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SOEPHBIVI CTHTE3 4 (1964)

YCTOMYNBOCTHh HEJIMHENHLIX YCTAHOBUBIIMXCSH

KOJIEFAHUMN TTJIASMBI

B. H. OPAEBCKUI
WUHCTUTYT SAAEPHOU ®UM3UKU CUBUPCKOro OTHAEJIEHUA
AKAJEMKUU HAVK CCCP, HOBOCUBUPCK

Hacrosiuas pabota HOCMT 0030pHbLiE XapakTep. B map. 1 u3naraeTcs MeTOA MCCIEAOBAHUA YCTOHYMBOCTH
YCTAHOBMBLUMXCA KoJieGanuit He CMKoM OONBLIOH aMIUMTYZb! (MaslbIM NMapaMeTPOM CIYKHT OTHOLUEHHE
THIPOIMHAMUYECKOI CKOPOCTH BOJHEI K (ha30Boit ckopocTi) [/5]. HeycTORYMBOCTH BO3HMKAIOT M3-32 HAJIMYMSA
IIOJIOXMTEILHOU 0OPATHOM CBA3M MEXAY MaJIbIMH CHHYCOMJATIBHBIMHU KOJIEOAHWAMM, PAcnpOCTPaHAIOIMMHUCH
Ha «¢dOHEe» BOJHBI KOHEYHOM amMruuTyabl. HeycTORYMBOCTH HAaNMOMMUHAIOT pacnajbl KBa3M4YacTHIl: YaCTOTHI
M BOJIHOBBIE BEKTOPA HAapacTAIOWHAX KoJieGa il CBA3aHbI C YaCTOTOM U BOJIHOBBIM BEKTOPOM MCXOJHOM BOJIHBL
COOTHOLUEHUAMH THIMA 3aKOHOB COXPAHEHWA JHEPTUM M UMITYJIbCA. XapaKTepHOi 0CODEHHOCTHIO MHKPEMEHTOB
HAPACTAIOIWMX KoneGaHuii SABNAETCA MX NPONOPLUOHANBHOCTD BEJIMYMHE aMIUTUTYABI UCXOMHOM BOJIHBL.

PaccMaTpuBaeTcsi KOHKPETHBIA NpUMep HAXOXKIEHUsI MHKPEMEHTa HapacTaHUA MafbiX BO3MYLUEHMH —
MCCIIEAYETC YCTOMYMBOCTD CHHYCOMIANBbHOU asibBeHOBCKON BOJNIHEI Manmoit ammnuryasl (map. 2A). He-
YCTOMYMBOCTH TAKO{ BOJIHBI CBA3AHA CO CXMMAEMOCTHIO Cpefbl (AN HECKUMAEMBIX CPel HEYCTOWYMBOCTh
Mpomnaaaer).

s xoneGanuit 60/b1IOA aMIINTYABI HET O0lIEro MeToAa MCCNENOBanUA yCTOMYUBOCTH. OQHAKO H 3[1eCh
MOKET IOSBJIATLCA NOJIOXKUTENIbHAS OOpaTHasl CBSI3b MeXAy MaJIbIMH KoJieOamusamu. I1o aToit mpuyMHe oKa3bl-
BaEcTCsA HEYCTOWYMBOI (B CxxMMaeMoii cpenie!) anb(hBeHOBCKAs BOJHA MPOM3BOJIBHON aMIIMTYBI C MMI006pa3-
HBIM POGMIIEM CHJIOBBIX JIMHUI MarHUTHOro mnoss [25]. (Bet6panHslit NpOQHIb CHIIOBBIX TMHUIT MATHUTHOIO
MONS MO3BOJIAET PELIMTH 3aAadyy TOYHO — mnap. 2B).

B 3axmounTeNbHOM yacTi 0030pa (map. 3, 4) NpUBeAEHB! pe3yIbTaThl HCCNEAOBAHUA YCTORYMBOCTH APYIMX
BMJOB KoJieOaHMit, TAKMX KaK MOHHO-3BYKOBBIE KOJI€OAHMsI HEU30TEPMHYECKOH NJIA3MBbI, JIEKTPOHHBIE JICHT-
MIODOBCKHE KoJie0aHMsi, MArHUTO3BYKOBble KonebaHust H T.II.

1 OoOwmme 3ameyanns. ITocraHoBka 3agaum

A B mocnegHee BpemMs BOIPOCH! HeJIMHEHHOR
TeopHH Kojebauuii npusnekaroT K cebe ocoboe BHH-
MaHue. ITO BO MHOTOM CBA3aHO C OOHAapyXEHHEM B
JIAHENHO#! TeOpHH OOJIBLIOrO YHCJIa HEYCTOHYHBOCTEH
MO OTHOILUEHHIO K BO30YXIEHHIO pa3JIMYHOrO poza
Konebaumit. (CM., Hanpumep, pabotsl I —7). HeiicTer-
TENbHO, moclie OOHapyXeHHs HEYCTOM4YMBOCTH BO3-
HHKAIOT, B IIEPBYIO Ouepenb, Takue Bompocki: (1) ka-
KOBa IanlbHeWInas cynpba HapacTaroumux KosebaHwit
H (2) KakoBO BNMAHHE 3THX KoJieOaHWM Ha NOBeleHHe
Bceil TutasMel. EcTeCTBEHHO, OTBETHI HA 3TH BOIIPOCHI
MOXeT HaTh JIAIIb HEJIHHEHHas Teopus KonebGaHwmit
IJ1a3MBI.

OpHUM W3 NepBHIX LIATOB B CO3NAHHH HEJIMHEHHOMN
TeOpuHn KoyiebaHHI SBIIsAETCA HCCIEIOBAaHHE IPOCTEH-
LLIMX MEXaHU3MOB HEJIWHEHHOT O B3aHMOIEHCTBHS BOJIH,
NPUBOIAILMX K 3aTyXaHHIO WJIM OTPaHHYEHHIO pOCTa
aMIUIMTYABI OJHMX FapMOHMK M HApacCTaHHIO IPYTUX.
Xopolo M3BECTEH MEXaHHU3M « POXKIECHHA» KpaTHBIX
rapMoHuK. Ha Maisie konebaHud OpH HaJHYHM CHHY-
COMOAJIbHOH BOJIHBI KOHEYHOH aMIUIATYHABI, oOpa3-
HO TOBOpS, JEHCTBYeT BBIHYyXZawowas cmina. Ilpu
3TOM BO30yXIaercs HaxOHALIasici B pPe30HAHCE
KpaTHasg TrapMoOHHMKa. JlpyrMM H3BeCTHBIM MeXa-
HHU3MOM BO30YXICHHS HOBBIX TapMOHHMK SIBJISETCS

MCEXaHU3M «pPacCEeAHHUA» BOJIHbI HA BOJIHE C PI3MCHC-'

HAEM YaCTOT M BOJIHOBHIX BEKTOpOB 0OOeHX BOJH
[8]. VYka3zanHble MexaHH3Mbl BO30YXIOCHHS HOBBIX

* An English translation is available. To obtain a copy,
please write to the editor.

FapMOHHK HE SBJIIIOTCS €IMHCTBEHHBIMH B ILIa3Mme,
B camomMm gene, Maiable KonebaHus, pacmpoCTpamHs-
IolHecss He3aBUCHMO B OJHOPOJHOHM cpenle, npu
HaJIMYAH BOJIHBI KOHEYHOM aMIUIMTY/IBI OKa3blBAIOTCH,
BooOlIe TOBOPS, CBA3aHHBIMH. OTa CBA3b BOJH Yepe3
HCXOIHYIO BOJIHY KOHEYHOH aMIUIMTYIbI MOXET OKa-
3aTBCA IOJIOXKMTENbHON OOpaTHOH CBA3bBIO, T.€. BO3-
MOXHO OJHOBPEMEHHOE BO30YXAEHHE IPYIITHI BOJIH.
SlcHO, 4TO yClOBHE HaJIMYHA HIOJIOXKHUTEIHLHOM oOpaT-
HOH CBf3M IUIsl GHKCHPOBAHHBIX BOJIH CYLIECTBEHHO
3aBHCHUT OT IPOCTPAaHCTBEHHO-BPEMEHHBIX XapaKTepH-
CTHK BOJIHBI KOHEYHOR aMIMTy s, Ecnu npocrpaHcr-
BEHHO-BpEMEHHbIE XapaKTEPUCTHKH BOJIH KOHEYHOI
aMIUIATYABl MEHSFOTCA IOCTATOYHO OBICTPO, IOJIO-
KHTeNbHAasA o6paTHas CBA3b (HKCHPOBAHHBIX BOJIH
OpicTpo HapymaeTrcs M BO30YXIEHWE TaKuX BOJIH
npekpaufaercsa. IToaTroMy 3amady o BO3OYxHeHUH
TapMOHMK M3-32 HaJIH4YHS HOJIOXKMUTEJbHOH 0OpaTHOM
CBSI3M MeXIy HUMH YOOOHO peIuaTh B « YUCTOM BHAE»
— KOIZJa IIPOCTPaHCTBEHHO-BPEMEHHBIE XapaKTepH-
CTUKM HCXOOHOH BOJIHBI OCTAalOTCA HOCTOSHHBIMH.
MHpIMHE cJI0BaMH, 3TO O3HAYAET, YTO JOJIKHBI OTCYTCT-
BOBaTh BO30yXIeHHEe KpaTHBIX FapMOHMK M «pacce-
sSTHEE» TapMOHMK HCXOOHOM BOJIHBL. Takas cHTyalus
BO3HUKAET IIPU HCCJIEAOBaHUH YCTOHYHBOCTH HEIMHEH-
HBIX YCTaHOBMBLIMXCS KonebaHmii.

Kax wn3BecTHO [9—13), HenmHe#HbIE YCTaHOBHB-
muecss xojiebaHUs CyLLECTBYIOT B IUIa3Me B IipeHe-
OpexeHun auccumanmeii. B oObyHOINM razofuHaMUKe,
IpH M3y4eHHH BO3MOXXHOCTH IOSBJICHHUS YCTAHOBHB-
LHUXCA ABMXXEHHH, Takoro mpeHeOpexeHHs, BoOOwle
roBOps, [ejJaTh Heib3d. MIMEHHO JHCCHOIATUBHELIE
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3¢ dexTh OrpaHUYMBAIOT POCT KPYTH3HB!I IIEPEIHETO
¢bpoHTa NEpPBOHAYallbHO CHHYCOUIAJbHOM BOJIHEL B
IJIa3Me XK€ KapTHHA M3MeHseTcs. 3IeCh CYILECTBYET,
HanmpuMep, THII BOJH C TOIEPEUHON MOJIpU3aIHeil,
a VMEHHO anb(BEHOBCKHE BOJIHBI, IJIS KOTOPOTO
HeJMHeliHbIe wieHsl Bupa (VV)V, oTBevalolluve 3a
yKpYueHHe nepeHero GpoHTa BOJNHEI, OTCYTCTBYIOT B
YPaBHEHHsIX, OMHCBIBAIOIIUX S5TH BOJHBEL IlosToMy
anb(BeHOBCKas BOJHA IIPOMU3BONBHOH (GopMBI U, B
YaCTHOCTH, CHHYCOMJANbHAsA BOJIHA MOXKET pPacIpo-
cTpaHsaThcs 0Oe3 HCKaxkeHHS cBoed ¢opMer (eciy,
KOHEYHO, AMCCHNanued MOxHO mpeHeOpeub). B Tex
JKe ciydasiX, KOra CyLUeCTBYeT TEeHIEHLUSA K yKpyde-
HHUIO, POCT KPYTH3HBI MOTYT OrpaHHYHBATH MHCIIEp-
cuoHHble 3ddexTnl [2]. B camom nene, ykpydenwue
nepenHero (poHTa BOJIHBI O3HAYAET « PONKIEHHEN
KpaTHbIX TapMOHHK. PoxmeHme KpaTHBIX TapMOHMK
(nns BOJIH He CIOMIIKOM OOJIBIUOM aMIUIATYABY) He
Oyner mpoucxoZuTh B TOM cliydae, eciii Bo3Oyxnma-
rouas cuna (nosBIAIOLIAsACS NPU yYeTe WIEHOB BTO-
poro mopszka IO aMIUIMTYIe) He HaXONUTCH B pe-
30HaHCe C COOCTBEHHBIMH KOJIEOAHHSAMH CHCTEMBI.
Takas cuna umeer Bua: of,?expi(2 wt—2k 1), roe
fi» @, K — COOTBETCTBEHHO aMIUIMTYyJAa, YacTOTa M
BOJIHOBBIA BEKTOp MCXOMHOM BOJIHLI. Q4YEBHOHO, €CIIH
JUCTIEPCHOHHBIA 3aKOH CYIIECTBEHHO OTJIMYAETCH OT
JIMHENHOrO, pe3oHaHca He OyneT, U B pa3pekeHHO
nnasme (rae guccHIanyeil MOXHO npeHebpeyb) MOTYT
CYLIECTBOBATh HEJIMHEHHBIE YCTAHOBHBIIMECS BOJIHBIL

B Ilpu uccnenoBaHHM YCTOWYMBOCTH YCTaHOBHUB-
Mxcad koyebaHui 1IasMel ynoOHO nepedTH B CH-
cTeMy KOOpAMHAT, OBMXYLUYIOCS BMeECTe C BOJIHOi. B
Takoi cHCTEME KOOPAMHAT KO3((WUKEHTH B ypas-
HEHHSAX JJI MAJIBIX OTKJIOHEHHH OT YCTaHOBHBILETOCS
IBHXeHUS (Takoe NBMXKeHWE OyoeM B OasbHeiineM
Ha3pIBaTh «()OHOM») HE 3aBHCAT OT BpeMeHH. Ciemo-
BaTeJbHO, 3aBHCHMOCTb OT BpPEMCHH BCEX BEJIHYMH,
XapaKTepU3YIOLMX MaJlble OTKJIOHEHHSA OT «(oHa»,
MoOxeT ObITh BbIOpana B Bupe €2, Torma cucTemy
ypaBHEHHH, ONHCHIBAIOIIUX JHHAMUKY MallbiXx BO3-
MY LLEHUH, MOXHO CHMBOJIHYECKH NPEICTABUThL B BUJE

(H'O) + HtW) g = Qg 1)

rae HT(® — nuueiiupii guddepeHumanbHeIi caMoco-
NpPSOKEHHBIA  OMEpaTop, ONMHUCHIBAIOLIMHA KosebaHMs
OJHOPOIHOM TJIa3Mbl C COGCTBEHHBIMH (YHKUMIMH
®a PONOPLUUOHANLHBIMY €' K * ¥, 1 COGCTBEHHBIMH 3Ha-
veHHsAMH ), yIOBIETBOPSIOLMMH IUCIIEPCHOHHOMY
ypaBHeHuto 0= Q0O (k); HI® — juHeitrsiit nud-
(dbepeHManbHEIA onepaTop, 3aBUCAIMA OT ¢oHa H
CTpeMSILUICS X HYyJIO BMECT€ CO CTpPEMJICHHEM K
HYJII0 aMIIMTYabl ¢oHa.

EcrecTBEeHHO @IIpH HCCIEIOBaHMHM YCTOMYHMBOCTH
BOJH MaJIOifl aMIUIMTYAbl NPHMEHHTb TEODUIO BO3-
MyLieHHid. B 5ToM citydae 3afjaya COCTOMT B OTBHICKa-
aud monpaBkd w® k cobeTBeHHOM uacToTe 200,
KOTOpasi, Kak M3BECTHO, B NEPBOM IOPAIKE TEOPHH
BO3MYIUCHNH NPOMOPLHOHAJFHA MAaTPHYHOMY 3Ie-
Menty {pa |HtM|@a). PaccMOTPAM IPOCTPaHCTBEH-
HYIO 3aBUCMMOCTB omepaTtopa HT®, Ins BoiH Majoi
aMIUIMTYABl BEJIMYMHBI, OMKCHIBAOLIHE BOJIHY, YCTOM-
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YHBOCTb KOTOPOM MBI XOTHM HCCJIENOBaTh, MOTYT
ObITh 3:nICarsl B BHAE

D=yq, "0 1+ 0 (pe?) (2)

Ilpu uccnenoBanny yCTOHYMBOCTH 3 LEPROM NOPSIKE
TeOpHH Bo3MyLUeHHH unmeHaMd O(@,%) MOXHO mpe-
HeOpeus. Toraa npocTpaHCTBEHHAS 3aBUCHMOCTD HT (M)
Xapakrepusyercss MHOXHTENAMH exp (+i k,-r’). Oue-
BHM/IHO, MATPHYHBIM 3JIEMEHT, a BMeCTe C TeM H D),
OTJIMYHO OT HyJi JIMLIL B TOM CJIyYae, KOrxa OJHOMY
0©) coOTBETCTBYIOT 110 MEHbLIEH Mepe ABA BONHOBLIX
pektopa (k; m k;) M oHM cCBsizaHbl Mexnay coGoit
COOTHOLIEHHAMH THHA [15]

k,=k,+k, 3)

OTO paBEHCTBO He H3MEHAETCA M IPH IEPEXOohe K
snabopaTopHO# cucTeMe KoopAuHAT. YacTOThl xe w,
M @y, COOTBETCTBYIOLME BOJIHOBBIM BekTOpaM Kk, H
k,, B nmabopaTopHOH cuCTEME KOOPIHHAT CBSA3aHBI
COOTHOILIEHHEM

W1=Wo+ Wy 4)

roe w, — 4YacTroTa KonebaHwii «poHa» B mabopaTop-
HOM cHCTEME KOOPAMHET.

VenoBust 3 M 4 He JarOT TOYHOrO KPHUTEpUs He-
YCTOHYHMBOCTH HENMHEHHBIX YCTAHOBHBIUMXCS BOJIH.
OHM yKa3bIBalOT JIMIIL Ha BO3MOXHOCTH CYLIECTBO-
BaHMs HEyCTOHYMBOCTH. KpHTepuil HEyCTOMYMBOCTH,
cnenyst A. A. T'aneesy, B. Y. Kapnimany, MoxHo cop-
MYJIMpOBaTb, MCIOJIb30BaB ONpeAesIeHHbIE CBOiCTBA
CHUMMETpHH MaTpuuHoro sjementa [20]. Oxa3sbisa-
€TCst, YTO €CJIH B yp. 4 3HaKM YacCTOT TaKOBBI, YTO
BBINOJIHAETCS YCIIOBHE

|wo| = |ea] + [y (5)

HMeeT MeCTO HeyCTOMYHMBOCTb. B NMPOTHBHOM ciyyae
ycTaHOBHBLIMeCS KoJeOaHus ycTOHYNBEI. YcnoBus 3, 5
aHAJIOrMYHBI YCIOBHSM pacmajga ksasuyactuu. ITo-
3TOMy B JajbHelmeM Mbl OydeM Ha3piBaTb MX
«pacmagHBIMHY» YCJIOBHSIMH, & CaMy HEYyCTOMYHBOCTD,
CBA3aHHYIO C BBIMOJHEHHEM pACNaJHBIX YCJIOBHIA,
«pacmagoM» kojaebanms [15).

B Pa3zbepem 6osee moaApoOHO IMPUHLMIT HAXOXKIeE-
HUS TIONPABKH K 4YaCcTOTaM w; U w,. s 3Toro obpa-
TEMCS K WCCIENOBAaHHIO YCTOHYMBOCTH aJib()BEHOB-
ckoif BoJHbl. ITpryeM, B HacTosALeM naparpade oCHOB-
HOe BHAMaHHE YNEJIUM CXeMe HaxoXIeHus o),
(TloapoOuoe BHMCIEHHE () GyneT NpPOBENEHO B
cnenylouieM mnaparpage HEecKOJbKO HHBIM, NPaKTH-
yeckd Gojtee ymOGHBEIM, cOcOOOM).

CraudoHapHOE COCTOsSIHHE B JaHHOM Clly4ae Ipef-
crasiger coboii BonHy AJb(BeHa, 111 KOTOPOH Mar-
nutnoe mosie 6 H cos k,-r' (rme r'=r —ut¢, u — cko-
pOCTb BOJHBI) M TIMAPOIHHAMHUYECKAs CKOPOCTb
dv cos ky-r' TmepneHOMKyJSIpHBl HalpaBJIeHHIO pac-
nmpocTpaHeHHs K, ¥ HEBO3MYLUEHHOMY MAarHUTHOMY
noisro H,. B cucreme, nsrxylueiica BMecTe C BOJIHOM,
JIMHEApU3OBAHHBIE YpaBHEHHS JUIA BO3MYILEHHI
HMEIOT BH[I



o (Vxh)xH S
M{WJ;-(U‘V)}V— T, 2 +Mn—0Vn

=M (v ko) ovsinky - ' — Mcosky -1 (6v-V)V
1
+

dnn,

{nlo sinkg - v [(Ko X 6H) X Hy)

+cos kgt (V x h - 6H) —sin ky ' [(ky X 6H) x Hy]}
{%+11.V}h—Vx(VxH0)=Vx{(6Vxh+Vx6H)COSko‘r’}
{—a‘%—{-u -V}n +m,V -V =—V. (ndvcosky 1) (6)

82 =y pofne M

3mecs v, h, » — BO3MylUEHUS CKOPOCTH, MAarHWT-
HOTO TMOJS M IJIOTHOCTH COOTBETCTBEHHO.

B cooTBETCTBMM CO CKka3aHHBIM paHee, BPeMEHHYIO
3aBUCUMOCTb BENIMYMH, XapaKTEePH3YIOLUMX MaJble
OTKJIOHEHHA OT (oHa, BeIOupaeM B Buae e~ Torma
yp. 6 MOXHO JJs1 pypbe-KOMIOHEHT IO MPOCTPAHCT-
BEHHBIM IIEPEMEHHBIM IepenucaTh B BUie

[k x hy (k)] x H,
drng M

— Vo (k) — (K - W) Vo (k) —
+ 80 22 k= 2 LoV (k—Kg)] Vo (B o)

- [Vw(k—k0)~k0]6v+a;:—oﬂ % [[(k——ko) % hy] x OH

0

+ %{-[6v-<k+ko>1 Vo (k + ko) + [Va (k + ky) - Kg] OV

+ ——4”:'0 a7 [+ ko)

— (Ko X 8H) X hyy (k+ ko) -+ (ko X 0H) x H, "L(’;i:ﬁ)l}}
__whm(k)— kx[vw(k)XHo]

+ [Vo (k — ko) + Vo (k + k)] X 6H}
— w e (k) — (k- 0) ne (k) +nok - Vo (k)

= — 5 [0 (kb — kg) + 7 (k + ko)) K - 67 (7)

hy, (k + ko)1 X 0H

(k- u) hy (k) —

Vno6Ho B yp. 7 mepeiiTH K NepeMeHHLIM ¢, R, A, o,
onpelenseMbIM CleAyoluM ob6pa3zoM

Vo (k) = i [k X R (k)] — i k gu (k) (8)
he, (k)/(47ng M)Y2 =ik X A (k)
0w (k) = i [hw (k)/ho] Sk

rae, ouesunHo, . (k) 1 @.(k) npexcrasnstor coboii
(ypbe-KOMNOHEHTHI BEKTOPHOIO M CKAaJSPHOTO IIO-
TeHUHaNoB ckopoctH; A.(k) — ¢ypbe-KoMmoHeHTa
BEKTOPHOIO MOTEHI{MAJIa MarHUTHOI'O TIOJISI, u3Mepsie-
Mas B eQUHULAX TIOTEHUWAa CKOPOCTH; go(k) —
BO3MYILIEHHE TUIOTHOCTH, TaKxe HU3MepsieMoe B eAu-
HULAX IOTeHUMajia CKopocTH. Bektopbl Ao(k) u
Q. (k) noguHHEHB! YCIOBUIO HOIEPEYHOCTH

HEJIMHEWHBIE KOJIEEAHUS

k-Au(k)=0

k- Q. (k)=
Ioncraensas yp. 8 B yp. 7, MOXHO IHOJY4YUTh CJIERY-
10111 YPABHEHUS OTHOCHTENILHO HOBBIX NEPEMEHHBIX

0u; %y, Po, Aw;x,y, 0w (OCb Z HanpaBiseM BIOJb NO-
CTOSAHHOI'O MACHUTHOIO 10JIf)

(Hop® - bap) o (k, w) = Hap® (ko ke, k= ko) pp (k- ko, )
+Hop® (ko, kb, b+ ko) g (k + ko, w); (10)

9)

roe

Y1, (k, 0) = Qu;x, 5 (K)
Ya,4 (b, 0) = Ao,y (k)
vs (k, 0) = @ (k)
Y (b, ©) = 0o (k)

Vo= H,/(dmtny M2

-k-u 0 -k-va O 0 0
0 -k-u 0 -kv, O 0
-kva. 0 -k-u 0 0
0 -kv, O 0
0 0 kyve ~kxva—k-u kS
0 0 0 0 k8 -k-u

kyva
Hop® = Y (11)

-k-u-kyevs

Kax Bugno u3 yp. 7
HO (kg, k 4 ko)= 6va YD (kg, b, k 4 k)
v = |6H|/(41r ny M)L2

a omepatop SN (k,, k, k+k,) He 3aBUCHT OT aMILIU-
TYABI UCXOAHOM aJib()BEHOBCKOM BOJIHBI.

W3 yp. 11 supno, uto Ht® 3pMuTOB (TOYHEE CUM-
MeTpuUHbiit) onepaTtop. CoOCTBEHHBIE 3HAUEHHUS OIe-
patopa Ht(® onpemensroTcss M3 XOpPOLIO M3BECTHOTO
JUCHEPCUOHHOIO YpaBHEHHS
[(w+k-up—(k-vi)?[ew+k-up

— (k- u)2k2 (v + %) + k2 k20,2 82] =0 (12)

a cobcTBeHHBIE BEKTOPHI 00pa3yroT MOJIHYIO OPTOro-
HAJBHYIO CHCTEMY BEKTOPOB. JTa CHCTEMA UMEET BUJ
(s Hy?*87> po)

(0) (0) (0) 0)

Yor= ol enk; Y= |Vl ems; vEh=|ySk|efh
rjae
]
Kl (R
kylky —kzkelky &
e(o:)h _ ; q:kX/k.L e'(o):b _ _—1— q: k’)’/k_l.
N SN R N
0 —k, [k
0 0
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kylk
— kel
Slva) kylk
" 1 || F(8/va)ky
etgi = —2-175- ’G_L2 =kx2 +ky2 (13)
£(S/va) ex/k
kzfk
+1
rae w,so_lc — CcOOCTBEHHbIE BEKTODHI aJb()BEHOBCKHX
BOJIH (COOTBETCTBYIOIIAE COOCTBEHHBIM 3HAYEHUSIM
w=—k - -u+k:v,), 'q)f,?)i — CcOOCTBeHHEIE BEKTOPEI
6picTpOH, a 1/)590;){; — MeIJIEHHOH MAarHHTO3BYKOBBIX
BOJIH.

Jlerko Bumeth (cM. yp. 10), yro mompasBka w® k
yaCTOTe (0 OTJIMYHA OT HyNs (B NEPBOM IOPSIKE
TEeOPUHN BO3MYILLIEHHI 0 aMIUIUTYAE HCXOAHOMH BOJIHEI),
JUb KOTHa B HYJEBOM NPUGIHXKEHAH OJHOMY @
COOTBETCTBYET [1Ba Pa3jMYHBIX BOJHOBEIX BekTOpa (k,
H k,), CBA3aHHBEIX MeXnOy coboif COOTHOILECHHIMH
THnA yp. 3. B 3TOM Cliy4ae, B IIepBOM NPHOIMKEHAH
Ho BeqnuuHe Ov (BepHee IO mapaMeTpy o= 0v[w)
HMeeM CIIENYIOLIYI0 CHCTEMY 3allelUISIONIAXCA ypaB-
HEeHU# JJIsl BeNIHH, OTHOCSIHXCA K IEPBOX U BTOPOH
BOJIHE

(HTO — )y w (w, b+ ko) = HtD (ko, & + ko, k) v (w, k)
(14)
(HTO — w) p (w, k) = HTD (ko, k, k + ko) y (w, k + ko)
(15)
Kak oOb1vHO, MpH HaxOXIESHUM NONpaBKUd K colcT-
BEHHOMY 3HaUeHHUIO , YMHOXas yp. 14 i 15 Ha opTH
COOTBETCTBYIOLIMX COOCTBEHHEIX BEKTOPOB, IIOJIy4aeM
— o® |"I) (w, &+ ko)l =0 (w, k& + k)
X [HYQ) (ko, k + ko, k)| e (w, k) | (o, k)|
— oW |y (w, k)| = {e® (w, k)
X |H”1) (ko’ k: k + k0)| el (ws k + ko» ]"P’ k + ko)l

(16)

(e® — cooTseTcTBYIOWMI OPT, || — MOAyNH Bek-
Topa v). W3 paspemwmMoctd yp. 16 3amuceiBaem
BbIpaXKeHHE U1 KBajpata w()

M= v,2{e® (@, k+ko) | D (Ko, k+ ko, k) €@ (w,k))
X (e (@, k)| SO (ko, b, ko) €@ (w0, k-+lg)y  (17)

I’ MoxHO OXHAaTh, 4YTO pa3oOpaHHBIA BEIlIE
MEXAHU3M HEYCTOUYHBOCTH, CBSA3aHHBIN C MOSBIEHAEM
TIOJIOXUTEILHOW OOpaTHON CBSI3W MEXIY OIpedeNieH-
HBIMH BUIAMH KoJleOaHui IpY HaIMYHK BOJIHBI MaJIoH
(HO KOHeYHOl) aMIIUTYAbl, paboTaeT B ciryyae, eciu
aMIUJIMTyla UCXONHON BOJIHEI He Maia. EcTecTBeHHO,
GoJbliIie MaTeMaTHYECKHE TPYIHOCTH HE IO3BOJSAIOT
HCCIIEOBATh YCTOMYMBOCTD MEPHMOAWYECKHX BOJIH
6oNIBbLION aMIUIMTYOBl NPH IPOHU3BOJILHOH (opme
BOJHBI. ({1 TeX BMIOB BOJH, IJIS KOTOPHIX OHUCHEp-
CHS OCTaHABJIHBAET pOCT KPYTH3HBI NepeHero ¢poHTa
BOJIHBI, ()OpMa YCTAHOBHUBILEHCS BOJNHBI M MAaKCH-
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Ho’JH

Puc. 1
nons.

ITunoo6pasuselit TPOGHIIL CHIOBBIX TMHHH MArHUTHOTO

MaJlbHOE 3HAYeHWe €€ aMIUIMTYAbl ONpeAeNs0TCA
mucnepcvieit — a He MOTyT OBITH 3[aHBI IIPOHU3-
BOJIBHO). YOanoch TOYHO HCCIEAOBaTh [25] omuu
YaCTUYHBIHA Cllyyall — anb()BEHOBCKYIO BOJIHY C ITHJIO-
06pa3HBIM NpoHIEM CHIIOBBIX JIMHHHA MAarHUTHOTO
nons (puc. 1). 3amaya CBOOATCS K DEIICHHAIO ypaBHe-
HHH ¢ MepUOANYECKH Pa3phIBHBIMU K03 dHIHeHTaMH,
HOCTOSIHHBIMH BHYTpH TNepuopa. CIUMBKA pelleHmit
B TOYKAaX Pa3pLIBOB MO3BOJIAET ONpelenTh w. Hike
B map. 2 nyHKT b OyzeT nokxa3aHo, 4To aib(pBeHOBCKAS
BOJIHa C IMHJIOO0pPa3HBIM NpOoGUIEM CHIOBBIX JIHHHIT
MAarHMTHOTO TOJI HEYCTOHYMBA, NpPUIEM MEXaHH3M
HEeyCTOHYMBOCTH aHAJIOTHYEH MEXaHU3MY HEyCTOH4H-
BOCTH BOJIH MaJjoil aMIUIATYIBI.

2 HeycToiiunBoCTh NEPHOINYECKOH CTPYKTYPHI
aab(PBEHOBCKHX KOJ1e0aHuil

2A CHMHYCOWJAJILHAS AJTh®BEHOBCKAS
BOJIHA MAJIOV AMIUTATY/IBI [17]

IlpakTuyeckn, MpH BBHIYHUCIEHHH MOHpaBku w) K
CcOOCTBEHHBIM 9acTOTaM w; U w,, YAOOHEe MCIOJIB30-
BaTh CHCTEMY ypaBHeHH#H 7, He mepexons K MOTEH-
nuasam.

Ucmons3ys yp. 3, 4, 7, MOXHO HOJIyYUTh CIEOYIO-
LIYI0 CHCTeMY ajireOpamvecKux ypaBHEHHH IS aM-
IUIATYX BOJH

S2n

(kq, o X Iy, 5) x Hy + l’1. 2 kl, =

dnngM n

L 1 k,, , xh oH
— 5 (0 k1) Vo1 F 5 (V5, 1, Ko) OV + (kg 1 X by, 4) X

—Wy,3Vy,2—

8nng M
+ (ky X 3H) X, F X T X Hotnn.
—wy, oy, o — Ky o X (v, s X Hy)
= %kl,gx(évxh2_1+v2,lx6H)
— Wy, 9N, o+ MKy 5 ¥y o =—1g 1 K 5 - OV/2 (18)



rae hy p, V4,5, 7y, ; — aMIUIATY B! BOJH € YaCTOTaMH
w; = 0,9 4+ oM, @, = w,® -+ w®) ¥ BONHOBHIMK
BekTOpaMHu k; 1 K,, CBA3aHHBIMYU COOTHOLIEHUAMH 3, 4.
Wcnone3yst cucreMy ypaBHeHmid 1 (M Bbipaxkas BejH-
YUHBL Dy 5, V), 5, HATIDUMED, YEPE3 7, 5), MOXHO HCCJIE-
OBaTh YCTOMYMBOCTH aJIb()BEHOBCKOM BOJIHBI IO
OTHOUICHUIO K Pa3jIMYHBIM BHAAM BO3MYILUECHHH,
Ilycts BO3MylLEHUE SABISAETCA COBOKYNMHOCTBIO
anb(h)BEHOBCKOM M MATHUTO3BYKOBOM BOJIH, KOTOPEIE
HUXe OTMevatorcs waaekcamu 1, 2. Toraa w3 ycnosus
pPa3perMoCTH CUCTeMBbI 18 Haxomum

2= yy” OV2
16 {1 + [kox kay/(wg? — kax ST)2}
2 cos
{%—T,ﬁS? 4 sin y sin (y + 6)} 21 (19)

rae 0 — yroa Mexny miockoctamd ky, Hy u k,, Hy, a
y — Mexay ky, Hy u k,, Hy, ocb x BeIOpaHa BHOJNB
H,, ocv y nepnenpuxynapro H, B miockocta k,, H,
(puc. 2).

Ho

Puc.2 Teomerpusi BO3MYLIEHUA COBOKYMHOCTBIO ajibBEHOB-
CKOit ¥ MAarHUTO3BYKOBOH BOJIH.

U3 yp.19 BUgHO, YTO BO3MYUIEHHUS, Y KOTOPBHIX
w, ¥ w, AMEIOT pa3Hble 3HakH (a, ClIeOBATENBHO,
yIOBJIETBOPSIOT YP. 5), HAPACTaIOT CO BPEMEHEM.

Ucnonb3ys yp. 3, 5, 19, MoXxHO moOKka3aTb, YTO
UCXOIHasi alb(QBEHOBCKas BOJHA HEYCTONYMBA TIpH
nroboM yrie pacnpoCTpaHeHHS IO OTHOIUEHHIO K
MOCTOSIHHOMY MAarHHTHOMY IIOJIIO.

Jns ciny4as CUJIBHOrO MarHUTHOIO MOJIS

H8m > p, (20)

HHKPEMEHT »=—i@{) HapacTaHHs MallLIX BO3MYy-

LUeHW B BUZE anb(PBEHOBCKOM U MEIJIEHHON! MarHUTO-

3BYKOBOH BOJIH IIO IOPSIOKY BEJIMYHHBI paBeH

v & 0V w,/(10 u S)Y? (21)

Kak ¥ Bcerga mpH «paclagHBIX» HEYyCTOMYMBOCTSAX

HHKPEMEHT HNPONMOPUAOHAJTEH aMIUIHTYAEe HCXOIHO
BOJIHBL.

Ecnu B BO3MyILEHHE BMECTO ajib(h)BEHOBCKOW BOJI-
HBl BXOJMT ObICTpast MarHUTO3BYKOBas BOJHA, TO
MOXHO IIOKa3aTh, YTO HHKPEMEHT HapacTaHHUs BO3-
MYyILLUEHHHA TOrO X€ Mopsaka, yTo ¥ ¥. BoaMymieHus
JpYTHX BHUAOB, IJIS KOTODBIX BBHITIOJHSIOTCS pacHal-
HBIE YCJIOBUS, HUMEIOT UHKPEMEHTHI, MHOTO MEHBIIIHE V.

3aMeTHM, YTO CYLIECTBEHHYIO POJIb IUJIi BO3HHKHO-
BEHMsI HEYCTOMYMBOCTH MI'DAaET CXMMAEMOCThb Cpembl.
MoxHO 1OKa3aTh, YTO B IpeHeOpexeHHH CxuMae-
MOCTbI0 aJIb()BEHOBCKHE BOJIHBI YCTOHYMBEIL.

HENMWHEMHBIE KOJIEBAHUS

26 AJIIL®BEHOBCKME BOJIHBI ITPOM3BOJIEHOM
AMIIUIUTY OBl C MUJIOOBPA3HEIM ITPO®UJIEM
MATHUTHBIX CUJIOBBIX JIMHUN [25]

B cucremMe koopawHAT, CBSI3aHHOH C BOJIHOM B
obJyacTsx, roe MarHWTHOE IOJjie MOCTOSHHO, PELIeHHe
MILETCS B BHIE CYMepHO3HLHM COOCTBEHHBIX Kojeba-
HHH cpeabl (anb(BeHOBCKas, MAarHATO3BYKOBAas MU
sHTponuitHas BosHbl). (HanomuuM, 4TO anb¢BeHOB-
CKHE BOJIHBI TNPOM3BOJIBHOH aMIIATYAI M (opMEl
SIBJISFOTCS TOYHBIMM DELIECHUSIMH YDaBHEHHI H7ealib-
HOM MarHuTHOW rupponuHamuku.) Kpome Toro He-
06X0OMMO YUYHMTHIBAaTh MaJjlo€ CMELICHHUE TPaHHULbI
Mex Ay 00JIaCTAMH C MOCTOSIHHBIM MarHUTHBIM TOJIEM.
VYcnoBusi HENPEPBIBHOCTH IMOTOKOB MAcCChl, HEPIHH,
HMITYJIbCa, HOPMAJbHOH K pasphiBY COCTaBJSIOLLEH
MAarHMTHOTO IOJIi ¥ TaHTeHLUWAJbHOU COCTaBJsIOLLEH
3JIEKTPUYECKOTO MOJA [26] MO3BOJAIOT HAWTH w M,
CJIeIOBATENIbHO, PEIUUTh 3ajayy YCTOMYMBOCTH HC-
XOJIHOM BOJIHBL.

Hcnomb3yss NEepHOAWYHOCTH (O KOOpAWHATAM)
K03(bHUIMEHTOB ypaBHEHHH MAarHUTHONH TMIPOAHMHA-
MHKH, MOXXHO IPEICTaBUTh BO3MYILEHHS CKOPOCTH V,
MAarHMTHOTO MOJiA h ¥ mnoTHOCTH @, B BHAE (HamoM-
HHUM, YTO UCCJIETOBAHWE YCTOHYMBOCTH ITPOBOAMTCA B
CHCTEME KOOpDAHMHAT, CBA3aHHOH C HMCXOXHOH anbd-
BEHOBCKOil BOJIHOM).

p=u(r)eip-r-iot (22)
roe y — Jrobas U3 BennuuH, v, h, o,; u(r) — nepnoau-
4eckoe (C NepHoIOM MCXOAHOH aJIb(BEHOBCKOM BOJIHBI)
pelleHUe YpaBHEHHUH;  — 4YacTOTa BO3MYLIEHMIA.

JIvHeapH3yeM OTHOCHTEJIBHO MaJjlbiX BO3MYLICHHMH
YCJIOBHSI HETMPEPHIBHOCTH. Toraa BeIGpaB OCh X BHOJIb
HeBO3MYLIEHHOro MarHuTHoro mnons Hg,, a ock y
BIIOJIb HallpaBJIEHUS KoJeOaHMiA FMIPOIHHAMHYECKOMH
CKOpPOCTH anb()BEHOBCKOH BOJIHBI 0V, pPacImpOCTpaHsi-
FOlNeHCs BIONb X, MOXHO 3alHcaTh

{91} =0
ezt z/<4n 90)1/2} —0
[4
{r + g + 587y} =0

{hyaHy—*-tho} = 0

5V,

{uy +ky a:D}= 0

(YcioBust 23 BeIMHCaHBI HaAMH IUIA aguabaTHYeCKMX
BO3MYILLEHHH, KOTOPEIE H pacCMaTpPHBAKOTCA B Nallb-
HeiiueM. Kpome Toro, mpu nojyuyeHHd yp. 23 6puia
HCIIOJIb30BaHA CBA3b BO3MYLLIEHHUSA CKOPOCTH IPAHHUIIBI
C ee CMeLUeHHEM:

E(y.2)mexp(ikyy +ike2); 0D =—iwé(y2))

roe 0H=—(4mg,)20V — MarHuTHOEe moJe ambd-
BEHOBCKOH BOJHBI; 0 — BO3MYLUEHHE CKOPOCTH
TPaHHIBI MEXAY OOJIACTAMH C NMOCTOSAHHBIM MATHHT-
HeIM moseM. IlocpeacrBoMm ¢urypHeix ckoGok 3mech
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Mbl 0GO3HAYUIIM PA3HOCTh 3HAYEHHI BO3MYILEHHEIX
BEJIMYHH C OOOMX CTOPOH IOBEPXHOCTH pa3phiBa.

Jns IpOCTOTEL PacCMOTPHM Cliydail, KOrma CKo-
pOCTh M MATHHTHOE IIOJI€ BO3MYIUCHHH JIeXKaT B
IockocTH X, ¥ (puc. 1). Torma peuwenns B 061acTax
C TIOCTOSIHHBIM MAarHATHBIM TIOJIEM MOXHO IIpeacTa-
BATH B BHAE CYNEPNO3MLMH MEIIEHHBIX M OBICTPBIX
MAarHMTO3BYKOBBIX BOJH. (CBS3b BEJIHYMH @y, V, h B
BOJIHAX HAXOOUTCH W3 MAaTrHHTOIHIPOJHHAMHYECKHX
ypaBHeHHuit.)

Ilycts B uHTepBane —b<x <0 peureHde ectb
py={Cyexpik,”x+ Cyexp K,~ 2+ C3expik, z
4+ Clexpi K, z}exp(—iwt+ikyy) (24)

rae ki 2 — COCTaBJIMIOIIME BOJIHOBBIX BEKTOPOB IIO
OCH X COOTBETCTBEHHO IJisi MEMJICHHOW U OBICTpOil
MAarHUTO3BYKOBBEIX BOJIH, ¥ ¥ K — COOTBETCTBYIOT
IBYM JIMHEHHO HE3aBHUCUMBIM peEIIEHHSM C AaHHOHU
YaCTOTOH .

Awnajiornyso B mHTepBaNe 0<x<o uMeeM

py={Czexpik,*x+ Cgexpi K,*x + C,expik,tz
+ CgexpiKyta}exp(—iwt+ikyy) (25)

Pewenne B 0bnactu a<x<a-+b nomyvaem u3 ycio-
BUSL TIEPUOJUYHOCTH yp. 22

p={C,expik,” (x —a—b)+ Cyexpi K;~(x —a —b)
+Csexpiky,(x —a —b) 4+ Cyexpi K, (x —a —b)}
X exp[—iwt+ikyy+ip(a+b) (26)

I'paHuuHble YCNOBHS Yp.23 NpeACTaBiAOT coboii
CHCTEMY BOCBMH JIMHEHHBIX YPaBHEHHH MJIA BOCHMH
ko3¢pummentos Cy, ..., Cg W3 ycnoBms paspewn-
MOCTH 3TOH CHCTEMBEI noJy4yaeM JUCICPCHOHHOE
cooTHoweHHe w=w(p, ky). B obmem ciydyae ono
HMeEeT JOBOJIbHO rpoMOo3akuid Bua. IT03TOMY MEI IpH-
BeIEM ero JJisi HanboJjiee MHTEPECHOTO Ciy4ast BOJIHEL
Oombuioit  ammautyast  (0V>w,), pacmpocTpaHsio-
weHcst B cpene Majoro maBieHHs (S<Kva<kdoV, § —
CKOPOCTh 3BYyKa)

( . wSa)( . oSb
sin sin

rae
kgt =(w[0V) (1 £ 2 &y 6V w)H2

d=p(a+D)

B mpenebpexennn mpaBod HacTbhio yp. 27 uMeeT
nelicTBuTeNbHEIE KOpHA. KOpHH, COOTBETCTByrOmIME
HEPBBIM JBYM COMHOXHTENIM, OTHOCATCA K MeIJIeH-
HOM MAarHMTO3BYKOBOH BOJIHE U HMEIOT BHJ, Ha-
HOMVHAIOIIMH YCIIOBHS JUISL BOJHOBBIM YHACEJ B Pe30-
Hatope (w8[v.0V=nx/a, n=0, 41, +2). Tperuii
COMHOXMTENb OTHOCHTCA K OBICTpOil BOJHE M IO
¢dopMe COBMafaeT ¢ ypaBHEHHEM [UISl SHEPIMH 3JIeK-
TPOHA B NEPHOOMYECKOM IOJ€. Y4YeT NpaBOH 4aCTH
JaeT IOMPaBKy K 4aCTOTaM HYJIEBOTO NPHOIMKEHHUA.
Ecimn B HyneBoM npubiuxeHMH mBa KOpHS (COOT-
BETCTBYIOULIWE MEIJIEHHOM M OBICTpOil BOJIHAM) COB-
DafaT, TO KBaJpaT IONPABKA K 4aCTOTE OKa3biBa-
eTcs OTPHLATENBHBIM. B 3TOM cCilyyae HHKpeMeHT
PacKavyky MaJIbIX BO3MYLICHHH, HAJIOXEHHBIX HA UCXO -
HYIO anb(BEHOBCKYIO BOJIHY, IO HOPSAAKY BEIUYHHBI
paBeH:

v R Vafa (28)

PaccMoTpeHHast HeycTOHMYHBOCTb HamOMHHAaeT He-
YCTOHYMBOCTh aJIb()BEHOBCKOH BOJIHBI MaJiOW aMILIH-
TyOEl TIO OTHOWIEHHMIO K OJHOBPEMEHHOMY BO3-
OyXIeHHI0 MeIJIEHHOM H OBICTpOH MArHWTO3BYKO-
BHIX BOJIH [I7].

3 Pe3yabTaThl HCCJICAOBAHHSA YCTOIMHBOCTH
PA3IHYHBIX BHJOB HEJMHEHHBIX YCTAHOBHBHIMXCSH
KoJiebannii [/5—24]

A Hanwuwe unM OTCYTCTBHE «paclajHOM» He-
yCTOMYMBOCTH MOXHO TNpeAcKasaTh, 3Hasg (opmy
cnekrpa. IlycTh wMeeTcs nUIIb OOHA BETBb KoJle-
Ganmit. Ha puc.3 m300paxeHs! mpocreiiiine BO3-
moxHble ¢opMbl cnekTpoB. Kak jerko mnokasatsb,
«pacmajiHele» YCIOBHS MOIYT OBITh BBIMOJIHEHBI
quws s cnektpoB 1,4, Konebanus, uMmerouine
CIEKTPBI, aHAJIOTHYHBIE CIIEKTpaM 2 ¥ 3, YCTOMUUBBI
MO OTHOUIEHWIO K pacrnazaM. OMHAKO NMPH HANUYUU
HECKOJIbKHX BETBeHl B ClEKTpe KoJiebaHmif,koyiebanus,
XapakTepu3yeMmble CIeKTpaMu Tuma 2 Wi 3, MOryT

1/ k.t Teo—
o 6V)[°°S 0 — (cos ky~ b) (cos kyta) + = ( k:- + k:+)

va OV
. _ . _ Sva . wSb - . _
X (sink,~ b) (sink,ta) = — 6 o5 (s sV ){[k2 (coskyta)sink,~b
+ ky* (sin ky* @) cos by b] (cos wSa,) — kot (sin ky~ @) cos (Ma—d)
vadV Va
. ky 6V S . Sa
—kz—(smkz—b)cosw_l_a" }—6 w(;)]”/ (sn:a(w)
X {[k ~(cos kyta)sin ky= b + kyt(sin kyt a) cos k ‘b]cos—w—ls-l—)-
2 2 2 2 2 2 ’Ua(SV

o —ky oV

a

— ky~ (sin k,~ b) cos (
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b — 6)— kot (sinky* a) cos(

w— kydV b)

a

(27)
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JACTOTA, w

BEKTOP BOMKE,

Puc. 3 Ilpocreiiune BO3MOXHBIE HOPMBI cHeKTpa.

OBITh HEYCTOWYMBEIMU TIO OTHOILUEHHMIO K pacrnany Ha
KoJjiebanus, U3 KOTOPBIX XOTSA OB OOHO HE NpHHAJIE-
KUT NaHHOH BeTBU. bojee TOYHO — pacmaibl BO3-
MOXHBI TOTJa, KOTAa Yepe3 TPHU TOYKH, COOTBETCTBY-
1o1IMe KoNeGaHusIM wy, ky; @, ki3 wg ky (3TH TpH
TOYKH, BOOOLE TrOBOpS, MOTYT JIeXaTh Ha Ppa3HBIX
BETBSIX) MOXHO IPOBECTH KPHUBYIO, NMogoOHyr0 nmbo
kpuBoit 1, mu6o xpuBoit 4. ([InA pasnuyHBIX BETBEi
KoJieOaHuif MOTYT, OJHAKO, BO3HHKHYTh «3aIPETHI,
CBSI3aHHBIE C TIIOJIApU3ALMEHd BOJIH, T.€. MaTpUYHBIH
JJIEMEHT MOXET OOpaTUTHCHA B HYJIb.)

PaccMoTpeHHEIi B NpeaplayeM naparpade pacnan
anb()BEHOBCKOM BOJIHBI SBJISETCH XapaKTepHBIM IpHU-
MepoM pacnana KojieGaHusl, IpHHAIIeXKAIET0 OAHOR
BETBM, Ha KoJjieOaHus, NpUHAIJIEXKAIUUE APYTHM BET-
BsaM. Kak BHIHO W3 [JaibHEHINETO, a TakXe W3 IpH-
BelleHHBIX Ha TaGmuue 1 cxeM pacnamoB koJsieOaHMH,
IJs1 TIIa3MBl XapaKTepHBIMH SIBJISIOTCH HEyCTOHYH-
BOCTH, CBSi3aHHBIE C BO30yxneHueM KojebaHuii Apy-
TOTO BHJA.

HEJIMHEWHBIE KOJIEBAHU S

b IIJIABMA BE3 MATHUTHOI'O ITOJIA

Xopouwo H3BeCTHO, YTO B I1a3Me 06€3 MarHATHOIO
[OJIsA CYLIECTBYIOT IBA BHIA HEJIHMHEHHBIX YCTaHOBMB-
muxcs koyiebanuit [/1] 37EKTPOHHBIE JIEHTMIODOBCKHE
H MOHHEIE IPOI0JIbHEIE KOJIe6aHUs HEN30TEPMHYECKOH
TTa3MBI (i< Pe, TOE Pi B Pe COOTBETCTBEHHO HOHHOE
M 3JEKTPOHHOE [HaBieHns). VIOHHBIE NPONOJBHEIE
KojeGaHHs YCTOWYMBEI, T.K. HH IUIA KaKHX BUOOB BO3-
MyLUEHHH He MOIyT OBITh BBINIOJHEHBI PacHajHBIE
yCIOBHSA. DJEKTPOHHEIE JICHTMIOPOBCKHE KoJIcOaHus
HEYCTOMYMBBI JHAILL B HEH30TEPMHYECKOH mIa3Me.
OnHako Takas HEYCTOMYMBOCTh NIPUBOAUT (PAKTHUECKH
K CHBHTY YaCTOTBHI MCXOMHOH 3JEKTPOHHOH JIEHIMIO-
pPOBCKO# BOJIHBI. JleHiCTBUTENBHO, IIPH pacnaje dnekK-
TPOHHOM JIEHTMIODOBCKOM BOJIHBI BO36yXaarorcs
HOHHO-3BYKOBal W JJIEKTPOHHAs JIEHTMIOPOBCKas
BoJHa (C 4aCTOTOIf MeHbIIEH 4eM 4acTOTa MCXONHOM
BOJIHBI). MOXHO moka3atb [/5], YTO IpH 3TOM HOJsA
JHEPIHUH, «IlepeKkavynBacMasi» B HOHHbIE kojaebanusd, B
(M|m)'1? pa3s MeHbluas, 4YeM B 3JIEKTPOHHBIE. TakuM
00pa3oM OCHOBHAsi IHEPIHUA OCTAETCS B JIEKTPOHHBIX
KonebaHusX.

B IITAZBMA B MATHUTHOM IIOJIE

VBenuyeHHe 4Mciia BeTBeH Kosebanwif, o cpaBHe-
HHUIO C YACJIOM BeTBeill koyieOaHmit mnasmel 6e3 mar-
HUTHOTO IIOJIf, JaeT HOMOJHHUTENbHbIE BOZMOXHOCTH
s pacnanoB. MoHHblE TPONOJBHBIE KosebaHus,
HaIpEMEp, PACCMOTPEHHBIE BEILlIE, MOTYT PacnanaThes
IOpH ONpPENEIECHHBIX COOTHOLUEHHAX MEXAy Hapame-
TpaMu IUIa3Mbl M BHELIHAM MATHUTHBIM TIOJIEM:
(nyTe> H?/4%, rne ny — TUIOTHOCTH MJAsMbl, Te —
9JIeKTpOHHAsi TeMmmepatypa) [[6]. Beipaxenne mis

TABJTHIA 1. Cxeant ,,pacnados ycmanosuswiuxca xoaebanuii naazmor™

HoHHbIE NPONOTILHBIE
Tun KoneGaHusi HEU30TEPMH- n?}?:l(goggf;::e MarHuTo3ByKOBbIE Anb¢BeHOBCKHE
xonebaxus YeCKOM nna3msl X :; e621 - Konebanusi BOJHbI
(pi <€ pc)

E Heycroiiuusbl npu
8 g Ppi < Pe
Co Ky (Te/ M)
$s ' Ycroiuusst ! (/ /M)
g E (wo? +/¢02ve2)1/2'/
=E |

5

(wo® + kg? we?)H/?

° HeycroiivyuBel npu HeycToituussl npy
. E ng Te>H 4 wy & 2wH
g g key va (12 va) /wH k12 va (kyva) ey va (k12 va)
gz

ko (Te]M)Y? %) kov kozv

=K ko (TP ——"—< Kot C(H 2 8x > p) | DE(H H8n > po)

3 A\

kavg (k2 2 Vy) : wWH ' ka2 S ° ko> S
i J

* TlpuBeneHsl CXeMbl ,,pacnafioB” C MaKCHMaAbHLIMH MHKPEMEHTAMM HApacTaHus BO3MYIUEHHI.
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B. H. OPAEBCKUI

MaKCHMAJIbHOTO MHKPEMEHTA HApACTAHASA BO3MY-
IEHUHA B BHOE CYMMBI HBYX MATHHTOTHIPOIAMHAMHU-
9eCKMX BOJIH MMEET IpOCTOH BHI

v & (Ovifu) (wof4) [1 — (vafu)?]M? (29)

rae 6vi — aMIUIATYAA THAPOAHHAMHYECKOH CKOPOCTH
HOHHOM NpONOJILHON BOJHBI, % — e (a3oBas CKO-
pocCTh, Wy — YaCTOTa; vs — ab(PBEHOBCKaAsI CKOPOCTE.

YCcTOWYABOCT MarHATO3BYKOBOH BOJIHBI, pacIpo-
CTpaHAoLIeiica Monepek MarHWUTHOTO IOJIs, HCCIIENo-
Bajack B pabot 20, 21. Tam moka3aHo, YTO Takas
BOJIHA HEYCTOHYMBa IO OTHOIUEHHIO K pacmany Ha
MAarHMTO3BYKOBEIE BOJIHBI. B yka3aHHbIX paborax
Pe3yJbTATHl HCCIEOOBaHUS YCTOMYABOCTH TaKKe IpH-
JIaralrorcs K HCCNENOBAHHIO YCTOWYHBOCTH OCIHJLIS-
TOPHOU CTPYKTYpPHl OECCTONKHOBUTENBHOW YOApHOM
BonHbl. Hannyne HeycTOWYMBOCTH MPHBOOUT K yCTa-
HOBJIEHHIO TYypOyJIeHTHOM CTPYKTYpBI TaKOH BOJIHEI.

Ecna B OTCYTCTBME MATHHTHOTO IIOJIS pacmajx
3JIEKTPOHHO JIEHTMIOPOBCKOH BOJIHBI MPUBOJUT (ak-
THYECKH JIMLIb K CABHTY €€ YaCTOTHI, TO NIPH HaJIMYUH
MAarHMTHOTO IIOJISi BO3MOXEH pacmal, IpHUBOISAIIUN K
«TepeKayke» OSHEPrHA JICHTMIOPOBCKOH BOJIHBI B
SHEprUIo ApYroro Buaa xoiyiebanuit [18, 22, 24). Iipn
wem2wH (THe wH — O3JIEKTPOHHAs UHKJIOTPOHHAS
4YaCcTOTa) MPOMCXOAUT pacmak 3JIEKTPOHHOM JIeHTMIO-
POBCKOI1 BOJIHBI Ha JABE 3JEKTPOMAarHATHBIE. MOXHO
moxasatb, 4YTO BO30YXAAaeMble 3JIEKTPOMAarHUTHbIE
BOJIHBI EMEIOT pa3Hble NOJIApH3anyu (BOJHEL ¢ OJIMHA-
KOBBIM TOJISIPU3aNHSME HEe HapacTaroT). MakcuMab-
HBI MHKPEMEHT HapacTaHMS YKa3aHHBIX BOJIH ¥ IIO
MOPSANKY BEIHYAHBI paBeH:

v & §v wu/l0u (30)

OTMeTHM, YTO ONMMCAHHBIA pacmajll, TOBAZUMOMY,
Habmopancs B pabore 14. Ponb NEHrMIOpPOBCKHX
KosneGaHHil Urpajl IepBOHAYAIBLHO MOIYJAPOBAHHBIH
ny4yok. HeycTo#4nMBOCTh MO OTHOLIGHHIO K BO30YX-
OCHUAIO NONEPEYHBIX BOJIH BO3HHKJIA IPHA YCJIIOBUH

P oM =~ 2 wH (31)

roe wM — «4YacToTa» MOJYJIHPOBAHHOTO HydKa
(ckopocTh nydYka yMHOXeHHass Ha 2w[/L, rme L —
NIPOCTPAHCTBEHHEBI NepMoX Mopaymanud), p=1, 2,
3, ... Ilpu p=1 (yp.31) ectb ycmoBHe pacmana
ocHoBHOM rapmonuku. IIpm p=2, 3... — 370
yCJIOBHE pacmazna KpaTHBIX FapMOHHK.

4 3axiroynTeJbHBIE 3aMedaHust

o cux mop Mb! paccMaTpHBajiA HEyCTOMYHMBOCTH
YCTAaHOBHBILMXCS BOJIH B 6e3rpaHN4HOIM cpene. MoxHO
pacipoCTpaHUTh METOX MCCIENOBAaHHA YCTOHYHBOCTH
BOJIH Majoi aMIUTUTYOLl Ha Ciydall orpaHHYeHHOMH
cpensl. B yacTHocTH B pabore 23 OB -McclelOBaH
pacmal 3JEKTPOMArHUTHOM BOJIHBI B IJIA3MEHHOM
LUIMHAPUYECKOM BosiHOBoae. B pabore mokasaHo,
YTO B IMJIMHIAPHYECKOM BOJIHOBOJE 6e3 MarHUTHOIO
MoNs pachmaj 3JIeKTPOMArHUTHOH BOJHBI HEBO3MO-
xeH. DTO BHAHO M3 BHAA IUCTIEPCHOHHOM KPHBOM
(cMm. mpensinyiuuid maparpad). B mmasMeHHOM ke
BOJIHOBOAE, ITOMEIIEHHOM B MarHUTHOE IIOJie, TaKoi
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pacnax BoO3MOXeH. BO3MOXHOCTH TaKOro pacrana
CBf3aHA C MOSBJICHHEM JONOJIHATEIbHEIX BETBEH IHC-
NIEPCHOHHBIX KPUBBIX. XapaKTepHBIH MHKPEMEHT pac-
CMOTpeHHOH B [23] HeyCTOHYMBOCTH NO MOPAIKY
BEJIHYMHBl paBeH

v ewyfl107,

rge w, — 4YacTOTa MCXOAHOM BOJIHBI, Ap — KOpEHB
nmepBo#t ¢yHkumm Beccenmst (J,(4;)=0), e=E/myw,
roe E, — aMIUIATyJa 3JEKTPHYECKOTrO IOJIST MCXOM-
HOIl BOJIHEI, ¥ — ee (a3oBasg CKOpOCTb, M — Macca
3JIEKTPOHA.

OueBHAHONH OCOOEHHOCTBIO OrPAaHHYEHHBIX CpeX
SIBJISETCS HaJIMYUe NpeNesIbHOM NITMHBI BOJHBI. MoXeT
0Ka3aThCs, YTO BOJHBI, PACHaNaloLIHecss B HEOTPaHU-
YeHHOM cpele, OyAyT YCTOHYMBEL B Cpele OrpaHHYEH-
Ho#. Tax mpm ydeTe Majoi CXUMaeMOCTH aib(dse-
HOBCKas BOJIHA HEYCTOHYHBA B HEOI PAHUYEHHOI CpeJie.
OnHako B OrpaHMYCHHOM cpelie pacHafHBIE YCIOBHS
IJISL Cpell ¢ MaJIOH CKHMAaeMOCTBIO MOTYT He BBI-
nonHAThes. (J{ns cpelt ¢ GONBIIOH CXXUMAaeMOCTBIO —
MaJioif BeNMYMHON CKOPOCTH 3ByKa MO CPaBHEHHIO C
aJb(BEHOBCKOM CKOPOCTBIO — TAKOr0 OTpaHUYEHHS
Ha «pacmaz» aJibBEHOBCKOM BOJIHBI IPAaKTHYECKH
HET).

Bo Bcex ynoMsaHYTHIX B HacTosiIeM o030pe paboTax
HCIONb30BaH T'MAPOAMHAMHYECKHA METOX OMHCAHHSA
mIasMel (ACHONB3YeTCS OHOXHAKOCTHAS MOMEJb
MArHHTHOH THOPOOWHAMMKHM WIH IBYXXXHIKOCTHOE
OIIHCaHHe, OCHOBAHHOE Ha THIPONWHAMHYECKHX ypaB-
HEHHSX JUIs HOHOB H 3JIEKTPOHOB). (711 paspexenHoi
IUIa3MBl TaKoi HONXOZ ONpaBAaH, eciau (ha3oBble
CKOPOCTH paccMaTpHBaeMBIX BOJH MHOro Oombiue
TerIOBEIX.) TeM He MeHee H3JIOKEHHBIM HAMH METOX
HCCJIEIOBAHASA YCTORYMBOCTH BOJIH MAJIOH aMILTHTY b
¢ HeGOoJIPIINM BHIOM3MEHEHHEM MOXET OBITH IIpHMe-
HEH H B Cly4yae KHHETHYECKOTO ONMCAHMS IIA3MBI.

CymecTBeHHBIM OOCTOSTEIECTBOM SABJIAETCA TO,
9TO PpPacCMOTPEHHE YCTOHYMBOCTH NPOBOAMIIOCH B
MEPBOM NOPSIKE TEOPHMH BO3MYyINEHMA. Moxer oxa-
3aTbCs, YTO KoyeOaHUS YCTOWYUBBIE, HO OTHO-
INEHWIO K pacnazy Ha 1Ba APYTHX, OYAYT HEYCTOWYMBLI
B CHENYIOIEM IOPSAAKE TEOPHH BO3MYLLEHHH (T.e.
OymoyT HEyCcTOH4YMBBI, HampHUMep, MO OTHOLIEHHIO K
pacmagy Ha TpH KosiebaHuSf).

PacnmagHele HeyCTOHYMBOCTH MOIYT CIYXHTb IO-
TOJIHUTEJIHBIM MEXaHU3MOM O6ecCTOJIKHOBHTEIbHOMR
«pmaccumanumy. IIpH 3TOM, ONHAKO, JHEPIHs Iepe-
XOIWT HE HEMOCPEACTBEHHO B TEILIOBOE IBIKEHHE
YaCTHIl, 2 B 9HEPruro rymMoB. Kak yka3zaHo B mpensl-
OymeM Daparpade, BO3MOXHA Iepefaya JHEpruu
ogHOro Buma koyebammit B npyrod (Hampumep,
TIPOHOJILHBIX KOJEeOaHWi B MONMEpPEeYHBIE).

ABTop Gnaronaped P. 3. CaraeeBy 3a noCTOSHHBIH
HHTEpEC X BONMPOCaM, 3aTPOHYTHIM B HaCTOSIIEM
0630pe, u A. A. T'aseeBy 3a OUCKyCCHH.
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(The following English version is provided in text only, with
blanke where symbols and equations appear in the original. Thus
it 18 to be used beside the original from which the reader can.get
the missing elements.)

THE STABILITY OF NON-LINEAR STEADY~STATE PLASMA
OSCILLATIONS

V.N. Oraevsky
Abstract

This study is of a review nature. In section 1 is desoribed
the mathod of investigation of the stability of stationary oscilla-
tions of not too large amplitude (the ratio of the hydrodynamic wave
velocity to phase velocity serves as a small parameter) [715;7. In-
stabilities arise becausa of the presence of a positive feedback
between small sinusoidal oscillations propagating in the "background"
of the finite-amplitude wave. Instabilities recall quasi-particle
decayss frequencies and wave vectors of developing oscillations are
related to the frequency and wave vector of the initial wave by
relations typical of the laws of energy and momentum copversation.

A characterietio peculiarity of growth rates of developing oscilla~-
tions is their proportionality to the value of the initial-wave
amplitude.

A ocpnorete example of finding the growth rate of small perturda-
tions 1is disoussed; the stability of a sinusoidal Alfvén wave of
small amplitude (section 2 A) is investigated. Instability of such
a wave is related to compressibility of the medium (for inocompressible
media instability.disappears).

For large-amplitude oscillations there is no general method for

etabdlity investigation. However even here a positive feedback
(cont'd)
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between small osoillations can appear. For this reason an Alfvén
wave is unstable (in a compressible mediumt) if it has an arbitrary
amplitude with a sawtooth profile for the magnetid field lines [Té5_7
(the chosen profile of the magnetio field lines ernables one to solve
the problem precisely {section 2 B).

In the concluding portion of the review (sections 3,4) the
reseults of investigation of the stability of other oscillation modes
are given, such as ion-acoustic oscillations of a non-isothermal plasma,

electron Langmuir osoillations, magneto-acoustic oscillations, eto,

1 General remarke. Formulation of the problem

l. Wuestions of non-linear theory of oscillations have attracted
particular attention recently. This is largely connected with the
discovery in linear theory of a large number of instabilities relating
to the excitation of various types of oscillations (see, for example,
refs. 1-7). Following the discovery of instability, questions such
as the following ariset (1) What happens subsequently to growing
oscillations? (2) What is the effect of these oscillations on the
behaviour of the total plasma? Naturally, only the non-linear theory

of plasma oscillations can provide answers to these questions.

One of the first steps in creating a non-linear theory of oscilla-
tions is the investigation of the simplest mechanisms of non-linear
wave interaotion inducing damping or limitation of the amplitude
of some harmonics and the increase of others., The "birth" mechanism
of multiple harmonics is well known. A compelling force, figuratively
speaking, acts upon the small oscillatione in the presence of a
sinuscidal wave of finite amplitude, And the multiple harmonic in
the resonance is thersby excited. Another well known methanism for
exciting new harmonics is the "scattering" mechanism of one wave
on another with a change in the frequencies and wave vectors of
both waves Z-&;7. These mechanisms for exciting new harmonics are

not the only o6nes.in plasma.
(conttd)
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Small oscillations propagated independently in a homogeneous
medium are, generally speaking, related where a wave of finite
amplitude is present. This relationship of waves through the
initial wave of finite amplitude can ba a positive feedbackj that
is, it is possible to exoite simpltaneously a group of waves. It
is clear that the condition of positive feedback for fixed waves
depends essentially on the space—time charaoteristics of the wave
of finite amplitude. If the space-time characteristics of the waves
of finite amplitude change sufficiently rapidly the positive
feedback of the fixed waves is rapidly broken and the excitation
of such waves ocurtailed. It is therefore convenient to solve the
problem of the excitation of harmonics through the presence of a
positive feedback between them in its "pure form" - when the space-
time characteristics of the initial wave remain constant. 1In
other words, the excitation of multiple harmonics and the "scattering"
of the harmonics of the initial wave must be absent. Such a situa-
tion arises in the investigation of the stability of non-linear steady-

state oscillations.

We are aware [_9-13.7¥hat non-linear steady-state oscillations
exist in plasma if dissipation is neglected. In conventional gas
dynamics it is generally speaking impossidble to disregard dissipa-
tion when studying the possibility of steady-state motion, for the
diesipation effects limit the increase in slope of the leading edge
of the originally sinusoidal wave. ‘In plasma the picture changes.
Here, for example, there exists a type of wave with transverse
polarization, namely Alfvén waves for whioh non-linear terms of
the form ..., responsible for torsion of the leading edge of the
wave, are absent in equations desoribing these waves. Therefore
the Alfvén wave of arbitrary form and, in particular, the sinus-
oidal wave can propagate without distortion (that is of oourse if
one can disregard the dissipation). In the same cases, when there
is a tendency to torsion, the dispersion effeocts can limit the
inorease in slope [T}a;7. Indeed, the torsion of the leading edge
of the wave denotes the "birth" of multiple harmonics. The birth
of multiple harmonics (for waves of not-too-great amplitude) will

(cont®d)
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not ooour if the exciting force (which appears when the terms of

the second order in amplitude are taken into consideration) is not in
resonance with the system's own oscillations. Such a force has the
forms ..ceceee, Where ........ are the amplitude, frequenoy and wave
veotor of the initial wave, respectively. Evidently if the dispersion
law differs substantially from the linear, there will be no reso-
nanoe, and non-linear steady-state waves can exist in the rarefield

plasma (where one can ignore the dissipation).

B. In examining the stability of steady-state plasma oscilla~-
tions it is convenient to turn to the system 0f coordinates moving
with the wave. In such a system of coordinates the coefficients in
the equations for emall deviations from the established motion (we
shall benceforth call this motion "background") are nbt dependent
on time., Consequently the time dependence of all values charateris-
ing small deviations from the "background" may be expressed in the
form ... . Then the system of equations describing the dynamics

of small perturbations can be expressed ' in the forms
(1)

where ... is the linear differential self-adjoint operator desorid-
ing oscillations of a homogeneous plasma with eigenfunctions ...,
proportional %o ... and eigenvalues ... satisfying the dispersion
equation .¢¢.3 ... 18 the linear differential-operator dependent on
the backgrourid Bnd approaching zerd as the background amplitude

approaches zero.

In investigating the stability of small-amplitude waves it is
natural-to use perturbation theory. In this case the problem is
one of finding the correction ... to the natural frequency ...
whioch, in first-order perturbation theory, we know to be proportional
to the matrix eloment .... . We shall examine the spatial dependence
of the operator ... . For low-amplitude waves the values describ-
ing the wave whose stability we wish to examine may be written in
the forms

(2)

(cont*d)
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In examining stability with first-order perturdbation theory one
can negleot the terms ... . Then the spatial dependence of ...
is characterized by faotors cceceeee o Evidently the matrix
element, as well as ..., are non-vanishing only when at least two
wave veotors (... and ...) dorrespond to one ... and they are
coupled by a relationship of type [/ 15 7 s

(3)

This equality does not change even when transferred to a laboratory
system of coordinates. The frequencies ... and corresponding to wave
veotors ,.. and ... are coupled in the laboratory system of co-
ordinates by the relationships

(4)

where ... is the frequenocy of the "background™ oscillations in the

ladoratory eystem of coordinates.

» Conditions 3 and 4 do not give an exaot oriterion for the
instability of non-linear stiady-state waves. They simply indicate
the possidility that instability exists. According to A.A. Caleev
and V.I. Karpman one can formulate the oriterion for instability
using certain symmetry properties of the matrix element ZT?KLJ7. It
appears that, if in eq 4 the signs of the frequenpies are suoh that
the condition

(5)

is fulfilled, instadility ocours. Otherwise the steady-state osoilla~
tions are stable, Gonditions 3 and 5 are analogous to the oconditions
of decay of quasi-particles; therefore we shall henceforth call

these conditions "decay" oconditions and the imns tability itself, whioh
is associated with the fulfillment of the decay conditions we shall
call oscillation "decay" [ 15_/.

C We ghall examine in greater detail the prinoiple for finding
the correotion to frequenocies ... and ...  For this we shall examine
the stadility of the Alfvén wave, direoting our attention in this
section mainly to the method for finding ... . (A detailed calculation

(cont'd)
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will be given in the following section in a somewhat different and,

in practicé, more convenient form).

In the present case the stationary state is an Alfvén wave for
whioh the magnetic field ... (Where..., .... is the wave velocity)
and the hydrodynamioc velocity ... are perpendicular to the direotion
of propagation ... and to the unperturbed magnetic field ... .
In a system moving with the wave linearized equations for perturbations
have the formi

(6)

Here «e¢y see¢y ¢oo are perturbations of the velocity, the magnetic

field, density and pressure, roespectively.

In aocordance with what was said before we express the time
dependence of the values characterizing small deviations from the
'"background" in the form ... . Then eq & can be rewritten for

Fourier oomponents in spatial variables in the form

(7)

In eq.7 it id donvenient to turn to the variables ... which are

determined as follows
(8)

where ... and ... evidently represent the Fourier components of the
vector and socalar velooity potentialy; ... is the Fourier component
of the veotor potential of the magnetio field measured in units of
velocity potential; .... is the density perturbation, also measured
in units of velocity potential. The veotors ... and ... are subject

to th® gondition of transverseness.

(9)

Substituting eq. 8 in eq. 7 one can obtain the following equations
relating to the new variables ..ceeoee o
(we direct the 8 axis along the constant magnetio field).

(10)

where

(11)

(conttd)
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As ocan be seen Trom eQ. 7

and the operator .... does not depend on the amplitude of the
initial Alfvén wave.

It can be seen from eq. 11 that ... is a Herm{tian (or, to be
more precise, symmetrical) operator. The eigenvalues of the
operatdr ... are determined by the well known dispersion equation

(12)

and the eigenveotors form a complete orthogonal system of vectors.

This system has the form (for ...)

where

(13)

where are the eugenvectors of the Alfvén waves (corresponding to the
eigenvalues ...), ... are the gigenvectors of the fast magneto-
acoustic wave and ... are the eigenveotors of the slow magneto-~-

acoustic wave.

It can easily be seen (see eq.10) that the correction ... to
frequency ... is non-vanishing(in perturbation theory that is first-
order in the amplitude of the initial wave) only when two distinot
wave vectors (... and ...), ocoupled by relationehips of the type
of eq.} correspond in the gero approximation to a single ... .

In this case, in the first approximation in the quantity ... (to be
more precise, in the .parameter ...) we have the following system of
interlooking equations for manitudes relating to the first and second
waves

(14)

(15)

As is normal in finding the ocorrection to the eigenvalue ..., by
multiplying eqs. 14 and 14 by the unit vectors of the ocorresponding

eigenveotors we odbtain

(16)

(+o. i8 the corresponding unit vector, ... is the modulus of
vector ...). (cont*d)
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From the solution of eq. 16 we write the expression for the square of

(17)

D One may erxpect that the instability mechanism éxamined
above and asgoofated with the appearaunce of a positive feedbatk bet-
ween certain types of oscillations where a wave of low (but finite)
amplitude is present, functions if the amplitude of the initial wave
is not small. Naturally, major mathematical difficulties do not
permit the examination of the instability of large—amplitude periodic
waves where the wave has an arbitrary form. For these types of waves,
for which dispersion stops the inorease in the slope of the leading
edge of the wave, the form of the steady—-state wave and the maximum
value of its amplitude are determined by dispersion and cannot be
defined arbitrarily. It was possible to examine closely [/ 25 7
onémrticula%ase - an Alfvén wave with a saw-tooth profile for the
force lines of the magnetic field (fig.l). The problem can be
reduced to the solution of equations with periodically discontinuous
coeffi¢ients which are constdnt within a period. Matching solutions
at points of discontinuity permifts the determination of ... . In
par.2, section B we ‘shall show that an Alfvén wave with a saw—
tooth profile for the magnetic-field lines is unstable, ‘while the
instability mechanism is analogous-to the instability mechanism of
small-amplitude waves.

2 The instability of the periodic structure of
‘Al.vén oscillations

24 low-amplitude sinusoidal Alfvén wave /717 7

In practice, when calculating the correction ..., to the eigen-
values ... and ... it is more convenient to use the system of

ejuations 7 without turning to the potentials.

Using eqs. 3, 4 and 7, the following system of algebraic equa-
tiong for the ampliiudee of the waves can be derived
(igf'
(cont'&)
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where ..... are the wave amplitudes with frequehoios vessacsgeny
ceseceses ANd WAVE VOOLOTS ... AMA .. related by eqs. 3 and 4.

If we use the system of equations 1 (and‘exprese the values ...,
ees for example through ...) the étability of the Alfvén wave can
be examined with regard to various types of perturbdation.

Let the perturbation be a combination of an Alfvén wave and a
magneto-acoustic wave, which are denoted below by the indices 1,2.
Then;from the condition of solvability of system 18 we find

(19)

where ,.. is the angle between the ...-and ... planes, and ...
is that between ... and ..., the x .axis is chosen albng esey the
y axis perpendicularly to ... in the plane .... (fig. 2).

From eq. 19 it can be seen that perturbatioqs in which ... and
«+. have different signs (and consequently satisfy eq. 5) grow with
timeio

With eqs. 3, 5 and 19 it can be ghown that the initial Alfvén
wave is unstable at ahy angle of propagation in respect of the stabdle
magnetic field.

For the case of a strong magnetioc field
(20)

the growth rate of small perturbations in the form of an Alfvén
wave and a slow magneto-acoustic wave is equal in order of magnitude
to

L)
As always in the case of "decay" instabilities the rate is proportion-
al to the amplitude of the initial wave.

If, instead of an Alfvén wave, a fast magenot-acoustio wave
enters the pgrturbation it can be shown that the growth rates of the
perturbatidne are of the same brder, as ie also ... .. Other types
of perturbations, for which the decay conditiona are fulfilled, -have

rates whioh are leaa than ... &

(cont*d)
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T¢ ‘ghiduld be rioted that the compressibility of the medium plays
an important part in the onset of oscillations. It can be shown
that 1f the compressibility is disregarded the Alfvén waves are
stable.

2 Alfvén waves of arbitrary amplitude with sawtooth
magnetic force line profile 15&57

In a system of coordinates associated with a wave in regions
where the magnetic field is stable, a solution is sought as a super—
position of the oscillations of the medium itself (Alfvén, magneto-
acoustic and entropy waves). (Itqehould be remembared that Alfvén
waves of arbztrary ampl1tude and form are exact solutions of equa--
tions of ideal magnetic hydrodynamiocs.) In addition, the small shift
of boudary between regions with a stable magnetxc_figld must be |
taken into consideration. The coﬁtinuity conditions of the flows
of mass, energy, momentum of the component of the magnetic field
perpendicular to the boudary and the tahgehtial'oomponint'df %hé
electric field / 26 _/ enable ... to be found 'and, conseﬁuently, the
problem of the stadility of the initial wave to be aolved

Using the periodicity (along the co-ordinates it should be
rempmbered that the examination of stability is conduoted gn,a system
of co-ordinates associated with the initial Alfvén wave). of velocity
eooy magnetic fipeld ... and deneity ... in the forms

(22"

where ... is any of the quantities ..., ssey «ssy .+, i8 the periodic
(with- the period of the initial Alfvén wave) solutién of the equa-

tions;. ... is the frequency of the perturbations.

Linearising-the-continuity oconditiona with respeot to the small
péntddpations and then choosing the x axis ... aldng the unperturbed
magnetic field ..., and the y axis ..» along the direction of the

drodynami¢ velocity oscillations of the Alfvén wave ... propagating

along ..., we can write

(23)
(contrd)
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(Conditions 23 hawe been written for adiabatic perturbations which will
be examined later. In addition, in deriving eqs. 23, use was made of the

beundary velocity perturbation with its shift:

.)

where ....... is the magnetic field of the Alfvén wave; .....2)18 the
perturbation of the velocity ef the boundary between regions with a con-
stant magnetic‘field. Bj means of curly brackets here we heve indicated
the difference in values of the perturbed quantities on the two sides of

the discontinuity surface.

For the sake of simplicity we shall exemine the cese where the velocity
and magnetic field perturbations lie in the x, y plane 'fig.l). Then the
solutions in regions with constant magnetic field can be represented as
superpositions of slow and fast magneto-acoustic waves. (The relations emong
the quanrities ..... , «eeese 4 eee.e. in the waves is found from the

magneto-hydrodynamic equations.)

In the interval ..... let the solutions be
(24)

where .....are the components of the wave vecters along x axis for the
slow and fast.magneteeacoustic ‘waves respectively, ... and ... correspond

to two linearly independent solutions with the given frequency .e.ee. o

Analogously, in the range ... we have

(25)

We obtain the solution in the region ..... from the periodicity

cendition of eq. 22
(26)

The boundary conditions ef eq. 23 are a system of eight linear equations
for eight co-efficients ...... *. Frem the selvability cendition of this
system we obtain the dispersion relationship ...... . GOenerally this

has a fairly cumbersome form. Therefore we state it for the most interest-
ing case of a large-amplitude wave (.....) propagating in a low-pressure
medium ( ....e0. 4, +e... 18 the speed of sound)

(27)

where
(conttd)
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Ignoring the right-hand part, equation 27 has real roots.
The roots ocorresponding to.the first two factors refer to a slow
magneto-acoustic wave and have a form that callahto mind the ocon-
ditions for wave numbers in a resonator (....., .....). The third
factor relates to a fast wave and coincides in form with the
equation for electron energy in a periodfd field. Taking intd
aocdunt the right-hand part, we obtain the oorrection to the zero-
approximation frequencies. If two roots (corresponding to the
8low and fast waves) correspond in the zero approiimation,.the
square of the correction to the frequenc& is negative. -In this dése,
the build-up rate of small perturbations superposed on the initial:.
Alfvén wave is equal in order of magnitude to

(28)

The instability examined above calls~to mind the instability of a
small-amplitude Alfvén wave with respect to simultaneous excitation

of the slow and fast magneto-acoustic waves [—11J7.

3 Results obtained in examining the instability of various
types of non-linear steq§1rstate oecillatgiong:/T5-2

"A* The presence or absend of "decay" instability oan be pre~'
dicted if the form ol the spectrum is.known.: Let -it be- assumed that
there is only one oscillation branch. The simplest possible spectrum
forms are depioted in fig. 3. As can be readily demonstrated, the'
"decay" conditions can be fulfilleéd only for spectra 1 and 4. The
oscillations with spectra analogous to spectra 2 and 3 are stable
with respect to decay. Hoﬁever, if there are several branches in
the oscillation spectrum, the oscillations chagacterized by spectra
of type 2 or 3 may be unetable with respect to decay into osoilla-.
tions of wh1ch at least one doos not belong to the given branch,

To bg more precise, decay may ocour when it is possible to draw a
oh}vqlsimilar to either erve {_grbourze 4 through three points
speaking these theree poznts may lze on different branchee,)

(However, for different branches there may arise "exclusions" con-

(conttd)
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nected with the polarization of. the waves; that is, the matrix element

may become Zero. )

The detay of the Alfvén wave éxamined in the foregoing section is a typi-
cal, example of the decay of an. oscillation belonging\to one branch into
oscillations belonging to other branches. As will be seen from the following,
as well as from the oscillation decay diagrams in table.I, the instabilities
which gharacterize plasma are connected wWith the excitation of oscillations
of another type.

B Plasma without magnetic field

Two types of non-linear'steady-staﬁe oscillations are known to exist in
plasma without a magnetic field /11 / . ‘They are the electron Langnuir and
longitudinal ion oscillations of non-isothermal plasma ( .... , where ces
and ... are ion.and electron pressures, respectively). The longitudindl
ion oscillations are stable since the decay conditions cannot be fulfilled
for any t@pes.of perturbation. The electron Langmuir oscillations are unstable
in non-igptbermal plasma. However, such instability induces a virtual shift
in the fr?quenpy of the initial electron Langmuir wave. Upon the decay of the
electron Langmuir wave an ion-acoustic and anAelectrbn Langmuir uave:(with
frequency less than the frequency of the initial wave) are excited... It can
be demonstrated 1-15_7 that in this process the fraction of energy "channelled"
into the ion oscillations is ... {imee‘smaller than that '"channelled" into

“the eiectrgn oscillations. In this way the major part of the energy remains

in the electron oscillations.

C Plasma in a magnetic field

The increase in the number of oscillation branches by comparison with the
number of oscillation branches in pfasma without a magnetic field provides
additional possibilities of "decay". Ebf example, the longitudinal ion
oscillations examined above may "decay" for certain re}atione between the
plésma parameters and the external,magnetic field. ( Cereneenas , where ...
is the density af the plasma, ... is the electron temperature) ZT16_7..

The expression for the
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maximum growth rate of perturbations in the form of the sum of two
magnetio hydrodynamic waves has the simple form.
(29)

whre ... is the amplitude of the hydrodynamic velocity of- the
longitudinal ion wave, ... is its phase velooity, ... is the frequenoy;
ees 18 the Alfvén velooity.

The stability of the magneto-acoustic wave propagating aoross
hte magnetic field was examined in refs. 20 and 21. There it was
shown that such a wave is unstable.with respeot to decaj into magneto-
acoustic waves. In these works the results obtained from examining
such stability are applied to an examination of the stability of the
oscillator structure of a'oolliaionleqs ehock_wave. The presence

of instability produces a turbulent structure in such a wave.

If, in the absence of a magnetic field, the decay of the electron
Langnuir wave doeaaﬁnduce only a shift in its frequenocy, then, where
a magnetio fieid is present  there may occur decay which induces
"channelling" of the energy of the Langmuir wave into the ‘energy of.
other types of oeocillation [18, 22, 24_7} For .... (where ... is
the eleotron oyclotron frequency) decay of the elecfron'Langmuir.wave
into two eleotro magnetic waves ocours. "It can be shown that the
‘excited eiectro magnetic waves have various polarizations (waves with
identioal péiarizations‘do not grow). The maximum. growth rate of
these waves ... is equal in'orderiof:magﬁtfﬁﬂv“to‘

(30)

It should 'be noted that the decay described above is apparently
observed in ref. 14. Initially a modulated beam played the part of
the Langmuir oscillations. Instability with respect to the excited

transverde waves ‘drose under the condition

(31)

where ... is the "frequency" of the modulated beam (the velocity of the
beam multiplied'py.;.., where ... is the spatial period of the modula-
tion), ... = 1,2,3. Por ... = 1 (eq. 31) is the condition for the

deocay of the dbasio harmonic. For ... « 2,3 etc., this is the condition

for the decay.of multiple harmonics. (cont'd)
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4 Conocluding Remarks.

Ve.have 8o far examined thevinstability of steady-state waves
in an unbounded medium. " The method for examining theé stability of
small gmplitude wave§ may be extended to the case of a bounded medium.
In ref. 23 espeoially, the dééay of an electromaghetioc wave in a
plasma-type oylindrical waveguide was-examined. It was shown that
in a cylindfical waveguide without magnetic field decay of the electro-
magnetié wave is impossible. This can be seen from the farm of the
dispersion ourve,(see preceding). In a plasma-type waveguide placed
in a magnetic field such decay is possible. The possibility of such
decay is connected with the appearance of additional branches of the
dispersion curves. The typical rate for the instability eramined in

ref. 23 is equal in order of magnitude to

where ... is the frequency of the initial wave, ... is the root of the
first Bessel function (e...e)y oee... where ... is the amplitude of
the electric field of the initial wave, ... is its phase velocity, ...

is the mass of the electron.

An obvious feature of bounded media is that the wavelength is
limited. It can happen that waves decaying in an unbounded medium
are stable in a bounded medium. Thus, when its lowcompressibility
is taken into account the Alfvén wave is unstable in an unbounded
medium. However, in a bounded medium the decay conditions for low-

compres3ibility media may not be fulfilled.

In all work smentioned in this review the hydrodynamio method
(using a single-liquid magnefohydrodynamic model or a two-liquid
description based on hydrodynamic equations for ions and electrons)
was used for describing a plasiffa. (for dilute plasma such an approach
is justified if the phase velocities of the waves under examination
are much greater than therwal velocities.) Nevertheless the method we
have expounded for examining the stability of low-amplitude waves may
also be applied with small ad justments in the case of the kinetioc

description of plasma.
(conttd)
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An important point is .that the examination of stability was
‘carried outvin,fifst-ordqr'perturbafion theory. It is possible.
that opoillations ﬁre stable with respect to decay into two other
osoillationa,butAafe unstable in the hext order of perturdation
theory (thqt is,'they are upstable, for example, with respeoct to

decay into three oscillations).

- Decay instabilities can serve as an additional mechanism of
collisionless "dissipation". Here, however, the energy is converted
not directly into-the thermal motion of -particles but into noise
‘energy. As was.shown in the foregoing section, the. conversion of
energy of one type of oscillation into arnother is possible (for

example, :langitudinal osvillations into transversse).

The author is grateful to R.Z. Sagdeev, for his continuing
interest in the questions dealt with 'in this review, and to A.A. Galeev

for assistance given in the course of discussions.

(cont'd)
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Figure Captiens

Fig. 1. Sawtooth profile of the magnetic field lines.

Fig. 2. Geometry of the perturbation by the aggregate of the Alfvén wave

and the ‘Magneto-acoustic .wave.

Fig. 3. The simplest poosible shapes of a spectrunm.
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