
Stability of non-linear stationary plasma
oscillations
To cite this article: V.N. Oraevsky 1964 Nucl. Fusion 4 263

 

View the article online for updates and enhancements.

You may also like
Bifurcation Behavior in Oscillations during
H2O2 Reduction at Pt Electrodes
Hirokazu Kawasaki, Daisuke Hara,
Mitsunobu Kikuchi et al.

-

Multimode theory of plasmon excitation at
a metal – photonic crystal interface
T.I. Kuznetsova and N.A. Raspopov

-

Chaotic Oscillations in H2O2 - H2so4 - Pt
Electrochemical System
Daisuke Hara, Hirokazu Kawasaki,
Mitsunobu Kikuchi et al.

-

This content was downloaded from IP address 84.237.90.20 on 31/05/2023 at 06:53

https://doi.org/10.1088/0029-5515/4/4/001
/article/10.1149/MA2016-02/53/4035
/article/10.1149/MA2016-02/53/4035
/article/10.1149/MA2016-02/53/4035
/article/10.1149/MA2016-02/53/4035
/article/10.1149/MA2016-02/53/4035
/article/10.1070/QEL16454
/article/10.1070/QEL16454
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879
/article/10.1149/MA2015-02/47/1879


CHHTE3 4 (1964)

yCTOfiHHBOCTB HEJIHHEflHblX yCTAHOBHBHIHXOI
KOJIEBAHHft nJIA3MI>I

B. H. OPAEBCKHft

HHCTHTYT JlflEPHOK OH3HKH CHBHPCKOrO OTAEJIEHUH

AKAflEMHH HAYK CCCP, HOBOCHBHPCK

pa6oTa HOCHT o63opHbifi xapaKTep. B nap. 1 H3JiaraeTca MeTOfl HccjieaoBaHHH ycTOHHHBOCTH
KOJieGarorii He CJIHUIKOM 6ojibuioH aMnjiHTyAfci (MajibiM napaMeTpoM cny>KHT OTHOiiieHHe

$a3OBOH CKOPOCTH) [75]. HeyCTOfiHHBOCTH B03HHKaiOT H3-3a HajlKHHH
o6paTHOM CBH3H MOKay ManbiMH cnHycoHflajibHbiMH KOJie6aHHHMH, pacnpocTpaHaioinHMHCH

Ha «(J)OHe» BOJiHbi KOHeHHOft aMnjiHTy^bi. HeycTofiHHBOCTH HanoMHHaioT pacnaflbi KBa3HHacTHu: nacTOTbi
H BOJlHOBbie BeKTopa HapacTaiomrcx KOJie6aHKH CBH3ain>i c HacTOToii H BOJIHOBHM BeKTopoM MCXOAHOH
cooTHomeHMHMH Tuna 3aKOHOB coxpaHemw SHeprHH H HMnyjibca. XapaKTepHOH oco6eHHOCTbK»

KOJieGaHHH HBJweTca HX nponopuHOHajibHOCTb BejtHHime aMnjiHTyabi HCXOAHOH
KomcpeTHbiH npHMep HaxojKfleHHH KHxpeMeHTa HapacTaHHH Majiwx B03MymeHMtt —

ycToflHHBOCTb CHHycoH^ajibHOH ajn>(j)BeHOBCKOH BOJiHbi Majiofl aMnjiHTyAbi (nap. 2 A) . H e -
yCTOHHHBOCTb TaKOH BOJIHbl CBH3aHa CO C»CHMaeMOCTbK) Cpeflbl (flJIH HeCKHMaeMbK CpeA HeyCTOHMHBOCTb
nponaflaeT).

fljiH KOJie6aHHH 6ojibmoH aMnjiHTy^bi HeT o6mero MeTOfla HccjieflOBaHHH ycTofliHBocTH. OflHaKO H 3flecb
MOlKeT nOHBJIHTbCH nOJIO)KHTejIbHafl o6paTHafl CBH3b MeKAy MajIblMH KOJie6aHHHMH. IIO 3TOH npHHHHe OKa3bI-
BaeTca HeycroHHHBOH (B cacHMaeMoii cpefle!) ajib(j)BeHOBCKaii BOJiHa npoH3BOJn>HOH aMnjiHTyAbi c nHJioo6pa3-
HblM npo4)HJieM CHJIOBblX JIHHHH MaTHHTHOrO nOJIH [25]. (Bbl6paHHbIH npo4)HJn> CHJIOBbDC JIHHHH MaTHHTHOrO
noji« no3BOJiaeT peuiHTb 3aflany TOHHO — nap. 2 B ) .

B 3aKmoHHTejibHOH nacTH o63opa (nap. 3 , 4) npHBeaeHbi pe3yjn>TaTH HccneAOBaHHH ycToflHHBOCTH
BHflOB KOJie6aHHH, TaKHX KaK HOHHO-3ByKOBbie KOJie6aHHH HeH3OTepMHHeCKOii nJia3MbI,

KOJie6aHHH, MarHHTO3ByKOBbie KOJie6aHH« H T.n.

1 O6mne 3aivieHaHiw. IIocTaHOBKa 3333411

A B nocneAHee BpeMa Bonpocti
TeopHH KOJie6aHHH npHBjieKaiOT K ce6e oco6oe BHH-
MaHHe. 3 T O BO MHoroM cBH3aHO c o6Hapy»ceHHeM B
JIHHeHHOH TeopHH 60JIbUIOrO HHCJia HeyCTOHHHBOCTeH
no OTHOineHHio K BO36y»c74eHHK> pa3JiHHHoro
KOJie6aHHH. ( C M . , HanpHMep, pa6oTbi 1—7).
Tem>HO, nocjie o6Hapy»ceHHH HeycToiiHHBOcTH BO3-
HHKaiOT, B nepByio onepe^b, TaKne Bonpocw: (1) Ka-
KOBa AajibHeiiuiaH cy^b6a HapacTaiomnx KOJie6aHHH
H (2) KaKOBO BjiHflHHe 3THX KOjie6aHHM Ha noBeaeHHe
Bceii njia3Mbi. EcrecTBeHHO, OTBeTbi Ha STH Boiipocbi
MoaceT ^aTb jiHiub HejiHHenHaH Teopna KOJie6aHHH
njia3Mbi.

OflHHM H3 nepBblX UiarOB B CO3flaHHH HeJIHHeHHOH
TeopHH KOJie6aHHH HBJiaeTca nccjie^OBaHHe npocTen-
11IHX MexaHH3MOB HejIHHeHHOrO B3aHMOfl;eHCTBHa BOJIH,

K 3aTyxaHHK> HJIH orpaHHHeHHio pocTa
O^HHX rapMOHHK H HapacTaHHK)

XopOULIO H3BeCTeH MexaHH3M
rapMOHHK. H a Mam>ie KOJie6aHH« npn HajiHHHH CHHy-
coHflajibHOH BOJiHbi KOHCHHOH aMnjiHTyj^bi, o6pa3-
HO roBopa, fleficTByeT Bbmy»waK)maa cnjia. IIpH
3TOM BO3(5yamaeTCH Haxo^flmaHca B pe3OHaHce
xpaTHaa rapMOHHKa. ^pyrHM H3BecTHbiM Mexa-
HH3M0M BO36y>Kfl;eHHH HOBblX rapMOHHK HBJMeTCfl
MexaHH3M «paCCeHHHH» BOJIHbl Ha BOJIHe C H3MeHe-
HHeM HaCTOT H BOJIHOBblX BeKTOpOB o6eHX BOJIH
[8]. YKa3aHHbie MexaHH3Mbi

* An English translation is available. To obtain a copy,
please write to the editor.

rapMOHHK He SBJIHIOTCH eflKHCTBemtbiMH B njia3Me.
B caMOM flejie, Majibie KOJie6aHHH, pacnpocTpaHH-
K>mHecfl He3aBHCHM0 B o^HopoflHOH cpefle, npn

BOJIHbl KOHeHHOH aMnJIHTy^bl OKa3bIBaK)TCJI,
roBopa, cBK3aHHbiMH. 3Ta CB«3b BOJIH nepe3

BOJIHy KOHeHHOH aMUJIHTy^bl MO»eT OKa-
nOJIOJKHTeJIbHOH 06paTH0H CBfl3bK>, T.C BO3-
o^HOBpeMeHHoe BO36y»meHHe rpynnbi BOJIH.

.HCHO, HTO ycjioBHe HajiHiHH nojio»cHTejn>HOH o6paT-
HOH CBH3H flJIH (̂ HKCHpOBaHHblX BOJIH CymeCTBeHHO
3aBHCHT OT npocTpaHCTBeHHO-BpeMeHHbix xapaKTepn-
CTHK BOJIHbl KOHeHHOH aMnJIHTyflbl. ECJIH DpOCTpaHCT-

xapaKTepncTHKH BOJIH KOHCHHOH
MeHflioTca ^ocTaTOHHO 6biCTpo, nojio-

o6paTHaa CB«3b ^HKcnpoBaHHbix BOJIH
6bicrpo HapyuiaeTca H BO36yac,aeHHe TaKHx BOJIH
npeKpamaeTca. IIoaTOMy 3a^any o BO36y>K,n;eHHH
rapMOHHK H3-3a HajIHHHH nOJIO»CHTeJIbHOH 06paTH0H
CB5I3H MeacAy HHMH ya;o6Ho pemaTb B «HHCTOM BHAe»
— Korjj;a npocTpaHCTBeHHO-BpeMeHHbie xapaKTepn-
CTHKH HCXOAHOH BOJIHbl OCTaiOTCa nOCTOHHHblMH.
HHblMH CJIOBaMH, 3TO O3HaHaeT, HTO ^OJI»CHbI OTCyTCT-
BOBaTb BO36y»,aeHHe KpaTHbix rapMOHHK H «pacce-
HHHe» rapMOHHK HCXOAHOH BOJiHbi. TaKaa ctnyaixan
BO3HHKaeT npH HCCJieflOBaHHH yCTOHHHBOCTH HeJlHHeH-
HblX yCTaHOBHBIUHXCH KOJie6aHHH.

KaK H3BecTHo [9—13], HenHHeHHbie ycTaHOBHB-
KOJie6aHH5i cymecTByiOT B njia3Me B npeHe-

meii. B o6biHHOH ra3OAHHaMHKe,
HpH H3yHeHHH BO3MO»CHOCTH nO^BJieHHH yCTaHOBHB-
UIHXCH ABHaceHHH, TaKoro npeHe6pe5KeHHH, Boo6me

fleJiaTb Hejn>3H. HMCHHO
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3(J)(j)eKTi>i orpaHHHHBaiOT pocT KpyTH3Hti nepeAHero
4>poHTa nepBOHanajibHO CHHycoimajibHOH BOJIHW. B
njia3Me ace KapTima H3MeH«eTca. 3Aecb cymecTByeT,
HanpHMep, Tan BOJIH C nonepeHHOH nojispH3au,HeH,
a HMeHHO ajib4>BeHOBCKHe BOJIHW, RJVL KOToporo

ijieHw BH^a (vV)v, OTBenaiomHe 3a
nepeAHero 4>poHTa BOJIHW, OTcyTCTByioT B

onncwBaioinHx 3TH BOJIHW. IIoaTOMy

BOJIHa npOH3BOJIbHOH (J)OpMbI H, B
nacTHOCTH, CHHycoHflajibHaa BOJiHa MoaceT pacnpo-

6e3 HCKâ ceHHH cBoeii (J)opMbi (ecjiH,
CCHnaitneH Moaoio npeHe6penb). B Tex

ace cjiynaax, Kor^a cymecTByeT TeHAemjHH K yKpyne-
HHK), pocT KpyTH3Hbi MoryT orpaHHHHBaTb
CHOHHbie 3(|)<j)eKTbi [2], B caMOM flene,
nepeAHero <j>poHTa BOJIHW 03HanaeT «poacAeHHe»
KpaTHbix rapMOHHK. PoacAeHHe KpaTHbix rapMOHHK

BOJIH He CJIHUIKOM 6OJIbUIOH aMnjIHTyflbl) He
npoHCxoflHTb B TOM cjiynae, ecjiH BO36yacAa-

K)maa cnjia (noaBjiaiomaHCH npn yneTe HJICHOB BTO-
poro nop^AKa no aMiuiHTyfle) He HaxoAHTca B pe-
3OHaHCe C C06CTBeHHbIMH KOJie6aHHHMH CHCTeMbl.
Taicafl CHjia HMeeT BH^: a / 1

2 expi (2co^ — 2 k r ) , r^e
fx, co, k — cooTBeTCTBeHHO aMnjiHTy^a, HacroTa H
BOJIHOBblH BeKTOp HCXOflHOH BOJIHW. O^eBHAHO, eCJIH

fi 3aKOH cymecTBeHHO OTJiHHaeTca OT
, pe3OHaHca He 6yaeT, H B pa3peaceHHoii

njia3Me (r^e flHccnnaii,HeH MO^CHO npeHe6penb) MoryT
cymecTBOBaTb HejiHHeHHbie ycTaHOBHBniHecH BOJIHW.

B IIpH HCCJie^OBaHHH yCTOHHHBOCTH yCTaHOBHB-
KOJie6aHHH njia3Mbi yAo6Ho nepeflTH B CH-

Koop^HHaT, ABHacymyioca BMecTe c BOJIHOH. B
CHCTeMe KOopAHHaT KO3(̂ (J)HixHeHTbi B ypaB-

MaJIblX OTKJIOHeHHH OT yCTaHOBHBIIierOCfl
(TaKoe ABHaceHHe 6yaeM B fl

Ha3bIBaTb «C[)OHOM») He 3aBHCHT OT BpeMeHH.
BaTejIbHO, 3aBHCHMOCTb OT BpeMeHH BCeX BeJIHHHH,
xapaKTepH3yK>unix MaJibie oTKjiOHeHHa OT «(J)OHa»,
MoaceT 6biTb Bbi6paHa B BH^e e ' m . Tor^a CHCTeMy
ypaBHeHHH, onncwBaioinHX AHHaMHKy Majiwx BO3-

MOaCHO CHMBOJIHHeCKH npeACTaBHTb B

(1)

— jiHHeHHWH AH(J)4)epeHUHajibHWH caMOco-
onepaTop, onHcwBaioiuHH KOJie6aHH«
njia3MbI C C06cTBeHHWMH (̂ yHKi;HflMH

p e j k " r , H CO6CTBCHHWMH3Ha-

HeHHflMH Q(°\ yAOBJieTBOpfllOmHMH AHCnepCHOHHOMy
ypaBHeHHK) QW = Qm (k); H1"^) — JIHHCHHWH A H ^ -

(J)epeHitHajibHbiH onepaTop, 3aBHcamHH OT (J)OHa H
CTpeMJIHj;HHCH K HyjIK) BMeCTe CO CTpeMJieHHeM K
HyjiK) aMnjiHTyAw (J)OHa.

ECTeCTBeHHO npH HCCJieAOBaHHH yCTOHHHBOCTH
BOJIH MajIOH aMnjIHTyAW npHMeHHTb TeOpHK) BO3-
MymeHHii. B STOM cjiynae 3aAana COCTOHT B oTwcKa-

HHH nOIlpaBKH CO^ K C06CTBeHH0H HaCTOTe Q(°\
KOTopaa, KaK H3BCCTHO, B nepBOM nop^AKe TeopHH

ii p p a j i b H a MaTpHMHOMy 3Jie-
((pa |J? t ( 1 ) | (pn). PaccMOTpHM npocTpaHCTBeH-

Hyio 3aBHCHMOCTb onepaTopa fflM. ^ J I H BOJIH Majioii
BCJIHIKHW, onHcwBaiomHe BOJiHy, ycTOH-

HHBOCTb KOTOpOH Mbl XOTHM HCCJieAOBaTb, MOryT
6wTb 3£.n::caF:si B

(2)

Ilpii HCCJieAOBaHHH ycToiiMHBOCTK 3 iiepBOM
TeopHH B03MymeHHH HjieHaMH 0((p0

2) MoacHo npe-
HeGpeib. TorAa npocTpaHCTBeHHaa 3aBHCHMOCTb ffi W
xapaKTepH3yeTca MHoacHTejiaMH exp ( ± i k o r ' ) -
BHAHO, MaTpHHHWH 3JieMeHT, a BMecTe c TeM H
OTJIHHHO OT HyjIH JIHUIb B TOM CJiyiae, KOTAa
Q(°) cooTBeTCTByiOT no MeHbuien Mepe ABa BOJIHOBWX
BeKTopa (kx H k2) H OHH CBH3aHw MeacAy co6oii
COOTHOUieHHflMH THna [75]

(3)

3 T O paBeHCTBo He H3MeHaeTCH H npn nepexoAe K
jia6opaTopHOH CHCTeMe KoopAHHaT. H^acTOTw ace co1

H co2, cooTBeTCTByiomHe BOJIHOBWM BeKTOpaM kx H

k2, B JiaGopaTOpHOH CHCTeMe KOOpAHHaT CBH3aHW
COOTHOUieHHeM

a)x=co0-\-a)2 (4)

rAe (o0 — nacTOTa KOJie6aHHH «(J)OHa» B jia6opaTop-
HOH CHCTeMe KOOpAHHeT.

YCJIOBHH 3 H 4 He AaioT TOHHoro KpHTepna He-
yCTOHIHBOCTH HeJIHHeHHblX yCTaHOBHBUIHXCfl BOJIH.

O H H yKa3WBaioT jiHiub Ha BO3MoacHOCTb cymecTBO-

BaHHH HeyCTOHHHBOCTH. KpHTepHH HeyCTOHHHBOCTH,

. A. TajieeBy, B. H. KapnMaHy, MO5KHO c^op-
Hcnojib3OBaB onpeAejieHHbie CBOHCTBa

CHMMeTpHH MaTpHHHOrO 3JieMCHTa [20]. OKa3WBa-

, HTO eCJIH B y p . 4 3HaKH HaCTOT TaKOBW, HTO

ycnoBHe

COn = CO CO9 (5)

HMeeT MecTO HeycToiiHHBOCTb. B npoTHBHOM cjiyiae
yCTaHOBHBHJHeCH KOJie6aHHH yCTOHHHBbl. YCJIOBHH 3, 5
aHajiorniHw ycjioBHHM pacnaAa KBa3H4acTHii,. IIo-
3TOMy B AaJUiHeHiueM Mbi 6yAeM Ha3biBaTb HX
«pacnaAHbiMH» ycjiOBHflMH, a caMy i
CBH3aHHyio c BbinojiHeHHeM pacnaAHwx
«pacnaAOM» KOjie6aHH« [75].

B Pa36epeM 6ojiee noApo6HO npHHunn
HHfl nonpaBKH K nacTOTaM cox H CO2. /I,JIH 3Toro o6pa-
THMCH K HCCJieAOBaHHK) yCTOHHHBOCTH aJIb(^BeHOB-

CKOH BOJIHW. ITpHneM, B HacTOflmeM naparpa(j)e OCHOB-

Hoe BHHMaHHe yAejiHM cxeMe HaxoacAeHHH coW.
(IIoApo6Hoe BbiHHCJieHHe cô 1) 6yAeT npoBeAeHO B

naparpa(J)e HecKOJibKo HHWM, npaKTH-
6ojiee yAo6HWM, cnoco6oM).

CraujHOHapHoe cocTOHHHe B AaHHOM cjiynae npeA-
CTaBjiaeT co6ofl BOJiHy Ajib^BeHa, AJIH KOTOPOH Mar-

HHTHoe nojie < 5 H c o s k 0 r ' (rAe r' = r—u^} u — CKO-
pOCTb BOJIHbl) H THApOAHHaMKHeCKaH CKOpOCTb
d v cos k0 • r ' nepneHAHKyjiapHw HanpaBJieHHio pac-
npocrpaHemifl k0 H HeBO3MymeHHOMy MarHHTHOMy
nojuo Ho. B CHCTeMe, ABHacymenca BMecTe c BOJIHOH,
jiHHeapH3OBaHHwe
HMdOT BHA
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M
dt v 7j

(Vxli)xH0 , , . S2

° +M0 , , . S _°- +M — Vn
n0

= i f (v • k0) <5v sin k0 • r ' — M cos k0 • r ' (<5v • V) v

+ cos k0 r' (V X h • <5H) - sin k0 r' [(k0 x «5H) X Ho]}

= - V - (w<5vcosk0-r') (6)

3ztecb v, h, n — B03MymeHHa CKopocTH, MarmiT-
HOrO nOJlS H ITJIOTHOCTH COOTBeTCTBeHHO.

B cooTBeTCTBHH co CKa3aHHBiM paHee, BpeMeHHyio
3aBHCHM0CTb BeJIHHHH, XapaKTepH3yK>lIJHX MaJIbie
OTKjioHeHHH OT (J)OHa5 BbiGnpaeM B BH,zje e~i a". Toiyja
yp. 6 M05KH0 fljia (j)ypi>e-KOMnoHeHT no npocTpaHCT-

nepeMeHHBiM nepenncaTb B

[k x he (&
- to v , (*) - (k • u) v . (k) -

x

[k0 x SB\ x h« (k - k0) - [k0 x <5H] x Ho Is&zte

o)] o) • ko]

X

- ( k 0 x «5H) x 0) + (k0x <5H) x Ho -}}
— co h«, (k) — (k • u) ha, {k) — k x [v« (A;) x Ho]

= -j k {<5v X ^ (k - k0) + ha, (k + fc0)]

+ [vw (k - fc0) + Va, (k + fc0)] x 5H}

(k) — (k • u) Wa, (A;) + n0 k • Va) (A;)

= — -z-[nco{k — kQ) + nm (k + A;o)] k • dv (7)

HEJIHHEftHblE KOJIEEAHMil

k • Ac (k) = 0
(9)

yp. 8 B yp. 7, MOHCHO nojiyHHTb cjie^y-
K)m,He ypaBHeHHH OTHOCHTejibHO HOBHX nepeMeHHbix
Qw;x,y, <P<D, Aa>;x,y, Qco (OCb Z HaiipaBJIfleM BflOJIb IIO-
CTOflHHoro MarHHTHoro

(JETa/3
(0) - co da.p) yp {k, co) = HapW (k0, k, k- k0) ipp (k - k0, co)

:0,k,k + k0)y)p(k + k0,co)\ (10)

tyl, 2 (k, CO) == i3a,; x, y (k)

i/i (1/* ft\\ = a (l/*\
r 3 4 \ > Us) — -tx o)t x, y V"V

- k -

0

- k -

0

0

0

i H3

(jfc

u

- ]

yp-

k±

(*

0

t

0

0

0

7

k

C, CO) 2 = 9?a, ( « )

5, CO) == ^ (

- kV a

u 0 -

-ku

vfl 0 -

kyVa -

0

0)=6va^

0

- k v

0

k i

•kxv,

0

ft(i)

0

<, 0

kyVa

1-kxVa

fl-k • u

kS -

1/2

0

0

0

0

kS

-k u

±*o)

(11)

KaK

a onepaTop «^ftW(A;0, k, k±k0) He 3aBHCHT OT
Tyflbl HCXOAHOH ajIb^BeHOBCKOH BOJIHbl.

H3 yp. 11 BHflHO, HTO JET+<°> SpMHTOB (TOHHee CHM-
MeTpHHHbin) onepaTop. Co6cTBeHHbie 3HaHeHHH one-
paTopa H^P) onpe^ejiaioTca H3 xopouio H3BecTHoro

[(co + k • u ) 2 — (k • va)
2] [co + k • u)4

Y A O 6 H O B yp. 7 nepeHTH K nepeMeHHbiM <p, Q, A, Q,
o6pa3OM

A;)] — ik(pa>{k) (8)

=0 (12)

a co6cTBeHHbie BeKTopw o6pa3yK>T nojiHyio opToro-
HanbHyio CHCTeMy BeKTopoB. 3Ta CHCTeMa HMeeT

ea±',

ha, {k)/(4:nn0 M)1'2 = i k x A (k)

Qa (k) == i [ha, (k)lhQ] S/k

, , Slu>(k) H (pa>(k) npeACTaBjiflK»T CO6OM
4>ypbe-KOMnoHeHTbi BeKTopHoro H CKanapHoro no-
TeHu,HajioB CKOPOCTH; Aa,(A;) — <J>ypbe-KOMnoHeHTa
BeKTopHoro noTeHu,Hajia MarHHTHoro nojTa, H3Mepae-

B eflHHinxax noTeHUHajia CKOPOCTH; Qa>(k) —
OJIOTHOCTH, Tax>Ke H3MepHeMoe B eAH-

noTeHiiHana CKOPOCTH. BeKTopw Aa,(&) H
£la>(k) noflHHHeHbi ycjioBHK) nonepeiHocTH

^ ± -

kx/k

T ky

e;n ± —
1

21/2

™z " ' ^ / " ^ J L

-kjk

0
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21/2

y\

±1

(13)

.(0)
Tj ipa ± — co6cTBeHHtie

BOJIH (C00TBeTCTByK)LHHe CO6cTBeHHWM

ft) = — k • U i kz Va), y)m± C06CTBeHHBie
er ~ (0)

DblCTpOH, a ips± — Me^JieHHOH Mai"HHTO3ByKOBbIX
BOJIH.

JlerKO BHfleTb (CM. yp. 10), HTO nonpaBKa 0)0) K
nacTOTe co oTjiHHHa OT Hyjia (B nepBOM nopa^Ke
TeopHH BO3MymeHHii no aMnjiHTy^e HCXOAHOH BOJIHBI),

jiHinb Kor^a B HyjieBOM npH6jin»ceHHH o^HOMy co
cooTBeTCTByeT ziBa pa3JiHHHbix BOJiHOBbix BeKTopa (kx

H k2), CB5I3aHHbIX MOK^y C060H COOTHOUieHHflMH
THna yp. 3. B STOM cnynae, B nepBOM npnGjnDKemra
no BejiHHHHe dv (BepHee no napaMeTpy ct.=dv\u)
HMeeM cjie^yiomyio CHcreMy 3au,enjwiomHXCH ypaB-
HeHHM flJIH BeJIHHHH, OTHOC«mHXCfl K nepBOH H BTOpOH
BOJIHe

- co) y)(co,k + k0) = WO) (k0, k + k0, k)y{w, k)
(14)

_ co) ̂  (o>, k)=WO) {k0, k,k + k0) ip{(D,k + k0)

(15)

KaK O6HHHO, npn Haxo»cfl;eHHH nonpaBKH K CO6CT-

BeHHOMy 3HaHeHHK> co, yMHoacaa yp. 14 H 15 Ha opTbi
cooTBeTCTByiomHX co6cTBeHHbix BeKTopoB, nojiynaeM

- o)0) \y> (ft), h + A;o)| = <e<°) (co, k + kQ)

X |fltd) (k0, k + t 0 . *)| e (0 ) (o \

X

(16)

0,k,k + ko)\ e<°> (co, k + k0)) \ip, k -f ko)\

(e(0) _ GOOTBeTCTByiOmHH OpT, \y)\ — MOflyJIb BeK-
Topa yi). H3 pa3peuiHMOCTH yp. 16 3anHCbiBaeM
Bbipa»ceHHe asm KBa^paTa

(17)

F MOHCHO oacH^aTb, HTO pa3o6paHHbifi Bbiuie
MeXaHH3M HeyCTOMHHBOCTH, CBH3aHHbIH
nojioacHTejibHoii o6paTHoii CB«3H Meac^
HblMH BHAaMH KOJieGaHHM npH HajIHHHH BOJIHbl MajIOH
(HO KOHCHHOH) aMnjiHTyAW, pa6oTaeT B cnynae, ecjin
aMnjiHTy^a HCXO^HOH BOjiHbi He Mana. EcTecTBeHHo,
6ojibiiiHe MaTeMaTHnecKHe Tpy^HOCTH He no3BOJi5iiOT
HCCJieflOBaTb yCTOHHHBOCTb nepHOflHHeCKHX BOJIH
6ojibixiOH aMnjiHTyflbi npH npoH3BOJibHOH
BOJiHbi. (^jia Tex BH^OB BOJIH, fljiH KOTopwx

CH» ocTaHaBjiHBaeT pocT KpyTH3Hbi nepe^Hero
BOJIHbl, (J)OpMa yCTaHOBHBIIieHCfl BOJIHbl H MaKCH-

PHC. 1 riHJIOO6pa3HbIH n CHJIOBblX J1HHHH MafHHTHOrO

MajibHoe 3HaneHHe ee
AHcnepcHeii — a He MoryT 6biTb 3AaHbi npoH3-
BOJIbHO). y^aJIOCb TOHHO HCCJie^OBaTb [25] OflHH
nacTHHHbiH cjiynaH — ajib(|)BeHOBCKyK> BOJiHy c nnjio-
06pa3HbIM npo^HJieM CHJIOBblX JIHHHH MarHHTHOrO
nojia (pnc. 1). 3aAana CBOAHTCH K peuieHHio ypaBHe-
HHH C nepHOflHHeCKH pa3pbIBHbIMH KO3(J)4)HItHeHTaMH,
nocTOHHHbiMH BHyTpH nepHo^a. CuiHBKa penieHHH
B TOHKax pa3pwBOB no3BOJiaeT onpe^ejiHTb co. Hnace
B nap. 2 nyHKT B 6y^eT noKa3aHO, HTO ajn>4>BeHOBCKaH
Bojma c nHjioo6pa3HbiM npo4)HjieM cnjioBbix JIHHHH
MarHHTHoro nojia HeycToiiHHBa, npHneM MexaHH3M
HeycTOHHHBocTH aHajiorHHeH MexaHH3My HeycTOHHH-
BOCTH BOJIH MaJIOH

2 HeycToiiHHBOCTb nepHO^HHecKOH CTpyKTypbi
ajib(})BeHOBCKiix KOJie6aHiiu

2A CMHYCOHAAJIbHAJI AJILO>BEHOBCKA^
BOJIHA MAJIOH AMlUIHTyAbl [17]

ITpaKTHHecKH, npn BbiHHCJieHHH nonpaBKH
co6cTBeHHbiM nacTOTaM o)x H ft)2, y,ao6Hee Hcnojib3O-

cHCTeMy ypaBHeHmi 7, He nepexo^H K

Hcnojib3ya yp. 3, 4, 7, MOKHO nojiyHHTb

nj,yio CHCTeMy ajire6paHHecKHX ypaBHeHHH jinn aM-
BOJIH

( k l t 2 x h l j 2) x Ho
1, 2

", i x h2, i) x SR

±(k0X(5H)xh2)1=F
(k0 x ^H) x Ho n2) i

W l , 2 ^ 1 , 2 k 1 ( 2 X (V1; 2 X H Q )

— n •"•! 2 ^ i " ' /x **2 1 l̂  2 1 ^ unj

r,, y, J _ ^ t . v 7) k . /5v/2 Hfi^
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Xj 2, v1( 2, nXi 2 — aMnjiHTy^bi BOJIH C
(0^ + W(1), W2 = O>2(0) + G^1* H BOJIHOBblMH

x H k2, CBH3aHHbIMH COOTHOUieHHflMH 3, 4.
HcnoJib3yH CHcreMy ypaBHeHHK 1 (H Bbipaxcaa Bejra-
MHHbi h1( 2, \ h 2, HanpHMep, nepe3 nh 2 ) , M O K H O nccjie-
AOBaTb yCTOHHHBOCTb ajIb(j)BeHOBCKOH BOJIHbl IIO
OTHOUieHHK) K pa3JIHHHHM BHflaM BO3Myin,eHHH.

IlycTb BO3MymeHMe HBjiaeTCH coBOKyimocTbio
ajlb(̂ BeHOBCKOM H MarHHTO3ByKOBOH BOJIH, KOTOpbie
HH>Ke OTMenaioTCH HHAeKcaMH 1, 2. T o r ^ a H3
pa3peniHMOCTH CHcreMbi 18

^ - (19)

r^e (5 — yroji Me3K^y HJIOCKOCTHMH k0, Ho H k1} Ho, a
y — Me^fly k1} Ho H k2, Ho, ocb x Bbi6paHa B^ojib
Ho, ocb y nepneHflHKyjiflpHO Ho B njiocKOCTH k2, Ho

(PHC. 2).

2B

16 {1 + [k2x

PMC. 2 FeoMeTpHH B03MymeHHH coBOKynHOCTbio ajib(J)BeHOB-
CKOft H MarHHTO3ByKOBOfi BOrtH.

M3 yp. 19 BHflHO, HTO B03MymeHHH, y KOTOpblX
ai^ H co2 HMeiOT pa3Hbie 3HaKH (a,
y^OBjieTBopaioT yp. 5), HapacTaioT co

Hcnojn>3yfl yp. 3, 5, 19, MOJKHO noKa3aTb, HTO
HCxoflHaa ajib4>BeHOBCKaa BOjma HeycTOHHHBa npn
JIK)6OM yrjie pacnpocTpaHemifl no OTHomeHHio K
nOCTOHHHOMy MarHHTHOMy nOJIK).

cjiynaa CHJibHoro MarHHTHoro nojia

(20)

v = —ico*1) HapacTaHHJi Majibix BO3My-
B BHfle ajIb(^BeHOBCKOH H MeflJieHHOH MarHHTO-

3ByKOBOH BOJIH n o nopHjncy BejiHHHHbi

(21)

Kax H Bcer^a npn «pacnaAHbix»
HHKpeMeHT nponopi^HOHajieH
BOJIHbl.

ECJIH B BO3MyilI,eHHe BMeCTO ajIb(J)BeHOBCKOH BOJI-
Hbl BxoflHT 6bicTpaa MarHHTO3ByKOBaa BOJiHa, TO
MO>KHO nOKa3aTb, HTO HHKpeMeHT HapaCTaHHfl BO3-

ii TOFO »ce nop^flKa, HTO H V. Bo3MymeHHH
BH^OB, fljia KOTopbix BbinojiHaioTCH pacnaA-

Hbie ycjiOBHa, HMCIOT HHKpeMeHTbi, MHoro MeHbixrae v.
3aMeTHM, HTO cymecTBeHHyio pojib mm BO3HHKHO-

BeHHH HeycTOHHHBOCTH HrpaeT c»HMaeMOCTb
MO>KHO noKa3aTb, HTO B npeHe6pe»ceHHH
MOCTbK) ajIb(J)BeHOBCKHe BOJIHbl yCTOHHHBbl.

HCXO^HOH

AJlbOBEHOBCKHE BOJIHbl nPOH3BOJTbHOft
nJIMTy^bl C nHJ100BPA3HbIM nPOOMJIEM

MArHHTHblX CHJIOBblX JIHHMft [25]

B CHCTeMe KOOpAHHaT, CB5I3aHHOH C BOJIHOH B
o6jiacT«x, rAe MarHHTHoe nojie nocTOHHHO, peuieHHe
HiueTCH B BHAe cynepno3Hn,HH co6cTBeHHbix KOJie6a-
HHH cpeAbi (ajib4>BeHOBCKaH, MarHHTO3ByKOBa« H
3HTpOnHHHa» BOJIHbl). (HanOMHHM, HTO ajIb(J)BeHOB-
CKHe BOJIHbl npOH3BOJIbHOH aMnJIHTyAbl H (|)OpMbI
5IBJI5IK)TC5I TOHHblMH peUieHHflMH ypaBHeHHH HAeaJIb-
Hoii MarHHTHOH rHApoAHHaMHKH.) KpoMe Toro He-
O 6 X O A » M O yHHTbiBaTb Manoe CMemeHHe rpaHHUbi
Me»Ay 06jiaCT51MH C nOCTOHHHbIM MarHHTHbiM HOJieM.
YcjioBHa HenpepblBHOCTH HOTOKOB Maccw, 3HeprHH,
HMnyjibca, HopManbHOH K pa3pwBy
MarHHTHoro nojia H TaHreHunajibHOH
3JieKTpHHecKoro nojiH [26] no3BOJifliOT HaiiTH co H,
cjieAOBaTejibHO, peuiHTb 3aAany ycTOHHHBOCTH HC-
XOAHOH BOJIHbl.

Hcnojib3yH nepnoAHHHOCTb (no
KO3(̂ (̂ HUHeHTOB ypaBHeHHH MarHHTHOH
MHKH, MO>KHO npeACTaBHTb B03MymeHHfl CKOpOCTH V,
MarHHTHoro nojia h H njioTHOCTH gx B BHAe (HanoM-
HHM, HTO HCCJieAOBaHHe yCTOHHHBOCTH npOBOAHTCH B
CHCTeMe KOOpAHHaT, CBH3aHHOH C HCXOAHOH ajlb$-
BeHOBCKOH BOJIHOH).

w = u(T)eiP-t-ia>t (22)

rAe ip — Jiio6aH H3 BejiHHHH, v, h, gx; u(f) — nepnoAH-
necKoe (c nepnoAOM HCXOAHOH ajib(J)BeHOBCKOH BOJiHbi)
pemeHHe ypaBHeHHH; co — nacTOTa B03MymeHHH.

JlHHeapH3yeM OTHOCHTeJIbHO MaJIblX B03MymeHHH
ycjioBHa HenpepblBHOCTH. TorAa Bbi6paB ocb x BAOJib
HeBO3MymeHHoro MarHHTHoro nojia Ho, a ocb y
BAOJib HanpaBjieHHH KOJie6aHHH rHApoAHHaMHnecKOH
CKopocTH ajn>(J)BeHOBCKOH BOJiHbi dv, pacnpocTpaHH-

x, MO»CHO 3anncaTb

fei}=0

(23)

23 BbinHcaHbi HaMH AJifl aAHa6aTHnecKHx
BO3MymeHHH, KOTOpbie H paCCMaTpHBaiOTCH B AaJIb-
HeiiujeM. KpoMe Toro, n p n nojiyneHHH yp. 23 6wjia
HCnOJIb3OBaHa CBH3b BO3MymeHHH CKOpOCTH
c ee

, z) a* exp (i ky y + i kz z); <5£> = — i co £{y, z).)

rAe dB.= — (4-KQ0yi2dV — MarHHTHoe nojie 4
BeHOBCKOH BOJIHbl; 6 3D — BO3MymeHHe CKOpOCTH

Me»CAy 06jiaCTflMH C nOCTOHHHblM MarHHT-
nojieM. nocpeACTBOM (jmrypHbix CKO6OK 3Aecb
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B. H. OPAEBCKHft

Mbl 0603HaHHJIH pa3HOCTb 3HaHCHHH BO3MyiU,eHHbIX
BejiHMHH c O6OHX CTopoH noBepxHocTH pa3pbiBa.

fljia npocTOTbi paccMOTpHM cjiynaH, Kor^a CKO-
pocTb H MarHHTHoe nojie B03Mym,eHHH jieacaT B
njiocKOCTH x, y (pnc. 1). T o r ^ a peuieHHa B o6jiacrax
c nocToaHHbiM MarHHTHbiM nojieM MOHCHO npeflcra-
BHTb B BH^e cynepno3HUHH MeflJieHHbix H 6biCTpbix
MarHHTO3ByKOBbIX BOJIH. (CBfl3b BeJIHHHH Qx, V, h B
BOJIHaX HaXO^HTCfl H3

IlycTb B HHTepBajie — b<x<0 pemetrae ecTb

ip = {Cx exp i kx~ x -f C2 exp Kx~ x + C3 exp i k2~ x

+ C4expiK2~x} exp {— \ cot -\-\kyy) (24)

r,ae h,2 — cocraBJiJiiomHe BOJiHOBbix BeKTopoB no
OCH X COOTBeTCTBeHHO flJia MeflJieHHOH H 6bICTpOH
MarHHTO3ByKOBblX BOJIH, k H K — COOTBeTCTByiOT
flByM JIHHeMHO He3aBHCHMbIM peiHCHHaM C flaHHOH
HaCTOTOM CO.

AHajiorHHHo B HHTepBajie 0<x<a HMeeM

tp = {C5 exp i kx+ x -f- C6 exp i Kx+ x -\- C7 exp ik2
+ x

-\- G8expi K2+ x} exp (—icot-\-ikyy) (25)

PenieHHe B o6jiacTH a<x<a-\-b
BHfl nepHOAHHHOCTH yp. 22

H3 ycjio-

ip — {Cx exp i kx~ (x — a — b) -\- C2 exp i Kx~ (x — a — b)

+ C3 exp i kf (x — a — b) + C4 exp iK2(
x — a — b)}

X exp[— i cot + iky y -f i p (a-f-&)] (26)

FpaHHiHbie ycjioBHa yp. 23 npe^cTaBJiflioT CO6OH
CHCTeMy BOCbMH JIHHeMHblX ypaBHeHHH ĵ JIH BOCbMH
KO3(J)(J)HitHeHTOB Cx, ..., C8. H 3 ycjiOBH» pa3peuiH-
MOCTH 3TOH CHCTeMbi nojiynaeM ^HcnepcnoHHoe

o = a)(p, ky). B o6meM cjiy^ae OHO
flOBOJlbHO rpOMO3^KHH BH^. E[O3TOMy Mbl npH-
ero asm HanGonee HHTepecHoro cjiyiaa BOJIHH

6ojibuiOH aMnjiHTy^w (6V^>va), pacnpocTpaHaio-
meiicH B cpe^e Majioro ,n;aBjieHHa (S<^.va<^6V, S —
CKOpOCTb 3ByKa)

± 2kydVlco)1'2

B npeHe6pe»ceHHH npaBOH nacTbio yp. 27 HMeeT
fleHCTBHTejIbHbie KOpHH. KopHH, COOTBeTCTByK)IJJ,He
nepBbIM flByM COMHOKHTeJIHM, OTHOCHTCa K MeflJieH-
HOH MarHHTO3ByKOBOH BOJIHe H HMdOT BHfl, Ha-
noMHHaiomHH ycnoBHa fljia BOJIHOBHM HHcen B pe3O-
HaTope {coSfvadV—nnja, w=0, ± 1 , ±2 ) . TpeTHH
COMHO)KHTeJIb OTHOCHTCfl K 6bICTpOH BOJIHe H IIO
4>opMe coBna^aeT c ypaBHemieM ^JIH 3HeprHH 3jieK-
TpoHa B nepnoflHHecKOM nojie. YneT npaBoii
AaeT nonpaBKy K nacTOTaM HyjieBoro
ECJIH B HyjieBOM npH6jiH>tceHHH ^Ba KopHa (COOT-
BeTCTByiOmHe MeZUieHHOH H 6bICTpOM BOJIHaM) COB-
na,n;aK)T5 TO KBa^paT nonpaBKH K nacroTe OKa3biBa-
eTca OTpHti,aTejn>HbiM. B STOM cjiynae HHKpeMeHT
pacKanKH Majibix B03MymeHHH, Hajio^ceHHbix Ha Hcxoa-
Hyio aju>(J)BeHOBCKyK) BOJiHy, n o nopa^Ky

vaja (28)

PaccMOTpeHHaa HeycTOHHHBOCTb HanoMHHaeT He-
yCTOHHHBOCTb ajIb^BCHOBCKOH BOJIHbl MajIOH aMnJIH-
Tyflbi no OTHOineHHio K OAHOBpeMeHHOMy BO3-
6y»cfleHHio Me^jieHHoii H 6bicTpoH MaraHTO3ByKO-
BblX BOJIH [17].

3 Pe3yjibTaTbi HccjieAOBaHiia ycTOHHHBOCTii
pa3JIHHHbIX BH^OB HeJIIIHCHHblX yCTaHOBHBUIHXCH

KOJieSaHHH [75—24]

A HajiHHHe HJIH oTcyTCTBHe «pacnaflHOM» He-
ycTOHHHBOCTH MO»CHO npe^cKa3aTb, 3Haa ^opMy
cneKTpa. IlycTb HMeeTca jinuib opfia. BeTBb KOJie-
6aHHH. H a pnc. 3 H3o6paaceHbi npocTeHinne BO3-
MO»cHbie (J)opMbi cneKTpoB. KaK jierico noKa3aTb,
«pacna/i;Hbie» ycjioBHa MoryT 6bm> BbinojiHeHbi
jiHHib fljia cneKTpoB 1,4. Kojie6aHHa,
cneKTpbi, aHajiorHHHbie cneKTpaM 2 H 3,
n o oTHouieHHK) K pacna^aM. O^HaKO npn
HecKOJibKHx BeTBefi B cneKTpe KOJie6aHHH,KOJie6aHHa,
xapaKTepH3yeMbie cneKTpaMH THna 2 HJIH 3, MoryT

/ . (oSa\l . coSb\[ & . 7 , . . 7 , . . 1 / k2
+

(sm -^w) r n -£w) r s b -(cos h*~h) (cos *«+ a ) + T ( #
X (sin k2~ b) (sin k2

+ a) = — 6 — ~ - (sin "* I I[k2~ (cos fc2
+ a) sin k2~ b

-f « 2
+ (sin A;2+ a) cos «2~ O] I COS — T T H — ^2 ( s i n ^2" a) c o s I a — ol

— k9- (sm JL~ 6) cos !— > — 6 —^rz- s m — p f H
* K i ' va ) coSV \ vaSV

X {[k2~ (cos k2
+ a) sii k2

+ (sin k2
+ a) cos k2~ b] cos

coSb
va6V

7 / - 7 7v I 0) — kySV, A 7 . / • i . \ / <H — fcy6F,\
— A;2- ( s i n k 2 ~ b ) cos 0 — 0 — A;2

+ ( s m k 2
+ a) cos 0

\ Va I \ Va I
(27)
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PHC. 3

9EKTOP B O f t H b l , k

BO3MO)KHbie 4>opMbi cneKTpa.

6wTb HeycTOMHHBWMH no oTHOiiieHHio K pacna,o,y Ha
KOJie6aHHH, H3 KOTopwx XOTH 6w oflHO He npHHa,o;jie-
5KHT AaHHOM BeTBH. BoJiee TOMHO — pacnaflbl BO3-
MO>KHbi Torfla, Kor^a nepe3 Tpn TOHKH, cooTBeTCTBy-
lOLUHe KOJie6aHH«M ft>0> K'> ̂ I J K\ W2> h ( 3 T H T P H

TOMKH, B006lU,e TOBOpfl, MOryT JIOKaTb Ha pa3HbIX
BeTBHx) MoatHo npoBecTH KpHByio, no^o6Hyio JIH6O
KpHBOK 1, JIH60 KpHBOM 4. (J\nfl pa3JIHHHbIX BeTBeH
KOJte6aHHM MoryT, o^HaKO, BO3HHKHyTb «3anpeTbi»,
CBH3aHHbie C nOJ15ipH3aiIHeH BOJIH5 T.C MaTpHHHblll
3JieMeHT MO>KeT 06paTHTbCfl B Hyjlb.)

PaccMOTpeHHbiH B npeflbmymeM naparpa<J)e pacnazi,
ajib(J)BeHOBCKOM BOJiHbi HBJifleTCH xapaKTepHbiM npn-
MepoM pacna^a KOJie6aHHH, npHHafljie5Kamero OZIHOH
BeTBH, Ha KOJie6aHHH, npHHa^jie»camHe flpyrHM BeT-
B5iM. KaK BHflHO H3 flajibHeHuiero, a Taiojce H3 npn-

Ha Ta6.inme 1 cxeM pacna^OB KOJie6aHHH,
njia3Mbi xapaKTepHbiMH nBJimoTcn HeycTofiHH-

BOCTH, CBH3aHHHe c BO36y»c/ieHHeM KOJieGaHHii ,n;py-
roro

B IIJIA3MA BE3 MArHHTHOrO

XopOUIO H3BeCTHO, HTO B HJia3Me 6e3 MarHHTHOrO
cymecTByioT ^Ba BH^a HejiHHeflHbix ycraHOBHB-

UJHXC» KOJie6aHHH [11] SJieKTpOHHbie JieHPMIOpOBCKHe
H HOHHbie npO^OJIbHbie KOJie6aHHH HeH3OTepMHHeCKOM
njia3MbI (pi^Pe, Tflfi pi H Pe COOTBCTCTBeHHO HOHHOe
H ajieKTpoHHoe flaBjieHHa). HoHHbie npoflOJibHbie
KOJie6aHH» yCTOHHHBbl, T.K. HH flJI« KaKHX BHflOB BO3-

He MoryT 6biTb BbinonHeHbi pacna^Hbie
. 3jieKTpoHHbie jieHrMiopoBCKHe KOJie6aHHa

HeyCTOHHHBbI JIHUJb B HeH3OTepMH4eCKOH njia3MC
OAHaKO TaKaa HeycToiiHHBOCTb npHBOAHT
K cflBHry nacTOTbi HCXOAHOH 3JieKTpoHHoii
poBCKoii BOJiHbi. ^eflcTBHTejibHO, npn pacna^e 3JieK-
TpOHHOH JieHrMK)pOBCKOH BOJiHbi
HOHHO-3ByKOBaa H ajieKTpoHHaa
BOjiHa (c nacTOToii MeHbiueH HQM nacTOTa HCXO^HOH
BOJiHbi). MO)KHO noKa3aTb [75], HTO npn STOM AOJIH
3HeprHH, «nepeKanHBaeMaa» B HOHHbie KOJieGaHHH, B
(Mjinyi2 pa3 MeHbiuaa, neM B ajieKTpoHHbie. TaKHM
o6pa3OM ocHOBHaa SHeprHH ocTaeTca B

B IIJIA3MA B MArHHTHOM nOJIE

BeTBefi: KOJie6aHMK, no cpaBHe-
HHK) c HHCJIOM BeTBeH KOJie6aHHii njia3Mbi 6e3 Mar-
HHTHoro nojia, ^aeT AononHHTejn>Hbie BO3MO>KHOCTH
Ana pacna^OB. MoHHbie npo^oJibHwe KOJieGaHHH,
HanpHMep, paccMOTpeHHbie Bbiuie, MoryT pacna,n,aTbCH
npn onpeflejieHHbix cooTHomeHHax Me»ja,y napaMe-
TpaMH nna3Mbi H BHeniHHM MarHHTHbiM nojieM:

H2l4, rpfi n0 — njioTHOCTb njia3Mbi, Tc —
TeMnepaTypa) [16]. BbipaaceHHe

Tun

n O
w a

*> o
as <->

I
c G

as

o
« a

Si
g l

TAEJTHIJA 1.

MoHHbie npoflOJibHbie

KOJie6aHHH HeH3OTepMH-

(P\ < Pc)

HeycToftHHBbi npw

\ ^

Cxt'.MM ,,pacnadoe ycmanoeueiuuxcn KOJiebaimu n/ia3Mbiv

3jieKTpoHHbie

HeycToflHHBbi npH

Pi < Pe

/
(o) ^ -j— k 2 Vp2) ^/2 /

^CUQ*1 ~y~ rCn VQ 1 1

HeycTOHHHBbi npH
co0 (« 2 W H

\

COH

MarHHTO3ByKOBbie
KOJie6aHMH

k°Va /(H*l$n^p )

k2zS

Ajlb(})BeHOBCKMe
BOJIKbl

^i Va {kiz Va)

/

cxeMbi ,,pacnaAOB" c HapacraHHH B03MyineHHfi.
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HincpeMeHTa HapacTaHHa BO3My-
B Bime cyMMbi flfiyx

HeCKHX BOJIH HM.eeT npOCTOH BHfl

) (cO0/4) [1 (29)

nmpoflHHaMHHecKoii CKOPOCTH
HOHHOH npO^OJIbHOH BOJIHbl, U — QQ 4 ) a 3 O B a H C K 0 -

pocTb, co0 — nacTOTa; va — ajibtjmeHOBCKaa CKopocTb.
yCTOHHHBOCTb MarHHTO3ByKOBOH BOJIHbl, pacnpo-

nonepeK MarHHTHoro nojia, HCCJICZJO-
B pa6oT 20, 21. TaM noKa3aHo, HTO TaKaa

BOJiHa HeycTOHHHBa no OTHonieHHio K pacna^y Ha
MarHHTO3ByKOBbie BOJIHI>I. B yKa3aHHbix paGoTax
pe3yjibTaTbi HCCJie^oBaHHa yCTOHHHBOCTH TaioKe npn-
jiaraioTca K HccjieflOBaHHio yCTOHHHBOCTH ocinuiJia-
TOpHOH CTpyKTypbl 6eCCTOJIKHOBHTeJIbHOH yAapHOH
BOJiHbi. HajiiMHe HeycTOHiHBocTH npHBO^HT K ycra-
HOBJieHHK) Typ6yjieHTHOH CTpyKTypbl TaKOH BOJIHbl.

ECJIH B OTcyTCTBHe MarHHTHoro nojia pacnaa
SJieKTpOHHOH JieHrMIOpOBCKOH BOJIHbl npHBOflHT (J)aK-
THHeCKH JIHIJXb K CflBHiy ee HaCTOTbl, TO npH HajIHHHH
MarHHTHoro nojia BO3MO»ceH pacna^;, npHBOfljnmrii K
«nepeKaHKe» aHeprnn JieHrMiopoBCKOH BOJiHbi B
SHeprHK) apyroro BHĵ a KOjie6aHHii [18, 22, 24]. IIpH
Q)0«a2ct)H (rjlfi COH — SJieKTpOHHaH DHKJIOTpOHHaJI
nacTOTa) nponcxoflHT pacnafl ajieKTpoHHoii jieHTMio-
POBCKOH BOJIHbl Ha ABe SJieKTpOMarHHTHbie. MO»CHO
noKa3aTb, mo BO36y»waeMbie
BOJIHbl HMdOT pa3Hbie nOJMpH3ail,HH (BOJIHbl C
KOBHM nojiapH3an;HHMH He HapacraiOT).
Hbiii HHKpeMeHT HapacTaHHH yKa3aHHbix BOJIH V no

v en dv COH/IOW (30)

OTMCTHM, HTO onHcaHHbiH pacnaji,
Ha6jnoAajica B pa6oTe 14. Pojib
KOJie6aHHH nrpaji nepBOHanajibHO
nynoK. HeycTOHHHBOCTb no OTHOHICHHIO K BO36yac-
fleHHio nonepeHHtix BOJIH BO3HHKjia npn ycjioBHH

p COM fa 2COH (31)

r^e COM — «nacTOTa» MOAyJinpoBaHHoro nyHKa
(CKopocTb nyHKa yMHoaceHHaa Ha 2TZ/L, rpfi L —
npocTpaHCTBeHHbiii nepnoA Mopyjisnxaa), p=\, 2,
3, . . . I lpn p=\ (yp. 31) ecTb ycjioBHe pacna^a
OCHOBHOH rapMOHHKH. IIpH p = 2, 3 . . . — 3TO
ycjioBHe pacna^a KpaTHbix rapMOHHK.

JS,0 CHX nop Mbl paCCMaTpHBajIH HeyCTOHHHBOCTb
ycTaHOBHBuiHxca BOJIH B 6e3rpaHHHHOH cpe^e. MO»CHO
pacnpocTpaHHTb MeTOfl HccjieflOBaHna ycToiiHHBOCTH
BOJIH Majioii aMnjiHTyflbi Ha cjiynafi orpaHHHeHHoii
cpeflbi. B nacTHOCTH B pa6oTe 23 6 H J I HccjieAOBaH
pacna^ 3JieKTpoMarHHTHOH BOJIHW B nJia3MeHHOM
UHJiHHflpHHecKOM BOjiHOBo^e. B pa6oTe noKa3aHO,
HTO B itHJiHH^pHHecKOM BOJiHOBo,n;e 6e3 MarHHTHoro
nojw pacna^ ajieKTpoMarHHTHOH BOJIKBI HCBO3MO-
7KQH. 3T0 BHflHO H3 BH^a flHCnepCHOHHOH KpHBOH
(CM. npeflbwymHH naparpa(J)). B njia3MeHHOM ace

, noMemeHHOM B MarHHTHoe nojie, ii

pacna^ BO3MO»ceH. Bo3MO»cHocTb TaKoro pacna^a
cB33aHa c noaBJieHHeM flonojiHHTejibHbix BeTBen ^HC-
nepcHOHHbix KpHBbix. XapaKTepHbifi: HHKpeMeHT pac-
CMOTpeHHOH B [25] HeycToiiHHBOCTH no

TJlfi (i)0 — HaCTOTa HCXO^HOH BOJIHbl, Xp — KOpeHb
nepBoii (̂ yHKî HH Beccejia (^i(^p) = 0), e=E0lmyco0

rpfi EQ — aMnjiHTyzja 3JieKTpHHecKoro HOJIH HCXOA-
HOH BOJiHbi, y — ee <})a3OBafl CKopocTb, m — Macca

H oco6eHHocTbio orpaHHneHHbix
HBJiaeTca HajiHHHe npeflejibHoii AJIKHM BOJIHW. MoaceT
0Ka3aTbca, HTO BOJiHbi, pacna^aiomHecH B HeorpaHH-
HeHHoii cpe^e, 6y^yT ycToiiHHBbi B cpe^e orpaHHneH-
HOH. TaK npH yneTe Majioii c»cHMaeM0CTH ajib(J)Be-

BOJiHa HeycTOHHHBa B HeorpaHHHeHHoii cpe^e.
B orpaHHHeHHoii cpezie pacna^Hbie ycjioBHJi

c Majiofi cxcHMaeMOCTbK) MoryT He BW-
( A « cpeA c 6ojibmoH c^cHMaeMOCTbio —

Majioii BejiHHHHOH CKOPOCTH 3ByKa no cpaBHeHmo c
ajib(J)BeHOBCKOH cKopocTbio — TaKoro orpaHHHeHHa
Ha «pacna^» ajib^BeHOBCKoii BOJiHbi npaKTHnecKH

Bo Bcex ynoM«HyTbix B HacToameM o63ope pa6oTax
Hcnojib3OBaH
njia3Mbi
MarHHTHOH rH^pO^HHaMHKH HJIH flByX5KHAKOCTHOe
onncaHHe, ocHOBaHHoe Ha rH^poflHHaMHHecKHx ypaB-
HeHHflX AJia HOHOB H SJieKTpOHOB). (RllX pa3pe3KeHHOH
njia3Mbi TaKOH no^xo^; onpaB^aH, ecjin (J>a3OBbie
CKOPOCTH paccMaTpHBaeMbix BOJIH MHoro 6ojibiue
TenjiOBbix.) TeM He MeHee H3Jio»ceHHbiH HaMH
HCCJieflOBaHHfl yCTOHHHBOCTH BOJIH MaJIOH
c He6ojibuiHM BHAOH3MeHeHHeM MO»ceT 6biTb
HeH H B cjiynae KHHeTHnecKoro onncaHHH njia3Mbi.

CymeCTBeHHbIM 06cT0HTeJIbCTB0M HBJIJieTCfl TO,
HTO paCCMOTpeHHe yCTOHHHBOCTH npOBOflHJIOCb B
nepBOM nopa^Ke TeopHH BO3MymeHHH. Mo»ceT OKa-
3aTbca, HTO KOJie6aHHH ycTofiHHBbie, no OTHO-
ineHHK) K pacnajiy Ha ppa. flpyrnx, 6y,n;yT HeycTOHHHBbi
B cjie^yiomeM nopa^Ke TeopHH BO3MymeHHH ( T . C
6yayT HeycTOHHHBbi, HanpHMep, no OTHOUICHHIO K
pacna^y Ha Tpn KOjie6aHHa).

Pacna^Hbie HeycTOHHHBOCTH MoryT cjiyacHTb ^ o -
nOJIHHTeJIbHblM MexaHH3MOM 6eCCTOJIKHOBHTejIbHOH
«AHCCHnaii;HH». I lpn STOM, o^HaKo, sHeprna nepe-

He HenocpeflCTBeHHO B TenjiOBoe flBH»ceHHe
i;, a B 3Heprmo myMOB. KaK yKa3aHO B

naparpa(J)e,
KOJie6aHHH B flpyrofi (HanpHMep,

KOJie6aHHH B nonepeHHbie).
A B T O P 6jiaroflapeH P . 3. CarzieeBy 3a

HHTepec K BonpocaM, 3aTpoHyTbiM B
o63ope, H A. A. FajieeBy 3a
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ii lWsidN 4iENGLISH- TRANSLATION of the article /i*r WCfMiii lWsidN 4i (1964) no 4

(The following; English; vefsioii• i^-jTOvi'dei'"!!!-text.'oniy, ,-wlth
"blanks where Bymbo.ls .and. equations appear in .the original.. Thus
it is to be .used -beside' the original from which the reader pan*get.
the missing elements.) • . i!: " - - ^ P - " • ̂  • \ v ,

THE STABILITY OP NON-LINEAR STEADY-STATE PLASMA..,.

V.N. Oraevsky " . . . '

; , \ .. v" A b s t r a c t , .;. . -.:,.;-, ....• . .,_•_• ,.../; ...........v •••

... •-'This study-..is of a review nature. Ini section l-i^desdribe'd '"

the ..method of investigation of the stability, of • stationary ds cilia-'

tions,, of np.t tpo.. large amplitude (the. ratio of the hydrodynaraic"wave : :'

velocity to phase velocity serves as a small ..parameter) fj^S^J* Itî '

stabilities ar^se because.of-the presence of a positive feedback •

between..smaJll siXlusoidal oscillations propagating in the ̂ ackgrbiUhdTl

of the finiterramplitude. wave. -Instabilities recall;i^uasi-partide

decays! frequencies and wave vectors of developing oscillations are

related to the frequency and wave vector of the initial wave, by . : :

relations typical of the laws of energy and, momentum oonyerBation.

A characteristic peculiarity of .growth/rates of tdevelpp.JLĥ  bsbillar /

tions is their propprtionality.to. the value of: the initial-wave.. ,> ....

a m p l i t u d e . •' ; •;" ;•• :\\. . :.':, . ."' :... "••' '.-.:,. ,. •.•,•_.;'.;•: ," . ••...

. A cphorete example.̂ p̂f -finding the; growth rate of small perturba-

tions ,ie discussed 5 the stability of. a s,inusoidal'. Alfv^n"wave of

small ampiitMide'..(seo^ion ?; A) id investigated. y.ln&Hd'b
!£li'iy' 6t such •'

a wave is reflated to. compressibility:..o'ft.̂  tlie'medium (for iiibompressible

For large-amplitude-oscillations there is no'general method for

stability ihyestigation* However, even here a-positive fee.dbaok . •.

• • • - ' ' • ' • ' , ' ' . ' ' • : • : ' ; • ;
:
' '

:
' ' ' . . ; • " • • • . . . •"•'.' ' '"• '

:
 ' / . '
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" , ' ' " -• • ' '" ' . • ( c o n t ' d )

." • ',. • \\



/. between, small osdillatibns can appear. For this reason an Alfv^h ,

wave, is unstable (in a apmp^essible mediuml)' .if it .has an arbitrary, •

• amplitude with a sawtooth .proflie for ,the ma'gnetid field lines JTz^J

(the.chosen profilev.of;;the. magnetic jPî eld lines enables one to solve .

t h e p r o b l e m - p . r . e c i s e J L y { s e c t i o n ^ : B ) . A ;'-' '••••••' :• • ;.• •••-;•"'•;;.--:" •:• {:

In the concluding portion of• the review (section's 3,4) -the

reseuits of investigation.of the stability ojf'..oth.ep,! oscillation .modes''

are given, such as ion-acoustic oscillations of a. ndn-isoihei'mkl'plasma,

electron Langmuir osoillations,, magneto-acoustic oscillations, etc.

.1 • General remarks. Formulation of the problem

1. Wuestions of non-linear theory of oscillations have attracted

particular attention recently. This :is largely connected with the

discovery -in linear theory of ,a -large number of instabilities relating

to the. excitation of/various types of oscillations (see',: for example}' ".

refs. 1-7)• 'Following the/discovery of-instability, questions such.*'

as the following arisei (l) What happens subsequetntly to growing

oscillations? . (2) What is the effect of these oscillations on the

behaviour of the total plasma? Naturally," only the non-linear theory

of plasma oscillations can .provide, answers "to ihese questioris.

One of the first steps in creating a non-linear theory of oscilla-

tions is 'the investigation,'of. the simplest mechanisms of non-^linear • . ;

wave interaptibn inducing damping or limitation of "the amplitude . ..

of some'harmonics and the Niricrease of others.., Th.e. "birth" mechanism%
of multiple'harmonics,-is?well'known, A-compelling force? figuratively

speaking, acts upon the small oscillations in.the presence of a ;

sinusoidal, wave of finite .'amplitude, ̂ nd: the multij)ie harmonic in :

the resonance is thereby excited.. Another'weil known mechanism for .

exciting- neŵ  harmoriics, is the "scattering" mechanism of one wave
• ' ' ' • • . • • N • • • ~ , 1 1 ' ; . ' • • : ' . . , „ . . ' . . • - ' I . . . •

on another with a change: in the' frequencies";.and: wave yecibors; of

both waves £"^>Jf Thes,e mechanisms for exCj^ih^new" Wrmohics are ;

n o t ' t h e o n l y 6 h f e s ^ i n p l a i s m a ^ ' •; ;..,.• '• .:-;-[t ::•/••;. • » • • . . ' , & y ; > - : : ' > : , . - - : ••- ••--. ••';•:•*- • •

•r • . ' : • • ' ' ' . • - • • ' • , ' ' - : " ^ ' V - . - ' v . . . . , - ' A •'.•;•• • ':••" ' . • : • ' • . ; • • » • •- > •:-•: ' :• ( G O h t * : d • ) • - • . -
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Small oscillations propagated independently in a homogeneous

medium; are, generally speaking, related where a wave of finite

amplitude is present. This relationship of waves through the

. initial wave of finite amplitude can ba a positive feedback; that

is, it is possible to exoite simultaneously a group of waves. It .

is clear that the condition of positive feedback for fixed waves

depends essentially on the space-time characteristics of the wave

of finite amplitude. If the spaoe-time characteristics of the waves

of finite amplitude change sufficiently rapidly the positive

feedback of the fixed waves.is rapidly broken and the excitation

of such waves curtailed. It is therefore convenient to solve the

problem of the excitation of harmonics through the presence of a

positive feedback between them in its "pure form" - when the space-

time characteristics of the initial wave remain constant. In .

other words, the excitation of multiple harmonics and the' "scattering"

of the harmonics of the initial wave must be absent. Such a situa-^

tion arises in the investigation of the stability of non-linear steady-

state oscillations* . " . . :.

We are aware /~"9-13_7that non-linear steady-state oscillations

exist in plasma if dissipation .is neglected. In conventional gas

dynamics, it is generally speaking impossible to disregard dissipa- .

tion when studying the possibility of steady-state, motion, for the

dissipation effects limit the increase in slope of the leading edge _.,

of the originally sinusoidal wave. 'In plasma the. picture changes.

Here, for examplej there exists a type^of wave with transverse ..

polarization, namely Alfy^n waves for whioh non-linear terms of/,

the form ..., responsible for torsion of the leading edge of the

wave, are absent in equations describing these waves. Therefore

the Alfv&i wave of arbitrary jform1 and, in particular, the sinus-

oidal wave can propagate without,distortion (that is of ooiirse if

one can disregard the dissipation), In the same cases, when there

is a tendency to torsion, the dispersion effect's can limit the

inorease in slope C-Z-^J* Indeed, the torsion of the leading edge

of ihe wave denotes the "birth"* of multiple harmonics.. The birth

of multiple harmonics (for waves of not-too-greatNamplitude) will .
; ; •• '•••/- v (oonttd)
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not :bbcui^;£f toe excising f6roe: (which appears^when the terms of ,',

the sepbrid orcler JLn amplitude are taken Unto consideration); is. not. in

resonance with the system's own .oscillations. Such a .-force has the

formi •..".'•'..., where •••••••• are the amplitude,' frequency, and wave

vector of the^initial wave, respectively. Evidently &f the'dispersion,

law differs'substantially.from the linear, there will >e npreso-.*.

nance, and non-linear steady^state waves can exist in"the,rarefield

plasma (where'one can ignore the dissipation). . " • ; . .

,B... In examining the stability of steady-state plasma oscilla- ' .

.tions.it is, convenient to turn to the system, bf coordinates moving"; ••*-.. ,

with,the wave. ..in such a system.of coordinates the-coefficients in;

the, equations .for small ideyiations from.; the established motion (we "

shall henceforth call this motion, "background") are.nbt dependent "..;;

..H on. time, ;. Consequently..the time dependence of all .-values characteris-

ing small, deviations..from the "background" may-be expressed, in; the'o

form' ....... ..• Then- the system of • equations describing/the 'dynamics' :- "

of small perturbations can be expressed'in the formi ••..•• _ . ;

where;•;;.>.;.is, the linear differential self-adjoint,operator•• descffb-^"

ing o.sQilla;iioiis of a homogeneous plasma ;with eigenifunctions. ..2;•

proportdorial-^tb .«• and eigenvalues .... satisfying the.' dispersion

equatipn:# •,.'. -\ '.', .'is (t̂he. linear diff erential-bperator! depsndeht on

tha ibackgijourid ;>and̂ ^ approaching zerb as the background amplitude •

a p p r o a c h e s - z e r o ; : '-' '• • .,•• •' .•"- '• ''•--'. '. i. • •'. .'-%.?[•:•• .,- '•: >.. ••:• • •.

i In investigating* the stability of small-amplitude wayes it is

natural-to use: perturbation" theory. .In this case" the problem. Jis'

one of finding'the correction •••_. to the natural frequency .•• .

whioh, "in "first-order perturbation'theory,! we know t.b.be propbriional'

to the matrix element •••• • We shall examine the spatial dependence

- of-'the* operator ••• . For low-amplitude 'waveei the rvalues describ- •

ing the wave;whose stability we wish tb examine may be written in.
, t h e i f o r m t / / • • • • • * • • • . • • • .. - ~ \ , : •'.-,

 ;-•/:.•..:': ;•-•--';•• - _: '.;.•••
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In examining, stability with first-order perturbation theory one

oan negleot the terms ••• # Then the spatial dependenoe of •••

is characterized by factors ••••••••• Evidently the matrix

element, as well as •»•, are non-vanishing only when at least two

wave veptors (#y# and ..») correspond to one ..« and they are

coupled by a relationship of type f~15j i

This equality does not change even when transferred to a laboratory

system of coordinates* The frequencies •«• and corresponding to wave

vectors *»• and,.»# are coupled in the laboratory.system of co- . .

o r d i n a t e s b y t h e r e l a t i o n s h i p ! -.-.... •••.""' , •• •••-'• / >

where «.i is the frequency of the ^background11 osoillations in the'

laboratory system of coordinates, v • > •' "̂  ^

< Conditions 3 and 4 do not give an exact criterion for the

instability of non-linear steady-state.waves. They simply indicate

the possibility that instability exists* According, to A»A. Galeey

and V«I«, Karpman one can formulate the criterion for instability

using certain symmetry properties of the matrix element £^20J* It

appears thaty. if in. eq 4 the signs of the frequenpies are suoh that

the oohditidn V 3 H< "

is fulfilled,-instability occurs. Otherwise the steady-state osoilla-

tions are stable*: .Conditions 3 and 5 are/analogous to "the conditions

of decay of quasi-partioles $ - therefore we shall henoefbrth call

these conditions "decay" conditions and the instability itself9 which

is associated with the fulfillment of the decay conditions we shall

call oscillation "decay"

C We shall examine in greater d etail the prinoiple for finding

the correction to frequencies ... and ««• . For this we shall examine

:thd\i!tab,il4iy''<of'̂ the.'!AXf̂ n-wavef' directing our attention in, this

section mainly to the method for finding •.« • (A detailed calculation

• • . " . ' • . . " ' • ' • • • . • . ; ' • • ' • • • . ' • • . • • * ' / ; • • • ' • •'" - • , ' ( c o n t ^ d )
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will be-;feiveri'in the'"following sectidn in a sbmewhat "different and, r »• •

in pract166, morei convenient form).

In the present case the'stationary^-state..is an Alfv^n^ wave, for , •'
1 which the magnetic field ••• (where ...,...• is thetfwave-velocity) ..

and the hyd^odyhamio velocity..v. are perpehdipular to the*direction^ . . -

of propagation .... and to the unperturbed magnetic .field ... • .

In a system moving with the wave linearized equations for perturbations .

h a v e , t h e , ( f o r m i , •- ' .i,-..^-.- '" •••,' / . ? ^ •• ' • • - • ' ; > •"•-'>'. :''>ii.'-: ' : ; ; :- '"', ^ ' "'"' l > . ' "

. - - / . • = • . • ' : • • . . . • • / - ; • ' • , • . . . ' . ; - v - v " . . ^ ; , • • . • • • , - . . • ; ; ' . ( 6 ) - • ; v .

Here ... ,r .../... are perturbation's of the'velocity,'the magnetic

field, density and pressure, respectively.* -" ''"' ' "" ' " "

In accordance with what was said before we express the time •

dependence...'.of. the.values character is ing. small deviations from-the

•background" in the form ... . Then eq ,6 ;can be rewritten '.for :

Fourier components in spatial variables.in the form .

In eq.7 i<;t id donvenierit to turn to the Variables ..." which are-

determined as' follows , '

where ;•• and... evidently represent the Fourier component^. of; the '...•-

vector and scalar velocity potentialy; .... is. the Fourier ,component

of.the veotor potential of the magnetio field measured in units of

velo.city potent ialj;fJ..« is;-the density •perturbation,: also
1 measured1 -'• :'

.in iUni;tB. of velpci-ty potential«; • The yeptorsV •.«" and . .̂., are subject *

to th® QO^idition pf. trans-versenessi :•.; ̂  • : . • v ''..•"•vs' •••''"

Substituting eq. 8 in eq. 7 one can obtain the following equations

relating to the new variables i........ . ..""

(we direct^ .'thei'"*€ ̂ axis JaldhgT the'constant magnetio field).

hjere,,
K i t " ' P I

'."' '••'•••'"•' , • ': ' ' • •••'' • ' • . • • • • ( c o n t » d )
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As oan be seen from eq« 7

and the operator ••••does not depend on the amplitude of the

initial Alfv6n wave.

It oan be seen from eq. 11 that ••• is a Hermitian (or, to be

more preoise, symmetrical) operator* The eigenvalues of the

operator ... are determined by the well known dispersion equation

(12)

and the eigenvectors form a complete orthogonal system of vectors.

This system has the form (for »••)

where

(13)

where are the eigenvectors of the Alfven waves (corresponding to the

eigenvalues . • • ) , ••• are the eigenvectors of the fast magneto-

acoustic wave and ••• are the eigenvectors of the slow magneto-

acoustio wave.

It can easily be seen (see eq.10) that the correction ••• to

frequency •••is non-vani8hing(in perturbation theory that is first-

order in the amplitude of the initial wave) only when two distinot

wave vectors (••• and * • • ) , coupled by relationships of the type

of eq.3 correspond in the eero approximation to a single ••• •

In this case, in the first approximation in the quantity ••• (to be

more precise, in the parameter •••) we have the following system of

interlocking equations for manitudes relating, to the first and second

waves

(14)

(15)

As is normal in finding the oorreotion to the eigenvalue •••, by

multiplying eqe. 14 and 14 by the unit veotors of the corresponding

eigenvectors we obtain

(16)

(••• is the corresponding unit veotor, ••• is the modulus of

vector • • • ) • (cont'd)
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From the solution: rpf-eq. 16 we write the expression for the square of

•D,. -One 'raayi "expect thai?, the instability mechanism examined

above and assooiUt^d^itii -the appearance of a --positive feedba6k "bet-

ween Ceirtaih- -types""of oecillations' "where a wave of low (but finite) '

amplitude is present, functions if the amplitude of the initial wave

is not small; Naturally, major mathematical difficulties do. not

permit the examination of the. instability of large-amplitude periodic

waves where the wave, has an arbitrary "form. For these types of waves,

for which "dispersion stops the increase in the slope of the leading

edge-.of the wave, the form of the steady-state wave and .the maximum

value of'its amplitude are determined by dispersion and cannot be

- defined ai*bltrarily. It "was possible*'to examine closely J±2
parti"CU"l"ar-; "*: /.r. ••••* • •.:•• • • • ..... . . • .

one . _ ...case -. an Alfven wave with a saw-tooth profile for the

force lines of:'the "magnetic field (fig.l). The problem can be

reduced to the solution of equations with periodically discontinuous

coefficients-which'-e^e cbilstaht within a period. Matching solutions

at-^o'ihts '4t ̂ dijgcOntiiiUi.ty;permits the detertairiatibri of.\ ••• y. ..in
;: c ! •'" •

par -:2i\; sect iorf fl we ̂ sha.̂ 3.-'Show that an Alfven wave with a saw- ' -'

tooth profileffor tKe *rfiagne',tic-field lines is unstable,--while the "\
• ' ! • " . - *

instability •mechanism is analbgolis -to the instability ineohahism of- ' .

1 '.'; 2 .The instability of the periodio structure of — , .
•A3.ven oscillations •••/ ' . '

2A Low-amplitude sinusoidal Alfve*n wave -/~17 7

In practice, when calculating the correction ..., to the eigen-

values • •«> arid '••• :it is more convenient to use the system of,

equations'7 without turning to the potentials,' * ' '* . . -

., Using eqs# 3y,4.and 7>. the following system of algebraic equar

tibns' for the amplitudes of the waves can be .derived .. • - '•'>/"•

' • : '
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where • iv.. are the. wave amplitudes with frequencies •"'•'.,•«•. t •.,

• .••••«•.: and wave vectors ... amd ... related "by eqs. 3 and 4.

If we use tne system of equations 1 (and- express the values ...f
... for example through •••) the stability of the Alfve*n wave can

be examined with regard to various types of perturbation.

Let the perturbation be-a -combination of an Alfv^n wave and a
. . - . . . : • • / • • • .

magneto-acoustic wave, which are denoted below by the indices 1,2.

Then,from the condition of'solvability-of- system 18 we find

where f>. is the angle between the
v ... and •.. planes, and •««

is that between «•• and •••••, the x axis is ohoeen along . .•, the

y axiB perpendicularly to ••• in the plane •••• (fig. 2). v

Prom eq. 19 it can be seen that perturbations in which .,. and% ,

«•• have different signs (and consequently satisfy eq. 5) grow with-..

t i m e . ' : • ' . ' • " ' • ' " ' • • . • • ' ' " • • • ' ' • - . . • -

With eqs.. 3, 5 and 19 it can be shown that the initial

wave is unstable at any angle of propagation in respect of the stable

magnetic field. v . . ...

iPor the cas.e of a strong^magnetic field
)

the growth1 rate of-small perturbations-in * the 'form of an Alfvdri

wave and a slow magneto-acoustic wave is equal in order of magnitude

t o , ' . • ": • • — • . . ' • • •' •

As always in the case of !*decay?f. instabilities, the "rate; is proportion-

al to the amplitude of the initial wave. . . -/ . ..

If, t instead „of, an jilfv^n .̂ fave, a r fast ,magenot-aCOustib wave

enters the perturbation.it. can be shown vthat:.
:the growth rates of the

perturbations are of the same order, as is-ftlsor /..>., Other types

of perturbations, for which the decay conditions are fulfilled

rates whioh are less than ... ,.

(oont^d)

•\
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tt£ 'slfdiildT 1)9, rioted "that the compressibility of. the medium plays

an important part in" the onset of oscillations. It can be shown

that 'if: the compressibility is disregarded the Alfven waves are

stable. .-.••••• .-..,.

2 •': Aifve*n' waves of arbitrary amplitude with sawtootli
.; :r:, 'magnetic;force line profile [^[

In a system of coordinates associated with a wave in regions

where the magnetic field is stable, a solution is sought as a super-

position of.the oscillations of the medium itself? •(Alfve'n, magneto- ;

acoustio and entropy waves).'. (it. ̂should be %remembe.red that Alfven

waves of arbitrary amplitude ancl form are .exact ,golutionjs\o/ equa?-:-'

tions of ideal magnetic hydrodynamics.) In addition, the small shift

of boudary between regions, with a stable magnetic, field must be ft

taken "into, consideration. The continuity conditions of the flows .... .

of mass, energy, momentum of the component of the magnetic field

perpendicular, to the. boudary a'hd the tangential "oomponent" of the •

electric, field U%&J: enable- .-.. to be found 'and, consequently, the

problem'of the stability of the initial wave to be solved; "

Using the periodicity (along the co-ordinates it should be

remembered that the examination of stability is conducted in,a system

of co-ordinates .associated with the .Initial Alf#6n. wa\ve)^. of -^velocity

..., ma.gnet.io .field,...,.. and'..density .«.* :i,n the*•£emus- -•:*. " • • • •' ••• •'" •> • ' •

. . ' . . ' , ' - ' . • • • ' • .• ' { ' « 2 : ' ; ' - "

where ... • is any of the. quantities . • •, ,..,..., ... is the periodic

faittk? the- period, of: the initiki1 Alfve*h wave) soiutio'n of" the equa-

tions ;. ... is the frequency of *the 'periurbatidns. '"'.""
• ' • • " > . - • • '

Linea?rising'r*he-oonti.nuity' bohditioiis i l th : respeot". to' the" small

i>4î litii±Jmtions -and' th«n choosing the.s-x dxis'<fj. i • alSng the uniierturbed

magrietiO' f ie ld; •; ...*, and the y axis .IV • ̂ oh'g^iJh'e'Sife'ct'ibn'^

<? ve loc i ty ; o scillati'Ohs "of th6 Alf vih'1 Wdve .'.'.:.' pro'pagaiing
, .'we'can write _ s --'•*• i " - - ' - * - ' ; ' - ' ** . ••"•"•••'••

• • ' . . ' • • . • ; . • ' . ' • • • • ' • ' ; • . < « ) ,

• ' • . ' . - . . • . . • • ' • . ( c o n t ' d )
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(Conditions 23 hâ re been written for adiabatic perturbations which will '

be examined..later. -In addition'^ in'deriving eqs. 23, use was made of the •

boundary .velocity.perturbation with'its shift:

where is the magnetic field of the Alfve*n wave: ••;••! is the

perturbation of the.velocity.«f the boundary between.regions with a con-

stant magnetic 'field. By ;neans of curly brackets here, we have indicated

the difference in values of the perturbed quantities on the two.sides of

the discontinuity surface.'

' ' • • •

For the sake of.simplicity we shall examine the case where the velocity

and magnetic f̂ .eId- perturbations lie in the x^ y plane .rfig.l). ' Then the

solutions in regions with constant magnetic field can be represented as

superpositions of slow and fast magneto-acoustic waves. (The relations among

the quanrities ...... ...... , in the waves is, found from :the '

magneto-hydrodynamic equations.) . '

In the interval .«••• , let the. solutions be . . . ... . ;

(24)

where ... • • - are the components of the wave vectors along x axis for the

slow and .f6Lsi-magrist«*aeot£s tic-wavers respe'ctively^ '.V. and '*... correspond

to two l inear ly independent solutions with the given frequency . . ; . . •
• • • • • • - N • • ' • ;

Analogously, iri the range ... we hav'e *••.• ";

- . . • - . • • : . ' , - . . : . . - , • : ' • • - . ' • '• - • ' •' - • • ' ; • • ' ( 2 5 ) '

We obtain the solution in the region. from the periodicity

condition of eq, 22 .."'•'. . : .

The boundary conditions «f eq.. 23 are a system of eight linear equations

for eight co-efficients . Fr«m the solvability condition of this

system we obtain the dispersion relationship ...... • Generally this
' . . • . . • • ' . ,

• • • ' . . . , • 4 ' • ' . • •' ' • • '

has a fairly cumbersome iform. Therefore we state it for! the most interest-

ing case of a large-amplitude wave; (......) propagating in a low-pressure

medium ( ....... , ..'...• Ts the speed of sound) / ,

where . ._'.':'. .
•'.,-> (contfd)
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.:,... Ignoring the right-rhand.part> equation 27 has real roots;

The roots corresponding to-, the first two factors refer to a slow < * ̂

magnetp-acoustio wave and have a .form that calls to mind the con-

ditions for wave numbers in a resonator (..•.., ••••«)• The third

'factor relates to a fast wave arid coincides in form.with "tlie

•••equatidh'for1 electron energy in a' periodic field. Taking into
;' aocdurit the 'right-hand part, we obtain the correction to the zero-

approximation1 frequencies. If two roots (corresponding to the

,slow and fast waves) correspond in the zero approximation, the

.. square...of...the correction,:.to; the frequency, is /negative. ->Itt this case,

v..the build-up rate pf small perturbations1 superposed'on the 'i-riltial1' ;;:

.Alfv^n.wave is equal In order .of "magnitude, to .•: • :; - . " '• ; '•"• -; ':-i!;: :fi-

The instability examined above calls^to. mind the instability <x£_ a .. ,. ...

small-amplitude Alfven wave with respect to simultaneous excitation,

of the slow and fast magneto-acoustic waves

. ,.\ 3-: Results, obtained- in examining. th:e instability' of various ":"':l

types of non-linear steady-state oscjllatsions ./15-247 .-••;>.

. . . . . . . . . . . . . . . : • • ' . • ' • . • • ' • • '

*A' • The presence or absent of "'•decay" instability oan be pre-^

dieted if the form oi" the spectrum-is-known;- Let-it be; a^sumecl1 that

thete.is only one oscillation branch. The simplest possible spectrum

forms are depicted in fig. 3» As can be readily demonstrated, the' , •..

"decay" conditions' 'can'"be fulfilled only for spectra 1 arid 4? The

oscillations with spectra analogous to spectra 2 and 3 are stable,

with respect to decay. However, if there are several branches in

the oscillation spectrum, the. osc.illa.t.ions characterized by spectra

of type 2 or 3 may be unstable ŵ tfe respect to decay into csoilla- , '•• •

tions of which at least one.does not belong, to,-the given brarioh. .. ..':.

To be more precise, decay may occur when it is.^possible to draw a

ourve similar to either curve 1 or curve.4 through 4hree points •)•.. .. :
corresponding to oscillatio.ns. (•.......), . (•... • »)mf x*.».» •*) > .(.g

Q.n,0raUly.

speaking, these theree points may lie on different branches,)

(However, for different branches there may arise "exclusions" con-

V • . ' '.>*•'' . . " : " ( c o n t ' d ) '
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nebted Twiw-the ipolarization of. the waves: that is, the matrix element •

•. may beoonie.zero...) . •,.,...'.. <

The deba^iof';!tire^Ali'v^n wave examined "in", tlie foregoing section is a iypi-

- pal/ example of the decay of ah*oscillation belonging to one branch into ..

oscillations belonging to other branches. As will be\seen from the following, '

as well as. from the oscillation decay diagrams in.-table;I, the instabilities ,

which, gliarac^erize plasma are connected with the excitation of oscillations

of another type. ' . . . .-.̂  :;-":

. B Plasma without magnetic field . .

Two types of non-linear steady-state oscillations are known to exist in

plasma-without'a magnetic field £\\ J • -They are the electron Langmuir and

longitudinal;ion oscillations of non-isothermal plasma (..;..., where ...

and ,. .i.'.are i.on^and-electron pressures j .respectively). i*he longitudinal

ion oscillations, are stable since the decay conditions cannot'be fulfilled

for any types .of perturbation. The electron Langmuir oscillations are unstable .

. in non-isothermal .plasma.. However,, such instability induces, a virtual shift

in the frequency of the. initial electron .Langmuir wave.- ;Upon the decay .of. the

electron Langmuir, wave an ion-acoustic and ;arv electron Langmuir wave:r.(with

frequency less. Jfchan.the frequency of the ,lnitial wave,) are -excitaduil•-• It- can.

be demonstrated ./.""15.7 "fc?1.a"t fn. "b^.s process the fraction, of energy '"channelled"

into the ion p.soillations is ..... times smaller than that •.•"channelled"-into' . o

the electron, oscillations. In. this way .the major part .of.'the energy remains

in the electron oscillations.. .. . , •• ••:•?.«. - : i. .-̂  • • ., :, >•:---°.:' *•;.-'

•-.•'• . : C Plasma .in a magnetic field •' ,';. V- "'• • . ••••••

The increase in the number of oscillation branches by comparison with the

number of oscillation branches in pfasma without a magnetic field provides

additional possibilities of "decay". Ifor example9 the longitudinal.ion

oscillations examined above may "decay" for certain relations between the .

plasma parameters "and the external^magnetic field. (. .......... 9 where ....

is the density Af the plasma, ... is the electron temperature) /~16 J •

The expression for the "'.

• :V
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maximum growth rate.of perturbations,in the form qf the sum of./ĵ p.,.

maghe'tip hydrodynamic waves has the simple, form. ... , • , ,.

whre ;i#* is.^he.. amplitude of the hydro dynamic velocity of• the' • ,

longitudiriajl, ion wave, ,,• is.i*s .phase velooity, '••; is the frequenoy;

«.. is the Alfve*n velocity. , :.

The stability of the magneto-acousti^o wave propagating across,

hte magnetic field, was examined in refs- 20 and 21• There :it was ,

shown that, such a wave, is unstable, with respeot to decay into, maghe.tpr

acoustic waves. In these works the results obtained from examining . ; ,

such stability are applied to an" examination of. the stability of the ,j ...

oscillator, structure: of a collisionles.s shock wave. . The presence • •.

of instability produces a turbulent structure in such a wave... . ... , •-

.-. If, in the. absence, of a magnetic field, the decay of the electron "':"

{ Langmuir wave does ̂ induce only a shift ih its frequenoy, theri^ where•"•"'•• .'

a magneti.c field is presentv .there may; occur' decay which" induces''

"channelling" of .tha energy of the Lahgmuir wave -into the -enetgjf of, :: ••••

. other^typesof .oecillatipn /li8, 22, 24Jj>'' For . .•. (where. */• is y; "

the electron^^ cyo^ptron frequency) decay of the electron-Larigmuif wave ';

into -two ele.otrp magnetic waves: occurs. It can be'shown that-the1 '

excited electro magnetic waves have.various polarizatidns'S{^v'es with

identical polarizations' do not grow). ..Jbe. maximum.growth

these waves ..*, is equal in ofrder-:6:P riiiagtll tutfg-:ttr; -;' ~~~;''

It stbuldi'be noted that-the decay described aboVe is apparently

observed in ref.14.i- .Initially a modulated-beam-played the part of

the Langmuir bsciiiaitionsV; Instability with respect to the excited

transverse/waves ;ar6sey under the condition , , •-..' * .

.where .., is the "frequency" of the modulated beam (the Velocity of the;

beam multiplied by,..., where ••• is the spatial period, of the .sinodula-

• tion), ... e .1,-2,3,.; ,! F6r••:•*.•• =» 1 (eq» 31) is the' condition for the '

decay of the basic harmpnio.; For ..• = 2,3, etc.,, this is the condition

.s for -the decay of mul title ̂ harmonics. '- • •! '••'-, . /• .,,\"
• ^ i / - , \cont'a/
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y r-;- .. 4/ Concluding Remarks> .•-... . . .. , -.

We.have so far examined the instability of steady*-stat.e waves . ,.

in an unbounded medium. ' The method for examining1 the stability of . ' .

small amplitude waves may be extended to the case of a bounded medium*

In ref. 23 especially, the decay of ah electromagnetic wave in a

plasma-type cylindrical waveguide'was~examined. It-was.shown that- ".

in a cylindrical waveguide without magnetic field decay of the electro-

magnetic wave is impossible. This car; be seen-from-the-form of the ;

dispersion curve;(see pfeceding). In a plasma^type waveguide placed

in a raagnet.ic field such decay is possible. The possibility of suc;h

decay is connected with the appearance of:additional branches of the

dispersion curves. The typical rate for. the instability eiajnined in

ref. 23 is equal-in order of magnitude to ; ,

where ... is the--frequBncy of the initial, wave, ..* is the root of the

first Bessel function (.....), where ... is the .amplitude of

the electric field of the initial wave, ... is its phase velocity, ...

is the mass of the electron.

An obvious feature of bounded media is that the.wavelength is

limited. It can happen that waves decaying in an unbounded medium

are stable in a bounded medium. Thus, when its lowcompressibility

is taken into account the Alfve*n wave is unstable in an ̂ unbounded

medium. However, in a bounded medium the decay conditions for low-

compressibility media may not be fulfilled. ' . * ''

In all work smentioned in this review the hydrodynamic method

(using a single-liquid magnetohydrodynamic model or a two-liquid

description based on hydrodynamio equations for ions and electrons),
0 . <

was used for describing a plasrifa. (for dilute plasma such an approach

is justified if the phase velocities of the waves under examination

are much greater than thermal velocities.) Nevertheless the method, we

have expounded for examining the stability of low-amplitude waves may

also be applied with small adjustments in the case of the.kinetic

description of plasma. . . .

; 1" ' '• • • . • • : ' • . , , ( c o n t » d )
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An important point is ̂ .at^he.iQfeipinatibn of stability.was

'carried out inrfirst-oyder' perturbation,theory* It is-possible^

that oeoillatipns are. stable with respect to decay into two other

osoillationa.^buib.;are unstable in. the,.ftext order of perturbation

theory (that isr they are, unstable, for example, with respeqt to /

decay into three oscillations). ,, .... • • \ " . . . • • .P

• .: Decay.instabiliti.es can serve as an additional mechanism of

collisionless fldissipatlonn. Here, hbweVer,-the1'energy is converted :

not directly1 into the thermal niotiori of-particies but into noise ' :

energy.- As was.shown in the foregoing section^ the. conversion of

energy iof one.type of oscillation into another is possible (for

example,: l-ongi tud irial 6. so illations into transverse). ' 4 -:: •

: The author is grateful to H.2. Sagdeev, for his continuing

interest in the questions dealt with'in this review, and to A.A. Galeey

for assistarice given: in. the -course- o5T disbussidhs.

(cont»,d)
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