-linear spread of the
frequencies G which is of the order of:

AW, ~ 4E.=-m; ~ Emu-.‘_ﬂ ~ S24 i.fr (4.6.19)
Ee E

since for sufficiently large Ny each resonance of the unperturbed frequencies, generally
speaking, has a few corresponding combinations of modes. Non-linear perturbation removes
this degeneracy and leads to sﬂmgdenmimafram&dmaﬁkm%.

Let us now consider the case of a travelling wave, which is described by a first order
equation (4.6.4) in the frame of reference moving with the velocity of an unperturbed
(linear) wave. The outstanding feature of equation (4.6.4) is its indepedence of the
perturbation parameter g, which simply changes the time scale. From this it follows
directly that in this case a stochasticity criterion of the (4.6.12) type is impossible.
This in its turn means that the behaviour of standing and travelling non-lincar waves may
differ considerably. The other alternative is pointed out below.
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The sole parameter of Eq. (4.6.4) is the relation:

R = (k ) f(—i‘“ﬁ)l (4.6.20)

which also determines the condition for the disintegration of the wave into solitons
(R z 1)***), The question as to whether the latter inequality is also a condition of
instability still remains open, although some mmerical experiments'**) encourage the
idea that this is not so.

It was noted above that the first order equation (4.6.4) is valid only in first
approximation for 8 ~ 0. The following approximations were obtained by H. Krushkal; for
instance with an accuracy + &° the equation takes the form:

[ 4
Uy + Uy u‘(f— ;%-pu‘j-r— S Ugae =0 (4.6.21)

It is not possible by any scale transformation to get rid of 8 here, which means that this
parameter must also enter into the criterion of stochasticity.

Let us now describe a few mmerical experiments with a non-linear chain, which were
carried out in cooperation with Israclev and Khisamutdinov'?’),

As noted above, a set of ordinary differential equations (4.6.1) with boundary
conditions x; = x, = 0 was integrated. The initial conditions were given through normal
coordinates Q(0) [Q(0) = 0] (4.6.5). Computation errors were checked by conservation of
the total energy of the chain; their values are given in the captions to the diagrams.
The time of motion and step of integration (h) are given in natural units (4.6.6]).

The main problem when processing the computation results was the choice of a clear
and convenient criterion to show that the motion was actually stochastic. The following
methods were used in different cases.

1. Visual estimate from the curves of the energy dependence of a few modes on time, and
also from the spectrum at different moments in time [Ek[t]]' This method gives a sufficiently
clear result, if only onec mode is initially excited, as happened in the majority of cases
in Ref. 165. An example of such a case for our computations is given in Fig. 4.6.1. The
lower curve (b) shows clear almost-periodical energy oscillations of the first mode.
Unfortunately, such initial conditions are possible only for the very lowest modes. The
point is that the mode k << N can directly exchange energy only with the modes 3k, 5k,
7k, etc. In the case of excitation of a single sufficiently high mode its emergy remains
practically unchanged. Figure 4.6.2 gives an example of the excitation of a single mode
ke = 15. Small energy oscillations are due to interaction through higher modes, The
reasons for the intensive energy exchange after t = 5000 will be discussed below.

2. Autocorrelations (Section 2.3) were computed for the displacement of a definite
oscillator X and for the energy of a definite mode of oscillations B, according to the

following formula:




Fig. 4.6.1 Weak stochasticity:
E;(0) = 0.0788; E:(0) = 5.3
x 10°'%; g = 8; ¢ 3 0.06;

t = 15300; h = 1/2;

AEJE = 0.15%: a) the increase
of Ez(t); b) the dependence
Eilt).

Fig. 4.6.2 Excitation of
single (15th) mode: E;s = 14.1;
E = ﬂ.ﬂ}l*‘; E 3 ﬂq.m;

Egﬁ = 9000; h=1/6;
= 1-5‘-
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X; (€] X, (¢-7)
X; ()

= —_—2
o Eel(t) EL(#+-T) = E.(t) (4.6.22)
P (E“'TJ i Ezﬂ-} - By, f;—)z

foj,T) =

Here the bar signifies averaging over t in equal intervals at; T is the time shift,
In all cases furn(x},‘r} j = 16, which with N chosen as 32 corresponds to the middle
oscillator of the chain.

3. Correlations between modes were computed according to the formula:

£ E¢ — E:' E'.;
[((FF-ENEE- &%

where the values Ekmdﬁiamtnkmut the same moment of time in At, an&rﬂn bar, as in
{4.6.22) represents averaging over t. As a result of the law of conservation of the

total energy of the system, the correlation coefficient (4.6.23) is different from zerp even
for stochastic motion. It is easy to show that in the latter case it is:

r (E'U Es) -

(4.6.23)

/
ple. Co)=- g7 (4.6.24)

Thus knowledge of this coefficient makes it possible to detemmine the effective (mean)
number of interacting modes v.

4. Local instability of the oscillations, which means that almost any of the trajectories
that are close together at first diverge exponentially fast in the process of motion. In
order to investigate local instability we used the spatial symmetry property of our system,
according to which the even modes cannot appear in the process of motion, if they were not
initially excited'**). Therefore there is an exact solution Ey (t) = 0 and it is sufficient
for us to follow the growth of the even modes, if at the beginning they are given very low
energy. We discovered this peculiar instability of the even modes by chance. When the
excitation of a single mode was investipgated, it was found, in the process of computation,
that the energy of the even ("forbidden") modes increases from computer zero [~ 107'%) to

a considerable quantity and even becomes comparable with the energy of the uneven modes.
This means that from the very beginning there was asymmetry in tl[t] with respect to the
middle of the chain. The "culprit" turned out to be the computing of the sine entering into
the transformation’ formula (4.6.5). It was discovered that there was an error in computing
the sine, depending on the mumber of the mode k, as a result of which weak asymmetry also
occurred, corresponding to slight excitation of the even modes. Subsequently, when it was
necessary, special symmetrization of x,(t) was carried out immediately after the transition
from Qkft] to xt[t].
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This very effect was used as the basis of the method of local instability.

Figure 4.6.2 shows just such a case, when as a result of fast developing instability
the energy, previously concentrated in one mode (ks = 15), after some time strongly goes
over to the neighbouring modes. This method enabled us to discover weak instability also
for the case when k; = 1. The parameters are taken from Ref. 165, whose authors considered
the motion in this case to be quasi-periodical. Indeed Fig. 4.6.1b gives no reason to
doubt this. Nevertheless Fig. 4.6.1a shows that, although weak, instability does exist,
and can influence the general behaviour (for example, of the first mode) after a sufficiently
long time. Figure 4.6.3 again shows the growth of the even modes (ks = 15, 17) and it is

L

¥

Fig. 4.6.3 nential increase of even modes for initial excitation of
uneven modes (ke = 15; 17): the figures indicate the number of the mode;
zero on the graph is the computer zero, corresponding to Ejp ~ 107%%;
E=20; B =0.0314; € = 0.08; tygx = 3000; h = 1/6; = 3.5V,

clear that the distant (k = 2, 30) modes "grow" later than the closer ones (k = 14, 18),
although the rate of growth of all the modes is approximately identical. Let us also
note that the energy transition to the higher modes (k = 30) occurs faster than that to
the lower ones (k = 2). This effect was also mentioned in Ref. 168,

Using this same method and giving the initial perturbation of the even modes (v 10-'*E)
at a certain moment in time, the border of stochasticity was investigated. The excitation
wis in three odd modes and the growth rate of the energy of the adjacent even modes was
determined.

The method described is extremely convenient, firstly on account of its clearness, and
secondly because it does not require long computation times. Moreover, one computation
promptly gives the distance between two neighbouring trajectories.
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A summary of the results is given in Fig. 4.6.4 in the form of vertical segments
giving the experimental interval of the values of the growth rate 1/1. The groups of

results I, II, III and IV, were obtained from the growth of even modes with initial ex-
citation of three neighbouring uneven modes in different parts of the spectrum. Groups V

#

0.0%1

0.0244

000 ¢+

beemm——=

Fig 4.6.4 Dependence of the rate of development of local inﬂahility on
the parameter B. Initinl conditions: k., = 27, 20, 31 (I), E = 30;
kﬂ = 153 1?. 19 [II}. = 1? kl = 1' l. 5 [II] n.ﬂd- nt}_. E= 0.95

Ko =20 &0, 31 With symetrization (V), E * 30; ko = 28, 29, 30 (VI),
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and VI were obtained from the divergence of nearby trajectories, and in the first case (V)
the same modes were excited as for (1), but with symetrization, i.c. complete elimination
of the even modes; in the second case (VI) both even and uneven modes were excited

(k, = 28, 29 and 30).

A semi-logarithmic scale is used in Fig. 4.6.4, corresponding to the expected dependence
(2.11.4)"):

i S
>3 o p“ﬂ (4.6.25)

where E.p lies on the border of stochasticity and 4 is the order of magnitude of the dis-
tance between resonances. In fact for large £ the experimental results lie in straight
lines within the limits of error. However, for small £ there are considerable deviations
and in order to explain them we put forward the hypothesis that these deviations, always
to larger 1/t, are connected with other denser systems of resonances. This leads simul-
taneously both to a decrease of E cr® Which is determined by the intersection of the inter-
pelation line in Fig. 4.6.4 with the horizontal coordinate axis, and to a lessening of the
slope of the line.

Qualitatively this is just what is observed. The effect is especially clearly seen
when the lower modes are excited, where besides the "main" line (III) a second line (IV)
cin be drawn with equal confidence.

A quantitative comparison can be made by measuring the slope of the interpolation lines.
The mean value of this slope for all the groups except (IV) is : <A> = B.2 = 10~%, which
agrees well with the expected quantity: A = 1/N = 0.1 (4.6.8). For line IV: A = 3 x 10°%,
This can be compared with the dense system of resonances (4.6.15), predicted by theory:
A; ~ k3/N' ~ 10°'. In this case Bep (=4) should decrease by the same amount. This is in
fact confirmed in order of magnitude:

AN/ (IV) = 25; B (IID)/8_(IV) = 37 .

The question arises as to what is the difference in this case between both borders of
stochasticity from the point of view of the behaviour of the system as a whole. The
answer is that a denser system of resonances may be insufficiently wide (see above). There-
fore the overlapping of the resonances of such a system does not lead, gemerally speaking,
to complete stochasticity; instead of this a more or less narrow band of stochasticity is
formed with limited variation of the energy of the interacting modes (4.6.17).

*) The function 1(£) depends, as we know, on the phase relations between the resonances,
and law (4.6.25) is in a sense "atypical” (Section 2.11). The justification for the
choice of such a law is finally a comparison with the experiment (see below). Let us
only note that in the case under consideration the m¥ actually be special phase

{0

relations due to the special initial conditions: = 0 (see above).
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Apparently this is the effect that explains the behaviour of the system, which at first
glance appears strange, for the case shown in Fig. 4.6.1. The upper curve in this diagram
clearly indicates local instability of motion. However, this instability does not develop,
apparently, to any appreciable level, since it does not appear at all in the lower curve.
In particular, the successive maxima on this curve differ from each other by a few per cent
but this difference does not grow exponentially as on the upper curve.

An even more important question arises as to whether such a stochastic layer can lead
to a considerable redistribution of energy between modes after a sufficiently long time.
Although we now have no experimental results on this subject, we know that generally
speaking this is possible, owing to Armnold diffusion (Section 2.12). However, this in-
stability develops extremely slowly and therefore it is reasonable to consider it apart
from strong instability, due to the overlapping of a wide (and less dense) system of
TesSONaNces.

The results given in Fig. 4.6.4 satisfactorily agree with the estimates of the position
of the border of stochasticity [(4.6.12), (4.6.14)]. Thus for case II the experimental value
£.p * 0.03, and estimate (4.6.12) gives: e, ~ 0.06; for case III: ¢ . = 0.17; €l 0.1
[in this case it is necessary to take into account the formation of solitons (4.6.13)].

Dur estimates do not extend to the remaining cases because k; = N (see Ref. 168).

Let us note that the position of the border of stochasticity depends substantially on
the "details" of the initial state. This effect is demonstrated by lines V and VI in
Fig. 4.6.4. Thus for line V, §_. is approximately twice as large as for line I, and the
only difference between them is the complete absence of even modes for case V. An even
more important difference occurs in the case of excitation of modes of mixed parity (VI),
where Eﬂ. exceeds the value for the comparable case (I) by almost an order. It is difficult
to say now what this is due to; perhaps, for example, to a reduction of the mmber of modes
of identical parity. In any case this again demonstrates the very complex structure of the
transitional zone.

It is known that local instability does not necessarily signify strong stochasticity
(although apparently it necessarily leads to real instability). Therefore it is desirable
to use other methods to convince oneself that for sufficiently large B, E our system
(4.6.1) actually is stochastic. Three check nuns were carried out for the utmost possible
time under our conditions t .~ 10%,

In the first case three uneven modes were excited (ks = 15, 17, 19), as for case II
in Fig. 4.6.4, but with symetrization. The value 8 = 0.0314 was chosen approximately
twice as great as Bop+ The autocorrelations of the 15th mode and the shift of the central
oscillator were measured, and also the correlations between modes 15 and 17. The results
are given in Fig. 4.6.5. It can be seen that the correlations are of an almost periodical
nature and the number of interacting modes practically does not change: v =4 ¢ 1 (4.6.23).

This result does not necessarily contradict the results on the position of the border
of stochasticity in Fig. 4.6.4. The point is that the conditions for the appearance of
stochasticity are determined in reality by the energy of the interacting modes'**) and not
cnly the total energy, as assumed for the sake of simplicity above (4.6.12). Therefore,
firstly, the energy cannot extend to a large mmber of modes and, secondly, the energy of
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Fig. 4.6.5 Correlations for case II in Fig. 4.6.4 with symmetrization:
E=17; £ = 0.0314; € = 0.05; tggx = 18300; AT = 100; At = 1;

h=1/3; BE/E = 3%; p(Eys, Ein) = = (0.30 £ 0.07).
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each mode cannot decrease considerably near the border of stochasticity, since the stochas-
ticity conditions are also destroyed. This means that only a partial energy exchange between
modes is possible, which in its turn leads to the residual correlations.

1f, however, one takes § >> § er Y2 should already obtain "true' stochasticity. The
second control computation exactly corresponds to Ef&cr = 28 (Fig. 4.6.6). Here the energy
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Fig, 4,6.6 Energy spectrum for initial excitation of three modes

(ks = 15, 17, lﬂ?with symmetrization (curve I); curve 11 corresponds
to the mean energies of the modes for the results given in Fig. 4.6.5;
curve 111 for the results given in Fig. 4.6.7.

in fact spreads between almost all the modes, excepting only the lowest, for which it is
difficult to satisfy the stochasticity criterion. This result is also confirmed by the
value p(E;s, Ey7) (Fig. 4.6.7). On account of the large experimental error, only the
lower limit can be estimated for the number of interacting modes: v > 8. From the results
in Fig. 4.6.7 it can also be seen that within the limits of statistical error (:0.1) the
correlations of the 15th mode are absent. With regard to the x correlatious, they are
connected mainly with the fact that stochasticity does not reach the first mode. It is
interesting to note that the correlations slowly fade. It is not out of the question that
this is in some way due to the influence of computation errors (see below) but in that
case why is there no fading in Fig. 4.6.57 Another possible explanation is that the motion
of the first mode, responsible for the x correlations, is nevertheless stochastic but for
a considerably longer time, since this mode lies in the transitional zone.

To sum up, it can be said that the totality of the experimental results confimm the
hypothesis put forward in Ref. 168 concerning the presence of a border of stochasticity
for system (4.6.1) and, moreover, confirm the order of magnitude of estimate (4,6.12)
for the position of this border. The weakest point is the substantial computation errors,




Pt(f-l T)I“ C[)
05 1 /\
; o {u\\/ﬂn _Fwo 1

o5
5 \Uh /\-\M :
oo £000 000 W v-r
05

Fig. 4.6,7 Correlations for case Il in Fig. 4.6.4 with symmetrization:
E=24; £ =0.314; € % 0.75; tyggy = 160503 AT = 100; At = 1:
h=1/6; AE/E= 2%; p(Eis, Ei7) = -(0-0.13).

which were checked by variation of the total energy of the system (see captions to figures).
This particularly concerns the above-mentioned check experiments, where AE/E reaches 3%.
Can these errors by themselves produce stochasticity? We think mot. This is confirmed by
the considerable residual correlations (Fig. 4.6.5) and the absence of energy exchange

(Fig. 4.6.6) for small &, Another check on the influence of the errors was carried out for
the experiment with local instability. When the integration step was reduced by a factor
of two AE/E decreased from 3% to 0.03%, and the curves of the exponential growth of the
even modes changed slightly, but the value of the parameter of interest to us 1/t remained
as before within the limits of experimental error.
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Nevertheless it seems to us useful to continue mumerical experimentation with a non-
linear chain, with a higher accuracy, and with a larger number of oscillators.

Recently Hirooka and Saito carried out similar experiments with a two-dimensional
lattice with cubic non-linearity, and also obtained a border of stochasticity'”?). In fact,
they also used the local instability method, measuring the duration (T) of the "“induction
period" in the development of instability. An example of this phenomenon is given in
Fig. 4.6.2 and its mechanism is explained in the text. The quantity 1/T is proportional
to the K-entropy h. It turned out that the dependence h(3) is nearlv linear: h = (g - Ei:r]‘
It can probably be compared to the "typical” estimate (2.11.3): h=8''(8 > 8_). Letus
note that the computing accuracy in Ref. 170 was very high (AE/E = 0.01%).

A more thorough analytical investigation of the stochasticity of non-1linear waves
is reported in papers by Zaslavsky, Sagdeev and Filonenko'®®»1%%,1%¢]

4.7 Pseudo-random mmber generators

The problem in this final section is essentially different from the other applications
of the theory developed that are described above. Here we shall try not so much to investi-
gate the statistical properties of any practical dynamical system as to construct the simplest
system simulating a "random™ process. The need for such simulation arises in many cases, but
perhaps most of all when using the so-called Monte Carlo method (statistical test method)
proposed by Metropolis and Ulam (see Ref. 95)*). The idea of this method is to abandon, in
research into the kinetics of molecular processes, the equations in partial derivatives,
approximating this kinetics which are very inconvenient to solve in a computer, and to go back
to dynamical molecular processes., Of course, a complete return to the solution of exact
dynamical equations for all molecules is absolutely impossible, but one can choose an inter-
mediate, coarse dynamical model with a relatively small number of particles, which never-
theless reproduces the properties of the original system relatively well. In particular,
the "random' element itself of the motion of a molecular system is not obtained automatically
by the dynamical equations and is introduced artificially from outside by means of so-called
random murber generators. These generators can also be of a physical nature, for example
radioactive decay or electrical noise. In this case the term random number can be used
without inverted commas, if we believe that “true" randomness exists in nature®®),

From the practical point of view, however, a generator using a certain computing
algorithm in the computer itself is considerably more convenient. In this case one is
already obliged to put the word "random” (mumber) in inverted commas or substitute the
word pseudo-random. The point is that the axiomatic (empirical) definition of a random
sequence carries a requirement for so-called "“irregularity”, i.e. the ahsence of the

*} Of the other problems let us mention computation of many-dimensional integrals®®)
and sm:hstigmcybumtic mclﬁnas‘"%t.n *

**) To avoid misunderstanding it should be recalled that we are speaking only of statistical
physics. In particular, quantum randomness may be of a completely different nature and
does not have any direct bearing here (see Section 2.13).
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algorithms for obtaining a sequence. It is evident that this requirement can be verified
only in a negative sense, i.e. it is in a certain sense unobservable. 5o it is evident that
in the present case of algorithmic pseudo-random generators it is not satisfied by definition.
However, according to all the other criteria the pseudo-random mumbers are in no way dif-
ferent from "true" random mumbers (see Ref. 95 and below). According to the ideas developed
in this paper, this is the result not so much of the fact that so far no effective method of
verifying “randomness" has been found, as the fact that in nature there is no "“irregularity”
(Section 2.13). Moreover, if one chooses as an algorithm, for example, a transformation des-
cribing a stochastic dynamical system, one can assert that such an algoritlm will in a sense
be the best random mumber generator. The point is that very often we do not know exactly
which properties of random mmbers are important in one or another specific problem. Under
these conditions it appears wisest to follow nature, i.e. to obtain random mumbers by means
of the stochastic dynamical process. From the point of view of the Monte Carlo method this
will be one more step in the same direction of a return to molecular dynamics.

For such simulation there is apparently no need to use a Hamiltonian system, it is
sufficient to take the simplest ergodic transformation with mixing and K-entropy, for
example (see Section 2.3):

x'lﬂu--l — {k‘f“i {4':"1]

This is in fact probably the simplest transformation of this type. The corresponding trans-
formation in integers is written in the form:

Fresd = kro (weed 2F) (4.7.2)

Among others, such a random mumber generator was devised by Lehmer as long ago as 1951'%1),
two years after the appearance of the Monte Carlo method. However, if this generator was
so far distinguishable from a series of others, it was only because of the drawback it
involves due to the multiplication operation, which consumes a relatively large amount of
computer time.,

Although the transformation for real mmbers (4.7.1) has been fully investigated
analytically (Section 2.3) the transition to integers in the computer (4.7.2) may lead to
the appearance of anomalies, since the theorems of the ergodic theory are valid, except the
set of zero measure. A well-known example of such anomalies is the existence of a period
of pseudo-random sequence. However, finer violations of statistical properties are also
possible, Therefore it is necessary to verify the generator (4.7.2). Such checking has
already been reported in a series of papers’®). Below we give some results of a further
test in which the unique facilities of the BESM-6 were used. The checking was carried out
in co-operation with Israelev and Antipov!®*),

According to Ref. 135 the maximm period (2P™%) of sequence (4.7.2) is reached for:

k=3 5 (mod8); (4.7.3)
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rs is uneven), and the pair correlation coefficient of neighbouring pseudo-random mmbers is'?*):

e x -L— (4.7.4)

Since integral multiplication modulo 2” by k and (k - 2") is equivalent, for k 2 27 the
correlations will increase as compared to (4.7.4). According to Ref, 136 an increase of the
correlations is possible even for k » 2P/ depending on the specific value of k.

In order to test the quality of the pseudo-random sequence the following generator
parameters were chosen (in octal representation of a BESM-6 word):

<ks :ae013004288800425 ; L “
2 = 4% (4.7.5)
<M» 1:40135430804140356 ; 2 6

Accurate parameter values are unimportant when the conditions in (4.7.3) are satisfied.
Even a very "round” constant <k»: 4000000000200003 does not impair the statistical
properties of the generator. Let us note that this is apparently not always so'?’),
Therefore it is better to choose "non-round" parameters (4.7.5).

Three tests were used: imiformity (16384 bins); pair correlations st Tn
{128 = 128 bins) and 14-fold correlations of neighbouring mumbers by one binary digit

(2 %2 ... =2 bins).

The main results are given in Table 4.7.1. The randomness criterion for all three
methods was the deviation from uniform distribution in the whole array of 2'* = 16384 bins.
The deviation characteristic is the ratio of the dispersion (D) to the mean value (M)
of the amount of pseudo-random mmbers in one bin. The expected value of the ratio for a
random sequence is (with a confidence of 95§):

- 1.0 + 0,022 (4.7.6)

A

Table 4.7.1 also gives the values /Ti/M of the statistical accuracy of the test.

As an additional test of the statistical properties a count was made of the mmber of
empty bins of the array of 512 » 1024 for pair correlations. The array is logical and each
element occupies one binary digit (compare Section 3.2). The results are given in Table
4.7.2, where m and By heor 37¢ the actual and the expected mumber of empty bins in the
array.
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Table 4.7.1
N 10° 10t e T ’ 10’ 10°
VE, M o | 408 128 0 |13 | 40 | 13
Uniformity | 2/m 1.003 | 1003 | 1.003 | 1.008 | 1.000 .ot
i 18415 | so11 | T 0
VB /%) 101 1 w0 |13 | a0 1.3 |
PE it | A Piners! | 5000 6 I 0,083 -. o7 1.001 |
= 15420 E soos [ 8 | o e
Table 4.7.2
: : %
N i0® w0t | 1® | ae® 0 |
e i 623288 | 514376 | 454178 | 77052 | 0
correlations | saz100 | B14000 | 4s3e0c | 7E000 | ©
Mosor + 700 = 700 l * 6350 | + 280 |
Table 4.7.3
N 10® 10t 10° 10° 10’ 10®
Y2/M %| a2 127 il 13 4.0 1.3
Ist digit | D/ M 1,037 | o.mz | 1008 | o607 | oe74 | 1002
i 15431 | BB4S a 0 0 0
V2/M % 414 128 a1 13 4.0 1.3
14th digit 2/ M\ 1.045 1,008 | 1013 | 0,804 El:n.mm 1.008
] 15481 BEED as 0 o 0

Table 4,7.3 gives the results of the test of the statistical properties for the
14-fold correlations of the first and 14th binary digits.

in the latter case perturbation of the constant k was applied (4.7.7).

Finally, for the pair correlations a secondary distribution of the deviations from
the mean value was plotted, which is a finer method of checking statistical properties.
The random quantity here is the deviation of the mmber of entries into a bin of the

In order to increase the period
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two-dimensional array from the mean value, normalized by the square root of dispersion.

The distribution was plotted in the interval (-4, 4) divided into 128 bins. A graph of the
distribution obtained and a comparison with the Gaussian curve are given in Fig. 4.7.1.

The dispersion of the points is due to two reasons: the statistical dispersion of £5%,
which agrees well with the majority of points in the diagram, and the dispersion due to

the integral nature of the random quantity. The minimm value of the random quantity

is approximately 1/5 of the size of a distribution bin, which may cause an oscillation of
+70%.

To sum up, it can be said that in none of the tests both ours and those of other
writers, was any deviation of the properties of the sequence (4.7.2) form the random ob-
served. With regard to the length of the period, there are several ways of increasing it.
One was proposed by Sobol'??) and uses perturbation of the constant k in (4.7.2) during
L steps:

koo = kp + C (=ed 2%) @.7.7)

where C = B is the minimm constant, furmi:hklsitmdtj for all L. According to
Ref. 138 the period is then increased by +vL times .

Fia* "‘.T - 1

Another method uses more complex generators, for example of the type of the elementary
model (2.4.16) with a linear function of f(y) = ¢ - 1. In this case in order to start
repetition of the pseudo-random sequence it is necessary to have exact coincidence of the two
numbers §,¢ with one of the previous pairs (¢,9).

Another problem is connected with the choice of the initial wvalue of ry (4.7.2),
especially for multiple calls of the generator. Here again it is important to exclude exact
coincidence of the initial conditions for two calls. Apparently the best method is to give
re from another more complex generator with a practically infinite period, and this latter
should operate continuously, never returning to its initial conditions.
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Another approach to solving the problem of the arithmetical simulation of random
processes was developed by Postnikovi*s??), He also rejects the requirement for irregularity
of the sequence, replacing it with a requirement for completely uniform distribution, i.e.
the absence of correlations of any multiplicity (see Section 2,3). From our point of view
this requirement is not sufficient for good simulation of the random process, since it does
not guarantee the positive K-entropy of the process (Section 2.3), and if the K-entropy is
equal to zero, the mixing may run very slowly and non-uniformly, which in a practical respect
is not permissible.

A specific problem of the study of pseudo-random numher generators is the accumulation
of round-off errors in computation. This problem can be split into two. The first part
(the over-all error accumulation) is connected with the dynamical computing algorithm,
mainly with its stability. For example, when computing the trajectory of a stochastic
system the errors grow exponentially with time. The second part of the problem -- local
(in time) accumulation of errors -- is detemmined by the round-off process. As already
noted in Section 3.3 this process is equivalent to the work of a pseudo-random mumber
generator, the algorithm of which is determined by the computation algorithm. The distinc-
tive feature of the error accumulation process lies in the fact that the mean error (drift)
is generally speaking not equal to zero. Therefore the main problem is to find this drift.
If it is equal to zero, for example from the symmetry condition of the computation algo-
rithm, then we have exactly the pseudo-random number generator. In particular, if the
computation algorithm contains multiplication by a constant, then the generator is "pood",
as shown above, and the round-off errors accusmulate according to a random law. Examples
of random and non-random accumulation of errors are given in Section 3.3.

It can be hoped that the detailed study of such "round-off" generators will finally enable
us to obtain the reliable estimates of computation errors which are so desirable for work

with a computer.
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