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SIAEPHBIM CHUHTE3 5 (1965)

MHOT'OYACTUYHBIE ACIIEKTBI TEOPUM TYPBYJEHTHO! I1JIA3MBI*

A. A.TAJIEEB, B. 1. KAPIIMAH, P.3. CAT/IEEB
WHCTUTYT SAAEPHON ®M3UKN CUBUPCKOIr0 OTAEJIEHUS
AKAJIEMMU HAVK CCCP, HOBOCUBUPCK

Han 0630p TeopeTnyeckux paboT MO HOBOMY MOAXOAY B Teopyu cnaboTypOyneHTHOM muasmsl. CyIHOCTS
3TOr0 NOAXOMA 3aKJII0YAETCA B OPEACTABIICHHH TYPOYJIEHTHOM MIa3sMbl KaK COBOKYIHOCTH cnaboB3auMomeicT-
BYIOIIMX Ia30B YacTvll (MOHOB, 3JIEKTPOHOB) M KBa3M4acTHIl (KOJUIEKTHBHBIX kKoneOamwii). B Takyro cxemy
BKITIOYAIOTCA U 3GPEKTH HEYCTOMYMBOCTH (MIPAIOIIME POJTb UCTOYHMKOB B KHHETHYECKHMX YPABHEHMAX IS

KBa3HYaCTHL).

Kaxk npuioxeHns 3TOT0 MeToZa, SIBJISIOIErocs TakuM oGpa3om 00oGiieHreM M3BECTHOM KBa3WIMHEHHOM
TEOPHMH, PACCMOTPEHBI HEKOTODbIE aHOMAaJNIbHBIE SBJICHAS NEPEHOCa, BO3ZHMKAIOLIWE BCJICACTBHE PAa3/IMYHbIX

THIIOB HEYCTOHYMBOCTH B IIIa3Me.

1 Bsepenne

B nmamdoM o030pe cHenana TONBITKA ONHMCAThb
IIOBEAEHHE IIa3Mbl IPH HAJIAYAA B Heil Takoro 60Jb-
LIOro uHcia BO30YXIEHHBIX KOJUIEXTHBHEIX KoJiea-
HHH, KOTNa TIIpUMEHMM CTATHCTHYECKHMH IIOOXO..
HapexHbie METOIBI ONUCAHHS TAKOH MIa3MBl yIaeTcs
pa3BUTh OIS TeX CIy4aeB, Koria kojebauus ciiabo
B3aMMOJCUCTBYIOT Mexay coboit m ¢ «hoHoM». B
39TOM Cllyyae COBOKYIDHOCTH KOJieOaHWE MBI MOXeM
paccMaTpuBaTh Kak ciiaboHenaeanbHEBIM ra3 BOJH —
«KBa3AYaCTHIL Y, AMEIOILIAX « 3HEPTHIO» @ M UMITYJILCK.
OO6MeH ke aHeprueil Mexay KBa3H4aCTHIIAMM U YCpel-
HEHHBIM «(OHOM» pacHpeleNeHAs YacTHIl, a TakKxXe
BHYTPH Ta3a KBa3WYaCTHI MOXHO YYeCTb IO TEOPHH
BO3MYILEHHM, cuyuTas (a3l aMIUIATYH OTHENBHEIX
xoneOaHNi XaoTHYECKUMH.

B Hacrosuiee BpeMsA CYIIECTBYIOT pa3JiH4HEBIE
METOIB! TIOCTPOEHUSI PAOB TAKOM TEOPHH BO3MY-
wenuii. Haubosee xopomio pa3paGoOTaHHEIMU SBIIS-
FOTCS METOJB KBAHTOBOI TEOPHH IIOJISE B IPUMEHEHHH
K KBAHTOBLIM CTATHCTHYECKHM cucTeMaM. OnHAako B
mjia3Me, KOria B OCHOBY KJIaI€TCH He raMHUJIbTOHHAH,
a ypaBHeHWs: BonbnMaHa, Gojiee YOOGHBIM METOLOM
ONMCAHMS  B3aWMOAEHCTBHA  CNabOTypOyJIEHTHBIX

IIyJ'IBC&I.II/Iif‘I ABJIACTCA aCUMITOTHYECKAA TEOpHUSA BO3- -

MYILUCHHH, KaK 3TO CIENIaHO B KBa3WJIMHEHHOH Teo-
puu [/, 2]. 3neck BhIfENieHHE «KBa3HIaCTHI» — BOJIH
aBTOMATHYECKH IPOM3BONMTICA HAa OCHOBE KIIACCH-
YECKMX KMHETHYECKMX ypaBHEHHH A (yHKLHMH pac-
npedesieHdst YacTHL B IUla3Me M ypaBHeHuit Makc-
BeJUIA JJIs CaMOCOIJIACOBAHHOIO IOJIA.

OnHako, KBa3uIMHEHas TEOpHS paccMaTpHBAET
JIML B3aAMOEHCTBAE BOJIH C 9aCTHIOAMH, TakK YTO
B JajbHeHIleM TNOHamobmwiock o6o6meHne 3Toi
TEOPHH Ha ClTy4yail B3auMOJeHCTBHS Konebanuit Mexmy
co6oit (HEKOTOpBlE OLEHKH 3THUX 3(bhekToB ObLIH
CHENaHbl yXKe B NUTUPOBaHHOH pabore JpamMmoHIa
u IlaitHca, a Takxke B paGote 3). CucremaTHiecKuit
y4Y€T ITHX SABJICHHI Pa3BHT OAHOBPEMEHHO B JBYX
rpynnax pa6or. B pa6ore 4 ncmosb3oBaHa IS 3TOM
LeNd ONMATh-TAKH ACHMITOTHYECKAs TEOpPHsS BO3MY-
LIEHWH B NPHMEHEHWH K THAPOJHHAMHYECKHM KOJie-
6aHusM (yCOBepLIEHCTBOBAH BHIBOJ, NAHHBIH B pa-

* An English translation is available. To obtain a copy,
please write to the editor.
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oote 3). ABTOpH CTaTbH 5 HCXONWIH H3 METOAa
KOPPEJALMOHHBIX MEMOYeK, MpUYeM OOpHIB H 3aMBI-
KaHWe YpaBHEHHMH MJIi NOCJHEIHHX OCHOBaHBI Ha
cnaboCTH B3aMMOJCHCTBHSA, YTO (DAKTUYECKH OKBH-
BQJICHTHO TNPHMEHEHHIO TeOpHH Bo3MylueHuH. Cie-
IyeT OTMETHTB, YTO B TOCJIeJHee BpeMS MOSBHJIOCH
ellle HECKOJIbKO TIOJXOM0B K 3amave [6—9], npu npu-
MEHEHHH KOTOPBIX IOJYYar0TCA AHANOIWYHBIE pe-
3yJIbTATHL.

BolmeyrtoMsHyTbie METOOb! IIO3BOJIAIOT PAaccMo-
TpeTb psAO 3amad B TeOpud ciaaboTypOyseHTHOM
maa3Mel, TAKMX KaK peakcanus HalTelIoBOH (JIroK-
Tyaluy TJIa3MEHHBIX KoJieOaHHi, YCTaHOBJICHHE CTa-
LHUOHAPHOIO CIIEKTpa TYypOYyJEHTHHIX MYJbCalMii B
pe3ynbrate pa3BuUTHS cinaboif  HeycTOWYHBOCTH
(BecbMa HHTEpECHa IJII PACCMOTPEHHS Ppa3IMYHOrO
pola mpoLeccOB TYpOYJIEHTHOro IepeHoca) M T.OL.
KakxoBbl XapakTepHble YepTHl YCTAHOBJIEHHS CHEKTpa
TypOyJIEHTHOCTH B CJIeTKa HEyCTOHuMBON mnnasme?
HccnenoBanue yCTAHOBIIEHUsS COEKTPa NOJDKHO BKJIIIO-
4aTh B Ce0s M3ydYeHHE TPEX IPOLECCOB:

1. Poct mnu 3aTyxaHme KojiebaHHUit MOA BIHAHHEM
«toHaR;

2. IlepepacnpeneneHue 3Hepruu kojebanui 3a cuetr
HX B3aMMOJEHCTBUS MeXny coboii;

3. O6paTHOE BIHSAHHE BO3HHMKAIOIIMX KOJeOaHU
Ha «(doH».

IlepBrlit mpouecc I BOJIH OYEHb MAaJIOH aMILIH-
Tyabl U3y4aeTcs B JINHEHHOH TEOPHM yCTOWYMBOCTH.

ITo Mepe pocra aMIIIIATY Il BOSMYIUEHAR HAYHHAIOT
BKJIFOYAaThCS Takxe u mpomecchl 2, 3. Ilpm 3ToM He
BCErJa CyLUECTBEHEH YYET HeJIMHEHHOro B3aUMOMIEHCT-
BUS KoseOaumit. JIeHCTBHTEIbHO, IOHN BJIUAHHEM
HapacTaIOLIHX W3-3a HEYCTOMYMBOCTH KoJjiebaHuii pac-
HpeJesieHHe YaCTHIl IJIa3MBl YaCTO JOBOJIHO GBICTPO
pellakcupyeT K TakoMy, KOTOpOoe YXKe DepecTaeT
packaumBaTh HMeronmiics Habop koneGaumit. (On-
HAaKO BHOBb OOpa30BaHHOE pacmpelelieHHe BIIOJIHE
MOXeT OBITh HEYCTOHYMBO MO OTHOILIEHHMIO K OPYTHM
THnaM KosieGanui). Y1 ecim mpr 3ToM KonebaHHS He
ycIesl HapacTH OO TaKHX aMIUIUTYH, NMPH KOTOPBIX
CTAHOBHUTCS CYILIIECTBEHHBIM HX HEIHMHEHHOE B3aUMO-
LIEiCTBUE, TO MPOLIECCHI NMepepaclpenesieHust IHEPIrHH
MeXJy pasJMYHBIMM MOJaMH MOXHO HE yYMTHIBATh. B
pAne Xe clyyaeB HeqUHEHHbIE 3¢ (EKTH IpOABIAIOTCS
paHbIIIE, YeM IIPONCXOHT PelaKCalys pacHpeaeICHus



yacTul. Toraa kxapTuHy TypOyJNEHTHOTO IBHXXEHMS
MOXHO IpeiCTaBUTL cebe cremyromuMm obpaszom. B
onpefesieHHBIX o6nacTax (a3oBOoro mnpoCTpaHCTBa
(wk, k) ¥MeeTcs NPUTOK SHEPTHY 33 CYET HEYCTOMYH-
BOoCTH. [B panpHeduieM Mel TOYTH Be3ne Oynmem
paccMaTpHBaTh BO3MYLICHHS B BuAE Habopa Koue-
O6anuii ~expi(wt—k-r).] B gpyrux — HaoGopoT
xoniebaHUs 3aTyXaroT. SICHO, YTO DHEPTHsS HE MOXKET
COCpeNoTaynBaThCs TOJIBKO B HEYCTOMUMBBIX 00JIACTAX
¢a3oBOro mnpocTpaHCTBA, TaK KaK NpH OOJBIIHX
aMNINTYyOaX HEJIMHEHHOE B3aUMOJEHCTBHE NPHUBEJIO
6bI X CTMILIKOM CHIIBHOMY OTTOKY 3HEPTHH IO CIEKTPY
wx, k B obnacty, rae xoneOanUs HE pacKayMBAIOTCS
WM BOBCE 3aTyXalOT. AMIUIHTYAY YCTaHOBHBILETOCS
KonebaHus ¢ JaHHBIMH wk, kK B KBa3HCTaAOHAPHOM
PEeXHME HaxOoAUM IO HMOPSIKY BEJIMYHHBI, CDABHHUBAS
OPUTOK 3HEPTHH B HAHHYIO MOOY H3-3a HEYCTOHYH-
BOCTH C OTTOKOM €€ B Jpyrue MOJBI H3-3a HeJIMHEHHON
nmepefayv 1o CHEKTPYy. 3Has e aMIUIMTYAy Kaxmou
MOJIBI CIIEKTPA TYPOYJICHTHEIX IyJTbCAIHIL, MBI MOXEM
M3 TaK Ha3blBa€MBIX « KBa3HJIHHEHHBIX» YpaBHEHHI,
YYMTBIBAIOLIMX OOpaTHoe BJMsHHE KojiebaHmMil Ha
«$hoH», MpoCIenuTs U3MEHEHAE 3TOrO (poHa W HalTH
BCe K03 ¢}UUMEHTs! mepeHoca (Takde KaK 3JIeKTpo-
TIPOBOAHOCTD, KO3(ppunueHT auddy3nu YacTHl | Ap.).

2 Knnernyeckue ypaBHeHAss A ¢1aGoTypOy ieHTHO#
TUIA3MBI

B oTo0ii rnaBe u3nararoTCsA 0OLIMHA BHIBOI U HCCIIEA0-
BaHWEe KWMHETHYECKOTO YPAaBHEHWS IUIS BOJIH U YaCTHII
C TOYHOCTBIO JI0 YJICHOB BTOPOrO HOpSIKA MO 3HEp-
ruM KonebaHuit BrirounTenbHO. Ilpu 3ToM MBI Gynem
crenoBath pabore 10. UrobGBl HE 3arpoMOXAATh
H3JIOXKEHWE T'POMO3AKUMHA OOO3HAYCHHSMH H JAeTa-
JIAMH, MBI OTPaHHYAMCS 3[€Ch PACCMOTPEHHEM TOJIBKO
notesuuanbHeIX Konebammii (E=—V ¢). Kak noxka-
3aHO B pabote /0, Bce pe3ynbTaThl, H3JIOXKECHHBIE
HWXE, COpaBeMJIABHI M ISt MPOHU3BOJILHEIX HENOTEH-
THAJBHEIX KoJieGaHumii.

2A KUHETHWYECKOE VPABHEHME JJ1s BOJIH

OCHOBHEIE YpaBHEHUS Ui TOTEHIHANbHBIX KOJie-
0aHUil MMEIOT BHI

E=—Vp; dE/di=—4n] 1)
BexTOop INIOTHOCTH TOKa MOJApH3amué J ¢ yd4eToM
HeJMHEHHEIX 0 B uleHoB MOXeT OHITh IPEeACTaBIIEH
B BHIOE

J=JO{E} + IO (B} +IO{E} +... (2

rae J™{E} aBnseTcsd HEKOTOPHIM (YHKIMOHAJIOM OT
3JIEKTPUYECKOr0 IOJNS 7-TO NOpsAnka. B wacTHOCTH,
JM onpenenseTcs 3MEKTPONPOBOAHOCTBIO M HMEET

BHI
t

30 (1,t) = [oup (r — T3, — 1)) By (13, ;) dry dty

—Co

HenmHeiinple TOXKM TMOJAPU3AIUA, Kak OyOeT BHIOHO
HHXE, WMEIOT AHAJIOTHYHYIO CTPYKTYpY. DTH TOKH

TEOPUSI TYPBYJIEHTHON IIJIA3SMEIL

MOTYT OBITb BBIPAaXCHBI Y€pe3 COOTBETCTBYIOLHE
nobaBku X QyHKOMA pacnpenesieHHs YaCTHL IJIa3MEI.
Oas 3toro OymeM HCXOOWTh H3 KHHETHYECKOIO
ypaBHeHHs I GYHKUMH paclpeAeNneHHsA YaCTHI,
KoTopoe HaM OyneT ymoOHO mucaTh B BHAE

oFjjet + [}, Fj) = — [, F] @)

rae ;° — raMUIbTOHHAH IUIa3MBI IIPH OTCYTCTBUH
konebanwmii; £t — gyacTh TaMHJILTOHMAHA, OMHCHI-
BaloILasd B3a¥MOJEUCTBHE YACTHI[ C MIOJEM BOJIH

#y0 =

2my

it (t) =f9j(r, t)@(r,t)dr; gj(r,t) =0 (r—rj(t))
(4)

rone H — HanmpsxeHHOCTh CTalMOHAPHOTO MAarHHT-
HOro mojs. Mpl mnpeHeOperaeM CTOJKHOBEHHAMHA
MeXay 9acTALlaMH, I03ToMy B yp. 3 6yameM omyckaTh
HHTerpajl CTOJIKHOBeHMU. DYHKOMM pacHpemeICHAN
YacTHI CHabXaloTcs MHIOEKCaMu j=¢,i (¢ — ajex-
TPOHBI, i — WOHBI). B mambHeiileM, ecii o § CyM-
MHPOBaHHs HE IPOU3BOANTCA, MBI OYZEM 3TOT HHAEKC
ONyCKaTh.

Tlepexonst X JarpaHxeBbIM HEpeMEHHBIM 70, P9,
OTBEYAIOIMM IBIKCHUIO YaCTHIB! B CTAalHOHAPHOM
MAar"HaTHOM II0Jie, NOJYYHM BMECTO Yp. 3

(= Za; H=Vxao

F@0,p,0) = — [ (10, 00,6), F (2, 0%,£)dt)]  (5)

-0

Orcroga HaxomuM BeIpaXkeHHE A NOOaBKH #7-ro
mopsiika K (yHKIMH pacrpelesieHus
1 (x0,p% ¢) =

tn—y
. .fdt,. [5£int (t,), . . . [0t (t), £0] . . .]
- (6)
rae f°=f°(r% p°) — HeBO3MyiLeHHas (PYHKUHUA pac-

npenenerus. C DOMOIIBIO Yp. 6 MOXHO NOJYyYATH
TOK NOJIApU3aLMH 7-ro mopsimgka J

(—l)nfdtlfdtz.

—_—00 ~—00

J

IO (x,0)=(-1)" > g j dry. .. dr,,jdtl. . .'f;c,,

x { [wd-1®) lei(rst). - - [oi(tmta), £0] .. -1 drodp%}
X @(ryt1). .. @(Cnsln) (7)

(nj — NJIOTHOCThL YaCTHI COOTBETCTBYIOMIEIO COPTa).
Hcnomb3ys cBoiictBa ckoGok IlyaccoHa, BEIpaxKeHHE
B (urypHeix ckobkax yp. 7 MOXHO mpeo6Gpa3oBaTh K

BHEIY
[arvdpe ... v © 8 —r @), 0w t)],
v )0t )] £O(r0, p0) (8)
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CAJIEEB, KAPIIMAH, CAT/IEEB

IToncrapnas yp. 8 B yp. 7 u nepexond k ¢ypbe-npen-
crasneHusm J® (r, t) u @ (T, t), TOAYyIUM

4 J® (k, ) = z(2n) n+1 fdwl
X iy ... kn(®Wp- .. @ ( ZwS) ( Z )
s=1
X @ (ky, 0y) ... @ (Kn,.0n) (9)
rae
1. . kn (g - .. @)
0 n-1
= -1—|Sfdr1 dr,,fdtl. . .fdt,. YTy by o Tuyln)
X exp[ii(ks T — s t)] (10)

s=1

p(ry—rt,—¢,. . . Th—T, t—t)=(— 1)"41:27;,- J~dr°dp°

i
-1 il(tn tn)]
(11)

Xf0(r%pO)[. . . [oi(ry8), 0i(ry,¢1)], 0i (T ety

roe CMMBOJIOM S o0o3HayeHa cyMMa IO BCEM BO3-

MoxHbIM nepecranoskaMm mnap (k;, ws) s=1, ..., n.
B panbHeifiieM Mbpl OymeM Ha3bpIBaTh  BEJIMYHHY
.. kn (@y, . .. wn) OTKIMKOM 7-T'O HOpsigka (cremys
pabote 17).

Ilepexopss B yp. 1 x ¢Qyppe-kOMMOHEHTaM, HOJIY-
yaeM JHHAMHYECKOE YpaBHEHWE IS BOJIH, B KOTOPOM
MBI TENEPb OrpaHUYUMCH HEJIMHEHHBIMH 4YJIEHAMH ao
TPETBETO IMOPSAKA 110 ¢ BKJIIOYHTEIHLHO

kowex(w)pk, w)=4nT @ (k, ) +4nI® (k, w) (12)

roe J® u J® ompepensrorcs yp. 9, a ex(w) — ou-
JMIEKTPUYECKasi NPOHULAEMOCTh IUIa3Mbl IUIS IIPO-
IOJIBHBIX konebaHuit

ek (w) =1 — px (w)/k?

ViepxaHHble HaMH WIEHb (DO @ BKJIIOYHTENBHO)
JlalyT OCHOBHOM BKJIaJl B HETMHEIHOE B3aUMOJIEHCTBHE
BonH. Bynem pewats yp. 12 mocnemoBaTelbHBIMU
npuOIMKEHHAMH, NPHHAB B KayecTBe IIEPBOIO INpH-
OJNIMKEHWST pelICHHE JIMHEapHU30BAHHOTO YpaBHEHHUS:

ex{w) ¢ (k, w)=0

(13)

(14)

Ecnu gucnepcuoHHoe ypaBHeHue ex(w)=0 wumeer
BELLECTBEHHBIE PELLEHUs! Wk, TO pelleHue yp. 14 umeet
Bua N (k, w)=27 @rd(w—wx). Ilpu HaIUYHK
TIOTJIOLUEHHUS MJTH HEYCTOWYMBOCTH W) SBJIETCH KOM-
IJIEKCHEIM. B 3TOM cnyyae peuieHue yp. 14 MOXHO
TIpeACTaBUTL B BUAE:

22

1( 1 1

o0 (k, w) = e ok — 0+ 296 ) (15)

rae 0 SBISAETCS CHMBOJIOM, YKa3bIBAIOLMM TIPABHIIO
o6xola TONIOCOB TNpPH WHTErpHpOBaHuu yp. 15 mo
®: B TIEPBOM 4jleHe B CKOOKax MONIOC OOXomuTCs
CBEpXY, BO BTOPOM — CHH3Yy, HE3aBUCHMO OT TOTO,
Kakoi 3Hak umeeT Im we. (YaobHO paccmMaTpuBath
KaK HEKOTOpPYI0 (PYHKUHIO OT w, OTJIMYHYIO OT HyJIs
JMOIF B CKOJb YTOOHO MAaJiOM HUHTepBajie BOJIN3U
TOuKH @ ~Re wk, npuueM B 310 TOUKE & >|Im wy|.
Torma uHTErpUpOBaHHE Yp. 15 MOXHO NPOBOAUTH IO
BelleCTBEHHOM ocu.) Peluenne yp. 14, 3aBucsauiee oT
BPEMEHM, MOXHO mpeacTaBuTh B Bume @M (k, 1)
o0

Ok — © —10

= (27:)*1J M (k, w) exp —iwt dw ¥TO ¢ yyeTOoM npa-
—00
B obxona momocoB B M) (k,w) mnpuBomMT K
W (k, t)=g@x exp —twxl TpU BCEX t.
Hcnons3ys yp. 15, momydaeM jjsi BTOPOTO M
TpPEeThero MpHONMKEHHHA BBIPAXKECHMS BUAA

ok, k, + k)
9@ (k, w) = 2(7: k2lek (w“;) J'ukl ke (@1, @)
kn kz
X @M (ky, 0,) oM (Ky, wy) 6 (0 — Wy — wy)dw,dw,
(16)

Ok, Kk -k K)g
¢ (k, w) —Z (2m)2 k2 ek (@)
klv kar kS

% f[ 2p k1, k-k1 (g, © — ©1) pke, k3 (@, w;)
(k — k,)? ek_x1 (0w — w,)

+ px, k2, k3 (@1, @5, @3) PO (Ky, w4) N (Ky, @)
X @M (ky, 03)] 0 (0 — 0y — Wy — wy) dew; dw,y dog
(17)

Tenepp mnepeidiieM K CTaTUCTHYECKOMY OIHCAHMIO
aHcaM0Jia BOJIH, TIpeanosaras MX (assl ClyyaitHBIMH.
Buuucnium  (d/de) (| p(k, £)|2), orpanuumsasce uie-
HaMH 10 YETBePTOro IOpsiaKa Ho ¢r. YepTa o3xavaer
ycpenHeHue 1mo (asaM HavaNbHBIX aMIUIUTYA @k,
burypupyromux B nepBoM mnpubmmwxenuu yp. 15.
Ipencrasnsas ¢(k,t) B Bume wuHTerpanma dypee,
noJiy4yaeM

(@< (k, H2) = @m)2Im [ (w0 — ) {p (K, )
X p* (k, 0'))exp—i(ow- o) tdwdw’=2yk g2+ (27)2
X [(@ = ) 2g (k, ) g (K, o) + ¢ (k, 0)

X @®*(k, w')yexp —i(w — w')tdodw’ (18)

rae yk=Im wx — JMHEHHBIH MHKPEMEHT WU JeKpe-
MEHT BOJIHBI. B uleHax 4eTBEpTOIO IMOPAAKA MO ¢ MBI
npeHeOpexXeM MHHMOH YacThlO Wk, YTO SBJIAETCS
ONpaBJaHHBIM NpH Yk wk. DTO 03HAYAET, YTO MBI
npeHebperaeM uileHamMu vkT~ljwx?, TAE T — Xapak-
TEpPHOE BpeMs U3MEHEeHHs 3HEPIMH BOJIHBI B pPe3YJib-
TaTe HeJWHeHHOro B3amMopeicTBus. Ilpu 3TOM
BeIpaxeHHe B ckobOkax yp. 15 3amensercs Ha O-
¢dyskumro. [lanee 3amMeTHM, 4TO IIPH HHTETPHPOBAHHH
BBIpaXeHMid, coaepxawux 16, 17, nojroca, Bo3HMKa-
JolHe H3-3a HYJeH ex(w), Hy)KHO OOXOAMTH CBEPXY,



uTro BbiTekaer u3 ycaosus @M (k,t) - 0,t - —oo
(n=2, 3). Takum obGpaszom B yp. 16, 17 MOXHO mono-
WUTb

1 . (v — wk)
e (wk) (@ — wk) ek’ (wk)

al(w)=P

npu
W~ Wk

e’ (w) = 0 ex (w)/ow

Moacrasass B yp. 18 ¢® u ¢® u yyurwiBas yp. 19,
NOJyYaeM KMHETHYECKOE YPaBHEHWE sl BOJIH B BHAE

5 o (6 002y =2yl + iy (T o lgal?
ky

(19)

[ 8 k1, k-ki, (Wk1, Wk — wk1) p-ki, k (— Wk1, ©k)
X -
(k — k;)?ek—k1 (wk — k1)

+ 6 ek, k1,— k1 { Wk, Wk1,— (Ukl)] + Zéﬂré (wk— wk1— wk2)
k,, k,
2 (wk1, @

X 0 (I, Ky +y) 12 Ot 20 g, a gl (20)
B cBa3u ¢ yp. 20 Heo6X0OUMO 3aMETHTh, YTO BCE H3-
JIO)KEHHOE BbILIE IpencTasisyio coboit popmansHoe
pa3noxeHWe B pAN HO CTENEHAM TOJs KonebaHuii,
COOTBETCTBYIOLIEE OOBIYHOH TEOPUM BO3MYLUEHHIA.
OnHako NpU TaKOM DAa3jIOKEHMH BO BKJaAax pas-
JIMYHBIX TIOPSIAKOB MOSABIAIOTCSA PACXOMAILMECS YJICHBI.
CMBICT 3THX uJEHOB, kak OyneT moka3aHo B pas-
nene 2B, 1o CyLUeCTBY, 3aKjiO4aeTcsi B BEKOBBIX
athdexTax U UX MOXKHO YCTPaHUThb, €CIH TMPOCYMMHU-
pOBaTh DAcXOISLUMeCS YJIEHBl BO BCeX mopsakax. B
pasnenie 2B moka3aHo, 4TO TOC/IE 3TOIO CyMMHPO-
BaHUs OTKJIMKU TIO-TIpeXHeMy onpenensiorcs yp. 10
u 11, roe pacxolsiluMecss YJeHbl HYXXHO OMYCTUTb U
3aMeHUTh B yp. 11 HeBO3MyILeHHyIO (YHKUMIO pac-
npeneyieHuss f° Ha MEAJIEHHO MEHSIOLLYIOCS BO Bpe-
menu ¢yHkumio f(¢), roe df/dt onpenensercs ypaBHe-
HUEM KBa3MJIMHEHHOW TEOpHM (HOMOJIHEHHBIM YJie-
HAMM, YYMTBHIBAFOIUNMH B3aMMOAEHCTBUE BOJIH).

Ecnn BBeCTH BMECTO |@k|? YMCIO «KBAa3sHYaCTHL»
Tk, KOTOpOE OHpC)IeJIﬂeTCﬂ COOTHOLIEHUEM

ni = [ek () @] oy K22

8n wk aw

= 8_ k2 ex’ () |px[? (21)
211

TaK YTO Wk €CTh CNIEKTPAbHAS MIOTHOCTb IHEPTHH

KonebaHuil, TO KWHETMYECKOE yPABHEHME AJis BOJH

NPMHMMAET BUI

dng 8=
—d— = 2yx nk -+ —1\-2*——-~~ch (k, k,+k,)

8 k1, ke (wk1, Wk — wk1) f_k1, ke (— ok1, k)
Im [P J :
X { k% ky? ey’ (k1) eka’ (wke)

ik, k1, —k1 (0K, 0k1, — wk1)
6 ] Tk Mkl
+ ky?% ex1’ (wk1)
476 (wk — wk1 — wk2) -
4+ X | k1, k2 (01, ko) |2 nk1 ke

kq® ky® e1r” (wia ) eke” (wy)

— 2Re {uK1, k2 (wk1, Wke) pta, k (— wia, wk)} 2k (nkl]}
(22)

TEOPUSL TYPBYJIEHTHOM MJA3Mbl

(P — cuMBOJI [NIaBHOro 3HaueHus). HennHelHbl
4jieH B YP. 22 MOXHO MHTEPNPETUPOBATDb KaK HHTErpal
CTONKHOBEHUY [ BoJiH (KBazuuyacTuu).

26 HEKOTOPBIE OBLIME CBOWMCTBA « UHTEIPAJIA
CTOJIKHOBEHUIM » B KUHETUUYECKOM YPABHEHUU
JJ1S BOJIH

Benuuunot p®, @ u3 yp. 11, onpenenstowme
OTKJIMKM BTOPOTO M TPETbEro MOPAAKOB, YAOBNET-
BOPSAIOT OMpPEAEIIEHHBIM COOTHOLLEHHAM CUMMETpPHH,
KOTOpBblE OKa3bIBAFOTCA BECbMa TOAE3HBIMU MpH
UCCIIENOBAHUM HEJIMHEHHBIX WIEHOB B KHHETHYECKOM
YpaBHEHHHU AJis BOJIH, yp. 22.

PaccMOTpUM CHayana CBOHCTBA OTKJIMKOB BTOPOroO
nopsiaka. M3 yp. 11 HeTpyaHo mony4uThb (NOJIb3YSChb
cBoiicrBamu ckobok Ilyaccona)

(Tt Ty ty) = — @ (= Ty, — 5 Ty — Ty, by — ¢y)
(23)
@ (g, 855 Toyby) + @ (v — Ty, by — 83 — 1y, — )
+ @ (—Ty —tp; Ty — Tyt — b)) =0 (24)

U3 yp. 23 u 24 HenmocpenCTBEHHO €LUE HEeNb3s MoJy-
YUTb KaKUX-JINOO COOTHOLLUEHHI IS BEJIMYHHBI Kk1, ke,
onpeneseHHoit dopmynoit 10, Tak kaK MHTerpuposa-
HUe B Hed 1o ! NMPOM3BOAMTCS MO TNMOJYOCH OT —o0
no 0. OnHaKo, €CJIM Mbl BBEAEM ITOJIHYIO KOMMOHEHTY

¢bypbe-pyHKIUH

k1 k(' ©") =fd71drzfdt1 déyp (ry, £y5 Ty ty)

xexpi(ky -1+ Ky 1y — ' t; — @"ty) (25)
TO OAs Hee w3 yp. 23 u 24 cnenyer
v, ke (@', 0") = —v_x1—ko, k2 (— 0 — @, ©") (26)
vr1ke (@', @) + ke, —k1—k2 (0", — 0" — ©")

F -k k(— o' — o0’ 0)=0 (27)

WnTepecyrominit Hac OTKNMK (kikz2 CBA3aH C Vk1ike
COOTHOLUEHHEM

1 f do’ dw”
2(2n2)® J oy toy,—w'—w’+ie
X [ Vvk1 k2 (OJ,, w”) + Vk2 k1 (w ”’ w/) ]

w,—w” + ¢ w,— o'+ te

Mkl k2 (wp 0)2) =

(28)

Bce cooTHowenus Tuna 28 mbl OyneM HasbiBaTh
CAEKTPaNbHbIMH pa3IokKeHHAMH. {1 yACHEHMA CMbl-
cna yp. 28 paccMoTpuM moapobHee CTPYKTYpY Benu-
YuH via ke(w’, '"). [MoacTasnsas p® u3 yp. 11 B yp. 25
NoJIy4aeM [OcJie HHTEIpHPOBaHus 1o 7’, 7"’

Vit ke (@3, W) 241“3, n,fdtlfdtzfdrodp"f (r?, p°)

— 00 -0

X [[6(r?) ,expz{kl- () —,t,}),expi{k,y-r(ly) —wyto}]
(29)

B ckobkax Ilyaccona moppasymeBaercs audpepen-
LMPOBAHUE O JIATPAHXKEBLIM MEPEMEHHBIM TP, pO.
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TAJIEEB, KAPIIMAH, CAI'IEEB

Ilpu atoMm BMmecTO r(f) HagO MOIACTAaBHTH
t
r(t)=r°+fv(t’)dt'=r°+[v(t)—vo,h].QH+v°'hht (30)
0

roe £2u — JapMoOpoBcKas 4acToTa (COOTBETCTBYIO-
LIMX YacTUL), h — eMUHUYHEIH BEKTOD, HANIPABJIEHHBIH
paons H. Ilocne uHTerpupoBaHus Mo i, %, BMECTO
JKCMOHEHT - B yp. 29 mosBATCA O-QyHKiMH BHMAA
O0(w, —k1z v2—n2u) u 0wy —kozv2-ny Qn). Cy-
LIECTBEHHO IIPH 3TOM, YTO B O-QYHKIHH BXOAAT @
U k ¢ ogHUM H TeM Xe uHaekcoM. Ha 3TH 6 — dyHk-
LMK JEHCTBYIOT HEKOTOphle AUt pepeHIHaNbHbIe Olle-
paropsl mo p°. B ciyuae, korga BHeHee MarHUTHOE
NI0JIE OTCTYCTBYET, BEJIMYUHBI ¥k1k2 HPHHUMAIOT OCO-
6enHo mpocroit BHA. B 3toM ciyuae r(t)=r4 vt
H u3 yp. 29 cieayer

e 0
Yk1 k2 (W4, Wp) = z WI, woiz_‘.dvé(wl——kl-v)k%
j (k=k;+kj)
9
x {8 (wr—ky V)l L) (31)
(ITpu nonyyennu yp. 31 B yrioesix ckobkax B yp. 29
npo3BeieHa  UMKITHYeCKass  NEpPEeCTAHOBKA);  woj?
=47 n; e/m;.

IMocne moncranoBku yp. 31 B yp. 28 ‘M BHINOJHEHHSA
UHTETPHPOBAHHUSA 1O ', @'’ TOJNYIATCA BBIpaKEHWE
TaKoro xe Tuia, kak u B yp. 31, Ho BMecTO d(w— k- V)
TaM OyayT cToath (w —k- v+4ig)L

ITocne Bcero cka3aHHOrO SCHO, YTO TOJYBEIYETH B
BENUYMHAX W M € BXOIAIUHX B Yp. 22, 00yCnOBIEHH
pe3oHaHcaMU KoJie6aHuid ¢ YaCTHIAMHE, 0013 Jar0LAMHA
CKOpPOCTSMH

_ k1 k2 Okid kW _

- kl H k2 H kl:l:kz (H_O) (32)
p LM Ok—mOH okt oke—moH (33)

Torz ’ Koz ’ k1z =+ ko2

Ilepsrie nBa ciayyas B yp. 32 u 33 oTBEHalOT pe3oHaH-
caM cobCTBEHHBIX koneOaHui (C YaCTOTAMH wki1, Wk2)
C 4YacTHLaMH IUJIa3Mbl, MOCHENHHH — pe30HaHCY
BBIHYXJIEHHBIX KoJiebaHmui (C 4acTOTaMH wiki 4 wks) C
yacTHUaMH. SICHO, YTO HEJIMHEHHEIE WICHBI, CBA3AHHEIE
C pe30HaHCHOM COOCTBEHHEBIX KOJIeOaHHit C YaCTHIIAMH,
3HAYATEJIbHO MEHbIIE JINHEHHOTO WieHa 2 yk 1k, KOTO-
pBIii CONEPXUT TaKHe Xe TOJNYBEIYETHI, M IO3TOMY
UMH MOXHO mpeHe6peub. Takmm oGpa3zoM, Mel
MOXeM TIpeHeOperaTb B HEIMHCHHBIX WIEHaX BKJa-
JaMH OT TIOJYBHIYETOB, OOYCJIOBNEHHBIX COOCTBEH-
HBIMU KoJIeOaHHsAMH, T.€. HOJIOCA, HE CBA3aHHEIE C
KOMOHHAIIMOHHBIMM YaCTOTaMH, HHTEIPUPYIOTCA B
CMBIC/E IJIABHBIX 3HAYEHMUH.

3anuuieM Temepb CHEKTPAJIbHOE Pa3JIOKEHHE i
BEJIMYHAHBI Mk, k—k1

do’dw”

Wk — o —w’

1
k1, k-k1 (01, Wk — WK1) = PIPEE f

[ vk1, k-k1 (0, 0”) (-34)

vk k1, k1 (@”, 0) ]
" .
wk—wk—0" 4 1¢

wky — @’

B dopmyie 34 MBI yaepxasii MHEMBIE TO0OaBKA JIAIIb
B TOM 3HAMEHaTeNle, TAe CTOUT KOMOMHAaNMOHHas
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4acTOTa Wk — (Wki; OCTaJIbHBIE TOJKOCA HHTETpHpY-
IOTCA B CMBICNIE TIJIaBHOTO 3HaveHus. Ilpeobpasys
Vk—ki, k1, B Yp. 34 C mMOMOIIBIO YP. 26, a ¥k, k-ki C
MOMOILBIO yp. 27, U MPOU3BOAA 3aTeM 3aMEHY Iepe-
MEHHBIX HHTETDUPOBAHHUSA, MOJyYaeM

pat, k—k1 (Wk1, Ok — wx1) = Ak, —1a* (wk, — 0k1)  (35)

rae BeawdmHa Ak, k2 (wy, w,) oOmpenensercs cieny-
IOUIMM COOTHOLUEHHEM

1 J‘ do’ dow”
2(2re)?) 0, +w,— 0 —w” — e

Vk2, k1 (w ”’ w/) ] (36)

Y
0w, — o — ¢

A1, ke (wp Wy) =

% [vm.kz(w,w ) +

7 v
wz_w — %€

(oHa OTAMYAETCA OT Mk1,ko(®Wy, W) NHIIL 3HAKAMU
MHHMBIX 100aBOK).

CooTHOLUEHHE 35 OKa3bIBaeTCS BECbMa IOJIE3HBIM
IPH HCCJIEJOBAHHH HHTETPAJIa CTOJIKHOBEHHH B KUHE-
THYECKOM YpPaBHEHHHW IJIE BOJIH.

TlepeiineM Temepb K OTKJIMKAM TPETbEro IOPSAAKA
k1 ke ks. BBeneM KOMIOHeHTH Pypbe

Y1, k2, k3 (@Wy, We, W3) =J.dt1dt2dt3']'dr1 dr,dr,

X expi(ky T+ Ky Tt Ky ry— w8, — wyty— wyty)

X Y@ (ry—T,t,—t;Py—T,by—E;Tg—T, b5—1) (37)

rne @ onpenmeneHo Qopmynoit 11. Herpynso

ybemurbes, uTO
Hk, k1, —k1 { Wk, WK1, — Ok1) =

1 J‘ do’ dw” do’’
6(2n)®) wok—0 —0"— '’ +1e

k1, k, k1 (@', @7, ")

(wk — wk1 — 0" — 0" 4 2¢e) (— ok — 0" + 5)

f
XA\

+ k1, k1, k (0, 0", 0”)
(wkg — wk1 — 0" — 0’ +i¢) (g — w” - 1¢6)

’

4 v_ki1,k k1 (0, 0", ')
(wk + ok1 — 0 — 0’ + i) (k1 — o’ + 28)

+ v_k1,k1,k (0, ', 0”)
(wk + wk1 — @ — 0"+ 26) (wk — ©” + 2¢)

b @)

CootHoiuenne 38 HamucaHO [IJIS TOH BEJUYHHEL,
KOTOpas CONEPXATCS B HHTErpaJie CTOJNKHOBEHHH Iist
BOJH. 3aMETHM JAaJiee, YTO B Yp. 38 MBI ONMyCTHIIH OBA
PACXOAIMXCS WIEHA, CONEPKAILMX Vk, k1, —k1 H Vi, —k1, ki
(B COOTBETCTBUH C 3aMevYaHHEM, CHENAHHBIM IIOCIE
dopmymsr 20, cM. Takxke pasmen 2B).

TlonyunM Temepr HEKOTOPHIE COOTHOLIECHHS IS
Bemuuud 9@, 9®). Vcmonb3ys cBoiicTBa CKOOOK
Ilyaccona, popmyny 11 mpu n=3 MOXHO IepemrcaTh
B BHIE:

Pty —t5 by —t5 b3 —1) =4nanJdr° dp®
j

X [0j (8), 0i (t1)] [[o) (£5), 0 (t3)], fi (x°, pO)] (39)

(pocTpaHCTBEHHBIE apTyMEHTHI, JJS KPAaTKOCTH, He
BemuceiBaroTcs). CoBepluasi LUMKJIHYECKYIO IepecTa-



HOBKY 0;(t,), 0i(ts), fi B mpaBoit yacTu yp. 39, moy-
qaeM

Pty —tity—titg—1t) —p(ty—t; b — 18, —1)
= 41:27@,- fdr°dp° [oi(t), 0i(t)] [[ei(te), 0i(ts)]. £i(x0, pO)]
i ' (40)

M3 yp. 39 u 40 cnenyroT COOTHOILEHHS

v (01, Wg, Wg) = —V(— W — Wy — Wy, Wy, W)  (41)
v (W, Wy, Wg) — ¥ (W1, W3, W) =V (W3, Wy,
— W) — Wy — W3) — V(W3 — Wy — Wy — W3, ;) (42)

Ecnu Temepb pa3jIokATb BEJHYHHY Kk, k1, —k1 (Wk, WK1,
— k1) HA JBE 4aCTH

Hi, k1, —k1 (0K, WK1, — Ok1,) = Wk, k1, —k1+ @¥k, ki, k1 (43)

UEk, k1,1 Wk, WK1, — WK1) =
1 do’ do” do’’

T Zri)6 J(wk— W' —w"- 0" +1e) (0 F ox1—0 0"+ 1)

X { Vk1, k, -k1 (wli w’, ‘."”,) +
Fok —o0’' +ie

vk, ki1, k (@', "

9“’”)
wk —w” +1e }
(44)

(Tak YTO TrNIaBHBI BKJIAJ B 4~ JAIOT PE30HAHCHI YaCTHIT
C BBIHYXKIEHHBIM KoJieOaHMEM YacCTOTHI Wk —Wki1, & B
Ut — PEe30HAHCH C 4aCTOTOM wk--wii), To U3 yp. 41
M 42 BBITEKAIOT CJIEOYIOLLME COOTHOIIEHHS CHMMET PHU
(npm yCnoOBWH, YTO WHTErpUPOBAaHHE BCEX IOJIIOCOB,
He CcomepXalluX KOMOWHAUMOHHBIX YacTOT, HpPOH3-
BOOMTCA B CMBICJIE TJIIABHOI'O 3HAYECHUS)

Im pk, k1, —ka (WK, WK1, — WK1) =

— Im g, k, —k (@1, Wk, — ©K) (45)
Im pte, 10, 1 (WK, WK1, — Wk1)
=Im ptia, k, -k (WK1, Wk, — Wk) (46)

IIpn nomygennu yp. 45 u 46 HCHOIB30BAJIOCH TO 06-
CTOATENLCTBO, YTO BELECTBEHHBIE YaCTH BEMYHH v B
¢opMynmax 44 He BHOCAT HHMKAaKOro BKJala B
Im pg, 1, -xa (MHBIMU CJIOBAaMH 3TH BEJMYMHBI OIpe-
IENSIOTCS TOJBKO BKJIAJAMU OT IIOJYBBIYETOB B
CIEKTPANBHBIX Pa3IOXKEeHUAX yp. 44). loxa3aTeancTBO
3TOr0 yTBEPXJIEHUS M3JIOXEHO B pabote 10.

Hakonen, 3amMeTuMm, 4To Kpome yp. 35, 45 u 46
HMEIOT MECTO €LIe CIEeOYIOLUHe OYeBHIHBEIE COOTHO-
LIEHUS

L1, k2 (@1, 0g) = p¥* k1, ke (— @y, — wy)
A, ke (@q, Wp) = A%_k1, ke {(— @y, — @,)
Hk1, ke, k3 (0, Wg, Wg)= ¥k, k2, —k3 (— W1, — W4, — W3)
(47)

Hcrions3ys MOJyYEHHBIE COOTHOLUEHHS CHMMETPHH
IJIS OTKJIMKOB fki, k2, fAk1, k2, k3, MOXHO YCTAHOBHTh
HEKOTOpblE TOJIE3HBIE CBOWCTBA DPA3JIMYHBIX YJIEHOB
uHTerpana cronkHosenuit I {n} B xuHETHYECKOM
ypaBHEHHM Ui BOJH. Pa3fenuM 3TOT MHTErpaj Ha
IBE YacTH

ek (w) = e¥k (— w)

I{n)=R{n}+Sfn} (48)

TEOPUSA TYPBYJIEHTHOM MJIA3MBI

rae R {n} comepxur Bce wieHbl ¢ §(wk —wk1 — wke)
U OMHCHLIBAET B3aUMOMEHCTBHE BOJIH, OIS KOTOPHIX
BBINIOJTHEHBI « PACHaJHBIE» YCIOBHS

k =k, + k,, Wk = WK1 + wke
Ucnonb3ys yp. 35 u 47, HeTpyAHO MOJIyYHThb cleny-
IOIliee BBIPAXKEHHE IS
R {n} = 47\72 {IVk, k1, k2|? (mk1 M2 — Mk Mkt — Nk Teke)
klv ka
X 0 (wkx — w1 — wke) + 2 |Vie, k1, k? (21 1k + 2k 7k

(49)

— i) 6 (i — ok — @)} O (k. Ky +Ko) - (50)
rae
Vi, k1, k2 = 87 pk1, k2 (wk1, wka) (51)

[¢' (wka) e’ (wke)e (wks)2 ke by kg

B yp. 50 yxe noapa3symMeBaeTcsi CYMMHPOBAHHE TOJIBKO
IO TIOJIOKWTENBHBIM YacTOTaM:

wk >0, wk >0, wke >0

OTa 4acTb KMHETHYECKOIO YpaBHEHHS IJIS BOJIH,
ABJIAIOLIAACS €OUHCTBEHHOM B Clly4yae «Npo3pavyHoM
cpenbl» (TO-eCTh KOTAa PE3OHAHCHBIM B3aUMOJCHCT-
BHEM YaCTHL[ C BOJIHAMH MOXHO TnpeHebpeub), Oblia
moJlyyeHa paHee W3 YpPaBHEHHH TI'MAPOLMHAMMKH
mia3Msl B pabore 3 u 4. 3ameTuM nanee, uto yp. 50
COBMAjaeT C NpPaBOH 4YaCThIO KHHETMYECKOro ypas-
HeHUs Jis ()OHOHOB B TBEPAOM Tejie, €CIAH B HEM
nonoxuts n—0. KBaHTOBBI BBIBOJ KHHETHYECKUX
YpaBHEHWii JUIA BOJIH B IJIa3Me PacCMaTpUBAETCs B
pabote 7.

Bropoit unen B yp. 48 — S {n} onpenensercsa pe-
30HAHCHBIM B3aHMOJEHCTBHEM BBIHYXICHHBIX KOJe-
6aHuii ¢ yacTumaMu. OTOT 3ddekT MOXKHO HHTEp-
NPETUPOBATh TaKXe KaK BBIHYXIEHHOe KOMOHMHa-
LIAOHHOE PAcCEessHUE BOJIH B ILIa3Me.

Ilpencrasum Teneps S {n} B BUOE

S{n} = Z (Skr + Skw) Rk P11
k’

S’ = [ 8%
kk' = k2k,? ex’ (wka)
% P 8uk1, k_k1 (wm,wk—wm)ﬂ_m,k(-—wm,wk)'l
(k—Kk;)Pex-11

FO6ptk K, k(WK Or1, — WK1)

rae p~ OTHOCUTCSA K wia >0, wx >0
U ut oTHOCHTCA K wi1 <0, wx >0

. 48~
k2K, ? e’ (wk) ek’ (wk1)

S

X pt k, 1,k (0k, Wk1, — Ok1)
rae put oTHOCHTCS K w1 >0, wk >0
U u~ OTHOCHTCA K w1 <0, wk >0

# u¥k, k1, k1 ONpeAeneHsl B yp. 44. Vicnonb3ys cooT-
HowieHus 35, 45, 46, 47, HETpPyOHO MpPOBEPHTH, YTO

(53)
(54)

Sk’ = — Swk

Skk' = Sk’k '
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B GOMNBLIMHCTBE KOHKDPETHBIX Cly4aeB BKJAZOM OT
PE30HAHCHOTO B3aUMOIEHCTBHS KOMGMHALMOHHBIX
BOJIH C 4acTOTOH |wk|+ |wi| ¢ vacTMuamMu MOXHO
npeHebpedb NO CPAaBHEHHIO € COOTBETCTBYIOLIMM
BKJIAZIOM OT YJIEHOB C |wk| —|wiki|. DTo o03navaer,
4TO Skk’ < Skk, TaK 4TO BCE AApo HHTerpanma S {n}
MOXHO CYMTATh AHTHCMMMETpuueckuM. COOTBETCT-
BEHHO, B 3TOM CJIy4ae €ro MOXHO NPEACTABHTH B IBHO
aHTHCAMMeETpHUecKkoit dopme (cM. yp. 35, 36)

Skk1 = i
KL= T30 K,? er! (wk) ekt ( ok1)
* _ _
><Im{P 82*Kk,—kK, (wk,2 Wkq) 1 k1, k (—®ky, 0k)
(k—k1)? ek—k, (Wk— wk1)

+3 [k, k1—k (Wk, Wk, — W K1)

—pk1, ks —k (WK1, Wk, — W k) ]} (55)

rae Ay, k2 OonpeneneHo B yp. 36.

B 3aknroyeHne 3TOro pasgena OTMETHM, 4TO popMa
KMHETHYECKOI'O YPaBHEHUs ISl BOJIH, TAE «UHTErpas
CTONKHOBEHMI» BBIPAXEH YEpe3 OTKIHKH i1, ke,
Ux1 k2 k3, TIPEOCTaBAsfEMbBlE B BHIE CIEKTpasibHbIX
pa3noxeHud, BecbMa yOoGHAa NI KOHKPETHBIX TpH-
JIO)l(CHHﬁ, TaK XaK 3TH BEJIUMHHBI CPABHUTECJILHO
NMPOCTO BHIYMUCHAIOTCA (KaK 3TO OBUIO BHOHO M3
BEIBOZAA yp. 31).

2B CYMMUPOBAHUE PACXOOSAUUXCS YJIEHOB.
CBs3b C KBASUJIMHEMHOM TEOPHUEM

PaccMoTpuMm  oOuiee BblpaxeHdHe A9 (YHKUUM
pacnpenenenust F(r° po, t), monyvarouieecs Tpi CyM-
MHPOBaHHH Psifia Teopuu BO3MyLueHui. TToacTapiss
B yp. 6 St u3 yp. 4 ¥ CyMMHpYs IO BCEM 7, TOJY-
YUM

F(x%,p%8) f°+2(2r>2"2 fﬂ

X dws d ws' exp itZ(
s=1

w])s ct [Q (k"h wl}l):fo]‘ M

[Stermenr-se S

s=1 s=2

ws — ws')

[Q(kp ‘]9’(“1, w11)~ . -‘P(kn, wnl)

w;') —-ié] v (on— wp’—16)
(56)

rae @ (k, o), o (k, w) — bypbe-KOMIOHEHTHI TIOTEH-
LMaia ¥ MHKPOIUIOTHOCTH 3apsaa yp.4 u

= efdteexpi [k-r(t) — wt]

—00

o (k, w) (57)

(r(t) onpenensiercst Gpopmyitoit yp. 30; ckobxu Ilyac-
coHa OepyTcd MO OTHOILUEHHIO K JIATPaHXEBBIM Iepe-
MEHHBIM). B 3TO BEIpaxeHHe HeOOXOQWMMO MOACTa-
BuTh @(k, @), BHIpaXeHHbIE 4Yepe3 aMIUIUTYABL @k
coOCTBEHHBIX KoNeOaHuil M3 AUHAMUYECKOTO ypaBHe-
Hus tuna yp. 12. IIpu stom Haubojee IPOCTHIMA B
yp. 56 Oynyr uneHbl, TIOJyYalOmIMECS IIPH 3aMeHe
scex @(k, w) Ha @r 0 (w — wk) (MepBoe MpHUOIHXEHUE
TEOpHM BO3MYLUEHWI anst noTeHiuana). Ob6oznavas
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CYMMy BCeX TaKuX 4ieHOB uepe3 F; W ycpenHsas mo
dazam Bcex @k, MONYYHM

(F (0, p% )y =/°

Strs T fawemiSio -

Xm 1 [0(1‘1:‘*’1 i —[Z(‘im: om)s f°1 - - - 1@k - - - Pkm)
[z(ws—wk;)—ié] [Z(w:—wks)—ié] . A om—ogm—19)
s=1 s=2 (58]

Yrobbl cnaraeMoe B cymMMme 58 ObLIO OTIMYHBIM OT
HYJISI, HEOOXOIMMO, YTOOBI KaXIOMY @t COOTBETCTBO-
Baso @*. Beimenum Temepp B yp. 58 Takyro mon-
MOCJIEOBATENILHOCTD, I'Ie COMpshkeHHEBIe napsl (K, wk)
(—k, —wx) croar psomom. O6o3Ha4yast CyMMy TaKHX
4jieHOB vepe3 f (f), MOXEM HammucaThb

2n

t) :/0+§/( . )%T fdwl . dway e)\p{tha)s}

n=1 Ky, oo, Ky —00
X [9(2](”1,(1’1) [Q(-k;;wz)- . . [o(kn,w2n_1) [o(—Kn,w2n), f°]. . .
(Z(ugs - ié) (Zw_v -+ wk1 — 'L'(S) ... (wen + wky — 29)
s=1 s=2
X |gwaf?. - [ (59)

HeTtpyaHo BUAETH, YTO MOAUHTErPAJILHOE BBIPAXKEHHE
3/Iech fABASETCA pacxomsuiumcs. Utober ybenutbcs B
9TOM, paccMOTpuM TOApoOHO mpocTeiiunit ciyyai
niaasMel 6e3 MarHuTHOro moJis. B aTom ciyyae M3
yp. 57 cnemyet

ok, w)=2ned(k-v—w)expik-r,

2n 2n

Tak YyTO 3HaMeHaTesau B yp. 59 mnaZws, Zw; U T.[I.
s=1 s=3
obpaTtarcs B Hyab! OYeBUAHO, 3TH PAaCXOAMMOCTH
SABJISAIOTCS NPOSIBJIEHHEM BEKOBBIX 3(QEKTOB.
Hubdepenuupys yp. 59 mo ¢ u yuutwiBas yp. 60,
JIETKO TIOJIY4HTh A f (f) cienyrollee ypaBHeHUE

Z i [ dodo
T L (272 ) (0 fwk—10)
k —o0

X [o (K, @), [o(—Kk, o), f1] |k (61)

Ioncraensas yp. 60 B yp. 16 u Buimonsss nupdepen-
uupoBanue B ckobkax [lyaccoHa, mosyyaeM H3BECTHOE
ypaBHeHHe KBa3uJMHeHHO# Teopuu [/, 2]

2 2 2 of
= = %ZWP k5 [8 (ox—k-v)k L]

TaxuM o6pa3oM, CyMMa pacXOISLIMXCS 4JIEHOB psia
yp. 59 SBISETCS KOHEYHOH M COBNANAET C MEIEHHO
MeHsolLeics BO BpeMeHH (YHKUMEH pacnpeneieHus
KBa3WJIMHENHON TEOpHH.

AHANOrM4YHOE PACcCykACHUE MOXHO NPOBECTH U AJis
nJ1a3Mbl B MarHUuTHOM noJje. HexoTopsie ycinoxueHus
3pecs cBsizaHbl ¢ TeM, uTo o(k, w) yxe Oymer mpen-
CTaBJIATHCA CYMMOIi 4JIEHOB, comepxaltux 6(w — kzv.
—nf) n=0, 1, 2, ..., Tak 4TO B CymMme yp. 59,

(60)

(62)



KpoMe pacxoisiuxcs OyoyT M KOHEYHBiE UJICHBI.
HeTrpyaHo BUAETH, YTO CYMMHPOBAHUE OJHHX TOJIBKO
PaCXOISALIMXCS YIICHOB ONSATh NPHUBENET K KBa3HJIUHEH-
HOI (yHKuum pacnipenesnenus (0TOpackiBaHHE OCTab-
HbIX YJIEHOB JKBUBAJICHTHO YCPEAHEHHIO TIO JIApMO-
POBCKOMY BPALLUEHHIO YacTHL).

Hanee, nerko y6eautbes, YTO €CIH OJHOBPEMEHHO
C CyMMHPOBaHMEM PAaCXOASLLUXCS 4JCHOB B (PyHKUHHU
pacripefiesieHdsi NMPOCYMMUpPOBaTh YJIEHbl aHaJIOrH4-
HOt CTPYKTYypBl B KHHETHYECKOM YpPaBHEHHH JJIs
BOJIH, T.¢. wieHsl BuOa (cMm. yp. 7—9)

—(?TE—ZW Z fdwdwl. .. dawgn

Ky, kn
vk, K1, —Kk1,. .., kn, —kn (0, @1,.. . ., won) | @Ky|®. - . | PKpl?
x 2n 2n 2n )
(—wk+w+Zw5—i§)(Zws—'i6)(wk1+2w;—i5)(wkn+w2n—?lé)
s=1 s=1 s=2
==
Y .. km =Jdr1 ... dr,,,fdtl e Atm (P tys - Tt
—o00
m
X exp [%Z(ks . I's—Cl)st:)] (63)
s=1

TO 3TO NPUBEAET K 3aMEHE JIMHEHHOT O MHKPEMEHTA
Im pk (wk) wo,
0 —
Ve = k? e’ (wk) z k2 ey’ (wk)
1 Loj (k, w), fi°] }
X { 2r et fdw (—wk + w—14)
= nz w°’ J 6f’ d(k-v—awi)dv  (64)
k? ex’ (oK) )

Im f drodvo § (r0)

Ha KBasMJIMHEHHBIH, Nonyyarouwiuics 3ameHoit f° B
yp. 64 Ha f ().

OTciona, B YaCTHOCTH, SICHO, TOYEMY M3 CIIEKTpPaib-
HOTO DpAas3JIOXEHUS IJIA Uk, kv, -k (popmysa 38)
MCKJIFOYEHB! YJIEHBl, CONEPkKALUME Vk, k', —k', Vk, —k's k'-
OHY UMEIOT CTPYKTYPY THNA Yp. 63 U TI03TOMY BKJIIO-
YeHbl B KBa3MJIMHEHHBIH MHKPEMEHT.

OTMeTHM, HAKOHEL, YTO €Cli KpoMme psja yp. 59
YYeCTh €Lie IOMOJHUTENIbHbIE CjlaraeMele B yp. 56,
roe HekoTtopsie M3 @ (k, w) 3amenenst Ha ™ (k, ), a
Takke 4JieHbl, rae compsokeHHble mapel (k, ), (—k,
—@) He CTOAT psaoM, To (nocje yCpeAHEeHHS IO
(azaM) NOJyYUTCS ypaBHEHWE IS MEOJIEHHO MEHS-
oLLeicss GyHKUMM pacnpenesieHus «hoHa», yYUThIBA-
owee B3auMozelcTBue BoJH. C  TOYHOCTBIO MO
UIIEHOB YETBEPTOrO IOPAAKA IO @k 3TO ypaBHEHHE
UMeeT BUI (BBIIMCBIBAEM €ro, AJA NMPOCTOTHI, A
ma3Mel 6e3 MarHUTHOTO IT0JIf)

of (e 8= 0 - &
g (W) Enk s k— O (wx—k V) k== 3y
k
e \2Cdng 4= 0 L i
+ () 20w * o ® e F o
; 8nle
— Im > nk nk mk2k’? ey’ (wk) ex’’ (wk’)
k K, k7

TEOPUSA TYPBYJIEHTHON IJIA3MbI

5 { 0 (k, k' + k") pk, -k’ (w0, — wk’)
ek” (wk — wk’)

X [k 38‘7 i,k (V) + k"—éa;; Eie, (¥ )] +k T Tewe (V )}
(65)
rae
1

o?
Ek’, k”(v)= 2m2 wk’-l-wk"—(k/-l-k")'v'f‘i‘s
’ a l " a

X [k v wk”—K"”-v4146 k ov
d 1 , 0
ov wg'—K'-v+id av

+k” ]/(V)

W-k = — Wk

e 1 1'G R
2m® wx—K-v+14d ov

Nk (V) =

1 K a 1
wk-ok + (K-K')-v+20 |_ OV —o —K V10
b} 1 Fj
k|1 )

BV wk—K-v+16

Bripaxenus nns &, 7 IIpocTO TOJIy4arOoTCS MOCIE
NOACTAaHOBKM yp. 60 B COOTBECTBYIOL{HE CKOGKHM
Iyaccona; dnk/dt Bo BTOpoM uneHe yp. 65 onpene-
JIAETCA KUHETHYECKMM YPaBHEHUEM AJIS BOJH (yp. 22).
ITpu nmoJtyyeHHn 3TOrO YjIeHa YYMTHIBANKUCH (B TIEPBOM
NpUbIMXEHUH) MHHUMEBIE YacTH wk B W), onpenense-
MoM ¢opmyinoit 15. TIpd 3TOM Mbi MCNOABL30BANH
COOTHOLUEHHE

/a ’
Xka—v k

1 1 1

21 (z—w—’ié_ ) )=6(w—x)
+ = P—)2 +0(y}) z==z+1y

rae P — cHMBOJ TJIaBHOTO 3Ha4YeHWS.

B cnyuae, kxorna nk MeHAIOTCS HE TOJILKO BO Bpe-
MEHH, HO U B NpoCTpaHCTBe B dnyk/df HAO BKIIOYUTE
elle NEPeHOCHbIH uieH, paBHblil (dw/dk) (dnk/dx).

OTMeTHM, HaKOHEIl, YTO KaK ObLIO BUAHO U3 COAED-
KAHUA 3TOrO Pa3fena, yCPeAHEHHE N0 XaOTHYECKOMY
pacnpeliesieHu0 ¢a3 B Ha4aabHbIi MOMEHT 3KBHBA-
JIEHTHO TIEpeXOoAy K MEAJIEHHO MEHSIOLEMYCA Bpe-
MEHH. DTO 0BCTOATENBCTBO XOPOLLIO HU3YYEHO B pabo-

Tax, MOCBALLEHHBIX 00OCHOBAHWIO KMHETHYECKOH Teo-
puu [/2, 13].

2I' 3AKOHBI COXPAHEHUS

PaccmMoTpum cHauanma cnyuai, xorga pacnaiHble
ycnoBust (yp.49) He BBINOJNHSIOTCH W CYILECTBEHHbI
TOJIBKO PE30HAHChl YaCTHMLl C BbIHYXAEHHBLIMH KOJie-
GaHuMAMU YacTOT |wk| — |wk|. B 3TOM cnyuae uuTe-
rpajl CTOJIKHOBEHWH [JIi BOJH WMeEET BMO Yp. 55.
ITockonbKy €ro sopo aHTUCHMMETpU4YHO To K M K,
TO M3MEHEHHE MOJHOrO YMCa YacCTHL[ OTPeleaeTCs

ypaBHEHHEM
d .
D=2 e
k

(66)

Ecnu BennuuHaMu yx MOXHO npeHebpeub (3TO MMeeT
MECTO, HallpUMED, B pe3yJIbTaTe YCTAHOBJIEHUS KBA3H-
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TAJIEEB, KAPIIMAH, CATJEEB

JIMHEWHOTO «IUIATOY» Ha (QYHKUMM pacrpemeeHus
qacTHl] B 06aCTH pe30oHaHCa ¢ COGCTBEHHBIMH KOJie-
6anusmu [1, 2], To HONHOE YUCHIO KBA3HYACTHI[ OYHET
COXPaHATbCA

an = constant

W3 3aKk0Ha COXpaHEHAS YMCIIa KBa3MYACTHIl BBITEKAIOT
BaxkHBIe caencTBus. IlycTh crexTp kKojiebaHHH TakoB,
YTO UX YaCTOTHI MaJl0 U3MEHSIOTCS C U3MEHEeHUeM K.
OT0 WMeeT MeCTO, HalpUMep, [UIS 3NEeKTPOHHBIX
JIEHTMIOPOBCKUX KoJieGaHHUH, ANt KOTOPBIX

wk = woe[1 + (32) (kro)*]; krp <1 (67)
rp — nebaeBckhil 3JIEKTPOHHBIA pamuyc. Benencraue
3aKOHa COXpaHEHHs YHUCIA KBA3MJacTUI, B 3TOM
cllydae TIOJIHAs SHEprus B IEPBOM HEHCYE3AIOLIEM
npabmmxedun (¢ TowuHOCThIO JHO (krop?)) Oymer
COXPaHATHCH, T.e. HeJIHHEHHOe B3aMMONEHCTBHME TpH-
BOOMT B 3TOM NpHONMXEHMHM JIMIUL K IepeKayke
SHEPrMM M3 OJHOM 4YacTH CIexTpa B Apyryroo (mis
OJHOMEPHOTO NakeTa 3TO OBUIO paHee OTMEYEHO B
pabore 2; mis TpexMepHoro — B pabore 14, 15).
Ecnu mpm 3TOM mepekayka HpPOHCXOAMT OT Gonee
KOPOTKHUX BOJIH Kk 6oJiee NJIMHHBIM, TO B CIEAYIOLIEM
nipubaKeHn no (krp)? HeNHHEHHOEe B3aMMOIEHCT-
BHEe TNpPHUBONMT K CyMMAapHOMY 3aTYXaHHIO SHepruu
BOJIH (HenuHelHoe 3aTyxanue Jlanaay). Ecnu xe nepe-
KayKa BOJIH IPOMCXOZMT B OOpaTHOM HalpaBJIeHHH,
TO B CJEAYIOIIEM MpPUOJIMKEHUM HWMEET MECTO CyM-
MapHOe BO3pAaCTaHHE SHEPTHM BOJIH B TakeTe. ITO
OIHAKO BOBCE HE O3HAYAECT HAJMYME HEJIMHEHHOM
HeycToHuuBOCTH, M60 Xk Nk wk = const. Taxoii ciyyaii
OCYLLUECTBIAECTCSA, HAalpuMep, NPH HAJHYHUH TOKOB B
TJIa3Me, T.€. IPH ABUXKECHAH JIEKTPOHOB OTHOCUTENILHO
HOHOB CO CKOpPOCTBIO, IPEBHILIAIOLIEH HEKOTOPYIO
KMHETHYECKYH0 CKOPOCTb.

CoBepLIEHHO aHaJIOrM4HBIE CJIEACTBHUS, BBITEKA-
"JOIUME W3 3aKOHA COXPAaHEHHs KBa3WM4YacCTHI], UMEIOT
MecTO M s koyebanuit dpammonpa-Posentmrora
[19], BO3OyXxmaroumxcs TP HPOXOXIACHAM TOKa
BIOJIb MarHutHoro mons B mjasme ¢ Temx Th, mus
KOTOPBIX YacToTa KojebaHMid BecbMa Onu3Ka K Jiap-
MopoBckoil nonHo# uacrote (7T'e, Ti — TeMmepaTypsl
3JIEKTPOHOB U HMOHOB COOTBETCTBEHHO).

B ciiyyae MOHHO-3BYKOBBIX KojieOGanuii 6e3 Maruur-
HOTO TIOJIA OUCNIEPCHUOHHOE YPABHCHUEC HMECT BUJ

wk? = (Tefmi) K3[[1 + (krop)?]

(mist mpoctoThl mostoxedo T'i=0). IddekT nepexayxu
30eCh MIPAeT OCHOBHYIO POJb JIMIIb KOTJa 4acTOTHI
BoH Ouu3kM K wei, T.€.(krp) >1. B mporuBHOM
ciayyae, BoobOule roBops, 3¢d¢eKTsl nepekaukd M
CYMMAapHOTO H3MEHEHHMS 3HEPTHU MMEIOT OJUH H TOT
ke TOPSIOK.

PaccMoTpuM Temeps ciyyai, koraa ye>0 nns Bcex
AMeromuxcs BonH. M3 yp. 66 Torma ciedyer, 4To
(d/dt) Zpm.>0, T.e. ONHO TOJBKO HENHHEWHOE 3aTy-
XaHHE BOJIH HE MOXET KOMIIEHCHPOBaThb HX pOCT
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BCJIEACTBUE JIAHCIHOW HEYCTOMYMBOCTH H, CJIEIOBa-
TebHO, YCTAHOBJIEHHE CTALHOHAPHOrO COCTOSIHAS B
3TOM Cily4ae HeBO3MOXHO. OmuboyHsIe BEIBOAEI 00
YCTaHOBJICHUH CTAlMOHAPHOTO COCTOSIHHA B 3TOM
ciydae, caejlaHHbie B [/6, 17], CBSI3aHBEI C TeM, YTO
W3-32 TPOMO3IKOCTH HMCXONHBIX BBIPAXEHHH M BEI-
KIafok He Obula 3aMeYeHa AHTHCHMMETPHS sapa
KHHETUYECKOTO YpaBHEHHs Wi BoiH. HeobGxomumo,
OIHAKO, 3aMETHTb, YTO CTALHOHAPHOE COCTOSHHE
MOXET, B NPHHIUIE, YCTAHOBUTHCS, €CIIM IUIA YacTH
BOJIH B makere yx<O.

PaccMoTpuM, HakoHell, ciyyad, xorma 2yxnx H
S {n} B yp. 48 sBAAIOTCH HECYLECTBEHHBIMH, TAK YTO
OCHOBHYIO pOJIb HIpaeT «pachaJHOe» B3aUMOIEHCT-
BHe BOJH. VI3 dpopmynst 50, ompenensroweit R {n},
HEMOCPEACTBEHHO BBITEKAIOT CHENYIOLIME 3aKOHbI
COXpaHeHHs

an Wk = cdnstant ; ank = constant (68)

IlepBoe H3 3THX COOTHOIUGHHIT BBIPAXAaeT 3aKOH
COXpAaHEHHS SHEPTHH BOJH (HAIOMHHUM, YTO Nk Wk —
CHeKTpajbHas IJIOTHOCTh 3Hepruu kosieGaumii), BTO-
poe ypaBHEHUE, OYEBUAHO, TNIPEACTABJIAET 3aKOH
COXpaHEHHS HMIyJibca. 3aMETHM, 4TO IpH COXpaHe-
HUM 3HEPTHU M HMIYJIbCa KOJEeOaHHM YMCIIO KBa3H-
YaCTHL ZkNk, PAa3yMEETCs, MOXET He COXPaHATHCA.

3 Dsomouus cnekTpa ¢Ja0oi TYpOYyJeHTHOCTH BO
BpEMeHH M3-32 HeJHMHEeHHOr0 B3auMOMNEHCTBHS BOJIH

W3-3a cjioxHOro BHIA HHTErpaja CTOJNKHOBEHHI B
KHHETHYECKOM YpPaBHEHHH IJIA BOJIH, GOJIbLUOW HHTE-
pec MpeAcTaBiseT MCCIeNOBaHME YaCTHBIX KJIACCOB
3a71a4, JONMYCKAIOLUMX aHAJMTHYECKOE DPELIeHHE, M03-
BOJISIIOLIEE IPOCIIENUTD IBOJIFOIMIO BO BPEMEHH TYp-
OyneHTHOrO crekTpa Kosebaunuit. B aroit riaBe 6yner
paccMOTpeHa OJHAa M3 TaKuX 3aja4, a MMEHHO —
3afaya O HEJIMHEWHOW 3BOJIIOIHAM CHEKTPa JIEHIMIO-
POBCKHX 3JIEKTPOHHBIX KoJieOaHuWit B 1muasme 6e3
MarauTHoro mons. Kakx Oymer BHAHO H¥Xe, 3Ta 3a-
aya sIBJISIeTCS HHTEPECHOU U IO elle OOHON MpHYUHE
B paAe ClyYacB B HEJIHHEHHON pelIakCallié JIEKTPOH-
HBIX Koje0aHUR I'JaBHYIO POJib MIPAalOT HOHBI, YTO
Ha IEpBBIA B3I MOTJIO OBl IOKa3aThCsA TapamoK-
CaJIbHBIM.

ITockosbky pacnamebie ycioBus (yp. 49) mns anex-
TPOHHBIX JIEHTMIODOBCKHMX KOJIcOaHMH He BBHITOJHS-
FOTCS, HHTErpaJl CTOJKHOBEHHH JJIL BOJIH COCTOMT M3
omHoM Toneko wyactu S {n}, KoTopas ONHUCEIBAET
BBIHYX/IEHHOE pAcCEestHUE BOJIH, IPHYEM BKJIaJOM OT
YJICHA, ONMCHIBAIOLLEr0 PE30HAHCHOE B3auMOAeiicTBIE
YacTUI C BBIHY)XICHHBIMH KOJIEGAaHMAMM 4YaCTOTHI
wk + wr’ (wx>0, wir>0) MoxHO npeHe6bpeys. TakuM
obpa3oM, B paccMaTpMBaeMOM CIly4ae SApPO WHTE-
rpana CTOJKHOBeHMH S {n} SBISETCA aHTHCUMMETpH-
YeCKUM M OIpEleJIsieTcss BhIpaXkeHHeM 55, rae
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o' —-kK-v

M -1 (0,— @ —Z Wi 7:;1 f‘w — wc/ii(ff_jlig).v_w
s ey
Uk i, -k (0, 0, — ©)= — % : (%}.)me‘2
}
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Bripaxenus 70 pocTo nosly4aroTCsi, €CJM MOACTABUTh
MHKpOIUIOTHOCTh 3apsga o(T,t)=ed(r —ro—vt) B
dopmynel N v, k7, Vi, k7, k' yP. 25, 37, a nocnen-
HHe B yp. 28, 36 u 38.

Kunetnueckoe ypasBHeHue IUISl BOJH IOJIKHO OBITH
IOTIOJIHEHO ypaBHeHWeM s (GYHKIMM pacnpesere-
HHMS 4YacTul, KoTopoe MMeeT BUA yp. 65. ITockoabky
AApO MHTErpana CTOJIKHOBEHUH AJIS BOJIH SBJISETCA B
paccMaTpHBaEMOM CJIy4Yae aHTHCUMMETPHYECKHM, TO
NpU HeTHHEHHOM B3aMMOAEHCTBUH BOJIH YMCIIO KBAa3U-
vacTHI (MJIa3MOHOB) He MEHSETCS, TaK 4YTO CTOJKHO-
BEHHSI BOJIH NIPUBOJAT JIMLLL K TepeKayKke IIa3MOHOB.
Ipu oTcyTcTBHM Ty4KOB, TOKOB M T.IL., 3Ta Iepe-
Kauka TIPOMCXOANT OT GoJiee KOPOTKMX BOJIH K IJIMH-
HBIM, TaK KaK 3Heprus KoyieGaHWif B LEJIOM HE BO3-
pacraer.

Ecnu BHIMOMHHMTE MHTerpHpoBanue B yp. 69—71 ¢
yuetoM krp<1 (rp — nebGaeBckuil pamuyc) M Ipe-
HeOpeyb BKJIaZOM OT HOHOB (4TO, kak OyneT moka-
3aHO HHXeE, BEPHO JIMLUb JJISI NOCTATOYHO IUMPOKHX
BOJIHOBBIX ITAKETOB), TO KHHETHYECKOE YPaBHEHHE OIS
BOJIH NIpUHAMAaeT BHI (CM. Takxe pabote 14).

k’2—k2
k—K kK2

ony 6rl/2 ,

ol (27::)3 qwzo;' "D ’“‘f Ak’
[kxkI(k-K)?

X { (k—k})z

2

+ 22 xk T 9(k-K) (72)
Ifie Mbl OITYCTHJIM JIMHEHHBIM WieH 2k nk (3TO MOXHO
CHeNaTh, €CM Yk NOCTATOYHO MaJlO U3-33a KBa3HJIUHEH-
HOIf penakcanuy (YHKUMH DaCHpeAesieHus) M Y4JIM
TOJIBKO [IBa NEPBBIX HEUCUYE3AIOLMX UJICHA B Pa3jio-
JKEHHHM MHTETpaJla CTOJIKHOBEHHMH MO cTemeHsM krg.

W3 yp. 72 cnenyeT, kak 3TO OBLIO OTMEYEHO paHee
B pabote /4, 4TO B3aUMOJEICTBHE BOJIH C Napajeiib-
HBIMH U B3aMMHO MEPNEeHAUKYJIIPHBIMH BOJHOBBIMM
BEKTOpaMH B TNEPBOM HEHUCYE3AWOIUEeM IO krgp NpH-
OMKEHHH OTCYTCTBYyeT. DTO, OJHAKO, BEPHO JIHLIbL
TP YCIOBHH NpeHeOpeKeHNs BIMSIHUEM HOHOB, KOTO-
poe, BooOl1e roBopsi, MOYTH BCErAa CYLLECTBEHHO [15].

B xauectBe mnpHMepa pacCMOTPHM H3O0TPOINHBLI
(TpexmepHBIii) BonHOBOH makeT. (OKa3bplBaeTcs, 4TO
ecmu wHpuHa ero Ak yHoBJIETBOpPSET YCJIOBHIO

TEOPUS TYPBYJIEHTHOW TIJIA3MbI

AkZ o™ (vTifkr o vre) 2P (73)

(vTi,e — TEIUIOBBIE CKOPOCTH HOHOB H 3JIEKTPOHOB),

TO B Alpe MHTErpajia CTOJIKHOBEHHH BOJIH OCHOBHYHO

posib MrparoT HMoHbl. OrpaHHYMBasiCb NEPBBIM He-

HCYe3aIoLMM MpHOITIKEHHEM N0 k7p, B 3TOM Cilyyae
= 7 fdk’nk' )

nony4aeM [15]
wk — Wk’
) 4(27:)3 KR L {(1 T )
Wk — Wk’ wk — ok’ \]}-1
|k —K’| i W(Ik—k’i ‘UTi)} }

_ exp(—t)
W(z)= J—H_“s dt

d’ﬂk [ oC

(74)

—o0

IMopunTerpanbHOE BbIpaXK€HHE B yp. 74 OTAMYHO OT
HYNs IpH |wx — k| S |k —K’|vTi, oTkyna cneayer

0k = k| — |K'| < (vrifvre) Tt (75)
TO-eCTh B3aUMOZEHCTBYIOT Mexay COOOH JIMLLIbL BOJIHBI
C oYeHb OJIM3KUMH 3HAYEHHUAMH MOZAYNS BOJIHOBOrO
sekTopa: |k|—|k'|<4dk. B cBasu ¢ 3THM mnon-
HHTErpajabHOE BBIPAXXEHHE B YP. 74 MOXHO Pa3yioOXHTh
B pAx Mo cremeHsaMm Manoi pasHoctn (k* —k'%), B
pe3yJIbTaTe 4yero MHTerpo-auddepeHuransHoe yp. 74
CBOJHUTCA K HenuHeHHoMY AuddepeHuanbHOMy ypas-
HEHHMIO B YaCTHBIX TNPOM3BOMHBIX

ONk ONg
7 Nk = — 62 Ny? (76)
rae
_ 4AnkPwee . _ mmewoe [ TeTi \2
Nie= InT. ™ TS T (Te+Ti) ¢
KAy L
o= (kdk)Fro; L= Todk

Ak — xapakTepHas LIMpHHA nakeTa, k, — cpeaHee
BOJIHOBOE YMCJIO NaKeTa BOJIH.

CpasnuBas yp. 76 ¢ yp. 72, mosygaem oUeHKy yp. 73.
Pewenune yp. 76 MmeeT BUA

Nie = o#F {1 [1 — e (1 — 7 N}
B =6uaz (77)

roe F (y) — pacnpeneneHue 3Hepruum B nakere B8
HayaJbHBIH MOMEHT BpeMeHnu. OTClOHa CEAyeT, YTO
OCHOBHBIM 3((PEeKTOM BpEMEHHOH 3BOJIFOLMH Nakera
ABISETCS €ro CyxeHue, cM. puc. 1. OpHako, camo
yp. 76 crpaBeyIMBO JIMLIB NP YCIOBHH, 4TO pa3bpoc
(}a30BBIX CKOpPOCTEH B TIakeTe BOJIH 3HAYUTENBHO
6o7bile TEmnoBoro pa3dpoca CKOpOCTEd HOHOB, YTO
HMEECT MECTO, NpH

Akl > mefmi)?

Kak Tonbko makeT cTraj AOCTATOYHO Y3KHM, Mbl
HE MOXEM IpEACTaBUTb €ro 3BOJIOLMIO AHAJIMTH-
yeckuM ob6pa3zom. OpHako ¢u3udeckass KapTuHA IO-
nipexxHeMy sicHa. [lakeT npomoJixaer cyxaTbcs A0 TexX
MOP, NMOKA HE CKaXETCsS YEThIPEXIJIa3MEHHOE B3aWMO-
peicTBue. C IOMOLUBIO KHHETHYECKOTO YpaBHEHMS
ana GYHKUMH pacnpeliesieHus, yp. 65, Jierko mnoka-
3aTh, YTO BPEMS YCTAHOBJIEHUS «JIATO» HAa (DYHKUHHU
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pacnpeneneHuss B oOONacTH pe3oHaHCa YacTHL C
BBIHYX/EHHBIMH KoJIeOaHUAMH BCerna 3HAYUTENbHO
Gonbwie yp.78. BpeMs yuiuMpeHus makera 3a CYeT
YETHIPEXTUIA3MEHHOTO B3aUMOJEHCTBUSL JIETKO OLe-
HWTb, 3HAd UK, k7, Uk, k’, k~. OTMETHM, 4TO OLEHKA
IS T, BbITEKAloLias W3 BWJA WHTerpajia CTOJKHO-
BEHHH [ YETHIPEXILUIA3MEHHOTO B3aUMOACHCTBHS,
MOJIy4YeHHOro B paboTte /8 uMeeT HenpaBUIIbHBIH
NOpANOK BeJHYUHBL. II0 TOPANKY BEJMYMHBI OHO
JaeTCs BBIPAXKEHUEM

T weet (dkrp)? (n TIW)? (78)

rge W — TUJIOTHOCTH dHepruu maketa BojiH. CpaBHH-
Basg €ro XapakTE€pHbIM BDEMEHEM CYXXEHHS, MOXHO

HaWTH yCTaHOBUBIUYIOCS KBA3HCTALMOHAPHYIO IIHPUHY
Ak

Ak ros (WnTWB (mefmi)1® npu WinT <mefmi  (79)
VcraHoBileHHe y3KOro KBa3HCTALHOHAPHOIO ITaKeTa
MPOHCXOJUT HACTONBKO OBICTPO, YTO 3aTyXanHe (MM
HapacTaHge Npu ApyroM 3uake df/dej, =Aw/4k) B
Te4YeHHE IpPOIecca YCTAHOBJIEHHS MOXHO ObLIO He
YYUTBIBATh.

4 VYcranoBuBumiics CnekTp Kojedammii B cjerka
HEYCTOHYMBO# NJ1a3Me H SIBJIeHHS mepeHoCca

B npenpiayuiemM paznene Op11a pacCMOTpPEHa 3BOJIO-
LlMsl BO BPEMEHU HA TNpUMepe MPOAOJILHBIX 3JIEKTPOH-
HbIX koJieOaHuil nnasMel ¥ ObIIO HAHIEHO, YTO B
TEpPMOJIMHAMHYECKH PABHOBECHOM Ijla3Me Hapsay ¢
TiepepacnpeeieRueM 3HepTrud (PIIOKTYalui 3JIEKTpH-
4eCKOTrO I0JIsl TIO CNeKTpy koJyiebaHui Habsromaercs
HENpephIBHAA JUCCUNALMS €€ IO NMOJHOro 3aTyXaHWs
¢dbarokTyanuy. Bo3MoxHbI, olHAKO, CUTyalud, KOraa
3Heprus koyiebaHuil MoANepKUBAETCA HA ONpENeEJieH-
HOM HEpPaBHOBECHOM YpDOBHE 3a CYET pa3BUTHA
HeycToiyuBocTH, OnpenesieHAe CHEKTpa TaKUX yCTa-
HOBHUBILUMXCA KoJieOaHuil MMeeT GOJbLIOE 3HAYEHHE
NpH PacCMOTPEHUM PA3JUUYHBIX NPOLECCOB MEpPEHOCa
B HEYCTOWYMBOH TJIazMe.

ITonyueHHple HAaMH Bbllle HEJMHEHHBIE YpaBHEHUS
N5 KoJjieGaHMit IO3BOJIAIOT, B NPUHIINIE, PELLUTD 3TY
3afayy B ciydae ciaboll HeyCTOH4YMBOCTH ILIa3MBl,
XOTS KOHKPETHOE OCYLUECTBJIEHHE 3TOW NpOorpaMmbi
BECBMa CJIOXKHO,

B aT0it cTaThe MBI OKaXeM, KaK 3TO JeJaeTcs, Ha
npuMepe ABYX O4eHb BaXXHBIX THUMOB HEYCTOHYHMBOCTHU
Tmja3Mel B MardHMTHOM IHoje. J1o OyneT CiIyXuTh
TaKXe I10JIE3HOM MILTIOCTpauMell TOro, Kakue Aomy-
LEHUst (MHOIAa HECTPOIHe) MPUXOAUTCS TPUHMMATD,
4YTOOBI TMOJIyYUTH OTBET.

4A HEJIVHENHAS TEOPUS TOKOBOWM
HEYCTOMUUBOCTHU IPAMMOHOA — PO3EHBJIFOTA
(9]

B kauectBe TepBOM WIUIIOCTpALMH MbI OOpaTUMCS
ceiiyac K MCCNENOBAHHIO TYpPOYJNEHTHOIO CHEKTpa
ONHOPONHOH MJIAa3Mbl, IIOMELLIEHHOH B CUJIBHOE Mar-
HUTHOe mojie Hz, BHOJb CUJIOBBIX JIMHUN KOTOPOIO
Te4yeT 3JIEKTPOHHBIA TOK IUIOTHOCTBIO jz=7Ny€Vp.
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Kax nokazanu [dpammong u Po3enbiroT, Takas
IIa3Ma yxe NpH HeOOJbLIMX CKOpOCTAX JHpeiida
vp<€ VUTe HEYCTOMYMBA 110 OTHOIUEHHIO K BO30YX-
JCHUIO TIOTEHLMANbHBIX KoJjebaHWii ¢ YacTroTaMM wk
BONM3M NEepBOro LUKJIOTPOHHOTO pe30HAHCA HOHOB
wk A Q1 VM JUIMHAMH BOJIH TIOPSAKA JAPMOPOBCKOTO
panuyca HoHOB (k%72 ~1,5). IucnepcioHHOe ypas-
HEHWe ISl 4aCTOThI KOJIeOaHWH JNErko TNONYy4dTh W3
obl11ero ypaBHEHUSI TIPHIIOKEHMS 2, yHOepxaB TaM
JIMILB WIEH C MaJbiM 3HaMeHaTeneM (wk — 2H) < Qu
¥ BOCMONB30BABIUUCH YCIIOBUEM MAJIOCTU 3aTyXaHWs
Jlanmay Ha uvonax (wx — 2u)> kvt

Qu Iy (kr)
1+ (TifTe) — I'y(keri)

ok — O~ (80)

Hucnepcuonnoe ypasHehwne paboter 19, wx — 0u
=QuTI Ti/Te, HEeNpaBUNBHO YUYHTHIBAET 32BUCHMOCTE
4yacToThl OoT TemuepaTypsl npu 1< Te. OTa ommbka
TnoBTOpeHa B paborax 16, 17.

Kak BuHO U3 3TOTO BhIpa)XeHHs, CIEKTp koJiebaHuit
HepaclaiHbll. 3TO OOCTOATENLCTBO 3HAYUTENHHO
YIpOILAET BUJ CTOJIKHOBUTEIBHOIO 4YJiEHa B KHHETH-
4eCKOM YPaBHEHUH TSl BOJIH U MOCIIYXKHUIIO NPHYUHOM
Onsi BblbOpa MJAaHHOW HEyCTOMYMBOCTM B KayecTBe
TipuMepa.

B cBOEM paccMOTpEHWH MbE OTPAHUYHMCS CIIy4aeM,
KOI'la HalpaBJieHHasi CKOPOCTh 3JIEKTPOHOB Ugp JIMLID
HEMHOTO TPEBBILIAET KPUTHYECKOE 3HAYEHHUE Vo™, TaK
YTO KOJiebaHWs ¢ 4acTOTaMH BOJIM3M BBICIUMX Tap-
MOHHK LMKJIOTPOHHOM 4acTOTHI MOHOB (w=l0H,
[>2) 3atyxator. Torna B ¢opMysax mias OTKJIHKOB
1@ u®) TpUBENEHHBIX B TNPUJIOXKEHAH, KaK U B
JITHEHHOM Yp. 1, JOCTATOMHO yAEPXATh JIHIID YJIEHBI
¢ ManbiMi 3HaMmeHatessimu (wk — 2n). [oacrasnss
TIONYYEHHBIH Pe3yNbTaT B YP. 22, 3a0MChIBa€M KUHETHU-
YeCKOe YPaBHEHHE IS YACJIa BOJIH 7k B CTAIUOHAPHOM
pexume (0nk/dt~0) m 0= (vk — Ox) 7k

nk nk’ 21 . '
“ZW Sign (wk — 2n) (wk — w) A (k, k')
o
exp {— -———'—(wk — o) }
2 [loz — Iy |2 o2

X (2m)42 bz — k7| vTi

(81)

roe
79 €% Pk T

k™ T jwk— Q4] ( + /S

YUCJIO KBAaHTOB KOJIEOaHUM C YACTOTOM x U BOJTHOBBIM

BekTOopoM k.

wk — 24 k, fe
L4+ (T5/Te) =Ty ko] oMo,

V= TC

vz = wk/ky

MHKPEMEHT HEyCTOHYMBOCTH H3-32 PE3OHAHCHOIO B3aH-
MOJEHCTBUS C 3JIEKTPOHAMM,

P) —_(1)1/2 wk — 21 wk
=72 T+ (TTeo—T, Tefori
N (@k—2n)
XFl(kﬂ)ekP —_— W

— JeKpeMeHT JIMHeHHOro 3aTyxaHus JlaHgay Ha
HOHaXx;
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Ak K)=2n (1 + —é—c)‘{[k X KR rit [exp (— $%2) 9,2 («8) I,2 (a'S) S dS+ [exp (— S%2) (ﬂ%—(“—&fd—g
0 0
+ Po(“”)—-r1(°‘)"'rl(“/)
Ty () Iy ()
T ” ’ d-(]ﬂ(a”S
[k x K']z2rit fcxp( —82/2) 7, (a8) I, (a'S) I (a”S) SdS exp( S2/2) 3, (S) I, («’S) —as dSl
0
X —
1o e f (oo f o s
T|+_Fe Wk — WK’ — kz)’vz+10
rae CIIEKTPaJIbHaA TUIOTHOCTE JHEPIHUH xosiebanuit NkWk

w=rk, i, K=k —K, Ie(a) = I (o) exp — o,
ri=wvri Qu~Y, vri= (Ti/M)\?

HenvHeHHBIH 4YJleH B 3TOM YPaBHCHMM OIHMCHIBAET
B3auMo/eiicTBHe xojieOaHuil ¢ HoHaMu TUIa3Mel. IIpH
BBIYMCIIEHMH BKJIaJla B HETO OT BBIHYXAEHHBIX KoJe-
6anuit ¢ aMANTYI0H @rr® = uk, 1'® Pk Pir (k1% exr®
(wx —wk)]~! ™Mbl TpeHeOperau uieHaMH TOpsaKa
I (0)£0,2< 1 (3111 uneHp!l IpencTaBieRsl B hopMyie
ana Ak, k') mocneaHuM cnaraeMelM ‘M Haubolee
cywiecTBeHHbl npu a< 1). Ilockonbky ¢asoBast Cko-
pPOCTh packaunBaeMbix kosiebauuii (wkx — 2n)/k. 3Ha-
uMTeNbHO GOJbLIE TEMIIOBOH CKOPOCTH UOHOB ¥Ti, TO
OCHOBHBIM I1POLIECCOM B3aUMOIEHCTBUS BOJIH C YaCTH-
LaMH SBJISETCS paccesiHue BONH HOHaMu (CM. map. 2).
Paccesinue konebGaHwii NpPOMCXOANT C «IIOKpacHe-
HUEM» YACTOTHI BOJIH, TO-€CTh 3HEPTHA TYpPOYIEHTHBIX
NyAbCAUMI NPH PACCESIHUM YACTHYHO AUCCUNHUPYETCS B
TenJioBOe ABHXEHHEe UOHOB. J10Js ke AuccunupyemMoit
JHEpPrHH Majia NO CPaBHEHHIO C IIOJIHOW 3JHEepruei
wx — Wy’ € Wk, TAK YTO TEepefaya SHEPTHUU MO CHEKTPY
HOCHUT XapakTep NMOYTH HEMPEpPHIBHOTO « TEYEHHSN.

ITockonbky B peanbHOH 3ajaye o6 yCTOMYMBOCTH
M1a3Mel HAATENJIOBOH YpOBEHb aMIUINTYAbI HMEIOT B
nepBOM TIPUONMKEHUH JIMLUB KoJlebaHUs B HEYCTOHYH-
BbIX obnacTax crexrTpa, rae » —0>0, To Haubonee
WHTEHCHBHLIM OOMEH 3HEpruM TIPOUCXOAUT MEXIY
HeycTOMYMBBIMU MozaMu. OnHAaKo, eClM MPUHUMAThb
BO BHHMAaHWE TOJIbKO HapacTarolue kojieGaHHs, TO
Mbl YBUIMM, YTO KHHETHYECKOE YPaBHEHHE AJI BOJIH
HE WMEET CTALMOHAPHBIX pPEeIEHUH. DTO MPOUCXOOUT
BCJEACTBME TOrO, YTO HEJIMHEWHHBIE YWIEHBI B HalleM
ypaBHEHUM OTMCHIBAIOT paccesHHe BOJIH, KOTOpOE
XOTS M JUCCHIUPYET YACTHUYHO IHEPTUIO MYJbCAIUi,
HO COXpaHSieT YUCJIO KBaHTOB kojiebaHuil. B pesynn-

TaTe oblee YUCIO KBaHTOB an pacTeT €O BpeMe-
k
HEM M3-3a HeycToiyuBocTH. ITo3TOMY MBI JOJDKHBI
paccMaTpvBaTh TaKXe M KOJeOaHUS B 3aTyXalOLLHX
obnactax cnekrpa (v—0<0), rme BO3MOXEH
poct konebaHUH, €CJIM HEJMHEHHBIH HMHKPEMEHT
vt =(Stoss {nk})/nx TMpeBbllIAET AEKPEMEHT 3aTyXa-
Husi. Kpome Toro otimuHas OT HyJlds aMIUIMTyda
3aTyXarolKX K0JeOaHnil MOXET ABUTHCS CICACTBHEM
NMPOLIECCOB PAaCcCesHUsT OJHMX KojebaHMit Ha APYrux.
IMocnenHuit mpouecc HayMHAET WUrpaTh pojb, €CIH

Ha [JINHHOBOJIHOBOM Y4YaCTKe CMEKTpa CTaHOBUTCS
6onbLIOH.

B paccMaTpHBaeMOM HaMM CTallHOHAPHOM Cllyyae
yp. 81 umeeT GopMy CHCTEMBI JMHEHHBIX YpaBHEHHH,
YaCTHBIE PELIeHHsA KOTOPOW MOTYT OBITh JIeTKO Hail-
nmensl. IlycTh, HampuMep, UMEIOTCS BCEro [Ba KoJe-
6aHHsl KOHEYHO aMIIMTYABI, ONHO W3 KOTOPHIX w;, K,
packauyMBaeTcs B  pe3yJbTaTe  HEYCTOMYMBOCTH
v —0;>0, a Jpyroe MMeEeT MEHbLUYI) 4aCTOTy
w,<<w, M 3aTyXaer v, —0,<<0. Torma mpouecc ycra-
HOBJIEHMS aMIUIMTYAbl kojiebaHuii MOXHO mnpencra-
BUTB cebe ceayroliuM o06pa3oM: CHayajla HapacTaer
TOJIBKO aMIJIMTYAA HEYCTOHYMBOro KojebaHus w,, k;.
Ho Kax TOJIBKO ero aMIUIMTYAa k1 TIPEB30HAET KPUTH-
YECKYIO BEJIMYWHY, TPH KOTOPOM MNOTOK 3HEprHMH B
HU3KOYaCTOTHYIO MOJY B pe3yNbTaTe pacCesiHHs Ha
HOHaX CpaBHMBAETCS C OUCCHUMAlMeil 3HEprMU B Hei
M3-3a TMHEHHOTr0 3aTyXaHUs, TO HAYMHAET UHTEHCUBHO
HapacTatb paHee 3aTyxaBluee KonebaHue 7nks. ITO
HapacTaHHe MPOMCXOOUT JO TaKOTO YpPOBHS, KOrAa B
pe3yabTaTe HeNMHEHHBIX 3((EKTOB HAYHET TacCUThCH
HEYCTOHYMBOCTb BBICOKOYACTOTHO! Moabl. B crammo-
HapHOM PpeXHMe NPHXOI JHEPrHd B KaxAylo Moay
YPaBHOBEIIIHBAETCA OTTOKOM 3HEPTHH M U3 yp. 81 Mbl
noJjyyaem

(r1,2— 81,2) (2m)Y2 Jkesa — kzo| vTi

nke1 A Mol

(w1,2_w2,1) QHzA(k15k2) exp [2l_lcz(1tu—2-]c.—._;_;-2—la;—:)2%é]
(82)

OtMmeTrnM, uyTO Yp. 8l wuMeeT OecuUCIEHHOE MHO-

KECTBO PELIECHUH, XOTS ObI MOTOMY, 4YTO CYLUECTBYIOT

TOYHBIE PELIEHUS C ABYMS, TPEMS M Tak Janee (J1ro6pmM

KOHEYHBIM YHciIoM koJiebanuit). (ObLiee pewueHue st

CHIEKTPANIBHOIO pACIpEACNEHHUs YUCIAa BOJH Nk C

KOHeyHbIM 4nciIioM N npu Koje6aHuu NpeacTaBaseTcs
N

B BUAE CYMMBI 7Nk =ZCi6(Ic —ki) 0(w — wi), x03-
i=1
¢unueHTsl KoTOpoil C; ONpeneNsioTCS M3 CHCTEMEI
anrebpavueckux yp. 81. CyuLieCTBEHHO IIPU 3TOM, YTO
JIeJieHUe 3TOTO ypaBHEHMS Ha 7k CBOAMUT €ro K CUCTEME
JIMHEWHBIX anrebpanyeckux ypaBHEHHH, KOTOPOM yxe
HE YIOBJICTBOPAIOT HAaMJECHHbIE BbILIE peLICHHS.)
OpHako, TakHe PEUICHHS C KOHEYHBbIM YMCJIOM BOJIH
CaMU HeyCTOMYHUBHI, OO Nr006as MosABHBILAACA TOMHUMO
HHX BOJIHA MOXeT, Booblle ropops, HapacTaTb. DTO

31



TAJIEEB, KAPIIMAH, CATJEEB

TIPUBOIMUT K TOMY, YTO (PU3UYECKU HOJKHO peajiu3o-
BaTbCSl COCTOSIHHE, B KOTOPOM BO3OYXKIEHBI BCE
koJiebaHus B HeycToWumBOoW oOnactu. Ml orpaHu-
YUMCSl JIMIUBL O4YeHb IPyOOH OleHKOW aMIMTYAbI
myJbcalMii B TakOM peXHMeE, CpaBHUBAs TIPHXOX
3HEprMH B HEYCTOMYMBYIO MOJy C HEJTMHEHHBIM OTTO-
KOM 3HEPTMHU M3 Hee B 3aTyXalolue o0JIacTU CreKTpa.
Ins ynoGcTBa BBIYMCIIEHMH TMeEpeigeM OT CyMMHMpO-
BaHMS K MHTETPHPOBAHMIO ITI0 BOJIHOBBIM HYHCJIAM.
Beuny oceBoit cuMMETpUM 3aljayd MHTETpHpPOBaHHE
M0 a3uMyTaJbHOMY YIJy NpOBORMTCS cpasy. s
npubNvKEeHHOH OLEHKM MHTerpajia mo k) MOXHO
BOCTIOJIb30BATLCA PA3JIOKCHAEM MOJMHTErPATBHOTO
BbIpAXEHUs B Psil O Pa3HOCTH 4acToOT (wk — wk’), 9TO
HMEET CMBICH, TaK KaK B3aUMOIEHCTBYIOT MexIy
co6010 JHIb KoJeOaHUs ¢ MajIOH pa3sHOCTBIO 4aCTOT
(wx — ww) S (hz— k) vri<w. B pesympraTe yp. 81
NPUHUMAET BH]

, o dn kA (K, k
e = { — 2m [ b — bt} S ESLEEL
Iy (k) = Ty (k)
g2 2
X B (83)
i A
Mo Bl l 3kL ’

SlcHo, uTO X HanboJjiee CMABHOMY OTpPaHUYEHHIO aM-
NAMTYIbl NPHBOAMT B3aUMOJEHCTBHE C MOIOM, UMe-
roweit Gosplioe k.. Ilpeamonaras, 4To mk MeHsieTCs
B (a3zoBoM mpocTpaHcTBe (w, k) ObicTpee, yem koad-
¢duumnent A(k, k'), 3anucriBaeM Hpn6nm1<e}mo

dw
Ak & 3nk _Wk—§k7 M 3(0)2 Slgnak_]_ _
J 2 'l Qut Yo (3 kil 27 kz max? A(k’ k’)

Kak BMAHO M3 3TOrO Bblpax€HWs, B 0OJIACTU MaKCH-
ManbHOM 4acToThl wk — Lu= Qul (ky7i) Te/(Ti+Te)
npu k;2r~1>5 amnauryna QaroxTyauuit 35eKTpu-
yeckoro mnoJis MuHuManbha [/6]. C yBenuuyeHuem
JIJIMHBI BOJIHBI A) CHEKTpajibHas MJAOTHOCTb JHEPIUH
anekTpuyeckoro noinst k% gx? cTpeMUTCS K NOCTOSH-
HOMY Tipefiefy, a B 06J1acTb KOPOTKHX AJIMH BOJIH A
crnajiaeT NponopLUHOHANIbHO YeTBEPTOM CTENEHH OTHO-
LUEHMS IJIMHBE BOJHBL A X JIApDMOPOBCKOMY pamuycy
ri. HakoHer, s pacCMOTpeHHs 3aBUCUMOCTH 7k (kz)
BLINKMLIEM SBHOE BBIPAXEHHE [JIi WHKPEMEHTa He-
yCTOHYMBOCTH B MAKCBEJJIOBCKOM IJIa3Me C TOKOM.
Bri6upas, xak v B pabote 19, pacnpenesieHue 3J1eKTpo-
HOB TIO CKOPOCTSIM ¥z B BHIE

fe (v2) = (m[27 Te)/ exp [—m (v;—vD)?[2 Te]

U3 yp. 2 noiayyaem

m\l/2 wx—Lu
Vk Ry —Z T

vp ke wg )
14+ Ti/Te

ver o] Yl o7

OTcroa ClEyET, YTO HEYCTORYMBOCTD HMEETCS JIHLLb
Npv ONMHAKOBBIX 3HaKax k. u wx (mpu vp>0) (B
JlafibHerieM Mbl OyieM paccMaTpUBaTh JIMILb CllyYai
wk>0, k;>0). TIpuueM co CTOPOHBI MaJlbIX Kz CIIEKTP
xoJe6aHUi OrpaHMYUBAETCS HEPABEHCTBOM k7 2
C yBenu4eHHEM XKe kz, KaK BUJHO U3 yp. 2, HEYCTORYH-
BOCTb MOJABJIAETCS 32 CYET JIMHEHHOTO 3aTyXaHus

32

(Uk/’U,r. -

Jlanpay Ha MOHax IpU 3HAYCHUAX MOPAAKA Kzmax
~uwk/vri. IloncTaBngs 3To 3HaveHne B yp. 4, Ha-
XOIUM YPOBeHb 3HeprUH (JIFOKTYanHi 3JIEKTPHYECKOT O
noJjs

D TiTe

e pi*
~ 10-2 _tile
(T + Te)®

Ti 2 Te

(84)
K

OnucaHHble METObI HAXOXAEHHUS CIIEKTpa KoJieOaHuii
cnaboHeyCTONYMBOH IIa3Mbl TO3BOJISIIOT OLEHHUTH
pa3nuuHble KO3()OUIMEHTHl TepeHoca, B YaCTHOCTH
xo3hduument nupdysuu miasMel NOMEPeK MAarHHT-
HOTO TIONIA H3-3a Hammyus koneGaHui. Mel oueHuM
koapdunment nuddysuu, BOCHOIb30BABILNCH KBa3U-
JIMHEWHOHN Teopueil.

BBuny ambunonspHoctn auddy3smd HaM [gocCTa-
TOYHO PacCMOTPETh TOJBKO 3JIEKTPOHBI, NPU OMHCa-
HUM KOTOPBIX MBI OTpaHUYHMCS Apei(poBbIM NpUOIH-
xenueM. Kuneruyeckoe ypaBHeHue I (QyHKUHH
pacnpeliesieHHss 3JIeKTPOHOB B apedoBoM mpubiu-
XKECHHUM HMMEET BHL

¥ 4, Y TexH o _o

+o, - A= D@, =0 (85)

ITocne o6BIMHON MPOUEAYPHI MOTY4aeM YCPeIHEHHOE
ypaBHEHHE IS MeJICHHO-MEHSsIIoLIelics YacTH (yHK-
uud pacnpenmesieHusi (CM., Hanpumep paboty 22)

d ky @ *(fo—Sm)
X D ( v, Ov;,  wkoHq 0 ) fo—vev et 30?1:2
Lk =7 (e*m?) pi® wk? 0 (wk — kzvz) (86)

rae B IpaByi0 4acTh O0OaBJieH CTOJKHOBUTEJbLHbIN
yleH B T-MpubimkeH ud (fm — MakcBeJUIOBCKas
¢dbyHKIMSA pacnpeneNeHsi 3JEKTPOHOB 110 CKOPOCTAM).
3mech ke Mbl YAEPXaJH YIEHBI C MPOM3BOAHBIMH 110
KOOpPAMHATAM OT Me/JIEHHO-MEHSoLueicst QyHKunu
pacrpeneseHus fy, Tak Kak HUMEHHO OHH OMMCBHIBAIOT
nugpdy3uro 1IasMbl B IPOCTPAHCTBE CKOPOCTEA.
3anuch ypaBHEHUS B Takoil ¢opmMe MO3BOJSET Ham
paccMoTpeTh psag 3Q¢QeKkToB, oOLUMX KaK I OJHO-
pOmHOl, Tak M IJIl HEOAHOPOILHOMW ILIa3MBI.
W3 yp. 86 crienyer, 4TO NpH YCIOBUHA

Ve UTe? D e? kz? pi? [ m? wy (87)
CTOJIKHOBEHHMS YacCTHL CYLIECTBEHHbI M YCTaHaBJIU-
BaIOT MAKCBEJUIOBCKOE paclpelesieHue Mo CKOPOCTAM.
B aTtoM ciyuyae MBI MOXEM IOJIb30BaThCH BBIpaXe-
HUSMH JJI UHKPEMEHTA, BLIYUCIEHHBIMH B NIPEXIONO-
JKEHUU CNpaBeIJIMBOCTH MAaKCBEJJIOBCKOTO pacrpeie-
JIEHUSI 3JIEKTPOHOB TO CKOPOCTSIM.

UnTerpupyst yp. 86 mo ckopocTsiM Mbl NOJy4aeM
W3MEHEHHE NIOTHOCTH 4acTHll B 00beMe CO BpeMeHeM
3a CYeT BO3HUKHOBEHUS MaKPOCKOMWYECKUX TOTOKOB
nja3Mbl MONEPEK MArHUTHOTO MOJIS

ony 0 Czky tpk 0 _ kzcuH 0 )

5= " "“’2)( %k oo,
k

X f (vz) doy (88)



M3 srtoro BBIPAXCHUA CJIEAYET, YTO INMOTOK IJIa3MBbI
COCTOUT M3 MBYX yacrten

(nv)x =j1x—i)_L 8n/8x

niepBas U3 KOTOPBIX j1x COBCEM HE CBA3aHA C HAJIMYMEM
B IUIa3Me TpagleHTOB MJOTHOCTH M IpPEACTABJIAET
cob60ii OTOK BELIECTBA, NEPEHOCHMBIN BoJiHAMM (OHA
MCUE3AEeT, €CNIM CMEKTP BOJIH OCECUMMETPHYCH).
IMoncrasnass CroJa OUEHKY AJis 3Hepruu kojebaHui
yp. 84 ¥ ¥CIONB3Ys OLEHKY Ul MaKCHMaJIbHOM ha3o-
BO# CKOpOCTH w/kz < vp, MBI HAXOAMM OKOHYATEIBHO
cT;? (1 T )—2
eHTe Te

D102 (”—”’)2

VTe
T3
vD 1’ (T + Te)*

Ecnu ycnosue yp. 87 HapyluaeTcs, TO peIKHE CTOJIK-
HOBEHMS YaCTWI[ HE YCIIEBalOT MAaKCBEJJIN30BaTh
(YHKUMIO pacrnpeleneHust 3JEKTPOHOB, KOTOpas IIOX
JIeCTBUEM BO3HUKIIMX (UIFOKTYalUMit 3eKTPHYECKHX
noJieit penakcupyer k 6oJiee yCTORYMBOMY COCTOSIHHIO.

EciiM  CTOJIKHOBEHHSIMH 4YacTHI BoOOLuEe TpeHe-
Gpeyb, TO HEYCTOMNYHUBOCTH CAMOMOAABIIAETCA NPEXNE,
veM TIPOUCXONNT 3HayuTedbHas Aubdy3us uacTui.
B aTom npoiue Bcero ybeauthes, ecad B yp. 86 3aMe-
HATH NIpUGAKXKEHHO K0apduuueHT Dy Ha CpenHuit no
cnekTpy <Dy M NepedTH K HOBBIM MEPEMEHHBIM

2 10-2 Qy 2Xe (89)

Mk wH
ky u

’Uz2

=g

e ¥ — CKOPOCTb NMOpPSAKa CKOPOCTH PE30OHAHCHBIX
anekTpoHoB (3meck < vgp). B pesynabrate yp. 86
npuunmae'r BUL

afo = _a- u—‘Z‘Dk(&’ ?77t) afo (E! 7, t_)_

o o n on (90)

Kak cnemyeT M3 3TOTO YpaBHEHMS 3a BpeMeHa
nopsagka TR vp? Dk Ha (GYHKUMM pacnpefesieHus
1 (€, m) ycrawaBimBaeTCs «IJIaTO» IO NEPEMEHHOH 7
BO BCEM WHTEpBaJie pe3oHaHCHBIX YacTHI (0 <7 < vp).
IIpu 3TOM KOOpIHMHATA £ U CKOPOCTH ¥z PE3OHAHCHBIX
3NEKTPOHOB CBA3aHBI COOTHOLLEHHEM &= constant, Tak
YTO TIPM M3MEHEHWHM CKOPOCTH ¥, HA TIOPANOK BejH-
YMHBI 0V A ¥; CMELLIEHHE PE3OHAHCHBIX YacTUI Oz 3a
BpeMsi T npubsnxeHHo paBHO [20]

| YD )2 T,
~ T ( VTe T;
Hepe3oHaHCHBIE YaCTHLBI B 3TOM NPUOMIKEHUH He
HCNBITBIBAIOT HUKAKOro CMELLEHHUS.

TaxuM 06pa3oM NpH NOJHOM OTCYTCTBUM CTOJIKHO-
BEHMH YacTML HEYCTOHYMBOCTH OBICTPO CaMONOAAB-
JISETCS M TOTOK MNja3Mbl TNOMNEPEK CHIOBLIX JIMHUIA
orcytcTByer. OpHako paxe ciabble CTONKHOBEHHS
9NIEKTPOHOB MMEIOT TEHAEHLMIO MaKCBEJUIM30BATh
pacrnipefesnieHie M MeLIAalOT OOpa3oBaHHIO ILIATO.
TloaToMy MHKPEMEHT HEYCTOWYMBOCTH OTJIMYEH OT
HyJSl M Mbl HaiileM €ro, BOCMOJb30BaBIUUCh TEOPUEH

vy ky v
0z ~ ———L——
vz wk wH

(91)

BO3MYLUEHHWH, MNO MaJIoMy OTHOIUCHHIO YacCTOTHI
CTOJKHOBEHUHX v Kk  9pdexkTuBHON  vacToTe
¥ k2 Dk/w?vr® [2/]. B nepBoM npubmmxeHUH

(GYHKUMA pacnpelesieHUs yIOBJETBOPSET YPaBHEHUIO

TEOPUS TYPBEYJIEHTHOWM IJIA3MbI

— (o)
(0)) — - VK (%] T, (ﬁ of'
wlON =1 —e— 5777, \"m om
cky af(ﬂ)) _
eH 0z [|vy= wylk, =0 (92)

ITonpasky /M) k ¢pyHKUMH [© 3a cCueT BAUAHKSA CTOJIKHO-
BEHUH MBI IOJYYHM, €CJIM B CTALMOHAPHOM pEXHME
NpUpaBHsIeM Apyr ApPYry [Ba 4jieHa B JIEBOM 4acTH
yp. 86 M NPOMHTErpHUpyeM OT CKOpOCTeH vr=wk/k:
N0 Takux (vz 2 vp), NPH KOTOPLIX MAKCBEJJIOBCKOE
pacrnpenesieHie CHpaBeiuBO

k o}
@“(avz ~ Ten ax)f“ ve UTe 5 ([0 —fm) (93)
i) Nn_eakz20’k2

m? wk

3aMevasi majiee, YTO B pe3y/IbTaTe BIIMAHHS KOJiE-
GaHMif M3MEHAIOTCS JIMLUB NPOM3BOLHBIE Of [dvz, a He
camMa QYHKIUS PACMpenesieHus, Mbl MOXEM, CIeays
yp. 92, HanucaTb NMPHOJIMXEHHOE PaBEHCTBO

0f°8v, = (ky[k: wn) (8fm/0)

Hcnonb3yss 3TO paBeHCTBO, a TaKXe ONpelesieHne
yp. 92, nepenuceiBaeM yp. 93 B Gonee yno6Hom BuIe

v (/(1)) RS Ve V (fM)/:Dv vTe 2
Dvvre 2 o v* > e (94)

VpaBHenne 92 ¢dakTHyeCKH OnpenensieT HaM IoJ-
HBIl MHKPEMEHT HEYCTOWYUBOCTH C YYETOM BIAUSHHSA
Ha YCTOMYMBOCTb HEOOHOPOAHOCTH IuIa3Mbl. Takas
ofLuas 3amuch pa3yMHa NpH O4eHb MalbIX YacTOTax
CTOJIKHOBEHHH ¥c, KOTAa TMOMpaBKa K HMHKPEMEHTY
v(f1) 3a cueT CTOJIKHOBEHMH 3HAYMTENBHO MEHDILE,
4YeM BKJAd HEONHOPOLHOCTH MNia3Mbl (MpH 3TOM
pacnpeneieHue muasmsl fo(x, v) pelakCUPYET TakK, YToO
MeHee HeycToiiuuBas Moma ky/Vn/n<0 saTyxaer, a
Goyiee HeEyCTOMYMBAasi pPa3BMBAETCH C MHKPEMEHTOM
(yp. 94)). Hac Oyner uHTepecoBaThb MpPOTHUBOMOJOX-
HBI cllyyad, KOrga HEOOHOPOAHOCTH IUIa3Mbl OYEHb
cnabas. Torpa B crauvoHapHoMm yp. 86 c 6onbuioit
TOYHOCTBIO MOXHO OMYCTUTh HEOAHOPOIHLIE YJIEHEI
M WCKaTh TNONMPAaBKM K WHKPEMEHTY HEYCTOMYMBOCTH

wK — 21 Icz 3f

Y1 T TG F T3/ Te) m By

vz=wk/kz

Jns BbIYHUCIIEHHS XK€ MOTOKA YaCTHILl, BbI3BAHHOIO
rPaJUeHTOM TUIOTHOCTH, HaM CJIEAYET COBMECTHO
pewuts yp. 83, 94, 88. B pesyianTaTe BLIYMCIACHHIH

nosty4aeM [16, 17]
o1 [ e \M2 e Te (vD )5/2 T2 T/
D~10 ( QH) eH \vre Ty + 2

ve £ 1072 Qu (vrefvp) T3] Te (Ti + Te)?

(95)
KpoMe rocieHero yciosus 31ech TpeGyeTcs Takke,

4TO6b! 3((EKTH! BIMAHUA HA YCTOMYMBOCTL HEOJHO-
POJHOCTH OBINM Majlbl, YTO HMEET MECTO NpH

~ Qe (222 Loy L

VTe T; Ti + Te
> 0 v riVn Te
~ vre n  Ti+ Te
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I'AJIEEB, KAPIIMAH, CATJEEB

4F YHUBEPCAJIbHAS HEYCTOWYMBOCTb
HEOJHOPOJHOM ITJIA3SMBI

B xayecTBe BTOPOro NpuMepa CJierka HeyCTOHYHBOM
TJIA3MBI MBI PaCCMOTPHM IUIa3My, HEPaBHOBECHOCTb
KOTOpO# 3akjroyaeTcss B ee HeogHopomaHocTH. Kak
JIHHENHAs, TaKk WM HeJUHeHHAs TeopHs yCTOHYMBOCTH
HEOQHOPOIHOM IJIa3Mbl HACYHTHIBAET ceiyac Gonbiuoe
4uCcyI0 paboT, MHOTHE U3 KOTOPHIX BOLUIH B 0030pHI
(cM., HanpuMep paboty 22). Tlo3ToMy MBI KOCHEMCS
30€Ch UMb HEKOTOPBIX CHenH(UYECKUX YepT JAHHOM
3aJa4M, He BAABAACh B CIHUIKOM JETaJbHBIA aHANN3.

AN TmpoCTOTEI pacCMOTPEHHS MbI OTpPaHHYMMCS
JIMLIB CIly4YaeM OTCYTCTBHA TPajHEHTa TEMIEPATYpEHI.
BribepeM ¢yHkOMIO pacnpenesieHHs 4acTuil foj(x, v)
HEOAHOPOJHOH IUTa3MEI, ITOMELIEHHOH B CHJIBHOE
MarHATHOe Toyie H, B Buze

: 3/2 .0y2
foi (,9) = () ma (e + ) exp — - (96)

Takoe pacnpefeneHue Njaa3Mel HEYyCTOHYMBO IO OTHO-
LIEHHIO K BO30YXIEHUIO NMOTEHIHANBHBIX APeH(OBBIX
BOJIH C YAaCTOTaMH BOJIM3H TAPMOHUK MOHHOU LIUKJIO-
TPOHHOM YacTOThl wkA ! Qu, 1=0, 1, ... 1 pa3oBeIMHU
ckopocTaMH vTi < (wk —12n)/k. < va. Henorenumans-
Heie Bo3MyLieHus (V X E = 0), uckaxaroniye CUIOBbIE
JIMHUM MAarHUTHOTO TOJisI, B OTCYTCTBHHM TpaJdeHTa
TeMOepaTyphl 3aTyXaroT.

WHTEpEeCHO OTMETHTH, YTO €CJIM Mbl B KOHEYHOM
HWTOTE€ MHTEpEeCyeMCsl TpOoIecCaMu IepeHOoca YacCTHIl
TIJIa3Mbl TIOTIEPEK YAEPKUBAIOLIETO MATHUTHOTO HOJIA,
TO B Haubonee HHTEPECHOM AJist Ipo6JieMEl yIpasJisie-
MBIX TEpDMOSIIEPHBIX peakmWil ciyyae BBICOKHX
TeMIIEpaTyp M OYEeHb PENKUX CTOJKHOBEHHH HaM HeT
HeOOXOAUMOCTH ONpeneNsiTh ypOBeHb SHEPTHH pa3-
BUBLUMXCSA KOJIeOaHUI.

HeiicTBuTenpsHo, B ClabOHEOAHOPOAHOH IUIazMe
(riVn/n<(m/M)'* HeyCTONYMBOCTM pa3BHBAIOTCA C
MaJIbIM MHKPEMEHTOM ¥ <w, TaK 4TO IUI1 y4eTa MX
obpaTHOro BIMAHUS Ha AUQY3UF0 TIa3Mbl MOXHO
BOCIIOJIb30BAaTLCS KBa3WJIMHEHHOH Teopuei, 0600-
ILEHHOH Ha HeomHOpoIHyI miuasMmy. IlpumeHenue
yp. 88, 92 mpenpiayuiero pasgeia B npeHeOpexxeHHH
PENKUMH CTOJIKHOBEHHSIMH YAaCTHI[ ITOKa3bIBAaET, YTO
B 3TOM TpuOJmKeHuu Oudpdy3us IIasMel OTCYTCT-
ByeT. HaxoxaeHnye xe MOTOKa MJIa3Mbl HONEPEK IO
H, B0 BTOpOM IpUOIMKEHUH 110 MAJIOMY OTHOLIEHHIO
YaCTOThl CTOJIKHOBEHHH %e K OOpaTHOMY BpeMEHM
00pa3oBaHHA IJIATO Ha (YHKUMH pacrpelesieHus v*,
MPUBOOUT K TOMY, YTO aMIUIUTyAa TypOyJIEeHTHBIX
nynbcaluit BRINAAaeT U3 OUCHKH [UIsi TOTOKA ILTa3MBbI
B HaAmNpaBJIEHMH IpaJUeHTa INOTHOCTH [20, 21]

_ ky? vret Wk an, m ol
(n)x — = e wH? wi® (Ikz] ’UTe) ( T % T kyTe wkm)
X Io(kr)

z : 2 Ic,?
Ve<T 92 Z ka (97)
m? wkvTe?
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IMpenensl MpUMEHUMOCTH 3TOH (HOPMYJNBI, €CTECT-
BEHHO, 3aBHCAT OT YPOBHA GNIOKTyauuit 3JeKTpH-
YeCKOro Mo k:@x B MaKCBEIUIOBCKOW IJia3Me.

Jns mony4yeHHMs YHCIEHHOTO 3Ha4YeHUA Ko3(hdu-
LHeHTa Ut Qy3nd croia caeayeT NoACTaBUTh YaCTOTEI
Wk ¥ JUIAHEL BOJH A, A; pacKauMBaeMbIX KojeOaHHii.

OcraBisisi B IUCTIEPCHOHHOM YpPaBHEHHH IJISL KOJe-
O0aHuil HEOMHOPOOHOM TIIasMel (CM. TPHJIOXKEHHE)
JMIIb YIEHBI ¢ MaNBIMH 3HaMeHATENAMH (wii — I Q2wH)
< wkl, TOJYYaeM BBIPaXKEHHUS IJIs YaCTOT wk U MHKpe-
MEHTOB ¥k, PacKauyMBaeMBIX KOJIEOaHHit

_ 125 — kyval I (k1)
L8 = T T =L thir) + B0
> |kz|vri
. (n)lﬂ orl—I9H  [(wk1 TifTe) + ky vni] I'y (kL 7e)
Ykl = 9

Wkl—

|kz)vre 14 (Ti/Te) — I (kL 7i) + k2 di?
2
X exp— sy (98)
rae
. T T;
Un' = GCH;’L ‘a—;‘ d) W ]—'1(’67‘,) I[ (k27i2) exp _k27j2

Be3zne B manbHeidiieM Mbl OydemM paccMaTpUBaTh
YL KBa3WHEHTpaJbHble BO3MYLUCHHS C AJIMHOM
BOJIHBI 3HAYUTENbHO Ooiblied AebaeBckoro pammyca
A% > d®. HapymeHue ycnoBusi KBa3HHEHTPaJbHOCTH
NpH MajblX IJIOTHOCTAX, KaK BUAHO U3 3TOro BHIpa-
JKEHUs, BEIET K TNOJABJIEHHIO HEyCTOMYMBOCTH.

YcroBye OTEHIMAILHOCTH BO3MYLUEHHH wk/ |kz|vTe
S (m/MPB)!? HaknanpiBaeT OrpaHMYeHHEe HAa MAKCH-
MaJIbHBIi MHKPEMEHT [UIS HH3KOYaCTOTHBIX MOJ

<A (T i Te
Vko ~ VTe (Te Wi + Ky v Te+Ti—Tel,

vA = Hy (47w M) [Te/(Te + T5))H? (99)
s JJIMHHOBOJIHOBBIX kxonebanuii 4acToTa
Wk~ ky vl Te/Ti, Tak YTO MHKPEMEHT CTAHOBUTCS
oueHb Mal: ¥ S wk?ri?vafvre. C YKOPOUEHHEM IUIMHBI
BOJIHBl YaCTOTa [JOCTHraeT HACBHIWEHHS @~ vTiVa/n,
a UHKPEMEHT % pacTeT NPONMOPLUHOHANBHO & 7i.

B03MYHICHI/IH C YaCTOTaMH wk] IOpAAKa JIapMOPOB-
CKO# YaCTOTHI HOHOB MOTYT paCKka4uBaTbCs JIMLIb IPH
OYC€Hb KOPOTKHX IJIMHAX BOJH, MCHBILIUX JIApDMOPOB-
CKOro panmuyca 3JICKTPOHOB, M OOCTAaTOYHO MaJIOM
JaBJICHAU T1J1a3MBlI

B < (1272 [Te[(T; + Te)] (rifl) (Vn[n):

kri(riVa[n)>1, 1=1,2,... (100)

VHKpeMeHTBl HeycToH4YMBOCTH cyabo 3aBUCAT OT
JJVHBI BOJIHBI M HAFOTCS BBIPAXEHUEM:

riVn/n
T(m T3/ M Te) 1t

TiNTe

VKl A (w1 — 1 2n)

(101)



HakoHel, HaM cienyeT HaiTH HUXKHION TIpaHULY
LIS IUTMHBL BOJIHBL BO30Yyxmaembix KoneGanuit. Ilpu
OYeHb MaJIbIX JJIMHAX BOJIH A; KoJieOaHHs 3aTyXaroT
BCJIEACTBYE NOMANaHHUA B PE30OHAHC C MOHAMH, [IBH-
XKYILIMMHCS CO CKOPOCTBIO JUaMarHuTHOro apeitda
vp=(v,%2802u) (VH/H).

VuuteiBas NocCieqHUH B JUCNIEPCHOHHOM YpaBHe-
HMM I7s KoneGaHus, MojiyyaeM KpHBYI0 Oe3pasiuy-
HOro pasHosecust B Iutockoctu (B8, k))

S22 (8) exp— §2 v — 2K L1/ Te + Ey ool

wkl——ky'vni
(wkt — L Qu) Iy (b 7e) — ok® ’
G egore P Shora  (102)
rae
M (oxt — 1 1) O Te
2 _ _ ~ B-1 )
s B Der) g e

key T; vV HJH

f=dnny(Ti+ Tc) | H?, a=kyri
YucneHHo 3aBucumocts k, (B) mporabysmpoBaHa B
pabore 23 onsa cny4yas «YHHBEpPCaJbHOH HEYCTOHYM-
BOCTH». MBI CYUTaEM 31€Ch, YTO JaBjeHHE IJIa3MBbl He
oueHb OJM3KO K KpuTHUECKOMY *~ 0,13, Tak yTo Ans
KOPOTKMX BOJIH BIIMSIHUEM TIIPOJOJILHOTO ABMXKEHHS
MOHOB MOXHO TNpeHeOpeyb.

CootHowenuss 97, 98, 102 B npuHOoune pewaroT
3amavy oT TypbyneHTHoH nuddy3uu BEICOKOTEMMEPaA-
TypHOM mma3mbl. IlOCKOJNBKY OCHOBHOW BKJaL B
yp. 97 [ar0T HU3KOYACTOTHBIE BO3MYLUEHUS, TO MOM-
cTaBmAg B yp. 97 4acTroThl wk~vTi Va/n H OJIHHBL
BOJH k;rzwkfva, k) rim f~1 2m)~12 Te/(Ti+ T), Ha-
XOOUM

32 T2
e

Do gel5s) £ (357)

(103)

X I’o( m Te? )

Zx MBE (Ti+ Te) 1

onki dwk} Onk|

owkl dkx Oonyk
ot + dkx ox

okx dx 0kx

— 7kl Tkp SIN WK1 —p) O (WKl — WKk’p— WK"1—p) —Z
-

X Aup (i, K) 6 [0 — wwp — (L — p) Qua] — » 147K B

ny T
o
(wk1 — wk’p)®
""P[‘z‘vo ]
’ . z— Nz VTe
x B(k, k) @ )T g = og| 0T
rue
__ ngef g’ m. _ . 2 7.2
Ykl — HHKPEMEHT HeyCTOﬁ‘{HBOCTM H3-3a PE3OHaAHC-

HOT0 B3aMMOJEHCTBUA BOJIHBI ¢ 3/1EKTpOHaMH (yp. 98);

= (vki— Okx1) RK1+27 Z

7kl nk'p 2H* Sign (
Ny Li

TEOPUSA TYPBYJIEHTHOM TJIA3MbI

IIpu napywenuu ycnosus yp. 87 TypOyneHTHas aud-
¢Gy3us CYWIECTBEHHO 3aBHCHT OT YDPOBHSl 3JHEPIrHH
KoneGaHui B MIasMe.

s pacCMOTPEHUS HEIMHEHHOTO B3aUMOAEHCTBUA
QIIFOKTYaRHit SJMEKTPHYECKMX MONEH MBI BOCHOJIb-
3yeMCsi paHee BBIBEACHHBIMHU yp. 22, ONMHCHLIBAIOLIMMHU
HW3MEHEHHE BO BpPEMEHM aMIUTHTYA OTHENBHBIX MOJ
kose6anmii. ITOCKONMBKY MBI B COCTOSIHUM IIOJIy4YUTh
JMIIb Pa3’yMHBIE OLEHKH, & HE TOYHBIE BHIPAXEHMS
U1 CeKTpa TYpOYJNEHTHOCTH, TO NPH HAMMCAHWUU
3THX YPaBHEHHWIl Mbl BOCIOQJIb3yeMCS PSJOM YIpOLa-
IOWKX TPEAToNIoKeHUit. Bo-nepBrix, Mbl Oyaem
CYUTATh, YTO B PE3yJibTaTe Pa3BUTHs HEYCTOMYUBOCTH
B IUIa3Me MMEIOTCSA TOJIbKO KoJiebaHHA C 4acToTaMu,
oyeHb ONM3KHMH K TapMOHMKaM LUKAOTPOHHOM
YaCTOTHI HOHOB wkl— l2u< 24, Tak 4TO B hopMymax
s QYHKUMHM pacnpefefieHHs (CM. NPHIIOXEHuE 2)
JIOCTAaTOYHO YAEpXaTh JIHILL YJieHbBl C MAaJbIMH 3Ha-
menatensamu  (ww —10Q1). Bo-BTOpEIX, MBI Oyaem
MHTEPECOBATHCS JIMLIb KOJIEOAHUAMMY C JIMHOM BOJIHBI
A S ri(wko/kzvTi)*?, RSt KOTOPBIX OCHOBHOM BKAaA B
H3JIEKTPHYECKY O TpoHMIaeMocThb W) (wk — wi’) naer
MHTerpaJji no MOHHON (GYHKLUHH pacrnpeaeneHus.

Kpome Toro mer npenebpexemM TenjaoBbiM pa3zbpo-
COM HOHOB M OylileM CYHTATh CITpaBeIIMBON alMpPOKCH-
MaluIo

ex —_ ——-——(wk _ wk’)2
P | T 2tk Pori?

@) 2 |kl o ~0(wk — wr) (104)

HaxoHel, HeJMHeliHOE B3aUMOAEHCTBHE KoJiebanmii ¢
3JIEKTPOHAMH MOXET CKa3aTbCAd JHIIb TNPH OYEHb
MaJblX OJIHHAX BOJH A € 7i, Tak YTO 3TH 3 dexThl
JOCTATOYHO yYeCThb B mpenene A< i

C yuyeroM 3THX OOCTOATENLCTB M3 yp.22 c mWoO-
MOLIBI0 (GOPMYJT TIDUJIOKEHHS TOJIyYaeM XHHETH-
YeCKOe YpaBHEHME IJIS YMCNa BOJH %kl C YaCTOTOH
wkA 21 B cHCTeMe KOOpDAWHAT, IJ€ OTCYTCTBYET
HEBO3MYLUEHHOE 3JIeKTpudeckoe noje Eox~~0

2 .
‘Vkl, k'p, k" — p| (Mkp Mk" —p — Nkl Nk71 — p SigN Wk'p

K +k =k

Wkl — l -QH) [wkl — Wk'p — (ky —_ ky') 'Uni]

Sign (wii — 1 2u) [(wx — wrp) (Ti/ Te) + (ky— ky') vnl]

(105)
S (l)ll‘.' (ki — L) (k1 = ky o) I (kri)
M= 712 ke omi (1 + (T5/Te)— I (kri) + &2 di®]
(w1 — I 2p)*
X exp — 2 Tg® T

— ACKPCMCHT 3aTyXaHUs J'IaH,uay Ha HOHaX; H
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Ayp (kK =2x (1 + (T Te)

o

— I () + k2 di?]7 (1 + (T3 Te)

— I (o) +

©co

k2 d].2]—1

x (I x K8 [ 90 (58) T2 (! 8) §dS — Ty (o) | [ 91 (o) Ty (o S)ﬂl_p(on"S)SdS’2)
0 0
+_['e—s”/2{zm(a. §) 22 4 p Ty (ar ) L2ES LS
0
—TN_p=2 (") ’_’.e‘sz/‘-'(lf]l(oc )M—}— Ip (& )dild(i)jl_ (a" 8) dSi
0

B(k,k') = [k x K']2n¢ Jwr — L Qu] - ok’ n _ng’

e "2 J 2(k;n8)J2(kyn8)SdS

— 7o \2
(oro =0
_kz
ky wk® (wk1— wi’p)*
X [1" P e“p( STEore T 3 (o) vre?

8 |wki — I 2u] |*'P — p Q4] |1 _p — (L — p)

]

Q4|

Pawnrs = {5 mn T

I(o) + k2?1 (1 + (T3 Te) — T'p (o) +

12
k2 df][1 4 (T5/Te) —I_p(a”) + k"2 d;?] }

x {([k X KJori2[e-52 9, (o 8) Tp (a’ S) Fup (o 8) S A3

0

+i."e—52/2j](,x,g) [(l— ) 1o (o 8) djp (a 8) (e M (7S dﬂl_ dS)
0 .

X (L + (DT + 22 Ti_p= () — [ + (T Te) + k2 2] Iy (o) o

—i [eS19, (o 8) Tp (o 8) Tizp (o S)SAS[L + (TH/Te) + K22 [L + (To/Te) + ki) [~ (&) [1-p=" (o)

0

Fill 4 (T TP + i (k2 + k"2 d.-Z}

BTopoii 4neH B 3TOM ypaBHEHHUH OMKUCBHIBAET MPOLECCHI
pacriaga OQHOTO KoyieOaHUsi Ha OBa APYrMX U obpat-
HbIA TPOLECC CAUSTHUS ABYX Pa3fIMYHBIX KOJiebaHUH B
oaHo. Ilpencrasnenue «napeidoBrix» konebanuit B
BHMJE KOTEPEHTHOro Habopa 7kl KBAHTOB OTHENbHBIX
KoJieGaHmii ¢ KBa3MIHEpruen wkl 1 KBa3UUMIYJIbCOM k
MO3BOJIIET 3aNUcaTh MHTErpajJ CTOJIKHOBEHMH W3-3a
pacnanoBs «npeidoBbix» kosebaHuit B ¢popme, aHa-
JIOrM4HO#i Stoss-uleHy B KHHETHYECKOM YypaBHEHMH
ons GOHOHOB B TBEPAOM Tele.

TpeTuit M yeTBepTbIH UJIEHBI BO3HMKAKOT, M3-3a
B3aUMOJEHCTBUS BOJIH M 4acTULl B HEJIMHEHHOM IO
aMnauTyaam BoJiH npubamxeHuu. [lockosibky aso-
Basg CKOPOCTb «Apei(OBBIX» BOJIH 3HAYHUTENIBHO
Oonblue TeMaoBOH CKOPOCTH HOHOB wii L Q2u/k,> vTi,
TO 3aKOH COXpaHEHWUs SHEPrHH NOMYCKAET JIMLIL MpO-
uecc paccesiius KojeGaHUid MOHAMH:

(p—1) Qu + wn— wi'p = (k: — k) v, (106)
rae wkl, Wkp — 3HEPIrUs pacCeMBAaEMOro M paccesiH-
Horo koneGauwuii, (k; —k,') — H3MeHeHHe MMITyJIbCA
4acTHUBI M;j v, NpYU paccestHuu. Ilpu TakoM paccesiHum
JHEprus nepekaunBaeTcsd U3 KOPOTKOBONHOBBIX MOJ B
JUIMHHOBOJIHOBBIE. [yt 31exTpoHOB xe B yp. 106
MOXET CTOSATh 3HaK «-», COOTBETCTBYIOLUMH HCTY-
CkaHHIO0 (TTOTJIOLIEHHIO) Cpa3y IBYX KojeGaHmiA,
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PaccMOTpyMM CcHavajia HM3KOYaCTOTHbIE KojiebaHus
(wko<€ Qu). Tockonbky HenuHeHHOE B3aMMOMICHCTBHE
c yBenuueHueM (a30BOif  CKOPOCTH  (wko+ Wko)/
(kz +k;’)>va ymeHbluaercs, TO OCHOBHOH BKJIaj B
HEro MAIOT PE30HAHCHBIE INEKTPOHBI CO CKOPOCTAMH
nopsaka ~wva. [ pynna ke pe30HaHCHbIX 3JIEKTPOHOB
COCTABJIAET JIMIIb MAJIYIO Y4CTh MOPAAKA ~UA[vTe OT
MX OOLIero 4YWMcia M ITOSTOMY HEJIMHEHHbIE 4JIEHBI
colepaT TakKyl >Xe MajlocThb, YTO M JIMHEAHBIE
YNieHbl, TPUBOAALIME K HEYCTOHYMBOCTH

’Vko/ wko -+ ky 'Unl) 'UA/UTC <1

Bnaronapss nocineaHeMy oOO6CTOSTENBCTBY, BpEMEH-
HyFO 3BOJIFOLIMIO BOJIHOBBIX MaKeTOB C AAHMHAMMU BOJIH
konebannit kopoue AS ri(vajvre)t/t yxke Henmb3st OMM-
ChIBATH C NMOMOLIbIO TMOJNYYEHHbIX YPaBHEHMH, XOTH
HEyCTOMYUBOCTL B CHIIY vko<k Wko MOXHO CYHTAThb
cnaboif. DTO CTAHOBHUTCS OYEBHAHBIM, €CJIM YYECTb,
YTO C YMEHbLIEHHEM MJIMHBI BOJHBI KO3((HIHUEHTHI
A(k, k'), B(k,k") B yp. 105 pacTyT COOTBETCTBEHHO
NPOIMOPLUHOHANILHO BTOPOH M YeTBEPTOH CTENEHM
OTHOILIIEHWs JIapMOPOBCKOTO paauyca 7i K JJIMHE
Boanbl A; Ak, k)o<ckk 72, B(k, k') ock?k2 74, Tlo-
aTOMY mipu k27i2>vTe/va TIO MEpE POCTa aMIUIMTYIbI
B TIEPBYIO OYEPENb HAYWHAKOT CKAa3BIBATBLCA HENHHEH-
Hele 3(B¢eKTh!, CBA3aHHbIE C TEMJIOBLIM BHXEHHEM
9JIeKTPOHOB. [lpuueM 3TO MPOMCXOAMUT NpPH TaKHX



aMIJINTYAaX, YTO CTAHOBMTCHA CYILECTBEHHBIM He
TOJILKO TIOMpPaBKa K 3HEPrMU B3aUMOJEHCTBHS, KBa-
IlpaTHYHasi IO SHEPrUsM BOJIH, HO M BCE OCTaJIbHbIE
YjieHbl Pa3JIOKEHHUS 3HEPrHU B3aMMOJEHCTBHMA BOJIH
No MX aMIUIMTYJaM, ¥ MBI BCTaeM INepes Heo6Xoau-
MOCTBI0 CYMMMPOBaHHA OeCKOHEUHLIX PALOB.

Takasi TPYAHOCTb He BO3HUKAET NPH PacCCMOTPEHUU
B3auMOJeicTBMs GoJiee [UIMHHBIX BOJH 7 >4
2 7i(vafvTe)/?, LA KOTOPBIX OCHOBHYIO POJIb HTPAET
HeJIMHelHas nepekayka SHepruu B GoJiee NJIHHHOBOJI-
HOBBIE TNYyJbCAalMM 32 CYET pacCcessHHs Ha MOHax.
CpaBHuBass B KuHeTHyeckoM Yp. 105 nuHeitHyro Ha-
Kauky koJieGaHuil C HeJTMHEHHBIM OTTOKOM, HAXOAUM,
YTO SHEPTUsl TaKUX MOJ He MOXET NpEeBbIIATh BEJIH-
yuHy. B paborax 20, 24 B KHHETHYECKOM ypaBHEHUH
IUIsl BOJIH OMYIIEHO HeJIMHEHHOe B3aUMOJEHCTBHE C
3NEKTPOHAMM, a TakXke Ta 4YacTb B3aUMOMAEHCTBHUS C
HOHaMW, KOTOpas Yy HAC OINHCHIBAETCA Uk/, k, -k’ H
WIpaeT OCHOBHYIO POJib NpH k7i> 1. IIo3TOMY OlEHKH
aMIUTMTYA, KOPOTKOBOJIHOBHIX IyJibCallii W3 paHee
MOJIyYEHHBIX (HOPMYJl OKa3bIBAIOTCA 3aBBIIICHHBIMH.

vko
Z ko wko < Ny T'i

Mko ky Tyl
k

2
T Ao (k1)

(107)
3Rech yx€ HETMHEAHBIN YIEH NOpAAKa ~] U no3TOMy
JHeprus konebaHuH nkwk CONEPKUT MAJOCTh Vk/wWk.
SlcHoO, YTO CneayrouIME YJIEHBI Pa3JiOXEHHS JHEepruM
B3aMMOJEHCTBMA 10 aMIJIUTYZAaM OTHAEJIbHBLIX BOJIH
cozepxaT 3Ty MaJjoCTb BO BCE BO3pacCTarolleit Cre-
neHn (vi/wx)", TaK YTO Pa3NOXeHHE CNpPaBEAMBO.

ITockonbKky B HacTOfilee BpPeMsS HE CYLIECTBYET
pEryJIIpHBIX METONOB PACCMOTPEHUS CUJIbHOW He-
YCTOWYMBOCTH, TO Mbl OFPAHUYUMCS CIYYAEM HE OUEHD
KOPOTKUX BOJH A2 7i(vafvrc)'/?, xorna NMpUMeHHMBbI
BCE pa3zBUTBIC BhIlllE METONBI.

Kak cnenyer u3 onenku yp. 107, mpuxon 3Hepruu us
KOPOTKOBOJNIHOBBIX MoA A<?i B JAJMHHOBOJIHOBbIE
A>7j BCNEACTBHE paccesHUs HAa MOHAX HE TPEBbILIAET
JIMHEHHOrO poCTa HEYCTONYMBOCTH OTHOCHTEJBLHO
INUHHOBOJIHOBLIX nynbcaumit A < ri. CpaBHuBas no-
CNENHWIA C HENMHEHHOM OTKAaYKOM D3SHEPrHH u3-3a
pacnanHbIX NPOUECCOB, MOJYYaEM OLEHKY CNEKTpalib-
HOMH TNMAOTHOCTH 3HEPIrHU B JJIMHHOBOJIHOBBIX KoJieba-
nuax [20, 22, 24]

: 1 B T
Z ko Wko R - K (ﬁx M) ng Tj 7

10 wko k2 ’I'j;"'- n T; + T
k
(108)
rae Ax=kx' — nnuMHa BOJIHBEL «IPeii(OBLIX BOJH»,

KOTOpass Kak M BCe NPOCTPAHCTBEHHOE MOBEAEHUE
¢roxTyaunit noTeHuMana 3JMEKTPUUECKUX MoJteit ¢ (x)
ONUChbIBaeTCsA, BOOOLIE TroBOps, uHTerpo-nuddepeH-
LUHaJIbHLIM ypaBHEHHEM, COOTBeTCTBYroWIMM B WKB-
npubikeHun aucnepcuoHHoMy yp. 98. EcrecrserHo,
yTO K abekTnBHON TypOyneHTHOM aubdy3un Moryt
MIPUBECTH JIMlIb KOJIeGAaHUsl, OXBATBLIBAIOIUIME BECH
oObeM muasmel. nruHa BoJHBI Ax KONebGaHui ¢ Takoi
LIMPOKO# 06J1aCThI0 BO3ZMOXHOTO ABHXEHHS a1/ Vn
OZHOTrO TIOPSIIKA C BEJTAYMHOM TapMOPOBCKOT0 paanyca
MOHOB Ax~r7i. BOCNONb30BaBIUMCHL Jajiee OLEHKOlM
MakCUMaJIbHOro HHKpemeHTa (yp.99), onpenensiem

TEOPUSA TYPBYJIEHTHOW TUIA3MbI

ko3 puument aundpdysud Ha Takux nynbcauusax [20,
22, 24]

m rivn cTj Te

°(DNW n eH Ti+Te
rivn\3(Mp\W2 TiET. 0) %
vez On ( n ) ( m ) (Te + Th)° = (109)

Ecnu obpaTuThCA Tenepb K PaCCMOTPEHHIO HHU3KO-
YaCTOTHBIX ApeiitdoBrIXx Konebanuit ¢ Gonee kopoT-
KMMM IJIMHAMH BONH 7i> A 2 7i (va[vTe)'/?, TO, npu-
HUMasi BO BHMMAaHMe BbICOKMH YPOBEHb aAMMJMUTYAbI
IUIMHHOBOJIHOBBIX Kone6anuit (yp. 108), Mbl 3amMeuaem,
YTO OHHM 3aTyXalOT B HEJMHEHHOM pexXuMe H3-3a
CHJIbHOTO paccesiHusi Ha MOHaX M He 1aloT BKJada B
nuddysuro. .

Onelky yp. 109 BmojHe HOCTATOYHO B Mja3Me HeE
o4yeHb Hu3koro pasnenus 0,135F<510-2, korma s
pe3yJbTaTe HEyCTOHYMBOCTH HMEIOTCS JIMIUbL KoJje-
Oanmst ¢ JUIMHOM BONHEL A2 ri (vafvTe)'/2.

B Oosee penxoil mnja3Me 3aBBILICHHBIE OLIEHKH
AMIJINTYAB KOPOTKOBOJIHOBEIX TYJIbCAUMil 1O CHIlb-
Hoilt cBsizu [2]] mOKa3bIBAOT, YTO kK03bduuueHT aud-
(y3uH YMCIIEHHO MOXET U3MEHUTHLCS IO CPABHEHUIO C
yp. 109 MakcumyM B 5 pa3. BykBeHHBIE 3aBUCUMOCTH
M3MEHSAIOTCS TaKXKe HE3HAYMTENbHO.

Jlo6aBHUM HECKOJBKO CJIOB OO OLIEHKE BIHMSHMS Ha
Iu(hY3nI0 BLICOKOYACTOTHBIX «APEH(OBBLIX» BOJH
(wk~ 24). OHU pa3BUBAIOTCA C MAJbIMH WHKPEMEH-
TaMu v< (Wt —U1Q2H) U TIPEKpacHO ONMCBLIBAIOTCS
KuHeTHyecknM yp. 105, B KOTOpOM OCHOBHYIO POJib
WUrpaloT HejuHeliHble 3QQEKTs, OMUCHIBAIOLUHE pac-
CesiHME BOJIH MOHAMH. B MakKCBeNJIOBCKOM Tmasme,
KOrga YpoBEHb J[JIMHHOBOJIHOBBIX TypOYJEHTHBIX
nyjabcauuit onpepensiercs ¢gopmynoit 108, Bbicoko-
4aCTOTHHIE KOJieOaHUsl MONABJIIOTCS B HENHHEHHOM
pexume.

Tpu yMeHBIIEHHU 4YacCTOTHI CTOJNIKHOBEHWIl 4acTull
Ye HHXKE «KBaswjuHeiHoi» v®* nns nynbcauuit ¢
IJIMHAMU BOJIH AR 7i MBI €1lle HE NIEPEXOAUM B PEXKHUM
AnGdy3uM BLICOKOTEMNEPATYPHOM NMa3Mbl. DTO Npo-
HCXOAUT BCJIEACTBUE TOTO, 4TO obGpa3oBaHue maaTo
Ha (QYHKUMH paCTpeResIeHUs! JIEKTPOHOB NMPUBOAUT K
MOJABJICHUIO NJIMHHOBOJIHOBBIX KojebaHHH, HO Torna
cornacio yp. 105 BO3HMKAET BO3MOXHOCTb PAa3BHTHSA
Gonee kopoTkux BonH. IlycTh k, — BONHOBOE 4UCIIO,
HHXE KOTOPOro JIMHEHHBIi WHKPEMEHT HEeyCTOMuM-
BOCTH MajaeT u3-3a 0OpaTHOro BIHAHWA KojebaHUH
Ha «(hOH» (MBI ONpeAearM ero najee Npu 3aAaHHOH
YaCTOTE COMJIACHO OYEBMIHOM (opMylie ve v vO*
nk(ky)/nk(ri~?). Torna ans xoneGauuit Gonee kopoT-
KHX, YeM Moga (wk, Ky), PpyHxumio pacnpeneneHus fo
MOXHO CYMUTATh MAKCBEJIJIOBCKOH M KaK Npexae OHH
OyayT noOaBieHbl M3-32 CHJIBHOTO pacCesiHWs Ha
HOHaxX. AMIUIWTYAA 6oJiee MIMHHOBOJHOBBIX KkoJjieba-
HMH PacTeT A0 TAaKOW BEJMUYMHBI, KOTJA HAYHET MOJaB-
JATHCS CHyXalas MCTOYHWKOM 3HEpruu moma (wko,
ko). I1pu 3TOM BO3MOXHO OaTh JHILb OLUEHKY CBEPXY
IS CYMMapHO#H «3HEpruMm» BCEX IJIMHHOBOJHOBbLIX
nyJjbcauui

- k ~ vko (k) ( "IN Al - Te
2o wko - o TG (2 ) gt né D5+ T
k (110)
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AMIIMTYA HEYCTOMYHBOTO KOPOTKOBOJIHOBOTO KO-
nebaHus YCTaHABJIMBAETCS B COOTBETCTBHM C BO3-
MOXHBIM TEMIIOM JUCCUMALMM IHEPTHH KoJieGaHMil B
3aTyXaloluX o0NacTAX COEKTPa U YMEHBIIEHUS YHCia
KBAaHTOB 3a CYET PacHaIHBIX IPOLECCOB.

OnHaxo ypoBeHb aMIUIMTYABI 3aTyXamoliux Koje-
Oanuii cam 3aBucuT oT BeauuuHel n(ky,) M 3amava
onpepenenust  ammnuryasl  n(ky)  3aTpymHseTCH.
MoxHo B cooTBercTBUM € Yp. 110 cuutaTh, 4TO

('r. v n) 1 Te

vk (ko)
7 (Ky) ok (Ko) S no T o n ) kdr® T; + Te

wk (Ko)

OTciona HEMOCPEACTBEHHO MHOJyYaeM OLEHKY CBEPXY
s xoadoduumenra nuddysun

m riVncTi; T.

D3y cBHT 1 7.
s o arp [riV7 Jt_f_ﬁ)l/z Wy
ve % 8 2 Ou ( Hm T T To) T

Ecmu paBnenue mnasmet 51072, To mpu mocTernen-
HOM YMEHBIIEHNM YacCTOTBI MBI HOXOAMM HAO KOJie-
6aHuii ¢ QIMHON BOJIHBI Kopoue 7 (m/M f)Y4. Ammiu-
TYAYy WX MBI HE MOXEM OTPENENIUTH B HPUOIMKEHHA
«cyaboit cBsa3n». IT03TOMY MOXHO UL YTBEPKAATD,
YTO pe3yibTaT, yp. 109, cpaseiuB 1o xpaitHei Mepe
IO 4acTOT CTOJKHOBEHHUH

e Qu (’ri Vn)a T Te

(Ti + Te)®

~ (111)
Ilpu MeHblUel YacTOTe Mbl HEMOCPEANCTBEHHO MOXKEM
HaxoOuTh Ko3thduuueHT nuddysuu mo dopmyse 103.

IIpunoxenne

HaiinemM HeoOxoawMeble ayis NOCTpOeHHS TypOy-
JIEGHTHOW KWHETHKHM TJIa3Mbl Pa3jIOXEeHUS OBICTpO-
OCUMJINUPYIOLLEH YacTH (YHKUMM pACIpelESICHUS IO
aMIUIUTYAaM (IIOKTYUPYIOLLHX 3JIEKTPHYECKHX TOJIel
0E. JlnAa sToro mnepeHeceM HEJIMHEHHBIE 4YJIEHBI B
KMHETUYeCKOM ypaBHeHUH BoJbliMaHa [ OTAeNBHOM
KOMITOHEHTbl Dypbe (QYHKUMH pacrpeneieHus [io!
B MpaByl0 4YacTb W TMPOHHTErPUPYEM YpaBHEHHWE IIO
TpaekTopuaM uacTui [25]

. ]
) _ —
fk w (I', v, t) m;

l .
[0Fw a—ﬁ‘é”vL”- ar (112)

K+k'=k —oo
3nece mHTerpai OepeTcs BHOJb TPaeKTOPUM 4acTHL,
3a[1aBaeMOi ypaBHEHUAMH

% (1) = — = {5 [65(8) — i (¢ — )] — sin 63 (1)} + 23 ()

vyj(t) = v sin [6; () — wn;j (' —1)]

wnj =e Hlmjc (113)
rae 0;(t) =0jo— wnit — daza BpamieHus YacTHL
BOKPYI' CHJIOBOM JIMHWUY, MATHUTHOE T10JIE€ HANPABJIEHO
MO OCH 2.

CootHowenne 112 MoxeT ObITh HEMOCPEICTBEHHO
HCIOJb30BAHO MJIA HAXOXIEHHS Pa3JIOKEeHUS (yHK-
UMM DPAacCIpeNe/iCHUss B PAX MO CTENEHAM MalibiX
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ammiuTyn 0Ex MeToooM mocinefoBaTeNbHbIX MTepa-
LUHMHA, ecIM B mNpaBylo 4acTh 112 noncraBiaTh yxe
HalJIeHHBIE NPUOTHKEHHS.

3agayy OyneM pewaTbk s obwero ciydas He-
OJHOPOJHOH IIa3MBbl, KOTAA ITUIOTHOCTH YacCTHLL
MEHSETCA ¢ KOoOpAMHATOM z. ®YHKUUSA pacnpenele-
HMSI YaCTUL B HEBO3MYILIEHHOM TIJIa3Me 3aBUCHT TOJBLKO
OT MHTErpajioB MABMIKEHHS YacTUL W MOXET ObiTh
BbiOpaHa B BUE:

©\3/2 092
fos (@) = (X) (5| exp — P
—_ Yy
X=ot+ 2 (114)

Mszr 6ymeM paccMaTpUBaTh TOJIBKO Te Cliy4ad, KOraa
IpPU OTNMCAHUU (DIIFOKTYALMH JJICKTPUYECKHMX II0JEi B
IIa3sMe MOXHO Bocmonb3oBaTbesi WKB-npubmmke-
HUEM M pasjiOKUTh DJEKTPHYECKUE TMOJiA B pAl
®ypre

PYD) =_iZk(pkwexp(—i wt+ik-r) (115)

k, @

rae ke — ®yppe — npeobGpazoBaHHE CKaNSIPHOTO
MOTEHI[AAA.

Iloncrasnss yp. 114 u yp. 115 B yp. 112, monyuaem
nonpaBky k (GyHKUMH pacnpeneieHus yp. 114 B
JIMHEHHOM TTPUOIMKEHNH

¢
: & m;
= —ik.v, 2
fro mj f { kv, T,

— 00

s m;j ]Cy i}
Ve va g + 1000 5

X foi (@) Prewdt (116)

WHTerpupoBaHue NO BPEMEHM 3[€Ch JIETKO TIPOBO-
JIATCS, €CJH TPUHATL BO BHUMAaHHE COOTHOILECHHE

k .rJ- (t,)=— [k Xw‘;lg",)]z + [k xw:! (t ]Z

[k x vl
wHj

+ker (f)

i [kxv (t)]zy
wHj
(117)

. 0
ik-v, (t)exp-i —wg,mexp—

exp— [ XV (

ZJ(’““)evp—ll[wm/ -]

= - 00

H(x) — bynxuua Beccens neHCTBUTENBLHOTO apry-
meHTa. Mcmonb3ys ux, u3 yp. 116 nonydaem

frod = wkmz Fro, 5 (2, v1, v2) foj (458
!

. [k t)).
X exp{xl(() + 72 —yx) + IT_XE;\;%]_}
T d
leJ—kz’Uz +ky m; 08 dm

jr. &
ka'IJ/OJ_ T o—kyvz + Lopy +10 fo']

oj = ki rj; S=v,fvri; vrj = (Tjfm;)'2; 7 = vrj whj



Tlockonbky Bo3amyuieHHas QYHKLUMS pacnpeesieHus
YX€ 3aBHCHT OT (pa3 BpallieHHs yacTul Ha opbutax 0j,
TO MO CPaBHEHUIO C yp. 116 y HAC MOABAAIOTCA JEHbI
HOBOI'O THIMA, CBA3aHHbIE C AMDhepeHUnpOBaAHUEM TIO
0j: MX HHTErpupOBaHHWE TO BPEMEHH NPOBOAUTCA C
UCMONB30BAHUEM COOTHOLUEHUS
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MULTIPARTICLE ASPECTS OF TURBULENT-PLASMA THEORY
A.A. Galeev, V.I. Karpman, R.Z. Sagdeev
Institute of uclsar Physics
Siberian Section of the USSR Academy cof Sciences

Novesibirsk, USSR

Abstract

]

higs paper reviews work on a new approach tc the theory of a weakly
turbulent plasma. The essence of this approach is the concept of a turbu-
lent vlasma as an assembly of weakly interacting gaseous particles (ions,
electrons) and quasi-particles (coilertive oscillations). Instability
effects play the part of sources ir the kinetic equations for the quasi-

particles.

An application of this method, which constiitvrtos a generalization of the
quasi-linear theory, is given by the analysis of anomalous transfer effects

resulting from various plasma instabilities.

1 Introduction

In this review an attempt is made to describe the behaviour of a plasma
when such a large number of excited collective oscillations is present that
a statistical approach is applicable. Reliable methods of describing such a
plasma may be developed for those cases in which oscillations interact weakly
among themselves and with the 'background". In this case we may regard the
od>llection of oscillations as a slightly non-ideal gas of waves-'"quasi-particles"
possessing "energy" ... and mcmentum .... . The exchange of energy between
the quasi-particles and the background of averaged particle distribution, as
well as that within the quasi-particle gas, may be considered by perturbation

theory, by assuming the amplitudes of the oscillations to have random phase.

65-3319 (cont'd)
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At present there are various methods of constructing such perturbation
theories. The most advanced are those methods where quantum field theory is
applied to quantum statistical systems. In the case of plasma, however, where
Boltzmann equations rather than a Hamiltonian are used as a basis, the inter-
action of weakly turbulent pulsations may be described more conveniently by
asymptotic perturbation theory, as in quasi-linear theory Z—l, 2_7 . Here the
isolation of quasi-particle waves is carried out automatically on the basis
of classical kinetic equations for the particle disiribution function in the

plasma and of laxwellian equations for the self-c 18 bt i .
plas d of Maxwelliz t f the 1f-consistent field

Since quasi-linear theory dezls cnly with the interaction of waves with
particles, it became necessary to generalize this theory for the case of the
intsraction of particles among themselves (some estimaies of these effects
have already been made by Drummcnd and Pines in the work quoted, as well as
in ref. 3). These effects were sysiematically and simultaneously considered
in two groups of works. In ref. 4 asymptotic perturbation theory applied to
hydrodynamic oscillations is again used for this purpose (the conclusion f
ref. 3 is improved on). The authors of ref. 5 used?iheir point of departure
correlation chains; basing the discontinuity and coupling of equations for
the latter on the weakness: of the interaction, which is virtually equivalent
tc using perturbation theory. It should be noted that several other apprca-
ches to the problem have appeared recently 1—6—9_7, and analogous results have

been obtained with them.

By the above-mentioned methods it is possible to examine a series of
prcolems in the theory of weakly turbulent plasma, such as the relaxation of
the epithermal fluctuation of plasma oscillations,; the determination of a
stationary spectrum of turbulent pulsations as a result of the development of
a wesk instability (of considerable interest for the study of various turbu-
lence transfer processes), etc. What are the characteristic fcatures of the
determination of a turbulence spectrum in a slightly unstable plasma? The

determination of the spectrum must include the study of three processes:

1. growth or damping of oscillations under the influence of the back-
ground;
2. energy redistribution of oscillations due to their mutual interaction;

3. reciprocal influence of newly-arising oscillations on the background.

For waves of very small amplitude the first process is studied in linear

stability theory. )
(cont'd
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As the excitation amplitude grows, processes 2 and 3 are taken into
account. However; it is not always essential to consider the nonlinear
interaction of oscillations. TIndeed, under the influence of oscillations
growing as a result of instability, the distribution of plasma particles
often relaxes fairly rapidly intc a distribution which no longer permits a
buildup of the existing set of oscillations. (However, the re-formed distri-
bution may well be unstable with respect to other types of oscillation). At
the same time, if the oscillations have not grown to such amplitudes that the
nonlinear interaction has become substantial, then the processes of energy
redistribution hetween the various modes car be neglected. In a number of
cases, however, nonlinear effects appear befcre relaxation by particle re-
distribution has tsken place. The picture of turbulent movemen®t can then be
presented in the following way. In certain regions of phase space ( cecoo. )
there is an inflow of energy due to instabiliiy. (Almost everywhere in this
paper we shall consider perturbvations in the form of a set of oscillations
teeetossescsasocssess ). In other regicns the oscillations are damped. It is
clear that the energy cannot concentrate only in unstable regions of phase
space, since for large amplitudes nonlinear interaction would produce an
excessive outflow of energy across the specirum ( ....... ) into regions.
vhere oscillations either do not build up or are damped altogether. We obtain
the order of magnitude or the amplitude of the steady-state oscillation with
given ( ..ese0e.. ) in a quasi-stationary regime by comparing the inflow of
energy into the given mode because of instability with the outflow into other
modes because of nonlinear transfer across the spectrum. Kncwing the ampli-
tude of each mode of the pulsation turbulence spectrum we are then able, by
so-called "quasi-linear” equations which take into account the reciprocal
effect of the oscillations on the background, to follow the change in this
background and to find all the transfer coefficients (such as electrical

conductivity, particle diffusion, etc.).

2 Kinetic equations for weakly turbulent plasma

In this section (we follow ref. 10) are set out the general deductions
and the investigation of the kinetic equation for waves and particles accu-
rate to the second order in the oscillation energy. To avoid cumbersome
generalizations and details we shall limit ourselves to an examination of
potential oscillations ( ..eesssseecesess )o As is shown in ref. 11, all

results set out below are also valid for arbitrary non-potential oscillations.

(cont'a)
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2A TXinetic ecuation for waves

The basic equations for potential oscillations are

(1)

The vector for polarization current density ... , taking into consideration

the terms; non-linear in ..... , can be presented as

(2)

where ..e.co0ee0.. 1= 2 functionzl of the nth order in the electrical
field., In parficular, .... is cdetermined by electrical conductivity and

has the ferm

As will ve seen below, non-linear polarization currents have an analogous

form. Thsse currents can be expressed by meking appropriate additions to
the plasma particle distribution function. For this purpose we shall start
with a kinetic equation for the particle distribution function, which can

cenveniently he written as

(3)

where .... 1s a plasma Hamiltonian when oscillaticns are not present;
eso+s. 1is the part of the Hamiltonian describing the interaction of par-

ticles with the wave field

(4)

where ....... 1s the intensity of the stationary magnetic field. We
neglect collisions between particles, and therefore we shall omit the colli-
sion integral in eq. 3. The particle distributicn functions are given the
indices eeseseeves ( .. — electrons; .. - ions). Henceforth, if no summa-

tion over ... is carried out we shall omit this index.

Turning to the lagrangian variables .c.ees..... corresponding to the

motion of particles in the sitationary magnetic field, we obtain instead of

(cont'd)
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eq. 3

(5)

From this we find the nth order terms in the distribution function

(6)

where ....cc0eec0eee0o 18 the unperturbed distribution function. With
the aid of eq. 6 it is possible to obtain the nth order polarization

current ecoceeces

(7)

( «». is the density of particles »f the appropriate type). By use of the
properties of Poisson brackets,; the sxpression in the braces of eq. 7 can

be ccnvarted to
(8)

Substituting eq. 8 into eq. 7 and turning to the Fourier representations

o

[0} and seccecocaeo we obtain

(9)

where

(1)

(11)

where the symbol ... denotes the sum over all possible permutations of the
PaiTS ( seseess ) eeesnceseccsess o Henceforth we shall call ..eeeeeonse

the nth order response.
(cont'td)
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Turning in eq. 1 to the Fourier components, we obtain a dynamic
equation for waves in which we shall now limit ourselves to the nonlinear

terms up to the third order of .... inclusively

(12)

where ... and ... are determined by eq. 9, and ..... is the dielectric

permeability of plasma for longitudinal oscillations

(13)

The retained terms (to ... inclusively) will give the basic contribution
to the nonlinear interaction cf waves. We shall solve eq. 12 by successive
approximations, taking as a first approximation the solution of the linea-

rized eguation

(14)
If the dispersion equation +......... has a real solution ... , then the
solution cf eq. 14 1S ceweecscsces .« Where absorption or instability is

present; ... is complex. In this case the solution of eq. 14 may be pre-

sented as
(15)

where ... denotes the rule for the by-pass of the pole in the integration
»f eq. 15 over ... ¢ in the first term in brackets the pole is passed from
above, and in the second from below, irrespective of which sign precedes
ceseesssaess o (It is convenient to consider ... as some function of ...
which is non-vanishing only within a small range close to the point; at this
point ...cecescseess o Integration of the expression 15 may be carried out
with respect to the real axis). The solution of eq. 14, which is time-depen-—
dent, may be presented in the form .......¢ec.c.... Which, when the rule

for bypass of the pole is taken into account in .(..eeeeee 5 yields siceeeas

for all ... o

Using eq. 15 we obtain for the second and third approximations expressions
of the form
(16)

(cont'd)
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(17)

We now turn to the statistical description of the assembly of waves,
assuming their phases tc be random. We shall calculate ..coceee. 5 limiting
curselves to terms of the fourth crder of ... .<%J denotes averaging over

the phases of the initial ampliitudes ... which appear in the first approxi-

nationy eq. 15. Presenting ..... as a Fourier integral, we obtain

(18)
WHETE  eeeseesooccssnve 185 the linear growth or damping rate of the wave. In
the zerms of fourth order in .. we neglect the imaginary part ... which

is justified when .c:c00c¢000e.... . This msans that ve neglect terms .....

1

YNETE ....... 18 the characteristic time for the cnange of wave energy as a
wesult of non-linear interaction. The expression in parentheses in eg. 15 is
replaced by the ..-function. It should also be noted that, when the eqs. 1€
anG 17 ares integrated, the poles brought about by the zeros ...c..... must

bs passed from above, a consequence of the condition sevsoeceoasna ( oo = 2

Thus; in egs. 16 znd 17 one may put
(39)

Substituting into eq. 18 ... and ... ; and taking intc account eq. 19, we

covtain the kinetic equation for waves

(20)

In connection with eq. 20, note that it comprises a formal series expansioa

in powers of the oscillation field corresponding to normal perturbation theory.
However, with such anrn expansion, divergent terms appear in the contiibutions
»f the various orders. As will be shown in sub-section 2 C, these terms are
essentially secular effects and may be eliminated by summing the divergent
terms in all orders. It is shown in sub-section 2C that after summation the
responses are again determined by eqs. 10 and 11, wherc it is necessary to
omit the divergent terms and replace in eq. 11 the uanperturbed distribution
function .... by the function ... which changes slowly with time, where ...

is determined by the quasi-linear theory equation (increased by terms which

(cont'd)
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take into account the interaction of the waves).

If, instead of ... ; we introduce the number of quasi-particles

oo 9

which is determined by the relationship

(21)

so that +...... is the spectrum of oscillation energy density, then the

kinetic equation for the waves becomes

(22)

where .. is the symbol for principal value. The nonlinesar term in eq. 22

mey te intsrpreted as the oscillation integral for waves (quasi—particles).

2B OSome general properties of the '"cecllision integral' in the ‘kinetic equa-

tion for waves

The values .. anéd .. from eq. 11, which determine the second and third

order responses, satisfy certein symmetry relationships which are extremely

o
9]

eful in investigating the nonlinear terms in the kinetic equation for waves,

eq. 22,

We shall first .examine the properties c¢f the second order responses. From

eq 11 it is easy to obtain (using the properties of Poisson brackets)

(23)

(24)

It is not yet possible to cbtain directly from egs. 23 and 24 any relation-
ships for the value .... determined by e3.l0; since the integration over ...
is carried out along the semiaxes from ... to ... . However, if we intro-

duce the complete Fourier function component

(25)

then it follows from egs. 23 and 24 that
(26)

(27)

(cont:d)
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The response which interests us, ..... ; is coupled with ... by the

relationship

(28)

We shall call 211 relationshivs of type 28 "spectral expansions". In order
to clarify the meaning of eg. 28 we shall examine in greater detail the
structure of the terms eececccesceess o Substituting .... from eq. 11

into eg. 25, we obtain after integration with respect to ..eeae 3

(29)

Differentiation with respect tc the Lagrangien variables .e...... 1s implicit

in the Poisson brackets. Instead of .... it is necessary to substitute here

(30)

where .... is the Larmor frequency (of the corresponding particles)9 o

is the unit wvector directed along ... . After integration over c....

there will appear in egq. 29 ... -functions of the form .....cc.0 and .....
instead of exponentials. Here it is important that the ... -functions
contain ... and ... with the same index. These ... —functions are acted
upon by some differential operators with respect to ... . When there is

no external magnetic field the values ..... take on a particularly simple

form. In this caSe eeecsessoeos and from eq. 29 it follows that

(31)

(Eq° 31 is obtained from within the brackets in eq. 29 by a cyclic permu—

tation); ececesscocccoecssse o

After substitution of eq. 31 intc eq. 28 and integration with respect
t0 +.e.e.. 5, We obtain an equation of the same type as eq. 31, but instead

Of emo0oeeococo0 e it Contains e 00 eseces e L]

From the foregoing it is clear that the intermediate results in terms of
eee and ... entering into eq. 22 are due to the resonant interactions of

the oscillations with particles possessing the velocities

(32)

(33)

(cont'd)
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The first two cases in egs. 32 and 33 correspond to the resonant inter-
actions of the natural oscillations (with frequencies ... and ... ) with
the plasme particles; while the last case corresponds to the resonance of
forced oscillations (with frequencies ..... ) with particles. Clearly,
the nonlinear term due tc the resonance of the natural oscillations with
the particles, is considerably smaller than the linear term ...... that
contains the same halfway results, and can therefore be neglected. We can
consequently neglect in the nonlinear terms the above partial contributions
arising from the natural oscillations; i.e. the poles not containing combi-
nation frequencies are integrated like principal valueS$.

We now write the spectral expansion for the value .ccos0o

(34)

In eq. 34 we have retained thne inaginary additions only in the denominator
5
conteining the combination fregquency ...... § the remaining peles are

integrated like principal values. Converting .... in eq. 34 with the aid

20

of eq. 26, an cesso With the aid of eq. 27, and then replacing the inte-

gration variables we obtain

(35)

where the value ..c..c.0... 1S determined by the following relationship

(36)

it differs from ..cceseeso oOnly in the signs of the imaginary additions).
g g

Equation 35 is extremely useful in investigating the collision integral

in the kinetic equation for waves.

We now turn to the third crder responses ........ , and introduce the

Fourier components

(37)

where ... is determined by eq. 1ll. It can easily be seen that

(38)

Equation 38 is written for that value which is contained in the collision

integral for waves. It should also be noted that in eq. 38 we have

(cont'd)
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omitted two divergent terms containing ...... and ..... (in accordance
with the remark made after eq. 20; see also sub-section 2C.

We now obtain some relationships for the values ... and ... . On
using the propertiss of Poisson brackets, the eq. 11 for .. = 3 may be

rewritten in the form

(39)

(for the sake of brevity the spatial arguments are not written out).
Completing the cyclic permutation ...co-cocoesan in the right-hand part

of eq. 3G we obiain
(40)
Trom egs. 39 and 40 we derive

(41)

(42)

IT the value csccscossescncsss 15 Nnow broken dewn into two parts

(43)

(44)

(so that the principal contribution to ... is given by the resonance of
particles with a forced oscillation of frequency .e¢.... ; and the contri-
bution to ... by resonances with frequency .¢..es ), then the following
symmetry relationships emerge from egs. 41 and 42 (provided that all poles
not containing combination frequencies are integrated like a principal

value)

(45)

(46)

To obtain eqs. 45 and 46 use was made of the fact that substantial parts

of the values .. in eq. 44 make no contribution to .......... (in other

(cont'd)
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words these values are determined only by contributions of intermediate
results in the spectral expansions eq. 44). Proof of this statement is

given in Annex A.

Finally, it should be noted that in addition to egs. 35, 45, and 46,

the following obvious relationships take place
(47)

Using the derived symmetry relationships for respinses cecceeccecces 1t
is possible to estabiich some useful properties of various terms of the
collisicn integral .vsc-..-.. in the kinetic equatioa for waves. We di-

vide %ais integrai Into tWo parts

(48)

WNETE evoonoscesse contains all terms with ..icesncossewsss and describes

the interaction of waves for which the "decay' conditicns are fulfilled

{49)

O using eqs. 39 and 47, the following expression for ..... is easily

obtained

(50)

vhere

(51)

In eq. 50 the summation over only the positive frequencies .ccceeceeeseos

is already implicit.

This part of the kinetic equation for waves, the only one in the case
of a “transparent medium" (that is, when the resonance interaction of par-—
ticles with waves may be neglected), has already been obtained from plasma
hydrodynamic equations in refs. 3 and 4. It should alsc be noted that
eq. 5¢ coincides with the right-hand part of the kinetic equation for pho-
ions in a solid body, if it is assumed that ....s..... « The quantum

deduction of kinetic equations for waves in a plasma is examined in ref. 7.

cont'd
( )
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The second term in eq. 48, ...... , is determined by the resonance inter-
action of forced oscillations with particles. This effect may also be inter-

preted as a forced combination scattering of waves in the plasma.

We now present ococceesess 1N the fOrM .cecveoscecenccccsccnnns

(52)

where o..... corresponds t0 .c.cecvococann

and .... COTTESPCNAS TO cescececesccscsss

where ... COrresSponds t0 ceveicecococss

and ..... corresponds to ceecceocecccoee

BNA  cseevesesssso are determined in ea. 44. On using egs. 35,.45, 45, 47,

it is easy to verify that

(53)

(54)

In most specific cases thefcentribution of the resonance interaction af
combination waves of freqQuUENCyY ceees-s.... With particlzs may be neglected
in comparison with the corresponding ccntribution of terms with .cceceeces .
This means that .coceceeseessss 3 S0 that the entire kernel of the integral
seeesess may be considered anti-symmetrical. Accordingly, it may be pre-

sented in this case in an explicitly antisymmetrical form (see eqs. 35, 36)

(55)

WREere .e.soeeeesss 1is determined in eq. 36.

In concluding this subsection we would point out that the kinetic equation
for waves, where the collision integral is expressed by means of responses

toesessseeesss presented as spectral expansions, is extremely convenient in

(cont'd)
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practice, since these values may be calculated relatively easily (as was

seen from the deduction eq. 31).

2C Summation of divergent terms. Connection with quasi-linear theory

We shall examine the general expression for the distribution function
ssesscsso O0Tained by summaticn cof e series from perturbation theory. Sub-

stiteting into eq. 6 .... from eq. 4 and summing over all ... we obtain
g

(56)

ﬂhf‘?e 4 ef 3y adTENANFRARD ars

¥i3r

Ee=Faprier eomponents of the potential and

the micro-density of the charge (eq. 4) and
(57)

... is determined by eq. 303 Poisson brackets are taken with respect to

=t

zgrangian variables). Into this expression it is essential to substitute
esseres 3 Which are expressed by means of amplitudes ... of the natural
oscillations from a dynamic equation of the type of eq. 12, where the most
simple terms in eq. 56 will be those obtained by replacing all .... by

e ceseosss. (the first perturbation theory approximation for the potential).
Denoting the sum of all such terms by means of ... and averaging over pha-

ses of 211 ... we obtain
(58)

For the summation term in eq. 58 to be nonvanishing, it is essential
that ... corresponds to each . .... o We shall now isolate in eq. 58
a subsequence in which the conjugate pairs ( eeeses. ) and ( ..... ) are

side by side. Denoting the sum of such terms by means of .... we can write

It can easily be seen that here the integrand is divergent. To verify this
we shall examine in detail the simplest case of a plasma without a magnetic
field. It then follows from egq. 57 that

(60)

(cont'd)
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so that the denominators in eq. 59 of type ceceeccoosceses €tc. vanish.

Clearly these divergences are the manifestations of secular effects.

Differentiating eq. 59 with respect to ... and taking into account

eq. 60, the following equation for ..... is easily obtained

(61)

Substituting eq. 60 into eq. 61 and differentiating in the Poisson brackets,

we cbtain the well-known quasi-linear theory equation Z-l, 2_7

(62)

The sum of the divergent terms of the series in eg. 59 is therefore finite and
agrees with the distribution function of quasi-linear theory which changes

slowly irn time.

inalogous reasoning is alsc possible for a plasma in a magnetic field.
Here; ithere are complications due to the fact that ......... is already the
sum ¢f terms containing ..ccccceevcscsess ¢ sC that the sum in eq. 52 will
contzin finite terms as well as divergent ones. It can easily be seen that
summation of only the divergent terms again produces a quasi-linear distri-
bution function (discarding the remaining terms is equivalent to averaging over

the Larmor gyration of the particles).

¥Mpreover it is easy to wverify that if, simultancously with the summation
of the divergent terms in the distribution function; one sums the terms of
analogous structure in the kinetic equation for waves, i.e. terms cf the

form (see eqs. 7 and 9)

(63)

this leads to the replacement of the linear growth rate

(64)

by the quasi-linear growth rate obtained by the replacement of .. in eq. 64

by e o0 .

In particular it is clear from this why the terms containing ...e.e0 §

veeesenses are excluded from the spectral expansion for ..... {eq. 38).

(cont'd)
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They have a structure of type of eq. 63 and are therefore included in the

quasi-linear growth rate.

Finally, it should be noted that if, in addition to the series in eq. 59,
we also take into consideration the additional terms in eq. 56, where some
of the ...... are replaced by .... - as well as terms in which the con-
jugate pairs (eeecescsecsesens) do not stand side by side - then (after
averaging over phaSﬁQ Wwe obtain an eguation for the slowly changing back-
ground distribution which takes into account the interaction of waves. With
an accuracy to terms of the fourth order in ... this equation is (for

simplicity it is written for a plasma without magnetic field)

(65)

whers

The expressionsfor .... are easily obtained, after the substitution of
eq. €0 into the corresponding Peisson brackets; ........ in the second
term of eq. 65 is determined by the kinetic equation for waves (eq. 22).
In obtaining this term we took into account (in the first approximation)
the imaginary parts ... in ... , which are determined by eq. 15. In

noIng So we used

where ... is the symbol of principal value.

When ... changes not only in time but also in space, it is also ne-

cessary to include in ....... a translational term equal t® cveveees o

Finally, it should be noted that, as can be seen from the contents of
this subsection, averaging over a random phase distribution is initially
equivalent to a transition to slowly changing time. This has been thoroughly

studied in works dealing with the basis of kinetic theory 1—12, 13_7 .

2D Conservation laws

We shall first examine the case where the decay conditions, eq. 49, are
not fulfilled and only the resonances of particles with forced oscillations
of frequencies ..evececeesoces are important. In this case the eollision

integral for waves has the form of eq. 55. Since its kernel is anti-

(cont'd)
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symnetrical with respect to .. and .. ; a change in the total number
of particles is determined by

(66)

If we neglect the values ... (for example, as a result of the establish-
nent of a quasi-linear "plateau" on the particle distribution function in
the region of resonance with natural oscillations Z_l, 2_7), then the total

number of quasi-purticles is conserved

The law ~f 2onservatiorn of gquasi-verticles has impcertant consequences. Let
the oscillation spectrum be such that the frequencies change only slightly
#ith change in .. - as, for example, in electron Langmuir oscillations for

which

(67)

ees is the Debye electron radius.

In this case, as a result of the conservation of quasi-particles, the total
energy in the first nenvenishing approximation (with an accuracy te .....)
will be conserved; that is, the non-linear interaction produces in this
approximation only a removal of energy from one part of the spectrum to the
other (for a ene-diménsional packet, this has already been noted in ref. 2;
for a three-dimensional packet, in ref. 14, 15. If the removal is from the
shcrter to the longer waves, then in the following approximation with respect
tO0 +es240e00... the nonlinear interaction prcduces complete damping of the
wave energy (nonlinear Landau damping). If, however, the removal of waves
goes in the opposite direction, then total growth of wave energy in the packet
occurs in the next approximation. However, this by no means denotes the pre-
sence of nonlinear instability, for «eesecceccsaccsceaesss o Such a case
may come about, for example, if there are currents in the plasmaj that is,

if there is motion of the electrons relative to the ions with a velocity

exceeding a certain kinetic velocity.

Completely analogous consequences, arising from the law of quasi-particle
ronservation; also occur in the case of TCrummond-Rosenbluth oscillations
1—19_7 excited by the passage of a current along the magnetic field in a
plasma with ..... for which the oscillation frequency is extremely close to
the Larmor ion frequency (Te and Ti are the temperatures of the ions and

electrons, respectively). (cont'd)
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In the case of ion-acoustic oscillations without a2 magnetic field, the

spersion equation has the forms

or simplicity, it is assumed that ...ceccoo ). Here, the removal effect
sys a principal part only when the wave frequencies are close to ...
2t 18 ocecccosesocs o Otherwise the redistribution and the change of

tal energy are generally of the same order.

We shall now examine the case in which ...... for zll waves present.
then follows from eo. 66 that ..cceocccnsese , that is the ncnlinear
mping of the waves cannot alone compsnsate their growth as a result of
near instability, and consequently the establishment of a stationary state
impossible., Incorrect deducticns about such establishment were made
15, 17_7 because, owing to the cumbersome nature of the expressions and
lculations, the anti-symmetry of the kernel of the kinetic egquation for
e wavss was not noted. Note that a2 stationary state may in principle be

tablished if ccooesvoecs.. for the part of the waves in the packet.

Pinzlly, we shall examine the case in which ..... and .... in eq. 48
e so insignificant that the decay interaction of waves plays a pwincipal
rt. From eq. 5C, which determines ........ , the following conservation

ws may be derived directly

(68)

e first of these equations is the law of the conservation of wave energy
t will be recalled that ..... is the spectrum of oscillation energy den-
ty), and the second equation clearly represents the conservation of mo-

ntum. Note that while the oscillation energy and momentum are conserved,

is possible that the number of quasi-particles ... may not be conserved.

Svolution of a spectrum of weak turbulence in time owing to the non-linear

interaction of waves

Because of the complicated form of the collision integral in the kinetic
ation for waves, it is interesting to examine particular classes of prob-
s that permit an analytical solution by means of which the evolution in
e of a turbulent oscillation spectrum may be followed. In this section

shall examine one of these problems, the nonlinear evolution of a Langmuir

(cont'd)
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electron oscillation spectrum in a plasma without a magnetic field. This
problem is interesting for another reason: in a number of cases in the non-
linear relaxation of electronic oscillations, the principal part is played

by ions, which might seem paradoxical at first sight.

Since the decay conditions (eq. 49) for Langmuir electron oscillations
are not fulfilled, the collision integral for waves consists only of the
part .... which describes the induced scattering of waves, the contribu-
tion of the term describing the rescnance interaction of particles with
forced oscillations of frequency .c...so ( oconsoso.. ) being negligible.

Iz the cese undee examination the kernel of the collision integral .... is

therefcre antisymmetrical aud is detsrmined by eq. 55, where

(69)
(72)
(72)

Tguation 70 is easily obtained by subsitituting the microdensity of
Charge ..ceioeeereoccncesseosasonse into the formulas for ....ccceae

(aas. 25, 37), and by substituting the last into egqs. 28, 36 and 38,

The kinetic equation for waves must be enlarged by the equation for
the particle distribution function, eq. 65. Since the kernel of the colli-
sion integral for waves is antisymmetrical in the case under consideration,
the number of gquasi-particles (plasmons) does not change during the nonlinear
interaction of the waves, so that the wave collisions produce only a re-
distribution of the plasmons. In the absence of beams, currents, etc., this
redistribution is from the shorter to the longer waves, since the oscillation

energy as a whole does not grow.

If we integrate in egqs. 69 — Tl, taking into account ....e. ( +o.. is
the Debye radius), and neglect the centribution of the ions (as will be shown
below, this is correct only fer sufficiently wide wave packets), then the

kinetic equation for waves becomes (see also ref. 14)
(72)

where we have omitted the linear term ..... (this may be done if .... is
sufficiently small due to the quasi-linear relaxatiocn of the distribution

(cont'd)
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function) and have taken into account orly the first two nonvanishing

terms in the expansion of the collision integral in powers of ..... .

As has already been nected 1—14_7, it follows from eq. 72 that thers is
no interaction of the waves with the parallel and mutually perpendicular
wave vectors in the first approximation, which is nonvanishing with respect
t0 +oe. o Heowever, this is true only if we ignore the influence of ions,

which is, generally speaking, almost always cocnsiderable 1—15_7 .

By way of an example we shall consider an isotropic (3-dimensional)

wave packet. It appears that if its width ... satisfies the condition

(73)

ck

/ R
( oeo 1

2]

he thermal velccities ¢f the ions or elsctrons), then the icns
play 2 principal rcle in the ksrnal of the wave oscillation integral.
Iimiting oursslves to the first ncnzero approximation with respect to ..
we cbtain Z~15~7

(74)

The intsgrand in eq. T4 is nonzero only when .....c.0... 3 from which it

fcllows that

(75)

that is, only those waves whose wave vector auplitudes have nearly the
same valueS; .cecsecescessees 3 1interact mutually. In this connection
the integrand in eg. 74 ma2y be expanded in a power series of small
differences ( ..... ), as a result of which the integro-differential

eqd. 74 is reduced to the nonlinear differential equation in partial

derivatives

(16)

where

eess is the characteristic width of the packet, ... is the average wave

number of the wave packet.

(cont'd)
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Comparing eq. 76 with e3. 72, we obtain the estimate; eq. 73. The solu-

tion of eq. 76 is
(17)

where ... is the initial energy distribution in the packet. It follows
thet the basic effect of the evclution in time of the packet is its narrow-
irg:; see fig. 1. However, ej. 76 itself is true only if the spread of
phase velocities in the wave packet is considerably greater than the spread

of the ion thermal veloecitiesy; this is the case when

As sooxr zs the packet has become sufficiently narrow we cannet present
its evolution analytically. However, as befcre, the picture is clear. The
packet continues to narrow until four-plasma interaction takes sffect. With

the aid of the kinetic egustior for the distridbution function (65) it can
gas3ily bes shown that the time taken for esstablishment of a "plateau" on the

igtribution function in the resonance region of particles with forced oscilla-

ot
[

ions is always considerably greater than eg. 78. The time taken for the
widening of the packet due tc the four-plasma interaction may easily be
¢stimated iT we KNOW ocees 3 oeo0ees o« Lt should be noted that the esti-
mate for ... derived from the form of the collision integral for four-plasma
intsraction obtained in ref. 18 has an incorrect order of magnitude. In

order of magnitude this is gzven by
(78)

where ¥ is the energy density of the wave packet. Comparing it with the

cbaracteristic narrcwing time, we can find the steady quasi-stationary

(79)
The establishment of a narrow quasi-stationary packet occurs so quickly
that it is not necessary to take into account damping (or, in the case of

another sign of ... ; growth) while it is being established.

4 Steady oscillation .spectrum in a slightly unstable plasma and transfer

effects

In the preceding section we examined evolution in time, using as an
example longitudinal electron plasma oscillations, and we found that in a
(cont'd)
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plasma in thermecdynamic equilibrium; together with redistribution of the
energy of the electrical field fluctuations across the oscillation spec-
trum, constant dissipation is observed until there is complete damping of
the fluctuations. There may also be situations when the oscillation energy
is maintained at a noneguilibrium level owing to the development of the

instability. The determination of the spectrum of such steady oscillations

[
0]
Q

f considerable importance in considering various transfer processes in

unstable plasma.

With the aid of the nonlinear equations for oscilletions obtained
above; we can in principle solve this problem for the weak plasma instabi-
lity, although the actuzl implementation is extremely complicated.

In this ssction we will show how this is done, taking as an example
o very impcrtant types of plasme instability in a magneiic field. This
will zlso previde a useful illusiration of which assumptions (sometimes

conditicnal cnes) tc make in order to obtain an answer.

44 Tonlinear thecory of current instability - Drummond and Rosenbluth /—19 7

L: 2 Tirst illustration #e shall examine the turbulent spectrum of a

homcgeneous

Le]
|

asma placed in a strong magnetic field ... along whose force

lines flows an elsctron current of density eocvees o

Drummond and Resenbluth showed thet even for small drift velocities
cosos such plagma. is unstable with respect to the sxcitation of potential
oscillations with fregquencies ... close to the first ion cyclotron reso-
NENCE ..0.. and with wave lengths ths ordsr of the Larmor ion radius
(vooeennnonas ). The dispersion equation for the oscillation frequency
is easily obtained from the general equation (Annex A), retaining only the
term with the small denomirator .c.e¢ecesc... and using the condition of

the smallness of the Landau damping fOr ieNS ceeenosssescas

(80)

The dispersion equation of ref. 19 ..ecoeccccs000 Wrongly takes
into consideration the relationship between frequency and temperature

When .ecceeseeoo « This error is repeated in refs. 15 and 17.

As can be seen from this express.on, we have here a nondecaying

oscillation spectrum. This considerably simplifies the form of the

(conttd)
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collision term in the kinetic equation feor waves and was the reason for

choosing this instability as our example.

We have limited ourselves to the case where the directed electron
velocity ... only slightly exceeds the critical value ... , so that
oscillations with frequencies close to the higher harmonics of the cyclo-
tron ion frequency ( o secevecsocscass ) are damped. In the formulas for
the responses ..... given in Annex A,; as well as in the linear eq. 1, it
is therefore sufficient to retain only terms with the small denominators
( eooeeosss ) o Substituting the result into eq. 22, we write the kinetic

sguation for the number of waves ... in a staticnary regime ( coue )

(81)

is ths number of oscillation quante with frequency ..... and wave

veCtoT ceee .

is the instability growth rate due to resonance interaction with the

glectrons,

is the linear Landau damping rate for ions;

where

The nonlinear term in this equation describes the interaction of oscilla-
tions with the plasma ions. In calculating the contribution of forced
oscillations of amplitude ..eesseseeees We have neglected terms of the
OTAET +eveesessss (these tersm are represented in the formula for .....

by the last term and are most important when ..... ). Since the phase

(cont'd)
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velocity of the redistributed oscillations .... is considerably greater
than the thermal wvelocity of the ions ... , the basic process of wave
interaction with particles is the scattering of the waves by the ions

(see section 2). The oscillation scattering is accompanied by a red shift
of the wave frequencies, that is on scattering the energy of the turbulent
pulsations is partly dissipated into thermel motion of the ions. The frac-
tion of dissipated energy is small in comparison with the total energy

ccocssesncscs 5 S50 that the energy transfer across the spectrum is almost

& constant "flow'".

Since, in an actual plasma stability problem, only dscillations in the
unstable regions of the spsctrum, where ....... , have in the first appro-
ximation an sepithermal amplitude, the mest rapid exchange of energy occurs
between the unstable modes. However, if we taks into account only the
grovwing cscillationsy we see that the kinetic esquation fer waves does not
have a2 stationary solution, bscause the nonlinear terms in our equation
describs the scattering of waves; and although this partially dissipates
the pulsation energy, it does conserve the number of oscillation quanta.

As a result, the total number of quania ... grows in time due to the insta-
bility. We must therefore also consider oscillations in damped regions of
ths spectrum ( tesceccesos), Where oscillation growth is possible if the
nonlinear growth rate .ceeccoccecccocsoss. exceeds the damping rate. In
addition, the nonvanishing amplitudes of the damped oscillations may result
from the scattering of some oscillations on others. The last process begins
%6 play a part if the spectrum cf oscillation energy density ..cece.e. in

the long-wave portion of the spectrum becomes large.

In the stationary case under consideration, eq. 8l is a system of
linear equations for which we can easily find particular solutions. For
example, let there be only two oscillations of finite amplitude, one of
which .... builds up as a result of instability ..e.... while the other
has asmaller frequency ...... and is damped ....... . The process of
establishing the oscillation amplitude may then be imagined as follows:

At first only the amplitude of the unstable cscillation .... grows. How-—
ever, as soon as its amplitude ... exceeds the critical value at which the
energy flow into the low-frequency mode as a result of the scattering on
jons equals the energy dissipation due to linear damping, the previously
damped oscillation ... begins to grow rapidly. This growth continues to

a level where the instability of the high-frequency mode begins to decline
as a result of nonlinear effects. In a stationary regime the inflow of

(cont'd)
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enargy into each mode is balanced by an outflow of energy, and from egq. 81
we obtain

(82)

Tote thet eq. 8l has innumerable sclutions, if only because there are
exact solutions with two, thres or any number of oscillations. (A general
solution for the spectrum of the wave number ... with finits number N
when thers are (plasma) oscillations is presented in the form of the sum

caesccococessecsscsscsose 5 the coefficients of which ... are determined

by means cf a system of algebraic equations (81). Aa important point here

133

is thzt drvision of fthis eguation by ... reauces it to a system of linear
2lgebrzic equatiocns which are no longer satisfied by the solutions found
z2bcve). Hewever, such solutions with a finite number of waves are them-
sclves unsiable since any adciticnal wave which may arise can, generally
speaking, grow. Consegquently, a state must be realised physically in which
21l oscillations are excited in the unstabls region. We shall restrict
curselves to a rcugh estimate of the amplitude of pulsations in such a

& cemparing the inflow of energy intc the unstable mode with the
nonlinsar outflow of energy into damped regions of the spectrum. Instead
of sumaming, we shall for convenience integrate Witk respect to wave number.
In view of the axizl symmetry of the problem, integration with respect to
the azimuthal angle is carried out rmmediately. For an approximate estimate

of the integral with respect to ... 4, one may use a series expansion of

ct

he intsgrand in the frequency difference in frequencies ( eeeeoseo )s Which

s rezsonable sincs only oscillations with small frequency differences

-

eseocssesscsssasscsssssccss interact among themselves. As a result eq. 81

beccmes

(83)

It is clear that the strongest limitation on the amplitude is produced by
interaction with the mode which has large ... . Assuming that ...
changes in phase space ( «... ) more quickly than the coefficient ese.e... s

we write approximately

As cen be seen from this expression, in the region of maximum frequency
cesessssesscscossses TLTOT .soeeeecssscsscescss the amplitude of the

(cont'd)
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fluctuations of the electrical field is at a minimum 1‘16_7 . With the
increase in the wavelength .... the spectrum of the electrical field energy
density ....... approaches a constant limit, while into the region of

short wavelengths ... falls proportionately to the fourth power of the ratio
of the wavelength .... to the Larmor radius ........ . PFinzlly, in con-
sidering the function «..cc.e... wWe write the explicit expression for the
growth rate of the instability in a lMaexwellian plasma with & current. Select-
ing 1_19_7 the distribution of electrons with respect to velocities ... in
the form

we obtain from eq. 2

It fcllcws that there is an instzbility only when .... and ... have the
same signs (for ...... ) (henceforth we shall consider only the case where
ceesean ce0e. ), the oscillation spectrum being limited by the inequality
soses wWith respect to ..o .+ It can be seen from eq. 2 that as ... increases
thz instability is suppressed due to the linear Landau damping on the ions
for values of the order of ........ ess o Substituting this value into

eq. 4 we find the energy level of the fluctuations of the electric field
(84)

With the methods described for finding an oscillation spectrum for a slightly
unstable plasma one can estimate various transfer coefficients; in particular
the cocefficient of the diffusion of plasma across the magnetic field owing
to the oscillations. We shall estimate the diffusion coefficient by means

of quasi-linear theory.

Tn view of the ambipolarity of the diffusion, we need only consider
electrons; in describing these we shall limit ourselves to a drift approxi-
mation. The kinetic equation for the electron distribution function in the

drift approximation is

(85)

After the usual operation we obtain an averaged equation for the slowly

changing part of the distribution function (for example, see ref. 22)

(cont'd)
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where there has been added to the right hand part the collision term in

the ... -approximation ( ... is the Maxwellian function of electron distri-
bution with respect to velocities). Here we have retained terms with
derivatives along coordinates from the slowly changing distribution function
ceeo 3 Since it is they which describe the diffusion of plasma in velocity
space. By writing the equation in such a form we are able tc consider a...
number of effects applicable both tc homogeneous and to inhomogeneous plas-

mnas.

ows from eq. 8% that when

ci
Hh
(o]
=
l\_—-l

(87)

particlis collisions are important and establish a Maxwellian velocity
distribution. TIn this case we can use formulas for the growth rate cal-
culated on the assumption that the Maxwellian velocity distribution of
electrons is corrected.

Integrating eg. 85 with respect to velocities, we obtain the change in
Yime of periicle demsity owing to the cnset of macroscopic flows of plasma

aftoss the megnetic field
(88)

It follows that the plasma flow consists of two parts

the first of which ... is totally unconnected with density gradients in
the plasma, being z flow of matter carried by the waves (it disappears if

the wave spectrum is axially symmetrical).

Substituting the estimate fcr the energy of oscillations (eq.84) and

using the estimate for the maximum phase velocity ....... we finally find

(89)

If eq. 87 is violated the infrequent particle collisions do not

succeed in making the electron distribution Maxwellian, which relaxes

(cont'd)
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under the action of the onsetting fluctuations of the magnetic fields to a

more stable state.

Tf the particle collisions are neglected altogether, the instability
suppresses itself before there is any significant diffusion of the particles.
This can be most simply verified if in eq. 86 we replace the approximate
coefficient ... by the spectrum mean coefficient .... and go on to the

new variables

where ... 1is the velccity of the order of the resonance electron velocity

(H8TE sovsvasess)s A5 2 result, eg. 85 becomes

(90)

Tt follows from this equation that in times of the order .ccoeeoes ON
the distribution function .c...ce... & "plateau" with respect to the variable
eoose-as L3 established over the entire range of resonance frequencies
( eoceoecasescoas )» The coordinate ... and velccity ... of the resonance
electrons are related DY ecsccecescseccs~s g 50 that when the velocity ...
changes 1o the order of magnituede ..0..... 4 the displacement of resonance

frequencies ... in time ... is appreximately equal to 1‘20_7

(91)

The nonresonant particles in this approximation do not undergo any displace-

ment.

When there are no particle collisions, the instability quickly suppresses
itself in this way and there is no flow of plasma zcross the lines of force.
However, even weak electron collisions have a tendency to make the distribu-
tion Maxwellian and prevent the formation of a plateau. The instability
growth rate is therefore non-zero and we find it by means of perturbation
theory with a small ratio of the collision frequency ... to the effective
frequency ccecececsccceccssse Z-2l~7 . In the first approximation the distri-

bution function satisfies the condition

(92)

(cont'd)
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We cbtain the correction ... to the function ... arising from the
influence of collisions if we equate in the stationary regime the two
terms in the left-hand part of eq. 86 and integrate from velocities

@000 0o s tO Such (.'o‘hl..ﬂ.o...) fOI‘ Wthh the Pllaxwelliarl diStI‘i—-
bution is true

(93)

Noting further that as a result of the influence of oscillations,
only the derivatives .... change, and not the distribution function

itself. we can by following eg. 92 write the approximate equality

Using this equality together with eq. 92 we rewrite eg. 93 in a more con-

venient form

(94)

Fguation 92 actually determines for us the total instability growth
rate,; taking into account the influence on the stability of the inhomo-
gensity of the plasma. Such a general notation is reasonable for very
small collision frequencies ... when the correction to the growth rate
wea Gue to collisions is considerably smaller than the contribution of
the inhomogonerty of the plasma {the plasma distribution .ceeceeeccees
relaxes so that the less unstable mode ..ccecoceecos 1S damped while
the more unstable mode acquires a fast growth rate (eq. 94). It is the
opposite case, where the inhomogeneity of the plasma is very slight, which
will interest us. In the stationary eq. 86 it is possible to omit without
lcss of accuracy the inhomogeneous terms and seek corrections to the in-

stability growth rate

To calculate the flow of particles caused by the density gradient,

we need to solve eqs.83, 94 and 88 simultaneously. As a result we obtain

[16, 117
(95)

In addition to this condition it is also necessary that the effects of

the influence of inhomogeneity on the stability be small; this occurs

(cont'd)
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when

4B "Universal instability"of an inhomogeneous plasma

As a second example of a slightly unstable plasma we shall consider
a plasma whose inhomogeneity constitutes its inequilibrium. The linear and
the nonlinear theories of the stability of an inhomogeneous plasma now
number a great many works, many of which have been mentioned in reviews
{(for example, see ref, 22). We shall therefore touch on only some speci-

fic features of the problem without embarking on & detailed analysis.

Fcr simplicity we shall limit ourselves to a case where there is no

temperziure gradient. We s

{

lact 3 particle disiribution function ......

o]
Hy

2 innomogeneous plasma placed in a2 strong magnetic field ... in the
(96)

Such a plesmz distribution is unsiteble with respect to the excitation

of potential drift waves with frequencies closs to the harmonics of ion
cycletron frequency eeceesssccscssscsscss and with phase velocities
ceeesscescesssases o Non-potential perturbations ( « coveecss ) distorting
the forced lines of the magnetic field are damped in the absence of a

temperature gradient.

Note that if we are ultimately interested in the processes of plasma
particte transfer acress the retaining magnetic field; then; in the processy
which is most interesting from the point of view of controlled thermonuclear
reactions at high temperatures and infrequent collisions, it is not necessary

to determine the energy of the oscillations which develop.

Indeed; in a slightly inhomogeneous plasmz (( ceeaenconnccaas ) insta-—
bilities develop with a small growth rate ..c..ceeeceseeos o S0 that we can
use quasi-linear theory generalized for an inhomogeneous plasma in calculat-
ing their reciprocal influence on the plasma diffusion. The use of egs.

88, 92 from the previous section - the infrequent collisions of particles
being neglected - shows that in this approximation there is no plasma
diffusion. 4s a result of finding the flow of plasma across the field ...
in the second approximation with respect to the small ratio of the collision
frequency ... to the reciprocal time of plateau formation on the distribu-
tion function ... , the amplitude of turbulent pulsations drops out of the

estimate for the plasma flow along the density gradient 1—20, 21_7

(97)
(cont'd)
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The limits of applicability of this formula naturally depend on the
level of the fluctuations of the electrical field ......... in the

Maxwellian plasma.

In order to obtain a numerical value for the diffusion coefficient
we must substitute the frequencies ... and wavelengths ... 4 ... Of

the redistributed oscillations.

Leaving in the dispersion equation for the oscillations of the inhomo-
geneous plasma (see Annex A) only terms with small denominators .......
we obtain expressions for the frequencies ... and growth rates ... of the

redistributed oscillations

(98)

where

Henceforth we shall consider only quasi-neutral perturbations with a
wavelength considerably greater than the Debye radius ..coc... . Violation
of the condition of quasi-neutrality for small densities leads to the

suppression of instability, as can be seen from this expression.

Dhe eondition that pesriurbations be possible ..ccecneeces .+«0oo places

a Iimit on the maximum growth rate for low frequency modes

(99)

For long-wave oscillations the frequency .c¢eceeececose. 5 so that the
growth rate becomes very small: .cocceceveccscssss o« As the wavelength
becomes shorter the frequency reaches saturation. .ececescsesesess and the

growth rate ... increases in proportion to ...

Perturbations with frequencies ... 0f the order of the Larmor ion
frequency can only build up at very short wavelengths, less than the Larmor

electron radius, and at a sufficiently low plasma pressure «...eeeeeces ¢

(100)

The instability growth rates are weakly dependent on the wavelength and
are given by
(101)
(cont'd)
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Finally, ve must find the lower limit for the wavelength of the excited
oscillations. At very small wavelengths ... the oscillations are damped as
a result of falling into resonance with the ions which are moving with a dia-

magnetic drift velocity .cecvccccceccscs &

Teking the latter intc account in the dispersion equation for the oscilla-
tion, we obtain the curve of neutral equilibrium in the plane .ecoeccoces

(102)

where

The relationship seesse. i3 tabulated numerically in ref. 23 for the case
of "universal instability". We assume here that the plasma pressure is not
very close to the critical ...eecc.ses.s 5 so that we may ignore the influ-

ence of longitudinal ion motion for short waves.

In principle egs. 97, 98 and 102 solve the problem of the turbulent diffu-
sion of 2z high-temperature plasma. Since the principal contribution to eq.97
is made by the low-frequency perturbations, by substituting into eq. 97 the
frequUenclasS .eevoccesevcsos. and wavelengths c.coesoceee § cocececosace o

we find

(103)

If eq. 87 is violated, the turbulent diffusion depends essentially on the

oscillation energy in the plasma.

In considering the nonlinear interaction of electrical field fluctuations,
we shall use the previously derived eq. 22 describing the change in time of
the amplitudes of the individual oscillation modes. Since we are in a posi-
tion to obtain only intelligent estimates, and not exact expressions, for the
turbulence spectrum, we shall make a series of simplifying assumptions in
writing these equations. Firstly we shall assume that as a result of the
development of instability in the plasma, there are present only oscillations
with frequencies very close to the harmonics of the cyclotron ion frequency
cosessecnscesssose 5 SO that in the formulas for the distribution function
(see Annex A) it is sufficient to retain only the terms with small denomina-

$OTS ceeeescsscssconses o Secondly, we shall interest ourselves only in

(cont'd)
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oscillations with the wavelength ....ccccccceveve.. , for which the
contribution to the dielectiric permeability ..ccevceesecse. 1is made by

the integral of the ion distribution function.

In addition, we shall neglect the thermal spread of ions and shall

assume the following approximation to be true

(104)

Finally the nonlinear interaction of oscillations with electrons may take
uffeet oniy aTl VO1¥F wOW=wAVEEENLIES eeosecsceaseo so that it is sufficient

to take into zccocunt their effects in the limit ..ececccacaso

Taking into account these circumstances we obtain from eq. 22, with
the axra of wne fermulas in Annex A the Kinetic equation for the number of
WavesS sossoee With frsquency ccccsccecseccs 1in 2 system of coordinatss

where there is no unperturbed electrical field soeceececccocosns

(105)

where

.ee is the growth rate of instability due to the resonance interaction of

the wave with electrons (eq. 98);

is the Landau damping rate on ions; and

(cont'd)
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The second term in this equation describes the decay of one oscillation
intc two others and the reverse process, the merging of twc oscillations
into one. By presenting the "drift" oscillations as a coherent set ...
of quanta of individual oscillations with quasi-energy ... and quasi-
nementum ... s We can write the oscillation integral due to the decay of
drift oscillations in a form which is analcgous to the "Stoss" (impulse)

term in the kinetic equation fcr phonons in a solid body.

The third and fourth terms arise as & result of the interaction of
wavss and particles in the approximation which is non-linear in the wave
mplitudes. Since the phase velocity of the drift waves is considerably

reater than the thermel velecity of the 1ons  cseeacese the law of

m ®

conservaticn of energy parmits only the scattering of oscillations by Ions

(106)

WHETE sesoeeeessss 1S the energy of the oscillations which are being

and have been scattered, respectively; .c.oe.c... i3 the change in the
particis momentum ........ On scattering. During such & scattering pro-
cess energy ig transferred from the short-wave to the long-wave modes. For
glectrons, in eq. 106 one can write a plus sign to correspond to the

emission (absorption) of two oscillations simultaneously.

We shall first consider low-freguency oscillations ( eceececs- ). Since
the nonlinear interaction decreases as the phase velocity ... increases,
ths principal contribution is made by resonance electrons with velocities
of the order ... . The group of rescnance electrons constitutes only a
smeall part, of the order ....., of their total number and the nonlinear terms
therefore contain the same smallness a2s the linear terms which produce

instability cescesecvscees o As a result of the latter, the evolution in

time of wave packets with oscillation wavelengths shorter than

can no longer be described with the aid of the equations obtained, although
by virtue of .e.eseees0o the instability may be assumed to be small. This
becomes obvious if we take into account the fact that as the wavelength

decreases the coefficients ..ceeve 3 eioveess in eq. 105 grow accordingly

in proportion to the second and fourth power of the ratio of the Larmor

radius ... to the wavelength ..ececececesscsccsses o WHEN seevoncens

9
the nonlinsar effects connected with the thermal motion of electrons are

therefore the first to appear as the amplitude grows. This occurs at such

(cont'd)
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amplitudes that not only correction (quadratic in the wave energies) to
the energy of ths interaction becomes important, but also all other terms of
the expansion in amplitude cf the energy of wave interaction become impor-

tant, and we are faced with the necessity of summing infinite series.

This difficulty does noit arise wher we consider the interaction of
longer WaAVeS escessccosscssso LOr which a principal part is played by the
nonlinear transfer of energy into longsr-wave pulsations zrising from the
scattering on ions. Comparing in kineitic eg. 195 the linear inflow of
oscillztions with the nonlinear outflow, we find that the energy of such

nodes cannot exceed the valuc

(107)

~N

In /720 7 and /724 ] the nonlineer interaction with electrons has been
3

cmroied trem tno Kinetic cguaticn For wavesy also omitted is that part of

th ib

(¢4

interaction with ions which we desc

H
(o

DY covoscesoses and which plays
an important part whan ..ccosecesess o Therefore, estimates of the ampli-
tudes of shorit—wave pulsations from previously-obtained formulas are too
high). Here the nonlinear term of the order ... , and therfore the oscilla-
tion enerzy ...... ¢ contain the small ratio ...... . It is clear that the
following terms of the expansion of interaction energy in the amplitudes of
trs indivzdual waves contain this smell ratio in increasing powers

¢e o000 9

go that the expangivn is correct.

Since at present there are mo standard methods for considering strong
instability, we shall limit ourselves to the case of waves which are not

Very ShOTT ceescsecocscsose 3 Where all the methods developed above are appli-
cable.

It follows from the estimzte eg. 107 that the flow of energy from the
short—-wave .:.... t0 the long-wave modeS ....... as a result of scattering
on ions dces not exceed the linear growth of instability relative to the
long-wave pulsations .sccee0s o Comparing the latter with the nonlinear
outflow of energy as a result of decay, we obtain an estimate of the spec-

trum of energy censity in the long-wave oscillations Z—QO, 22, 24_7
(108)

WHhEere sceeesceo. 1S the wavelength of drift waves which, like the entire
spatial behaviour of fluctuations of the electrical field potential ....

(cont'd)
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is generally described by an integro-differential equation corresponding

to dispersion eq. 98 in the WKB-approximation. Naturally, only oscillations
embracing the entire volume of the plasma can produce effective turbulent
diffusion. The wavelength .. of oscillations with such a wide region of
possible motion «.eeces.. is of the same order as the value of the Larmor

ion radius .....ecee.. . Using the estimate of the maximum growth rate,

eq. 99, we determine the coefficient of diffusion on such pulsations 1_20, 22,

24 7

(109)

If we ne= eenstraer the low-frequency drift oscillatrons wrih shortar
wavelengihs ..c..... and take into account the large amvlitude of the long-wvave
oscillations, eq. 108, we notice that they are damped in the nonlinear regime

because of ths strong scattering on ions and do not conbribute to the diffusion

The =stimate eg. 109 is quite sufficient in a plasma of not very low
density ceccesocseecsscss When, as a result of instability, only oscillations

with wavelength ..ccccsesess are present.

In & rarer plasma, the overestimates of the amplitude of short-wave
pulsations in strong coupling /-21_7 show that the diffusion coefficient may
undergo at the most a fivefold change in comparison with eq. 109. The letter

relations also-change only slightly.

We should like to add a few words about the estimate of the influence on
diffusion of the high-frequency drift waves ( .e... ). They develop with
small growth rates ..c.ces... and are well described by kinetic eq. 105 in
which the basic role is played by the nonlinear effects describing the scatteri
of waves by ions. In a Maxwellian plasma, when the level of long-wave turbu-
lent pulsations is determined by eq. 108, the high-frequency oscillations are

suppressed in the nonlinear regime.

When the frequency of particle collisions ... is reduced to below the
"quasi-linear" ... for pulsations with wavelengths ....... , we still do
not go over to the regime of the diffusion of high-temperature plasma. This
is due to the fact that the formation of a plateau on the electron distribu-
tion function produces suppression of the long-wave oscillations; but then,
in accordance with eq. 105, there arises the possibility that shorter waves
will develop. Let ... be the wave number below which the linear growth rate
of instability falls as a result of the reciprocal influence of oscillations

(cont'd)
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on the background (we shall further define it at a given frequency in accor-
dance with the obvious formula ..cecesesecsensesss ). Then, for oscilla-
tions which are shorter than the mode ......... ; the distribution function
+eo. M2y be considered Maxwellian and, a2s before, they will be suppressed

as a result of the strong scattering on ions. The amplitude of the longer-
wave oscillatioans grows to such a2 vzluc that the mode { .cecveeveee.. ) SETV—
ing 28 an energy sourc2 begins to be suppressed. At this point it is
possible to give only an upper estimate for the total "energy'" of all the

long-wave pulsations

(110)

¢ of £hg unstrsle soort wave 03¢itlation ... eveoovseas LS

zsiablishad 1n accordance witn the possible rate of oscillation energy dis-—

L\

sipaticn in damped regions of the spectrum and of the dscrease in the number
P e g )

of guanta o5 2 result of decey.

Fowaver, the level of the amplitude of the dzimped oscillations itself
dsperndc on tne velue +........ and the problem of determining the amplitude
seesesese.. bacomes complicated. Tn accordance with eq. 110 we may assume

+h

~
vl

t

From this ve obtain directly an upper est:mate for the diffusion coefficient

If the plasm2 pressure is ..e¢ee..... 3 then as the freguency gradually
decreases we arrive at oscillations with a wavelength shorter than ...... .
Ve may determine their amplitude in the "weak coupling" approximation. It
is therefore possible to state only that the result. eq. 109, is true at

least to ccllision frequencies

(111)

At the lover frequency we can find directly the diffusion coefficient by

means of eq. 103,

(cont'd)
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We shall find the expansions (necessary for constructing turbulent plasma
kinetics) of the rapidly oscillating part of a distribution function in the

amplitudes of fluctuating electrical fields .... . For this we shall transfer

the nonlinear terms in the kinetic Beltzmann equation for the individual com-—
ponent of the Fourier distribution function ........... into the right-hand

part and integrate the equation with respect to the particle trajectories

/725 7

It

(112)

The integral is here teken alcng the particle trajectory defined by the equa-

tiors

(113)

WHEre ccasecscescoosesss 1S the phase of particle gyration around the force

line; the magnetic field being directed along the z axis.

If the approximations which have already been found are substituted into
the right-hand part of eq. 110, it may be usee airectly for finding the series
expansion of the distribution function in powers of the small amplitudes ...,

by means of successive integrations.

Ye shall solve the problem for the general case of an inhomogeneous plasma
when the particle density changes with the x coordinate. The particle distri-
bution function in an unperturbed plasma depends only on the integrals of

particle mction and may be written

(114)

Yie shall consider only those cases where the WKB-approximation may be used in
describing the fluctuation of electrical fields in a plasma and shall expand

the electrical field in a Fourier series

(115)

where ....... is the Fourier transformation of the scalar potential.

(cont'd)
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Substituting eqg. 114 and 115 into eq. 112, we obtain the correction to the

distribution function eg. 114 in the linear approximation

(116)

Integration with respect to time can be carried out easily if we take into

zccount the relaticnship

(117)

o
b

[ETE e...0. are the Eesssls funciions of a real argument. Using these we

al

btain from ag. 116

Since the perturbed distribution function already depends on the phases of
partieclg gymatisn in the orbits .... ; in comparison with eq. 116 we now have
terma of 2 new type, connectec oy the differentiation with respect to

e o .

They are integrated witn respect to time by means of

As a result the distribution funct.on ..... in the second approximation

becomes

(118)

Here differentiation with respect to velocities +....... in the arguments
of the Bessel function is replaced by differentiation with respect to the

corresponding wave number ... , so that the remaining differentiations are

(cont'd)
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carried out for c.scescecsceess o Further integration of the kinetic

equation from formula 7 becomes obvious za2nd we shall omit it.

We shall write only expressions for the dielectric permeability accurate
to the third ordsr in the amplitudes. Linear approximation gives us a2 dis-

rersion equation for the potential oscillzticns of an inhomogeneous plasmac
k o

WhETE cveeienvocossoccs 4 sesso 18 the Bessel funci.on of the imaginary

gument, ..cecccccccesseoss 1S the drifi wvelocity of the j particles due.

ot
(o]
la
34
(=)
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B
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neity of ‘he density.

U
o
=)
B
7]
<
]
b
[Ny

ing ea. 118 with respect to indexes k', k'' we obtain expressions

Tor the rssponses «.... in the second zppreximation

£ completely analegous procedure applies in the third approximation
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