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CHHTE3 5 (1965)

MHOrOHACTHHHLIE ACIIEKTM TEOPHH TYPByJIEHTHOll IIJIA3MBI*

A. A. TAJIEEB, B. H. KAPnMAH, P. 3.

HHCTHTYT ^AEPHOK 3>H3HKH CHEHPCKOrO OTflEJIEHUH

AKAflEMHH HAYK CCCP, HOBOCHEHPCK

o63op TeopeTHnecKHx pa6oT n o HOBOMy noflxoay B Teopwn cjia6oTyp6yjieHTHofl ima3Mbi. CynmocTb
3Toro noflxoaa 3aKjiKmeTCH B npe#cTaBJieHHH Typ6yjieHTHOH njia3Mti KaK coBOKyimocTH cjia6oB3aHMo/jeiicT-
ByromHx ra3OB Hacraij (HOHOB, aneKTpoHOB) H KBa3HHacnm (KOJineKTHBHbK KOJie6aHHfi). B TaKyio cxeMy
BKJUOiaiOTCfl H 3<j)<j)eKTbI HeyCTOfi«fflBOCTH (HrpaiOIUHe pOJIb HCTOHHHKOB B KHHeTHHeCKHX ypaBHeHHHX flJIH

O
KaK npHJio»ceHHfl 3Toro MeTOfla, HBJiaioinerocH TaKHM o6pa3OM o6o6meHHeM H3BCCTHOH

, paccMOTpeHBi HeKOTopwe aHOMajibHbie HBJICHHH nepeHOca, BO3HKKaiomHe BorteflCTBHe pa3JiHHHbix
HeyCTOfiHHBOCTH B nJia3MC

B flaHHOM o63ope c^ejiaHa norrbiTKa onncaTb
noBe^eHHe njia3Mti npn HajraHHH B Hen TaKoro 6OJII>-
moro HHCjia BO36y»yi;eHHbix KOJIJICKTHSHLIX KOJie6a-
HHH, Kor^a npHMeHHM craTHCTHHecKHH
Ha^eacHtie MeTo^ti onncaHHH Taicon njia3MLi
pa3BHTb fljifl Tex cjiynaeB, Kor^a Kone6aHHH cjia6o
B3aHMOfleHCTByioT Mexjxy co6oii H C «(J)OHOM». B
3TOM cjiynae coBOKynHOCTb KOJie6aHHH MLI MoaceM
paccMaTpHBaTb KSLK cjia6oHeHfleajiBHBm ra3 BOJIH —
«KBa3HHacTHD,», HMeiomHx <OHeprHK)» co H HMnyjibcA;.
06MeH ace SHeprneH Me»c,n,y KBa3HMacTHixaMH H ycpe^-

«(^OHOM» pacnpe^ejieHHH Hacrim, a TaKJKe
ra3a KBa3HHacnm MOKHO ynecTB no TeopHH

B03MymeHHH, CHHTaa (J>a3Bi aMnjiHTy^

KOJieGaHHH XaOTHHeCKHMH.
B HacToamee BpeMa cymecTByioT

nOCTpOeHHH pHAOB TaKOH TeopHH BO3My-
. HaH6ojiee xopomo pa3pa6oTaHHBiMH

IOTCH MeTOABl KBaHTOBOH TeopHH nOJM B
K KBaHTOBBIM CTaTHCTHHCCKHM CHCTeMaM. OflHaKO B
njia3Me, Kor^a B ocHOBy KJiaaeTca He
a ypaBHeHHii Eojn>D,MaHa, 6oJiee

cjia6oTyp6yjieHTHBix

acHMnTOTHnecKaa Teopna BO3-
KaK 3TO oaejiaHO B KBa3HjiHHeHHOH Teo-

[7, 2], 3^ecB BBi^eneHHe «KBa3HiacTHi^» — BOJIH
aBTOMaTHHeCKH npOH3BOflHTCH Ha OCHOBe KJiaCCH-

KHHeTHHeCKHX ypaBHeHHH win <J)yHKiiHH pac-
B njia3Me H ypaBHeHHH MaKC-

caMocorjiacoBaHHoro
KBa3HJiHHeHHaa Teopna paccMaTpnBaeT

JIHUIB B3aHMOfleilCTBHe BOJIH C HaCTHIjaMH, TaK HTO
B flajiBHeHiueM noHaAo6njiocB o6o6meHHe STOH
TeopHH Ha cjiynan B3aHMOjieHCTBHa KOJie6aHHH Mea^y
CO6OH (HeKOTOpBie OIjeHKH 3THX 3(J)(J)eKTOB 6BIJIH
CAejiaHBi y»ce B uHTHpoBaHHOH pa6oTe
H IlaHHca, a Tame B pa6oTe 3).
yneT STHX HBjieHHH pa3BHT oflHOBpeMeHHO B
rpynnax pa6oT. B pa6oTe 4 Hcnojn>3OBaHa ,II:JIJI STOH

OnHTB-TaKH aCHMHTOTHHeCKaa TeopHH BO3My-
B IipHMeHeHHH K rHflpOflHHaMHHeCKHM KOJie-

6aHH3M (ycoBepuieHCTBOBaH BBIBO^, flaHHBiii B pa-

6oTe 3). ABTOPBI craTBH 5 HCXO^HJIH H3
Koppejiau,HOHHBix itenoneK, npnieM O6PBIB H 3aMBi-
KaHHe ypaBHeHHH RJIX nocjieflHHx ocHOBaHBi Ha
CJia60CTH B3aHMOAeHCTBHH, HTO 4>aKTHHCCKH 3KBH-

npHMeHeHHio TeopHH B03MymeHHH. Cjie-
OTMeTHTB, HTO B nOCJieflHee BpeMH nOHBHJIOCB

eme HCCKOJIBKO noflxoflOB K 3aflane [6— 9], npn npn-
MeHeHHH KOTOPBIX nojiynaioTCH aHajiorHHHBie pe-
3yjlBTaTBI.

BBiuieynoMflHyTBie MCTOABI no3BOJiHK>T paccMO-
TpeTB pjifl 3a^an B TeopHH cjia6oTyp6yjieHTHOH
njia3MBi5 TaKHX KaK pejiaKcau,H
Tyau;HH njia3MeHHBix KOJie6aHHH,

cneKTpa Typ6yjieHTHBix nyjiBcau,HH B
pa3BHTHH CJia6OH HeyCTOHHHBOCTH

HHTepecHa anx paccMOTpeHHa pa3JiHHHoro
pozja npoiteccoB Typ6yjieHTHoro nepeHOca) H T.H.
KaKOBBi xapaKTepHBie nepTBi ycTaHOBjieHHH cneKTpa
Typ6yjieHTH0CTH B cjierKa HeycToiiHHBOH njia3Me?

ycTaHOBJieHna cneKTpa AOJIXCHO BKJIIO-

B ce6a H3yHeHne Tpex npon;eccoB:
1. POCT HJIH 3aTyxaHHe KOJie6aHHH nofl

* An English translation is available. To obtain a copy,
please -write to the editor.

2. nepepacnpeaejieHHe 3HeprHH KOJie6aHHH 3a cneT
HX B3anMOAeHCTBHH Me»c^y CO6OH;

3. O6paTHoe BJiHHHHe BO3HHKaiomHx KOJie6aHHii
Ha «4>OH».

IlepBBiH npoii;ecc ^JIH BOJIH OHCHB Majiofi aMnjiH-
TyABi H3ynaeTCH B JIHHCHHOH TeopHH ycTOHHHBOCTH.

Flo Mepe pocTa aMnjiHTy^Bi B03MymeHHH HaHHHaioT
BKjiioHaTBCH TaK»ce H npoii;eccBi 2, 3. ITpn STOM He
Bcer,zja cymecTBeHeH yneT HejiKHefiHoro B3aHMO ;̂eHCT-
BHfl KOJie6aHHH. fleHCTBHTejttHO, UOJl BJIH«HHeM

H3-3a HeyCTOHHHBOCTH KOjie6aHHH pac-
nacTHti; njia3MBi nacTO AOBOJIBHO 6BICTPO

pejiaKcnpyeT K TaKOMy, KOTopoe yace nepecTaeT
eiomnHca Ha6op KOJie6aHHH. ( O A -

BHOBB o6pa3OBaHHoe pacnpe,n;ejieHHe
MO»ceT 6BITB HeycTOHHHBO no OTHomeHHK) K
TnnaM KOJie6aHHH). H ecjin npn STOM KOJie6aHHH He
ycnejiH HapacTH ^o TaKHX aMnjiHTy^;, npn KOTOPBIX
CTaHOBHTCH CymeCTBeHHBIM HX HeJIHHeHHOe B3aHM0-

, TO npoueccBi nepepacnpeAejieHHH SHeprnn
pa3JIHHHB!MH MOAaMH MO»CHO He yHHTBIBaTB. B

»ce cjiynaeB HejiHHeiiHBie 3<j)(j)eKTBi
paHBiue, neM nponcxo^HT pejiaKcanHH



TEOPHfl njIA3MBI

;. Tor^a KapTimy Typ6yjieHTHoro
MOJKHO npeACTaBHTL ce6e cjie^yiomHM o6pa3OM. B
onpe^eJieHHBix o6jiacTHx <pa3OBoro npocTpaHCTBa
(cuk, k) HMeeTCH npHTOK SHeprnH 3a cneT HeycroHHH-
BOCTH. [B flajiLHeiiiiieM MLI HOMTH Be3fle Qyp^M
paccMaTpHBaTL B03MymeHHH B BH^e Ha6opa KOJie-
6aHHM '--'expi (cot — k r ) . ] B apynix — Hao6opoT
KOJie6aHHH 3aTyxaioT. # C H O , HTO SHeprnn He MOJKCT
cocpeflOTaHHBaTbca TOJIBKO B HeycToiiiHBtix o6jiacTHx
(pa3OBoro npocTpaHCTBa, Tax Kax npH 6OJII>IIIHX

MoryT 6BITB BBipaaceHBi nepe3
K <j)yHKn.HH pacnpe^ejieHHH HSLCTEB, iuia3MM.

3Toro 6yfleM HCXOAHTB H3
^JIH (J)yHKu,HH pacnpeAejieHHH

KOTopoe HaM 6y^eT yao6Ho nncaTb B

BFj/dt + [JfjO, Fj] = - [3#>imi, F] (3)

r^e Jfj° — raMHjn>TOHnaH njia3MBi npn OTcyTCTBHH
KOJie6aHHH; ^f;

int — nacTB raMHjn>TOHHaHa,
B3aHMOAeiicTBHe nacTHij; c nojieM BOJIH

6ti K cjiHuiKOM CHjibHOMy OTTOKy SHeprHH no cneKTpy
(Ok, k B o6jiacTH, TRQ KOJie6aHHH He pacKanHBaioTCH
HJIM BOBce 3aTyxaiOT. AMrniHTyay ycTaHOBHBinerocn
KOJie6aHHH C flaHHBlMH CUk, k B KBa3HCTaiJHOHapHOM
pe»HMe Haxo^HM no nopflflicy BejiHHHHbi, cpaBHHBan
npHTOK SHeprnH B ^aHHyio MOjay H3-3a HeycToiiHH-
BOCTH C OTTOKOM ee B flpyrHe MOflbl H3-3a HeJIHHeHHOH

no cneKTpy. 3Haa »ce aMnjiH
cneKTpa Typ6yjieHTHLix nynbcaixmi, MBI

H3 TaK Ha3BlBaeMBlX «KBa3HJIHHeHHBIX»
yHHTtmaioinHx o6paTHoe BjiHHHHe KOJieGaHHH Ha
«4>OH», npocjieflHTB H3MeHeHHe 3Toro 4>0Ha H ii
Bee KO3(J)c[)HUHeHTbi nepeHoca (TaKne Kax
npOBOflHOCTb, K03 (̂})HÎ HeHT ffa^y3VlK HaCTHU, H

2 KimeTiiHecKiie ypaBHeHHH ^JIH cjia6oTyp6yjieHTHoii

B 3TOM rjiaBe H3JiaraiOTca oGmnii BBIBOA H
BaHHe KHHeTHnecKoro ypaBHeHHH fljia BOJIH H
C TOMHOCTBIO flO HJieHOB BTOpOrO HOpflflKa HO 3Hep-
TMH KOJie6aHHH BKJIK)HHTejn>HO. IIpH 3T0M MBI 6yfleM
cjie^OBaTB pa6oTe 10. HTO6BI He 3arpoMoayiaTB
H3JIO)KeHHe rp0M03^KHMH o6O3HaHCHHHMH H fleTa-
JlflMH, MBI OrpaHHHHMCH 3fleCb paCCMOTpeHHeM TOUBKO
noTeHii,Hajn>HBix KOJie6amiH ( E = — V 9?). KaK noKa-
3aHO B pa6oTe 10, Bee pe3yjiBTaTBi, H3Jio»ceHHBie
HH»ce, cnpaBefljiHBBi H fljra npoH3BOjn>HBix HenoTeH-

KOJie6aHHH.

3PF*{t) =JQj(T,t)<p(T,t)dr; Qj(T,t) =ejd(T-Tj(t))

(4)

r^e H — HanpnaceHHOCTB CTai;HOHapHoro MarHHT-
Horo nojiH. M B I npeHe6peraeM CTOjncHOBeHHHMH
Me»Ay nacTHitaMH, nosTOMy B yp. 3 6y^eM onycKaTB
HHTerpaji CTOJIKHOBCHKH. OymciiHH pacnpeflejieHHH
Hacnm CHa6«aK>TCH HH^eKcaMH ? = e, i (e — 3JieK-
TpoHBi, i — HOHBI). B Aajn>HeHuieM, ecjra no j cyM-
MHpOBaHHH He npOH3BOAHTCH, MBI
onycKaTB.

K jiarpaH»ceBBiM
flBHJKeHHK) HaCTHHBI B CTanHOHapHOM

MarHHTHOM nojie, nojiyHHM BMCCTO yp. 3

F (r°, p°, t) = - », p°, t'),F (r<\ p°, t') &t')] (5)

HaxoflHM BBipaaceHHe

K <pyHKH.HH
n-ro

2A KMHETHHECKOE yPABHEHHE JU1A BOJIH
^ 0 0 —00 —00

OcHOBHbie ypaBHeHHH AJIH noTeHi;Hajn>Hbix KOJie-
6aHHH HMeiOT BHfl

(1)

BeKTop nnoTHOCTH TOKa nojiHpH3an;HH J c
no E HJICHOB MO»ceT 6BITB

J = JW {E} + J(2) {E} + J<3> W + • • • (2)

HBJIHeTCH HeKOTOpBIM (J)yHKIXHOHajIOM OT
3JieKTpHHecKoro nojra n-ro nopaflKa. B
J*1) onpeAejiaeTCH sjieKTponpoBOflHocTBio H

/ ° = / 0 ( r 0 , p 0 ) — HeBO3MymeHHaH
. C noMOinBio yp. 6 MOXCHO

TOK nojiHpH3ai;HH n-ro nopHAKa J<">

X

X<p(T1,t1)...<p(Tn,tH)

(6)

pac-

—00 —00

(7)

(r, t) = -Tvt —

TOKH nojiHpH3ai];HH,
, HMeiOT aHanorHHHyio crpyKTypy. 3 T H TOKH

{nj — HJIOTHOCTB nacTHn; cooTBeTCTByio^ero copTa).
Hcnojn>3yn cBOHCTBa CKO6OK IlyaccoHa, BBipaaceiffle
B (pnrypHBix CKo6Kax yp. 7 MOHCHO npeo6pa3OBaTb K

21

Jdr° dp° [. . . [v (0 d (r - r («)), Q (rlf tj\,



TAJ1EEB, KAPflMAH, CAfAEEB

yp. 8 B yp. 7 H nepexoAfl K <j)ypbe-npeA-
CTaBJieHH5iM J(tt) (r, t) H <p (r, t),

(k, co) = <pk i ( ^ i

4u JW (k, co) = - r r / (2n)~n + 1 dco x . . . dcon

n

X W k i , k«(COV . . . COn) 6 I CO —

\

X 9?(k1} cox) . . . 9?(kn,.con)

5 = 1

(9)

(15)

iTje d flBJiaeTCfl CHMBOJIOM, yKa3biBaK>uiHM npaBHjio
o6xo#a nojiiocoB npH HHTerpHpoBaHHH yp. 15 no
co: B nepBOM HjieHe B CKo6Kax nojiioc O6XOAHTCH
CBepXy, BO BTOpOM — CHH3y, He3aBHCHMO OT TOrO,

oii 3HaK HMeeT Im cok. (YAO6HO paccMaTpHBaTb <5
HeKOTOpyK) (J)yHKUHK) OT CO, OTJIHHHyiO OT HyjIH

B cKonb yroAHO ManoM HHTepBajie B6JIH3H
TOHKH co~Recok, npnieM B STOH TOMKC 6> | Imcok | .

Tor^a HHTerpHpoBaHHe yp. 15 MOHCHO npoBOAHTb no
OCH.) PemeHHe yp. 14, 3aBHcaixiee OT

MO^CHO npeACTaBHTb B BHfle cp^ (k, t)

= T r S / d r i • • • d r " S d t i • • •
— oo

n

X exp| i V ( k , • r5 — co5 01 (10)

oo

= (27r)-1J 9?(1>(k, co) exp — icot dco MTO C yneTOM npa-
— oo

BHJI o6xo^a nojiiocoB B <pM (k, co) npHBo^HT K
9?(1)(k, t)=cpkexp —icokt npn Bcex t.

Hcnojib3ya yp. 15, nojiyiaeM ^JIH BToporo H

-j flk\k%( COl5 CO,

(11)
X 9?(1) ( k l s

> CO) =

, co2)d(co — co± — co2

(16)

X \[
j , k2, k3

i, k-ki 2, k3

rji$ CHMBOJIOM ^ o6o3HaneHa cyMMa no BceM B03-

M03KHbiM nepecTaHOBKaM nap (k-, cos) s=\, ..., n.
B flajibHeHiueM MW 6y^eM Ha3biBaTb BejiHHHHy
^ k i . . . kn (co1} ... con) OTKJIHKOM n-ro nopflflKa (cjie^ya
pa6oTe 11).

B yp. 1 K (J)ypbe-KOMnoHeHTaM, nojiy-
ziHHaMHMecKoe ypaBHeHHe ^Jia BOJIH, B KOTOPOM

MW Tenepb orpaHHHHMCH HejiHHeHHbiMH HjieHaMH ^o
TpeTbero nopjWKa no cp

k co £k (co) cp(k, co) = 4TT J (2) (k, co) + 4TT JW (k, co) (12)

Tjifi J(2) H J(3) onpeAejiflK>TC« yp. 9, a ek(co) — ^ H -
npoHHiiaeMOCTb njia3Mbi AJIH npo-

KOJie6aHHH

Ek(co) = l-fj,k(co)lk* (13)

HaMH HJieHbl (AO 9?d BKJIIOHHTeJIbHO)
AaAyT OCHOBHOH BKJiaA B HejIHHeHHOe B3aHMOAeHCTBHe
BOJIH. ByAeM peuiaTb yp. 12 nocjieAOBaTejibHbiMH
npn6jiH»ceHHHMH, npHHHB B KanecTBe nepBoro npn-

jiHHeapH3OBaHHoro ypaBHemifl:

£k(co)c/j(k, co )=0 (14)

(k-k1)a«k_ki(o»-o»i)

+ ^kl, k2, k3 (COV CO2, CO3) <pW (kx, (Ox) <p(1) (k2> CO2)

X 9?(1) (k3, co3)] d (co — cox — co2 — co3) dcox dco2 dco3

(17)

Tenepb nepeiweM K CTaTHCTHHecKOMy onncaHHio
aHcaM6jifl BOJIH, npe/jnojiaraa HX (J)a3bi cjiynaHHbiMH.
BHHHCJIHM (d/dt)(\q)(k, t)\2), orpaHHHHBaflCb Hjie-
HaMH no HeTBepToro nopaAKa no <pk. HepTa 03HaiaeT
ycpe^HeHHe no c{)a3aM HanajibHbix aMnjiHTy^ 9?*.,
4>HrypHpyiomHX B nepBOM npH6jiH»ceHHH yp. 15.
ripeflCTaBJiHH cp (k, t) B BH^e HHTerpajia Oypbe,
nojiynaeM

(d/dO<|^(k^)|2> = (27i)-2ImJ(co - co')(cp(k, co)

X<p*(k, co'))exp-i(co-

ECJIH

BemecTBeHHbie peuieHHfl cok, TO peuieHHe yp. 14
(k, CO) = 27C (pk 6 (CO — COk). IlpH

HJIH HeycToiiHHBOCTH cok flBjiaeTCH KOM-

njieKCHbiM. B 3T0M cjiynae peuieHHe yp. 14 MOKHO
B

xj(co- co') (2cpW (k, co) <p(3> (k, co') + cpW (k, co)

X cpW* (k, co') > exp - * (co - co') t dco dco' (18)

r^e yk=Imcok — JiHHeHHbiH HHKpeMeHT HJIH
MeHT BOjiHbi. B HJieHax HeTBepToro nop^AKa no 9?
npeHe6peaceM MHHMOH nacTbio cok, HTO

onpaBAaHHbiM npn yk<^cok. 3 T O 03HanaeT, HTO M H
npeHe6peraeM HJieHaMH vkr^/cok2, r^e r — xapaK-
TepHoe BpeMH H3MeHeHH« SHeprHH BOJIHW B pe3yjib-
TaTe HejIHHeHHOrO B3aHMOAeHCTBHH. IIpH 3T0M
Bbipa»ceHHe B CKo6Kax yp. 15 3aMeHfleTca Ha <5-
4>yHKUHK). ^ajiee 3aMeTHM, HTO npn HHTerpHpoBaHHH
Bbipa»eHHH, coAepacamnx 16, 17, nojuoca, BO3HHKa-

H3-3a Hyjieii £k(co), Hŷ KHo o6xoAHTb CBepxy,

22



TEOPMfl TyPEyJlEHTHOM nj!A3Mbl

MTO BbiTeKaeT M3 ycjiOBHJi 9?(") (k, t) -» 0, t -> — oo

( f t=2 , 3). TaKHM o6pa3OM B yp. 16, 17 MO>KHO nojio-

>KHTb

_ -i i..\ T> l ._ 5(co-a)k)

npn
(19)ft) ^ ft)k

£k' (ft)) = 9 £k (ft))/9ft)

B yp. 18 <p(2> M 95 )̂ H yMHTbiBaa yp. 19,
nojiynaeM KHHCTHHecKoe ypaBHeHHe JXJIH BOJIH B

A 2yk I

8/tki,k-ki,(cokl, cok— coki)/t-kl,k(—

+ 6/ak,ki,-ki(a)k,

x<5(k,

j, ks

\<Pki (20)

B CBfl3H C yp. 20 Heo6xOflHMO 3aMCTHTb, 4T0 BCe H3-
jio^KeHHoe Btiuie npeflCTaBjiajio CO6OM (J)opMajibHoe
pa3Jio»eHHe B pflfl no CTeneHHM nojia KOJie6aHHH,

O6MHHOH TeopHH BO3MyixieHHH.

npH TaxoM pa3JioaceHHH BO BKjia^ax pa3-
JIHHHblX nopflflKOB nOHBJIHIOTCa paCXOflflUJHeCH HJieHbl.
CMBICJI 3THX MJieHOB, Kax 6y^eT noKa3aHo B pa3-

flfine 2B, no cymecTBy, 3aKjiioMaeTCfl B BeKOBbix
3({)4>eKTax H HX MO3KHO ycTpaHMTb, ecjiH npocyMMH-
pOBaTb pacxo^JiLUHeca HjieHbi BO Bcex nopfl^Kax. B
pa3AeJie 2B noKa3aHO, HTO nocjie 3Toro cyMMHpo-
BaHHK OTKjiHKH no-npe^HeMy onpe^ejiaioTCfl yp. 10
M 11, r,ae pacxofl,Jnjj,HecH HjieHbi Hŷ KHO onycTHTb H
3aMeHHTb B yp. 11 HeBO3MymeHHyio (j)yHKî Hio pac-

/° Ha Me^jieHHO MeHniouiyiocji BO Bpe-
f(t), Tjifi df/dt onpe^ejifleTca ypaBHe-

KBa3HJlHHeHHOH TeopHH (flOnOHHeHHblM HJie-
, yHHTblBaiOlIJHMH B3aHMOfleHCTBHe BOJIH).

ECJIH BBeCTH BMeCTO \(pk\2 MHCJIO «KBa3HHaCTHU,»
, KOTopoe onpefleufleTCH cooTHomeHHeM

1 d
[£k(ft)) CO]

| ^ 2

MTO cokUk ecTb cneKTpajibHaa njioTHOCTb

KOJie6aHHH, TO KHHeTHHecKoe ypaBHeHHe

(21)

BOJIH

d«

X Jim

= 2yk nk + l ?

£kl'

^k, kl , - k l {u>k, cokl, —

kj2 eki (coki)

4TT S (cok — wki — ^k2) . . i-1 /
~i—r X U^kl, k2 (ft>kl,

(w)

— 2 R e {^kl, k2 (ft>kl, COk2) /M-kl, k ( — COkl, ft>k)}

( P — CHMBOJI rjiaBHoro 3HaneHMa).

MjieH B yp. 22 MOWHO HHTepnpeTHpoBaTb xaK HHTerpaJi

CTOJIKHOBeHHH flJIH BOJIH (KBa3HHaCTHll).

2B HEKOTOPUE OB1UME CBOMCTBA « MHTErPAJIA
CTOJ1KHOBEHMM»B KHHETMHECKOM YPABHEHHH

£JI.» BOJIH

ipV\ ipW H3 yp. 11, onpe,o,ejiflK)mne
OTKJ1HKH BTOpOrO H TpeTberO nopfl^KOB, yflOBJieT-

BOpflK>T OnpeACJieHHblM COOTHOliieHHJIM CHMMeTpHH,

KOTopbie OKa3biBaK>TCfl BecbMa nojie3HbiMH npw

HCCJie^OBaHHH HejlHHeHHblX HJieHOB B KHHeTHHeCKOM

ypaBHeHHH j\jin BOJIH, yp. 22.

PaccMOTpHM CHanajia CBOHCTBa OTKJIHKOB BToporo

. H3 yp. 11 HeTpy^HO nojiynHTb (nojib3yacb

CKO6OK IlyaccoHa)

(23)

(24)

, ^ ; T2,t2) = — (p(—Tv —tx\ r2 — r ^ ^ — tx)

^ti, T2,t2)-{-(p(r2-T1,t2-tl; -rv-t1)

M3 yp. 23 H 24 Henocpe^CTBeHHO eme Hejib3« nojiy-
MHTb KaKHX-JlH6o COOTHOIlieHHH j3,Jlfl BeJIHMHHbl ^k l , k2,
onpe^ejieHHOH 4>opMyjioH 10, TaK KaK MHTerpHpoBa-

HHe B Heft no t npoH3BO,aHTCfl no nojiyocn OT — oo

H.0 0. OflHaKo, ecjiH M H BBCACM nojiHyio KOMnoHeHTy

oo

', co") =jdr1dr2jdt1 dt2 ip {TX, t^; r2> t2)
—oo

X exp i (kx • rx + k2 • r2 — co' tx — oj"t2)

TO AJIH Hee H3 yp. 23 H 24 cjie^yeT

Vkl, k2 (ft)', ft)") = — V_kl-k2, k2 ( — Ct)' — ft)", ft)")

Vklk2 (ft)', ft)") + Vk2,-kl-k2 (ft)",— ft)'— ft)")

+ v_ki-k2,ki(— co'— co", co') = 0

OTKJIHK ^ k l k2 CBfl3aH CHHTepeCyK>lXI,HH

COOTHOllieHHeM

(25)

(26)

(27)

kl k2

k2
, If

2(2nl)2 J a)x

dto'dco"

co2 — (x) — co + U

vk2ki(co ",co')J" vkik-2 (<»', co") , vk2ki(co ",co') I
L w2 — a>"-\-i e <̂ i— to'-\-ie J

Bee cooTHOiueHHH Tnna 28 M H 6y,n,eM Ha3biBaTb

cneKTpajibHbiMH pa3Jio»ceHHflMH. fljia yacHeHHH CMbi-

cjia yp. 28 paccMOTpHM no^po6Hee CTpyKTypy BCJIH-

MHH vki k2(co', co"). IToflCTaBjiflH ipW H3 yp. 11 B yp. 25

noJiynaeM nocjie HHTerpnpoBaHHH no r', r"

— oo —oo

X[[<5(r0)>exp*{k1-r(«1)-to1«1}]jexpi{k2-r(<a)-cw2«2}]
(29)

B CKo6Kax ITyaccoHa
(22) no nepeMeHHbiM r°, p°.
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TAJ1EEB, KAPI1MAH, CArflEEB

ITpH 3T0M BMeCTO T(t) nOflCTaBHTb

r{t) \{t')dt' = (30)

cok —ft)ki; ocTajibHbie nonioca HHTerpHpy-

B CMbicjie rjiaBHoro 3HaneHHH. IIpeo6pa3ys[

-ki, ki, B yp. 34 c noMoujbio yp. 26, a Vki, k-ki c

yp. 27, H npoH3Bojna 3aTeM 3aMeHy nepe-

nojiynaeM

rjxe QH — JiapMopoBCKaa HacroTa (cooTBeTCTByio-

LUHX HaCTMJJ,), h — eflHHHHHblH BeKTOp, HanpaBJieHHblfi

H. Ilocjie HHTerpHpoBaHHH no t1} t2 BMCCTO

B yp. 29 noaBflTca <5-(J>yHKn.HH BHfla

d (ft)! — faz vz — nQu) H <5 (co2 — kzz vz- n2 QH). Cy-

LUeCTBeHHO npH 3T0M, HTO B (5-4>yHKi;HH BXOflflT ft)

H k C OflHHM H TCM )Ke HHfleKCOM. H a 3TH 6 — (J)yHK-

u,MH ^eficTByioT HeKOTopwe AH(J)4)epeHi;HajibHbie one-

paTopbi no p°. B anynae, Koiyja BHeinHee MarHHTHoe

nojie OTCTycTByeT, BejiHHHHbi Vkik2 npinniMaioT oco-

6eHHO npocTOH B H ^ . B 3TOM cjiynae r ( i ) = r °

H H3 yp. 29

l, k-kl (ft)kl, CUk — COkl) = Ak, - k l * {(Ok, — COkl) (35)

/Iki, k2 (ft)i, cu2)

K>IU,HM COOTHOUieHHeM

A k l ' k 2 ( f t ) l ' ^ ) = 2 ( 2 i c i ) » J o,1

dco'dco"

1
l, k2(a)/,co//) vk2,kl (co", taQI

— w" — ie («! — a/ — ie J

x{<5(ft)2-k2.v)k2|J} (31)

nojiyneHHH yp. 31 B yrjioBbix CKoGKax B yp. 29

OTJIHHaeTCH OT /*kl,k2(ft)i, ft)2) JIHUIb 3HaKaMH

MHHMblX fl06aB0K).

CooTHOiueHHe 35 0Ka3biBaeTca BecbMa nojie3HbiM

n p n HCCjieflOBaHHH HHTerpajia CTOJIKHOB6HHH B KHHe-

THHeCKOM ypaBHCHHH flJIfl BOJIH.

ITepeHfleM Tenepb K OTKjiHKaM TpeTbero nopflflica

iakik2k3. BBe,zjeM KOMnoHeHTbi Oypbe

oo

Vki,k2,kz{(ov (o2, co3) =Jdi1d<2d^3Jdr1dr2dr3

ITocjie noflcrraHOBKH yp. 31 B yp. 28 H

MHTerpHpoBaHHa no ft)', a>" nojiyHHTCH BbipaaceHHe

Taxoro »ce THna, KaK H B yp. 31, HO BMCCTO d{oo — k- v)

6y^yT CTOHTb (co — k - v + i e ) " 1 .

ITocne Bcero CKa3aHHoro HCHO, HTO nojiyBbineTbi B

jit H £, BXOflflLU,HX B yp. 22, 06yCJI0BJieHbI

(H=0)

CKOpOCTHMH

w

x ' k a '
(32)

X A V T \ ft I \z T* 1 \T . ¥• I , I/" , 1* —_^ ft\ T ^^_ ft\ T — ^ ^ | \ r I

C A L* 6 I IV-i X-t [ A n I n \ -^Q •*• Q v i / 1 VI \JJ 2 " 2 W / o V o l

X y)^{T1-T,t1-t;T2-T,t2-t',T3-T,t3-t) (37)

i,e y^3^ onpe^ejieHO ^opMY-110^ H-
)eAHTbCH, HTO

i, kl, - k l (COk, COkl, — COkl) =

_ 1 r do/dco" da/"

"kl,k,-kl(co', co", co'")
X — coki — co" — a>'" + *e) (— eoki — co'" + *

IlepBbie flBa cjiynaa B yp. 32 H 33 OTBenaioT pe3OHaH-

caM co6cTBeHHbix KOJie6aHHH (c nacTOTaMH coki, ft)k2)

c HacTHitaMH njia3Mbi, nocjieflHHii — pe3OHaHcy

BbmyacfleHHbix KOJie6aHHH (c nacTOTaMH ft)ki±ft)k2) c

HaCTHU,aMH. ^CHO, HTO HeJIHHeHHbie HJieHbl, CB5I3aHHbie
C pe3OHaHCHOM C06CTBeHHbIX KOJie6aHHH C HaCTffljaMH,

3HaHHTejibHO MeHbuie jiHHeiiHoro HJieHa lyknk, KOTO-

pbift co^ep»cHT TaKHe TKQ nojiyBbineTbi, H nosTOMy

HMH MO3KHO npeHe6peHb. TaKHM o6pa3OM, Mbi

MO»ceM npeHe6peraTb B HejiHHeiiHbix HJieHax BKJia-

OT nojiyBbineTOB, o6ycjiOBJieHHbix CO6CTBCH-

KOJie6aHHflMH, T.e. nojnoca, He CB«3aHHbie c

KOM6HHaUHOHHbIMH HaCTOTaMH, HHTerpHpyiOTCH B

CMbicjie rjiaBHbix 3HaHeHHH.

3anHiueM Tenepb cneKTpajibHoe pa3Jio»ceHHe

BejiHHHHbi ^kl, k-kl

, vkl,-kl,k(co',co"', co")
(cok— coki — co" — co'"-{-ie) (cok — co"-\-ie)

y-kl,k,kl {co'", co", co')

+ coki — co' — co"-\- ie) (coki — co'+ ie)

*-kl,kl,k (co'", co', co")

+ coki — co' — co"-\- ie) (cok — co"-\- ie)

+

+
CooTHOiueHHe 38 HanncaHO RJW TOH

KOTopaa coAepacHTca B HHTerpajie CTOjncHOBeHHH

BOJIH. 3aMeTHM aajiee, HTO B yp. 38 MM onycTHjin

pacxoflamnxca HJieHa, coAepxcamnx vk, ki, -ki H vk, -ki, ki

(B COOTBeTCTBHH C 3aMCHaHHeM, CflejiaHHbIM HOCJie

<j)opMyjibi 20, CM. Taxace pa3fleji 2B).

IIoJiyHHM Tenepb HeKOTopbie cooTHonieHna mix

BejiHHHH ipP\ vW. Hcnojn>3ya CBoficTBa CKO6OK

IlyaccoHa, 4>opMyjiy 11 npn n=3 MO»CHO nepemicaTb
B

, k-kl (COkl, COk— COkl) =

"kl, k-kl (co', co ") "k-kl,kl(co",co')

- ' ; ' 2 — ' I ' a — *) = IJ Jdr° dp(

X , „ . .
c— coki~co -\-te

B (})opMyjie 34 Mbi

B TOM 3HaMeHaTejie,

coki

l(co",co')-j
— CO J

(34) X [Qj{t),Qj{h)] [[#(*.), ei(«3)]./i('0,P°)l (39)

MHHMbie jj;o6aBKH jinnib

CTOHT KOM6HHartHOHHaa

(npocTpaHCTBeHHbie apryMeHTbi, ^JIH KpaTKOCTH, He

. CoBepuiaa uHRjinnecKyio nepecTa-
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TEOPHfl nJLA3MBI

HOBKy QJ (t2), Qj (h)> fj B npaBoii nacTH yp. 39, nojiy-

ip { t x — t ; t 2 — t \ t z — t ) — i p { t x — t ; t 3 — t ; t 2 —

; J d r ° d p ° [ei(*).Ci(*i)] [[ft-(«s).fo-(«8)]./
J (40)

H3 yp. 39 M 40 cjie^yioT cooTHomeHHH

V ( W j , CO2, CO3) = — V (— COX — CO2 — CO3, CO2, O)3) ( 4 1 )

V {(OV CO2, CO3) — V (COX, CO3, O)2) =V(CO3, Q)v

— (O1 — O)2—CO3)—V{ (03> — O)l— (O2 — CO3,0)1) ( 4 2 )

ECJJH T e n e p b pa3JIO)KHTb BejIHHHHy ^k, kl, - k l (cOk, OJkl,

—ojki) Ha

da/da/'dto'"

,—COkl,) = /a k.kl . -kl+^k.kl .kl (43)

^±k,kl,-kl (COk, COkl, — COkl) =

_ l r dc</c

(2ni)3Q J (cok—co'—co"—co'"+i

( vkl,k,-kl(co',co",a)/") .

coki—(o"co'"+ie)

, -kl,k(a>', co'", co")
— co" + i e J

(44)

(Tax HTO rjiaBHbiM BKjiaA B fir jxdLiOT pe3OHaHCbi
c BbmyjKfleHHbiM KOJie6aHHeM nacTOTbi cok— coki, a B
(JL+ — pe3OHaHCbi c nacTOTOM cok+coki), TO H3 yp. 41
H 42 BbueKaiOT cjieziyiomHe cooTHOineHHH CHMMCTPHH
(npn ycjioBHH, HTO HHTerpHpoBaHne Bcex nojwocoB,
He COflepjKamHX KOM6HHaitHOHHbIX MaCTOT, npOH3-
BOflHTCH B CMblCJIC TJiaBHOrO 3HaHeHHfl)

(45)

(46)

-k.ki.-ki (cok, coki, — coki) =

— I m (jL~ki, k, -k (coki, cok, — cok)

Im i a
+ k ,k i , -k i (cok, coki, — coki)

= I m [x+k\, k. -k (coki, cok, — cok)

ITpH nojiyneHHH yp. 45 H 46 Hcnojn>3OBajiocb TO 06-
CToaTejn>CTBO, HTO BemecTBeHHbie nacTH BCJIHHHH V B
4>opMyjiax 44 He BHOCHT HHKaKoro BKjia^a B
I m jLtk, kl, -kl (HHblMH CJIOBaMH 3TH BejIHHHHLI Onpe-
fleJlHIOTCfl TOJIbKO BKJia^aMH OT EOJiyBblHeTOB B
cneKTpajibHbix pa3Jio»ceHHflx yp. 44). ,Q|oKa3aTejibCTBo
3Toro yTBepacAenHfl H3Jio»ceHO B pa6oTe 10.

t, 3aMeTHM, HTO KpoMe yp. 35, 45 H 46
MecTO eme cjie^yiomHe oneBHflHbie COOTHO-

[ita.,ki((oXi a>2) = / a*_k i , -k2 (— cov — co2)

Akl,k2 (CO1( O)2) = A * _ k l , - k 2 (— COV — CO2)

jUkl, k2 ,k3( COx, CO2, CO3) = / M * k l , - k 2 , - k 3 (— O)x,— CO2>— CO3)

ek(co) = e*k(— co) > (47)

Hcnojn>3ya nojiyneHHbie cooTHOiueHHH
JUM OTKJIHKOB ftkl, k2, /Ltkl, k2, k3, MO»CHO yCTaHOBHTb
HeKOTopbie nojie3Hbie CBoiicTBa pa3JiHHHbix HJICHOB
HHTerpajia CTOJIKHOBCHBLH I {n} B KHHCTHHCCKOM
ypaBHeHHH AJM BOJIH. Pa3AejiHM STOT HHTerpaji Ha
ABC HaCTH

I {n} = R {n} + S {n} (48)

r^e R {n} co^epacHT Bee HjieHbi c d(o)k— coki — cok2)
H onacwBaeT B3aHMOfleficTBHe BOJIH, AJIH KOTOPMX
BbinojiHeHbi «pacna^Hbie» ycnoBHa

k = k i + k2, cok = coki + cok2 (49)

Hcnojib3ya yp. 35 H 47, HeTpy^HO nojiyHHTb
K)m,ee Bbipa»ceHHe

{n} = l« k 2
~ nk 1lkl ~

X 6 (COk — COkl — COk2) + 2 |Vk2, kl . k|2 (?lkl Wk2

— nk nki) d (cx)k2 — cok — coki)} d (k, kx + k2) (50)

Vk, kl, k2 = (51)

B yp. 50 yace no,apa3yMeBaeTCH cyMMHpoBaHHe TOJibKo
no

COk > 0, COkl > 0, COk2 > 0

nacTb KHHeTHnecKoro ypaBHeHHH fljia BOJIH,
ê HHCTBeHHOH B cjiynae «npo3paHHOM

cTb jcor,zja pe3OHaHCHHM B3aHMO^eHCT-
nacTHij; c BOjmaMH M O ^ H O npeHe6peHb), 6biJia

paHee H3 ypaBHeHroi rHflpoflHuaMHKH
njia3Mbi B pa6oTe 3 u 4. 3aMeTHM aajiee, HTO yp. 50

c npaBOH nacTbio KHHeTHHecKoro ypaB-
(JIOHOHOB B TBepflOM Tejie, ecjiH B HeM

nOJIO»HTb n — 0. KBaHTOBblH BblBOA KHHeTHHeCKHX
ypaBHeHHH RJIR BOJIH B njia3Me paccMaTpHBaeTca B
pa6oTe 7.

BTopofi HjieH B yp. 48 — S {n} onpeaejifleTCfl pe-
3OHaHCHbiM B3aHMOAeiicTBHeM BbiHyag^eHHbix KOJie-
6aHHH C HaCTHliaMH. STOT 3C|)<J)eKT MO»CHO HHTep-

pacceaHHe BOJIH B njia3Me.

Tenepb S {n} B

S{7l} = 2(Skk' + Skk'')
k'

(52)

SL ' = | ^ _ _ ^ _ _ ]
k - k l (cokl» cok —toki ) /« -k l , k (— a>kl>cok) 1

(k-k^ek.ki J

+ 6//±k,kl,-kl(C0k, COkl, — COkl)

fle \l~ OTHOCHTCH K COkl>0, COk>0

H ft+ OTHOCHTCfl K COkl<0, COk>0

48 n
Skk'' = - ^ |

X /M
± k, k l , - k l (COk, COkl, — COkl)

OTHOCHTCH K C O k l > 0 , C O k > 0

H fl~ OTHOCHTCH K C O k l < 0 , C O k > 0

a iM
±k, ki, -ki onpeaejieHbi B yp. 44. Hcnojib3ya COOT-

35, 45, 46, 47, HeTpy^HO npoBepHTb, HTO

Skk' =

Skk' =

(53)

(54)
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TAJ1EEB, KAPriMAH,

B 60JlbLUHHCTBe KOHKpeTHblX CJiyHaeB BKJiaflOM OT

pe3OHaHCHOrO B3aHMOfleHCTBHH KOM6HHaU,HOHHbIX

BOJ1H C MaCTOTOH Oik (Okl

cyMMy Bcex TaKHx HJICHOB nepe3 Yx H ycpe^Hflfl no
4>a3aM Bcex cpk,

C HaCTHIl,aMH MOJKHO

3T0 O3HanaeT,
HHTerpajia S {nj

npeHe6penb no cpaBHeHHio c
BKJiaflOM OT MJICHOB C |ft)k| — |cOkl

HTO Skk'' <̂  Skk', TaK HTO Bee Hflpo

M05KH0 CHHTaTb aHTHCHMMCTpHHeCKHM. CoOTBeTCT-

B STOM cjiynae ero MOHCHO npeflcraBHTb B HBHO

(J)opMe (CM. yp. 35, 36)

(—

(55)

+ y ( -5 - l ? I I |dco5exp
m = l kv...,km —oo 5 = 1 5 = 1

O (k1( a^) . . . [g (km, com),f°] . . .] <<pkl • • • <Pkm)
X

Skkl =
k2 k ^ fife1 (wk) ekl' ( a»kl)

v T m / p 8 A *k , — k i (o)k, —«>ki) ^ -k l .k
I (k—kl) «k—ki(cok —

+ 3 [^k, k l — k l (CO k, CO kl, — COkl)

— f<lkl,k, —k(cOkl,COk, — COk)]}

5 = 1 5 = 2 (58)

r^e /Iki, k2 onpe^ejieHo B yp. 36.
B 3aKJiK>HeHHe 3Toro pa3flena OTMCTHM, HTO (popMa

KMHeTHHecKoro ypaBHeHHH fljia BOJIH, r ^ e «MHTerpaji

CTOJIKHOBeHHH» Bbipa>KeH Mepe3 OTKJIHKH fikl, k2,

jUki k2 k3, npe^CTaBjiaeMbie B BH^e cneKTpajibHbix

, BecbMa y ^ o 6 H a fljia KOHKpeTHbix npM-

TaK KaK 3TH BejlHHHHbl CpaBHHTejlbHO

npOCTO BblHHCJIHIOTCfl (KSiK 3TO 6blJ10 BH^HO H3

yp. 31).

Bano
nocji

cjiaraeMoe B cyMMe 58 6WJIO 0TJiH4HbiM OT
Heo6xoflHMO, MTO6W Kaac^oMy cpk COOTBCTCTBO-

cpk*. BbiflejiHM Tenepb B yp. 58 TaKyio
flOBaTejibHOCTb, r^e conp«3KeHHbie napw (k,
— cok) CTOHT pjiflOM. O6o3HanaH cyMMy

nepe3 / (t), MO»eM HanncaTb

2(1

(0 =
oo oo

2 yh) "2 Idft>1
5 = 1

x 2«

I y a>2S — i o \ I y cos + a > k i — i d j . . .

5 = 1 5 = 2

2« + o>k« — *<

2B CYMMMPOBAHHE FACXOJXXWJdXCX MJ1EHOB.
C KBA3MJ1MHEHHOH TEOPHEW BH,n,eTb, MTO no^HHTerpajibHoe

PaccMOTpMM o6mee Bbipa»ceHHe
pacnpeflejieHHa F(r°, p°, t), nonynaioineecH npn cyM-
MHpoBaHHH pflAa TeopHH B03MymeHHM. IToflCTaBjiaa
B yp. 6 <2fint H3 yp. 4 H cyMMHpya no BceM n, nojiy-
MHM

oo oc- n

J IT
1

n = l
IT

k j . - . - . k , , —oo 5 = 1

X dcos d cos' e x p it ")> (a>s — cos')

3TOM, paccMOTpHM no^po6Ho

njia3Mbi 6e3 MarHHTHoro nojiH. B STOM cjiynae H3
yp. 57 cueflyeT

^ (k, co) = 2TTC 6 (k-v — co) exp i k - r 0 (60)

2N 2/I

Tax HTO 3HaMeHaTejiH B yp. 59 THnay cos, y cos H T.^;.

5 = 1 5 = 3

06paTflTCH B Hyjlb! OneBH/tHO, 3TH paCXOflHMOCTH
HBJIHIOTCH npO3BJieHHeM BeKOBblX 3(J)(J)eKT0B.

,ZjH4)(])epeH]jHpyfl yp. 59 no ^ H ynHTbiBaa yp. 60,
jienco nojiyHHTb ^jia / (0 aieayioinee ypaBHeHHe

X
n n

2^ {(Jis— cos') — idl ^ > (o)s— c o / ) — id\ . . . ((tin— ojn'—
-

8t
/ /9_\2 I /, .'

dco da)'

5 = 1 5 = 2 (56)

r#e (p (k, co), Q (k, co) — c{)ypbe-KOMnoHeHTbi
H MHKponjiOTHocTH 3apa^a yp. 4 H

X[Q(KCO), [Q(-Kco'),f]]\cpk\2 (61)

yp. 60 B yp. 16 H BbinoJiHaa flH(J)(^epeH-
B CKo6Kax IlyaccoHa, nonynaeM H3BecTHoe

ypaBHeHHe KBa3HjiHHeHHOH TeopHH [7, 2]

e (k, co) =ejdteexpi[k-T(t)-cot] (57) ^ =7 (62)

(r(t) onpefl,ejiaeTca (JjopMyjiofi yp. 30; CKO6KH Ilyac-
coHa GepyTca no OTHomeHHio K jiarpaH»ceBbiM nepe-
MeHHbiM). B STO BbipaxeHHe Heo6xoflHMo noflCTa-
BHTb 9?(k, co), Bbipa^ceHHbie nepe3 aMnjiHTyflbi cpk
co6cTBeHHbix KOJie6aHHH H3 flHHaMHHecKoro ypaBHe-
HHH THna yp. 12. I lpn STOM HanGojiee npocTbiMH B
yp. 56 6y/i,yT MJICHH, nojiynaiomHecH npn 3aMeHe
Bcex c/j(k, co) na cpk d(co — cok) (nepBoe npn6jiH»ceHHe

noTeHD,HaJia).

TaKHM o6pa3OM, cyMMa pacxo^amHxca MJICHOB
yp. 59 HBjiaeTca KOHCHHOH H coBna^aeT c
MeHHiomeHca BO BpeMeHH 4>yin<u.HeH
KBa3HJlHHeHHOH TeopHH.

AHanorHHHoe paccy»AeHHe M O ^ H O npoBecTH H
nna3Mbi B MarHHTHOM nojie. HeKOTopwe ycjio>KHeHHa

CBa3aHbi c TeM, HTO Q (k, co) y»ce 6y^eT npefl-
cyMMOH HjieHOB, coflep^amHx d (co — kzvz

n=0, 1, 2, . . . , TaK HTO B cyMMe yp. 59,
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KpoMe pacxoAHiipixca 6y,ayT H KOHenHbie HjieHbi.
HeTpy^HO BHfleTb, MTO CyMMHpOBaHHe OflHHX TOJIbKO
pacxoflfluiHXCH MjieHOB onaTb npHBe^eT K KBa3HJinHeH-
HOH (J)yHKU,HH pacnpe^ejieHMH (oT6pacbiBaHHe ocTajib-
Hbix HJieHOB SKBHBajieHTHO ycpe^HeHHio no jiapMO-
pOBCKOMy BpaiHeHHK) HaCTHll).

flajiee, jierKO y6e,n,HTbCJi, HTO ecjiH o^HOBpeMeHHO
C CyMMHpOBaHHeM paCXOAfllUHXCfl HJieHOB B (j>yHKlJHH
pacnpe^ejieHHa npocyMMHpoBaTb HjieHbi aHajiorHH-
HOH CTpyKTypbl B KHHCTHHeCKOM ypaBHeHHH flJIH

, T.e. HjieHbi Bw,aa (CM. yp. 7—9)

1
dcodcox. . . dco2/i

, k l , - k l , . . . , k n , - k n CQ2n)

2« 2n

I—cok+co+ / a>s—i>o I / coc—loll coki+ / co^—*ol(cok«

5=1 5 = 1 5=2

oo

'ki .. km = dr , . . . drm \dtx . . . dtm w ( r l 5 1 1 ; . .
J J

in

s-Ts — 00sts)\

rm,tm)

(63)

TO 3TO K 3aMeHe jiHHefiHoro

0 _ I m fik (cok) Im f dr° dv° d (r°)
J

[gj (k, ft)),/,0]

( —cok + co— *t5)

*•-(«) J k -*4 ( k -T-< B k ) d T (64)

X

Ha KBa3HJIHHeHHbIH, nOJiyHaK)LU,HHCfl

yp. 64 Ha / (t).
OTCK)fl,a, B nacTHOCTH, acHo, noneMy H3 cneKTpajib-

Horo pa3Jio»ceHHJi AJTH ^k, k', -k' (qbopMyjia 38)
HCKJIK>HeHbl HJieHbl, COflep»aiXI,He Vk, k', -k', Vk, -k', k'.

O H H HMeioT CTpyKTypy THna yp. 63 H nosTOMy BKJIK>-
HeHbl B KBa3HJIHHeHHbIH HHKpeMeHT.

OTMCTHM, HaKOHeu,, HTO ecjiH KpoMe pfl^a yp. 59
ynecTb eine ^onojiHHTejibHbie cjiaraeMbie B yp. 56,
Tj\e HeKOTopwe H3 <p(k, co) 3aMeHeHbi Ha c/?(") (k, co), a
TaK>Ke HjieHbi, r^e conp»>KeHHbie napw (k, co), (—k,
—oo) He CTOflT pa^oM, TO (nocjie ycpe^HeHHH no
^)a3aM) nojiyHHTca ypaBHeHHe RJIH
K)ixi,eHCH qbyHKU,HH pacnpe^ejieHHH «
K)Uiee B3aHMOAeitCTBHe BOJIH. C TOHHOCTbK)

neTBepToro nopaziKa no q>k STO
BUR (BbinncbiBaeM ero, AJi« npocTOTbi,

njia3Mbi 6e3

e \ 2 v 8TI2

e \ 2

dt

ek' (cok) Sv

4?T
 k J L P r i i v *L

ek' (cok) dv L(cok-k-v)2J Sv

m k* k'2

X
6 (k, k' + k") uk, -k' (ft)k, -

*[H
ê

t', k" (V) =

X

7 r
ek* (a>k — «>k')

',k»(v) + k ' i - ^ ^ ' ( v ) }
(65)

a)k'+ft>k*-(k'+k")-v+i6

It
L Sv cok"-k"-

1 /r 3\r"
i5 dv

1
cok'-k'-v+i<5

r r - k ' ^ -

00-k = — COk

rjkk'(y) r^-k , a

cok-wk'+(k-k')-v+*<5
| k

 8 L
<5 [ Sv — cok'—k'-

x — k-v+t<5k-5- /(v)

| , 7̂  npocTO nojiynaiOTCH nocjie
yp. 60 B cooTBecTByiomHe CKO6KH

IlyaccoHa; dnk/dt BO BTOPOM HjieHe yp. 65 onpe,ne-
juieTCfl KHHeTHHeCKHM ypaBHeHHeM flJiH BOJiH (yp. 22).
ITpn nojiyneHHH 3Toro HjieHa ynHTbiBajincb (B nepBOM
npH6jiH3KeHHH) MHHMbie HacTH cok B cp^\ onpeflejifle-
MOM 4>OPMyJIOH 15. ITpH 3T0M Mbl HCnOJlb3OBaJlH
COOTHOIXieHHe

—~ I =~J r ^ r l = d (co — x)
TZI \z— (o — id z— u> + i 6 I v '

z = x+iy- P y

(co — re)2

r^e P — CHMBOJI rjiaBHoro 3HaHeHH5f.

B cjiynae, Kor,n,a nk MCHHIOTCH He TOJibKo BO Bpe-
MeHH, HO H B npOCTpaHCTBe B d?lk/d£ WQ.JXO BKJllOHHTb
em,e nepeHOCHbiH HjieH, paBHbift (dco/dk) (d?ik/dx).

OTMeTHM, HaKOHeLt, HTO KaK 6blJIO BHflHO H3 COAep-
3Toro pa3fl,ejia, ycpe^HeHHe no xaoTHnecKOMy

4>a3 B HanajibHbiH MOMCHT 3KBHBa-
nepexo^y K Me^jieHHO MeHflK)ixieMycji Bpe-

. 3 T O o6cTOJiTejibCTBO xopouio H3yneHO B pa6o-
TaX, nOCBHUieHHblX 060CH0BaHHK) KHHeTHHeCKOH TeO-
PHH [12, 13].

2 r 3AKOHM COXPAHEHMil

PaccMOTpHM CHanajia cjiynan, Kor^a pacna/iHbie
ycjiOBHH (yp. 49) He BbinojiHHioTCH H cymecTBeHHbi
TOJIbKO pe3OHaHCbI HaCTHU, C BbIHy5K,aeHHbIMH KOJie-
6aHHflMH nacTOT I cok I — |cok'j. B STOM cjiynae HHTe-
rpaji CTOJiKHOBeHHii fljia BOJIH HMeeT BHJ5 yp. 55.

IIocKOJibKy ero «^po aHTHCHMMeTpHHHo no k H k',
TO H3MeHeHHe nojiHoro HHCJia nacTHu,

— (66)

k, k', k*

ECJIH BejiHHHHaMH yk MO)KHO npeHe6peHb (STO HMeeT

MecTo, HanpHMep, B pe3yjibTaTe ycTaHOBjieHHH KBa3H-
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TAJIEEB, KAPIIMAH, CArflEEB

«njiaTo» Ha <J)yHKn,HH
B o6jiacTH pe30HaHca c co6cTBeHHbiMH KOJie-

[7, 2], TO nojiHoe HHCJIO KBa3HHacTHn;

coxpaHaTbca
x—^

= constant

H3 3aKOHa coxpaHeHHa HHCjia KBa3HHacrHn
Ba>KHbie c.ne,zi,CTBHfl. IlycTb cneKTp KOJie6aHHH
HTO HX HaCTOTbl MajIO H3MeHflK)TCfl C H3MeHeHHeM
3 T O HMeeT MecTO, HanpHMep, flji
JieHrMIOpOBCKMX KOJie6aHHH, flJIfl KOTOpblX

W k = cooc [1 + (3/2) (k r-o)2]; kr^^l (67)

TJD — fle6aeBCKHH sjieKTpOHHbiii paanyc.
3aKOHa COXpaHeHHa HHCJia KBa3HHaCTHH, B 3T0M

cjiynae nojmaa SHeprna B nepBOM
npn6jiH»ceHHH (c TOHHOCTbio ,zio
coxpaHHTbca, T.e. HejiHHeiiHoe B3aHMOfleHCTBHe npa-

B 3T0M npn6jiH»ceHHH jiHixib K nepeKanrce
H3 OflHoii nacTH cneKTpa B apyryio (ana

naxeTa 3TO 6HJIO paHee OTMeneHO B
pa6oTe 2; AJI« TpexMepHoro — B pa6oTe 14, 15).
ECJIH npn 3TOM nepexaMKa nponcxoflHT OT 6onee

KOPOTKHX BOJIH K 6ojiee fljiHHHbiM, TO B cjie^yiomeM

npn6jiH»ceHHH no (kr^)2 HejiHHeiiHoe B3aHMO ;̂eHCT-
BHe npHBo,n,HT K cyMMapHOMy 3aTyxaHmo SHeprHH
BOJIH (HejiHHeMHoe 3aTyxaHHe JlaH^ay). ECJIH ace nepe-

KaHKa BOJIH npoHcxo^HT B o6paTHOM HanpaBJieHHH,
TO B cjie^yiomeM npH6jiH»ceHHH HMeeT MecTO cyM-
MapHoe BO3pacTaHHe 3HeprHH BOJIH B naiceTe. 3 T O
oflHaKO BOBce He 03HanaeT Hajinnne HejiHHeHHOH
HeycTOH^HBOCTH, H6O 2 k n k c o k = const. TaKoii cjiynaH
ocymecTBJiaeTca, HanpHMep, npn HajiHHHH TOKOB B
njia3Me, T.e. npn flBHaceHHH ajieKTpoHOB OTHocHTejibHO
HO HOB co CKopocTbio, npeBbiuiaiomeH HeKOTopyio

KHHeTHHeCKyK) CKOpOCTb.

CoBepmeHHO aHajiorniHtie
K)UI,He H3 3aKOHa COXpaHeHHa
MeCTO H flJIH KOJieGaHHH flpaMMOHfl,a-PO3eH6jLK)Ta
[19], BO36y5K,zi;aK)inHxca npn npoxoacaeHHH TOKa
BflOJib MarHHTHoro nojia B njia3Me c Te«* T\, jyin
KOTopwx nacTOTa KOJie6aHHH BecbMa 6jiH3Ka K Jiap-
MopoBCKOH HOHHoii HacTOTe (Te, Ti — TeMnepaTypw
3JieKTpOHOB H HOHOB COOTBeTCTBCHHO).

B cjiyiae HOHHO-3ByKOBbix KOjie6aHHH 6e3
Horo nojia jj,HcnepcHOHHoe ypaBHeHne HMeeT

npocTOTbi nojioxeHO Ti=0).
3,zjecb nrpaeT ocHOBHyio pojib jinuib Kor^a
BOJIH 6JIH3KH K CUoi, T.C (kip) > 1. B npOTHBHOM
cjiynae, Boo6m,e roBopa, scjxfceKTbi nepeKanKH H
CyMMapHOrO H3MeHeHHH SHeprHH HMeiOT OflHH H TOT
ace

PaccMOTpHM Tenepb cjiynafl, Kor^a yk>0 RJISL Bcex
HMeiomHXca BOJIH. H3 yp. 66 Tor^a cjieayeT, HTO
(d/dt)2,knk>0, T.e. O^HO TOJibKO HejiHHeHHoe 3aTy-
xaHHe BOJIH He MoaceT KOMneHcnpoBaTb HX pocT

BCJieflCTBHe JIHHeiiHOH HeyCTOHHHBOCTH H,
TejibHO, ycTaHOBjieHHe CTaitHOHapHoro cocToaHHa B
3TOM cjiynae HCBO3MO»CHO. OuiH6oHHiie BHBOAI»I 06

ycTaHOBjieHHH CTaixnoHapHoro cocToaHHa B STOM
cjiyiae, cflejiaHHbie B [16, 17], CBa3ajn>i c TeM, HTO
H3-3a rpOMO3flKOCTH HCXOflHblX Bbipa»CeHHH H Bbl-
KJia^oK He 6bijia 3aMeMeHa aHTHCHMMeTpna a^pa
KHHeTHiecKoro ypaBHeHHa ^jia BOJIH. Heo6xoflHMO,

3aMeTHTb, HTO CTau,HOHapHoe cocToaHHe
B npHHii;Hne, ycTaHOBHTbca, ecjiH

BOJIH B naiceTe yk<0,

PaccMOTpHM, HaKOHeî , cjiynafi, Kor^a 2yk^k H
S {n} B yp. 48 aBJiaioTca HecymecTBeHHbiMH, TaK HTO
ocHOBHyio pojib nrpaeT «pacna^Hoe» B3aHMO^eHCT-
BHe BOJIH. H3 4>opMyjibi 50, onpe^ejiaiomeH R {%},

Henocpe^CTBeHHO BbiTeKaioT cjicayiomHe 3aKOHbi
coxpaHeHHa

= constant; y nk k =constant (68)

3aKOHH3 3THX COOTHOIIieHHH
coxpaHeHHa SHepran BOJIH (HanoMHHM, HTO
cneKTpajibHaa njioTHOCTb SHeprHH KOJie6aHHii), BTO-
poe ypaBHeHHe, oneBH^HO, npe^CTaBjiaeT 3amH
coxpaHeHHa HMnyjmca. 3aMeTHM, HTO npn coxpaHe-
HHH 3HeprHH H HMIiyjIbCa KOJie6aHHH HHCJIO KBa3H-

, pa3yMeeTca, MOXCCT He coxpaHaTbca.

3 3BOJIIOUHH cneKTpa cjiaSoii TypSyjieHTHOCTH BO

113-33 HeJIHHeUHOrO B3aHMO^eHCTBIIH BOJIH

H3-3a cjioacHoro BH^a HHTerpajia CTOJiKHOBemiH B
KHHeTHHeCKOM ypaBHeHHH flJia BOJIH, 60JIblH0H HHTe-
pec npeztcTaBjiaeT HccjieflOBaHHe nacTHbix KJiaccoB
3aflan, AonycKaiomnx aHajiHTHnecKoe peuieHHe, no3-
BOJiaiomee npocjie^HTb 3BOJIK>H,HK> BO BpeMeHH Typ-
6yjieHTHoro cneKTpa KOJie6aHHH. B STOH rjiaBe 6y#eT
paccMOTpeHa o^Ha H3 Taxnx 3a^an, a HMeHHo —
3aflana o HejiHHeiiHOH 3BOJHOD;HH cneKTpa jieHrMio-
POBCKHX ajieKTpoHHbix KOJie6aHHH B njia3Me 6e3
MarHHTHoro nojia. KaK 6y^;eT BH^HO HHace, 3Ta 3a-
fl,ana aBjiaeTca HHTepecHoii H no eune O^HOH npHHHHe:
B pa^e cjiynaeB B HejiHHeHHoii pejiaKcan,HH sjieKTpoH-
Hbix KOJie6aHHH rjiaBHyio pojib nrpaiOT HOHM, HTO
Ha nepBbiii B3rjiafl MOFJIO 6bi noKa3aTbca napa^oK-
CaJU>HblM.

IIocKOjibKy pacna^Hbie ycjioBHa (yp. 49) fljia 3JieK-
TpoHHbix JieHrMiopoBCKHX KOJie6aHHH He Bbinojma-
K)Tca, HHTerpaji CTOJIKHOBCHHH ^jia BOJIH COCTOHT H3

TOJibKO nacTH S {n}, KOTOpaa onncbiBaeT
pacceaHHe BOJIH, npHneM BKjiaflOM OT

pe3OHaHCHoe B3anMOAeHCTBHe
c BbiHyac^eHHbiMH KOJie6aHHaMH nacTOTbi

' (o»k>0, &>k'>0) MO»CHO npeHe6penb. TaKHM
o6pa3OM, B paccMaTpHBaeMOM cjiynae a^po HHTe-
rpajia CTOJIKHOB6HHH S {n} aBjiaeTca

necKHM H onpeaejiaeTca BbipaaceHHeM 55,
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d v

dv(d/j/0V)

r (k-k')k'k _ (k-k')kk' \
\ to — k - V a/ — k'-V /

r
X J (co-k-

dv(k-k')(k-k')2(S/j/av)
v)2(a/-k ' -

(70)

(71)

POCTO nojiynaiOTCH, ecjin
MHKponjiOTHOCTb 3apfl,aa Q (r, t) = e 6 (r — r0 — v t) B
4>opMyjibi ana vw, k", vk\ k\ w yp. 25, 37, a nocjie^-

B yp. 28, 36 H 38.
ypaBHeHHe fljifl BOJIH flojiamo 6biTb

ypaBHeHHeM flJia 4>YHKIIHH pacnpe^ejie-
HHH MaCTMU, KOTOpoe HMeeT BHA yp. 65. IIOCKOJIbKy
fl/ipo HHTerpajia CTOJIKHOBCHMM JXJIK BOJIH HBjiaeTCH B

paccMaTpHBaeMOM cjiynae aHTHCHMMeTpH^ecKHM, TO
npH HejIHHeMHOM B3aHMOfl,eMCTBHH BOJIH MHCJIO KBa3H-

(njia3MOHOB) He MeHJieTCfl, TaK HTO CTOJIKHO-

BOJIH npHBOflflT jiHiiib K nepeKaMKe njia3MOHOB.
oTcyTCTBHH nyHKOB, TOKOB H T.n., 3Ta nepe-
npOHCXOflHT OT 60Jiee KOpOTKMX BOJIH K flJIHH-

HWM, TaK KaK SHeprHH KOjie6aHHH B u,ejiOM He BO3-
pacTaeT.

ECJIH BbinojiHHTb HHTerpHpoBaHHe B yp. 69—71 c
yneTOM &r£><^l (r^ — aeGaeBCKHii pa^Hyc) H npe-
He6peib BKjiaflOM OT MOHOB (HTO, KaK 6y^eT noKa-
3aHO HH*e, BepHO JlHlllb flJIfl flOCTaTOHHO IlIHpOKHX
BOJIHOBHX naKeTOB), TO KHHeTHiecKoe ypaBHeHMe
BOJIH npHHHMaeT BH,n, (CM. TaK»e pa6oTe 14).

k'2-k2

d

X
f[kxk/](k-k/)2

I (k-k')2 (72)

M U onycTHjiw jiMHeiiHbiM HJICH 2yk^k (3TO MOKHO

, ecjiH yk floeraTOHHO Majio H3-3a KBa3HjiHHeH-
Hoii pejiaKcaiiHH ^yHKUHH pacnpeflejieHHfl) H ynjiH
TOJibKo flBa nepBbix HeHCHe3aiomHx HjieHa B pa3Jio-
»eHHH HHTerpajia CTOJIKHOBCHHH no creneHHM kr^.

M3 yp. 72 cjieayeT, KaK STO 6bmo oTMeneHo paHee
B pa6oTe 14, HTO B3anMO,n;eHCTBHe BOJIH C napajuiejib-
HblMH H B3aHMHO nepneHflHKyjIflpHblMH BOJIHOBblMH
BeKTopaMH B nepBOM HeHcne3aiomeM no kr^, npn-
6jIH»CeHHH OTCyTCTByeT. 3TO, OflHaKO, BepHO JIHIlIb
npH ycjiOBHW npeHe6peaceHHH BJiHsiHHeM MOHOB, KOTO-
poe, Boo6me roBopa, HOHTH Bcer^a cymecTBeHHO [75].

B KanecTBe npHMepa paccMOTpHM H3OTponHbiH
(TpexMepHbiii) BOJIHOBOH naKeT. OKa3biBaeTca, HTO
ecjiH uiHpHHa ero Ak yAOBjieTBopneT ycjiOBHio

(73)) 2 / 3

(VTi, e — TenjIOBbie CKOpOCTH HOHOB H

TO B aflpe HHTerpajia CTOJiKHOBeHHii BOJIH
pojib HrpaioT HOHbi. OrpaHHHHBaacb nepBbiM He-
HCHe3aiomHM npH6jin>KeHHeM no fcr©, B STOM cjiynae
nojiynaeM [75]

dt

T£ Ti

(74)

IloAHHTerpaju>Hoe Bbipa»ceHHe B yp. 74 OTJIHHHO OT

| \ | |npn |cok— |k —

- 1 (75)

TO-eCTb B3aHMOAeHCTByK)T M e ^ ^ y CoGoft JlHUIb BOJIHbl

c oneHb 6 J I H 3 K H M H 3HaneHHHMH MoayjiH BOjiHOBoro

BeKTopa: | k | — | k ' | <g.Ak. B CBH3H C 3 T H M n o ^ -

HHTerpajibHoe BbipaaceHHe B y p . 74 MO>KHO pa3Jio»CHTb

B p j m n o CTeneHHM Majioft pa3HOCTH (k 2 — k ' 2 ) , B

pe3yjibTaTe n e r o HHTerpo-flHqb^epeHLtMajibHoe y p . 74

C B O ^ H T C H K HejiHHeMHOMy flH(^4)epeHii,HajibHOMy ypaB-

HeHHK) B HaCTHblX npOH3BOAHBIX

(76)

N k =

4 7r
T =

Ak — xapaKTepHaa uiHpHHa naKeTa, k0 —
BOjiHOBoe HHCJIO naKeTa BOJIH.

CpaBHHBaa yp. 76 c yp. 72, nojiynaeM oueHKy yp. 73.
PeiueHHe yp. 76 HMeeT

N k =

P = 6a2

- T p Nk)]}

(77)

F (x) — pacnpeflejieHHe SHeprHH B naKCTe B
MOMCHT BpeMeHH. OTCK)fla cjie^yeT, HTO

OCHOBHbIM 3(J)4)eKTOM BpeMCHHOH 3BOJIKDUHH naKeTa
HBjiaeTca ero cy»ceHHe, CM. pwc. 1. O^HaKo, caMO
yp. 76 cnpaBe^JiHBo jiHuib npn ycjioBHH, HTO pa36poc
qba3OBbix CKopocTeft B naKeTe BOJIH 3HaHHTejibHO
6ojibme TenjiOBoro pa36poca CKopocTeii HOHOB, HTO
HMeeT MecTo. npn

Ak\k >We/mi)1/2

KaK TOJibKo naKeT cTaji aocTaTOHHO y3KHM, M H
He MO^eM npcacraBHTb ero SBOJIHDLIHK) aHajiHTH-
necKHM o6pa3OM. OAHaKO 4>n3HHecKaji KapTHHa no-
npe>KHeMy «cHa. IlaKeT npoflOJDKaeT cy>KaTbC5i flo Tex
nop, noKa He CKajKeTca HeTbipexnjia3MeHHoe B3aMM0-

i C noMombio KHHeTHnecKoro ypaBHeHH«
pacnpeflejieHHH, yp. 65, jierKo noKa-

3aTb, HTO BpeMfl ycTaHOBjieHHH «njiaTo» Ha <J)yHKu,HH
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pacnpe/iejieHHfl B o6jiacTH pe30HaHca
BbiHyac^eHHbiMH K0Jie6aHH«MH Bcer#a
6ojibiue yp. 78. BpeMfl yiimpeHHJi naneTa 3a
MeTbipexnjia3MeHHoro B3aHM0^eHCTBHfl jierKo oue-
HHTb, 3Hafl jUk', k", [Akr, k", k'". OTMeTHM, MTO OU,eHKa

T, BbiTeKaioinaH H3 BH/ia HHTerpajia CTOJIKHO-

B pa6oTe 18 HMeeT HenpaBHjibHbiH
BeJIHHHHbl. ITO nopJWKy BeJIHMHHbl OHO

(78)cooe"1 {AhrDf (nTj'Wf

W — njioTHOCTb 3HeprHH naxeTa BOJIH. CpaBHH-
ero xapaKTepHbiM BpeMeHeM cyaceHHji, MOJKHO

HaMTM yCTaHOBMBIIiyiOCfl KBa3HCTaUHOHapHyK) UlHpHHy
Ah

Ah npH (79)

y3Koro
HacTOJibKO 6bicTpo, HTO 3aTyxaHHe (HJIH

HapacTaHHe npM ̂ pyroM 3Haice dfldv\v =Aa)/Ah) B
TeMeHHe npoijecca ycTaHOBJieHHa MoacHO 6HJIO He
yHHTblBaTb.

4 YcTaHOBUBuiHiiCH cneKTp KOJie6aHHii B
HeycTOHHHBoii njia3Me H HBJieHHH nepenoca

B npeflbi^ymeM pa3flejie 6biJia paccMOTpeHa
BO BpeMeHH Ha npHMepe npo^ojibHbix

HWX KOJie6aHHM njia3Mbi H 6bmo HaHfleHO, HTO B
TepMOflMHaMHHecKH paBHOBecHOH njia3Me Hapa^y c
nepepacnpeaejieHHeM SHeprHH 4mK)KTyau,HH ajieKTpH-
necKoro nojifl no cneKTpy KOJieGaHHH Ha6jiK>flaeTCJi

ee ,n;o nojiHoro 3aTyxaHHH
. BO3MO5KHH, OAHaKO, CHTyaUHH,

KOjie6aHHii TiojmepmiBaeTcx m,
HOM HepaBHOBecHOM ypoBHe 3a cneT pa3BHTHH
HeycTOMHHBocTM. Onpe^ejicHHe cneKTpa TaKHx ycTa-
HOBHBUUHXCH KOJieGaHHH HMeeT 6ojibiuoe 3HaneHHe
npH paccMOTpeHHH pa3HH4Hbix npou,eccoB nepeHoca
B HeycToiiMHBOM njia3Me.

IIojiyMeHHbie HaMH Bbiuie HejiHHeHHbie
KOJie6aHHH no3BOjiflK)T, B npHHii,Hn

B cjiynae cjia6oH HeycToiiHHBOCTH nna3Mbi,
XOTH KOHKpeTHoe ocymecTBjieHHe STOH nporpaMMbi

BecbMa CJIO^HO.

B 3TOH CTaTbe MM noxaaceM, KaK 3TO flejiaeTca, Ha
npHMepe flByx oneHb Bamibix THnoB HeycTOHHHBOCTH
njia3Mbi B MarHHTHOM none. 3 T O 6y^,eT cjiyacHTb
TaK)Ke nojie3Hofi HJiJiiocTpaitHeH Toro, Kaxne flony-
meHHfi (HHorzi,a HecTporne) npHxo^HTca npHHHMaTb,
HT06bI nOJiyHHTb OTBeT.

4A HEJTHHEMHAJI TEOPMil TOKOBOM
A — PO3EHEJ1K>TA

U9)
B KanecTBe nepBoii HJunocTpainiM Mbi

ceiiHac K HCCjieAOBaHHio Typ6yjieHTHoro cneKTpa
OAHopofl,Hoii njia3Mbi, noMemeHHoii B cnjibHoe Mar-
HHTHoe none Hz, B^ojib CHJiOBbix JIHHHH KOToporo

3JieKTpoHHbiii TOK njioTHOCTbio jz=

KaK noKa3ajiH /],paMMOHfl H Po3eH6jiK>T,
njia3Ma ya<e npn He6ojrbmHx CKopocTax

e HeyCTOHHHBa no OTHOUieHHK) K BO36y»C-
noTeHu,HajibHbix KOjie6aHHH c nacTOTaMH a»k

B6JIH3H nepBoro i^HKiroTpoHHoro pe3OHaHca HOHOB

a>k & QH H flUHHaMH BOJIH nopjiflKa jiapMopoBCKoro
pa^nyca HOHOB (h2r?r>.'1,5). ^HcnepcnoHHoe ypaB-

nacTOTbi KOjie6aHHii jierKo nojiynHTb H3
aBHeHHfl npHjio»ceHHJi 2, yaep>KaB TaM
c MajibiM 3HaMeHaTejieM (cok — OH) <| QH

H BOCnOJIb3OBaBUJHCb yCJIOBHeM MaJTOCTM 3aTyxaHHfl
Ha HOHax (COR — £ ? H ) > hzVTi

(80)

pa6oTw 19, a>k —

OT TeMnepaTypbi npH Ti<g.Te. 3TSL ouiH6Ka
noBTopeHa B pa6oTax 16, 17.

KaK BHflHO H3 3Toro BbipaaceHHfl, cneKTp KOJie6aHHH
Hepacna^HbiH. 3 T O o6cTOflTejibCTBO 3HaHHTenbHO
ynpomaeT BH^ cTOjiKHOBHTejibHoro MjieHa B KHHCTM-

ypaBHeHHH fljia BOJIH H nocjiyacHJio npHHHHofi
Bbi6opa flaHHoft HeycTOHHHBocTH B KanecTBe

npHMepa.
B CBoeM paccMOTpeHHH Mbi orpaHHHHMca

Kor^a HanpaBjieHHaa cKopocTb 3jieKTpoHOB v®
HeMHoro npeBbimaeT KpHTH^ecKoe 3HaneHHe v®
HTO KOJie6aHHH c nacTOTaMH B6JIH3H BbicniHx rap-
MOHHK D,HKJIOTpOHHOM MaCTOTbl HOHOB {(D^IQH,

3aTyxaioT. Toryja B ^opMyjiax ^JIH OTKJIHKOB
fJL^\ npHBefleHHHX B npHJIOMCeHHH, KaK H B

yp. 1, AOCTaTOHHO y,n;ep»caTb JiHiiib
c MajibiMM 3HaMeHaTejiHMH (cok — OH).
nojiyMeHHbiH pe3yjibTaT B yp. 22, 3anncbiBaeM KHHCTH-
MecKoe ypaBHeHHe AJIH HHCjia

Q) H 0 = (

k'

e x p < -
X

Sign {cok — OH) (cok — cuk') A (k, k')

(81)

| o > k -

MHCJIO KBaHTOB KOJie6aHHH C HaCTOTOHCOkH BOJIHOBblM

BeKTOpOM k.

(Ok — ^H kz 8fe
(Ti/Tc)-r0 \kz\ 8mvz vz =

HHKpeMeHT HeycTOHHHBOCTH H3-3a pe3OHaHCHOrO B3aH-

MOfleHCTBHH C 3JieKTpOHaMH,

t / v: U/2 a>k — ^ H (ok

\2 / l + (Ti/Tc)-r0 \kz\ vTi

HOHax;
jiHHeHHoro 3aTyxaHHa JlaH^ay Ha
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TEOPMfl TyPByjIEHTHOM njlA3Mbl

oo oo

A (k, k') = 2TT (l + -~ r 2 { [ k X k']2
2 n4 fexp ( - £2/2) Jx

2 {OLS) 3* {of8) S dS+ fexp (-S2/2) fdJl(g>S^{*'S)

X

;k x k']z
2 n4 jexp(

0

- » S 2 / 2 ) 3 «'S)sas

CO

c ^J cok_ft)k

2

0

- « k ' ) / i t e ) d t *
'—(/i; z _^ 2 ' ) ? ; z - | - JO

2

(a'S) d J o ( C 2

a = Jfcj. ri} k" = k - k', r e (a) = Ie (a
2) exp

HJICH B STOM ypaBHeHHH
c HOHaMH njia3Mbi.

B Hero OT BbmyjKfleHHLix KOJie-
C aMnjlHTy^OM <pk"(2) = jU>k, k'(2) [k2 (1)

(cuk—a>k)]~a Mbi npeHe6penin
J \ ( a ) < 0 5 2 < | 1 (3TW HJieHbi npeflCTaBjieHbi B 4)opMyjie
fljifl A(k, k ') nocjre^HHM cjiaraeMbiM H HaM6ojiee
cym,ecTBeHHbi npn a<^ 1). IIocKOJibKy 4>a3OBaa CKO-
pocTb pacKaMHBaeMbix KOJieGaHHii (cok — £?H)/&Z 3Ha-
MHTejlbHO Gojlbllie TenjlOBOH CKOpOCTH HOHOB WTi, TO
OCHOBHbIM npOU,eCCOM B3aHMOfleHCTBHH BOJIH C HaCTH-
u,aMH ^BJiaeTCH pacceaHMe BOJIH HOHaMH (CM. nap . 2).
PacceaHwe KOJie6aHHH nponcxoAHT c «noxpacHe-

BOJIH, TO-ecTb 3HeprHH Typ6yjieHTHtix
npH pacceaHHH MacTHHHO flHCCMnnpyeTCH B

TenjiOBoe flBH^ceHHe MOHOB. ^ O J I H ii
3HeprnH Majia no cpaBHeHHio c nojmoH
cok—o)k'<^o)k, Tax HTO nepe^ana SHeprHH no cnemrpy
HOCHT xapaKTep noHTH HenpepwBHoro «TeHeHHH».

HocKOJibKy B peajibHOH 3aAane 06 ycTOMHHBocTM
njia3Mbi HaATenjioBOM ypoBeHb aMnjiHTyflbi HMCIOT B
nepBOM npM6jiH)KeHHH jiHixib KOJie6aHMJi B HeycToiiHH-
Bbix o6jiacTflx cnexTpa, rpp v — d>0, TO Han6ojiee
MHTeHCHBHbIM 06MeH 3HeprHH npOHCXOflHT MOKfly
HeyCTOMHHBblMH MO^aMM. O^HaKO, eCJIH npHHHMaTb
BO BHHMaHHe TOJibKo HapacTaiomHe KOJie6aHH«, TO
Mbi yBHfl,HM, HTO KHHeTHHecKoe ypaBHeHHe fljia BOJIH
He HMeeT CTau,noHapHbix pemeHHM. 3 T O npoHCxoAMT

Toro, HTO HejiHHeHHbie HJieHbi B HameM
onHCbiBaiOT pacceaHHe BOJIH, KOTopoe

CHnHpyeT nacTHHHO 3HeprHK> nyjibcan,HH,
HO coxpaHaeT HMCJIO KBaHTOB KOJie6aHHH. B pe3yjib-

o6m,ee HHCJIO KBaHTOB y nu. pacTeT co BpeMe-
k

H3-3a HeyCTOMHHBOCTH. E[O3TOMy Mbi flOJDKHbl
paccMaTpMBaTb TaK>Ke M KOJie6aHHa B 3aTyxaioinHx
o6jiacT5ix cneKTpa (v — <5<0), rpe BO3MO»ceH
POCT KOJieGaHHM, eCJIH HejlHHeMHblH HHKpeMeHT
^ = ( 8 1 0 8 8 {nk})/nk npeBbiixiaeT ^eKpeMeHT 3aTyxa-
HHH. KpOMe Toro oTjiKHHaa OT HyjiH
3aTyxaK>UIHX K0Jie6aHHM MOM<eT JIBHTbCH
npoijeccoB pacceaHMH O^HHX K0Jie6aHHM Ha jipyrux.

npoii,ecc HanHHaeT HrpaTb poJib,

njioTHOCTb SHeprHH K0Jie6aHHH
Ha AJIHHHOBOJIHOBOM ynacTxe cneKTpa
60JlbUJ0H.

B paccMaTpHBaeMOM HaMH CTau,HOHapHOM cjiynae
yp. 81 HMeeT qbopMy CHCTeMbi jiHHenHbix ypaBHeHHH,
nacTHbie peiueHH« KOTopoii MoryT 6biTb jienco Han-
ZieHbi. ITycTb, HanpHMep, HMCIOTCH Bcero ^Ba KOJie-
6aHHa KOHeHHOH aMnjiHTy^bi, O^HO H3 KOTopbix col5 kx

pacKanHBaeTCH B pe3yjibTaTe HeycTOHHHBOCTH
vx — 5 1 > 0 , a Apyroe HMeeT MeHbinyio nacTOTy
co2<cu1 H 3aTyxaeT v2 — <52<O. T o r ^ a npoi^ecc ycra-
HOBJieHHfl aMnuHTy^bi K0Jie6aHHH MO»(HO npe,n,CTa-
BHTb ce6e cjieflyioLiJHM o6pa3OM: CHanajia HapacTaeT

H o KaK TOJibKo ero aMiuiHTy^a ?iki npeB3OH>a,eT KPHTH-
necKyio BejiHHHHy, npn KOTopoft noTOK SHeprnn B
HH3KOHacTOTHyio Mo^y B pe3yjibTaTe pacceflHHa Ha
HOHax cpaBHHBaeTca c flHccHnauHen SHeprnn B Heft
H3-3a jiHHeftHoro 3aTyxaHH», TO HanHHaeT HHTCHCHBHO
HapacTaTb paHee 3aTyxaBixiee KOJie6aHHe ?ik2. 3 T O
HapacTaHne nponcxoflHT p,o Taicoro ypoBHfl, xorAa B
pe3yjibTaTe HejiHHeftHtix sqbqbeKTOB HanHeT racHTbca
HeyCTOHHHBOCTb BblCOKOHaCTOTHOH MOfl,bI. B CTaU,HO-
HapHOM pe5KHMe npHxo/i, SHeprHH B KajK^yio MOAy
ypaBHOBeuiHBaeTCfl OTTOKOM SHeprnn H H3 yp. 81 MM
nojiynaeM

m ry. (yi,2— 1̂,2) (27r)1/2|fc2i — kzz\vTi

xp

(82)

OTMCTHM, HTO yp. 81 HMeeT 6ecHHCJieHHoe MHO-
»ecTBO peiueHHH, XOTH 6bi noTOMy, HTO cymecTByioT
TOHHbie peiueHHH c flByMa, TpeM« H Tax #ajiee (jiK)6biM
KOHenHbiM HHCJIOM K0jie6aHHft). (06m,ee peiueHHe AJIH
cnexTpajibHoro pacnpeAejieHHa HHCJia BOJIH nu c
KOHenHbiM HHCJIOM N npH K0Jie6aHHH npe^CTaBjineTCH

N

&d(k — ki) d(a> — coi), K03(J)-

<J)HII,HeHTbI KOTOpOH Ci OnpeAeJIHK)TCfl H3 CHCTeMbi
ajire6paHHecKHx yp. 81. CymecTBeHHO npn STOM, HTO

3Toro ypaBHeHHa Ha nu CBO^HT ero K
ajire6paHHecKHx ypaBHeHHH, KOTOPOH

He yflOBjieTBopflioT HaHaeHHbie Bbiixie peiueHHH.)
OflHaKO, TaKHe peiueHHH c KOHenHbiM HHCJIOM BOJIH
CaMH HeyCTOHHHBbI, H60 JIK)6afl nOflBHBUJaflCH nOMHMO
HHX BOJiHa Mo»eT, Boo6me roBopa, HapacTaTb. 3 T O
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TAJ1EEB, KAPriMAH, CAr#EEB

K TOMy, HTO (|)H3HHeCKH flOJIHCHO peajIH3O-
BaTbCfl COCTOflHHe, B KOTOpOM BO36y»(fleHLI BCe
KOJie6aHMfl B HeycTOHHHBOH oGjiacTH. M w orpaHH-
HHMC51 JIHLUb OMeHb rpy6ofi OIjeHKOH
nyubcauHH B TaKOM peacHMe, cpaBHHBaa
3HeprHH B HeyCTOHHHByK) MOfly C HejIHHeMHblM OTTO-
KOM 3HeprHH H3 Hee B 3aTyxaK>mwe o6jiacTH cneKTpa.
fljiH y^oGcTBa BbiHHCJieHHM nepefifleM OT cyMMHpo-

K HHTerpHpOBaHHK) no BOJIHOBbIM MHCJiaM.
oceBofi CHMMCTPHH 3a,a,aHH HHTerpnpoBaHHe

no a3HMyTajibHOMy yrjiy npoBo^HTca cpa3y. ,U,JIH
npH6jiM»eHHOM oueHKH HHTerpajia no k± MOJKHO
BOcnojib3OBaTbCH pa3Jio»(eHHeM noflHHTerpajibHoro
Bbipa^eHHH B pflfl no pa3HOCTH MaCTOT (tUk — Oik'), HTO
HMeeT CMBICJI, Tax KaK B3aHMOfleiicTByK)T Me»c^y
CO6OK) jiHUJb KOJie6aHHH c Majioii pa3HOCTbK> nacTOT
(cok — cow) ;$ (kz — kZ') VTi<^co. B pe3yjibTaTe yp. 81
npHHHMaeT

-dk = {-2njdkz'\kz-kz
dnk'k' A (k',k)

8k'
W-AW

x ~~
8 co

1 8k±
dto

8 k A.

, HTO K Han6ojiee CHJibHOMy orpaHHneHHio aM-
npHBOflMT B3aHMOfleHCTBHe C MOflOH, HMe-

K>meH 6ont iuoe kz. ITpe^nojiaraa, HTO wk MeHaeTca
B 4)a30B0M npocTpaHCTBe (co, k) 6bicTpee, neM KO3(})-
cJ)HUHeHT A (A;, k'), 3anHCbiBaeM npH6jiH»ceHHO

°
dto \2CO \

Sign
da)

8k±l 2K,

, B 06jiaCTH MaKCH-KaK BHAHO H3 3TOrO
MajlbHOHHaCTOTblWk — Qn=
npn & i 2 r i 2 ~ l , 5 aMnjiHTy^a
necKoro nojin MHHHMajibHa [16]. C

BOJiHbi Ax cneKTpajibHaa njioTHOCTb 3HeprHH
ojia k^cpk2 CTpeMHTca K nocTOflH-

HOMy npe^eny, a B oGnacTb KOPOTKHX AJIHH BOJIH h±
nponopunoHajibHo neTBepTOH cTeneHH OTHO-
jiHHbi BOJIHW Ax K jiapMopoBCKOMy pa^nycy

n. HaKOHeu, JXJIH paccMOTpeHHa 3aBHCHMOCTH nk (kz)
BbinnuieM flBHoe Bbipa>KeHHe AJIS HHKpeMeHTa He-
ycTOHHHBocTH B MaKCBejijioBCKOH njia3Me c TOKOM.
BbiGnpaa, KaK H B pa6oTe 19, pacnpe^ejieHHe
HOB no CKOpOCTflM Vz B

fe (Vz) == (m/2ru Te)1'2 exp [-m(vz-vD)2l2Te]

H3 yp. 2 nojiynaeM

npn
cne,n,yeT, HTO HeycTOHHHBOCTb HMeeTcn

3HaKax kz H a»k (npn v,£>>0) (B
Mbi 6y^eM paccMaTpHBaTb jinuib cjiynan

cok>0, kz>Q). ELpHHeM co CTOPOHM Majibix kz cneKTp
KOJieGaHHH orpaHHHHBaeTca HepaBeHCTBOM k^cokjv^.
C yBenHHeHHeM >KC kz, KaK BH^HO H3 yp. 2, HeycTOHHH-
BOCTb nojiaBjiaeTca 3a cneT jiHHeHHoro 3aTyxaHHa

Ha HOHax npn 3Ha4eHHax nopH^Ra kzmax

3TO 3HaneHHe B yp. 4, Ha-

TiTe

vTe
(84)

OnHcaHHbie MCTOAW Haxoac^eHHH cneKTpa KOJie6aHHM
cjia6oHeycTOH4HBoii njia3Mbi no3BOJiflK)T
pa3JiHHHbie KO3(J)4)Hii:HeHTbi nepeHOca, B
KO34)$HaHeHT flH$4>y3HH njia3Mbi nonepeK
Horo nojia H3-3a HajiHHHH KOJie6aHMM. Mw ou,eHHM
KO3(J)4)HU,HeHT flH(f)4)y3HH, BOCnOJlL3OBaBLUHCb KBa3H-

fi TeopHeii.
aM6HnOJI5ipHOCTH AH(J)(̂ y3HH HaM flOCTa-

TOHHO paccMOTpeTb TOJitKO 3JieKTpoHti, npH onHca-
HHH KOTOptlX Mbi OrpaHHHHMCfl flpefi^OBblM npH6jIH-

. KHHeTHnecKoe ypaBHeHHe fljia ^ yH^ 1 1 1 1

sjieKTpoHOB B ^peH^OBOM npH6jiH-
5KCHHH HMeeT BHfl

(83) ~dJ
[Vy x H] e a/

T72 A / Az 9̂  "a— = " (oO)
r/15 m r dvz

Ilocjie o6biHHOH npoue^ypbi nojiynaeM ycpeflHeHHoe
ypaBHeHHe ^JIH MefljieHHO-MeHflioujeHCH nacTH
I;HH pacnpe^ejieHHH (CM., HanpHMep pa6oTy 22)

dfo _ V /_1 9 ^y _S_\
Si / / \ V2 8vz tok OH 8x 1

~,kr) £k=7r(e2/m2) — kzvz) (86)

B npaByio nacTb flo6aBJieH
B T-npH6jiH)KeH HH ( /M —

(J)yHKiiHH pacnpe/tejieHHH sjieKTpoHOB no CKOPOCTHM).
ace MW yfl,ep»cajiH HjieHbi c npoH3BOflHbiMH no

OT MeAJieHHO-MeHflK>meHCH (J)yHKU,HH
pacnpe^ejieHH5i /0, TaK KaK HMCHHO OHH onncbiBaiOT
flH(J)^y3HK) njia3Mbi B npocTpaHCTBe CKopocTefl.
3anncb ypaBHeHHH B TaKOH qbopMe no3BOJiaeT
paccMOTpeTb p«A scJjqbeKTOB, O6LIIHX KaK jinn
PO^HOM, TaK H flJlfl HeO^HOpOflHOH njia3MW.

M3 yp. 86 cjie^yeT, HTO npn ycnoBHH

Ve VTe <pk2 / COk (87)

CTOJIKHOBeHHH HaCTHU, CymeCTBCHHbl H
BaioT MaKCBejijioBCKoe pacnpe^ejieHHe no CKOPOCTHM.
B STOM cjiynae Mbi MO»eM nonb3OBaTbc« Bbipa»ce-

fljifl HHKpeMeHTa, BbiHHCjieHHbiMH B npe^nojio-
cnpaBefljiHBOCTH MaKCBenjioBCKoro pacnpe^e-

JieHHJI SJieKTpOHOB no CKOpOCTflM.
MHTerpHpya yp. 86 no CKOPOCTHM Mbi nojiynaeM

H3MeHeHHe njioTHOcra nacTHij, B oGteMe co BpeMeHeM
3a CHeT BO3HHKHOBCHHH MaKpOCKOnHHeCKHX nOTOKOB
njia3Mbi nonepeK MarHHTHoro nona

8n0 8 "SP
== TC / •

X / {vz) dvz

d cok — kzvz h j — T ~ )
J \8x fcy 8vzl

-00

(88)
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TEOPHfl TYPByJlEHTHOM nUA3MbI

H3 3Toro
COCTOHT H3

HTO noTOK njia3Mbi

(nv) x = ?'ix — iDj. dn/d

nepBaa M3 KOTOPMX jix coBceM He cBH3aHa c

B njia3Me rpaflHeHTOB HJIOTHOCTH H

CO6OM noTOK BemecTBa, nepeHOCHMbift BOHHaMH (oHa

MCHe3aeT, ecjiH cneKTp BOJIH

IToflCTaBjiflR cioaa oueHKy

yp. 84 H McnojiB3yfl on,eHKy

BOH CKOpOCTH O)fiCz< V&, Mbl

SHeprHH KOJie6aHHH

qba30-

OKOHHaTCTIbHO \

(89)

ECJIM ycnoBwe yp. 87 HapyuiaeTCH, TO pe^KHe CTOJIK-

HOBeHHa nacTHu; He ycneBaioT MaKCBejuiH3OBaTb

(j)yHKUHK) pacnpeaejieHHfl sjieKTpoHOB, KOTOpaa TIOR

fleHCTBHeM BO3HMKLUHX 4)HK)KTyaLI,HH SJieKTpH^eCKHX

nojieft pejiaKCHpyeT K 6onee ycToiiiHBOMy COCTOHHHIO.

ECJIH CTOJiKHOBeHHflMH HacTHii Boo6me npeHe-
6penb, TO HeycTOMHHBocTb caMonoAaBjiaeTca npeacfle,

MeM npOHCXOAHT 3HaMHTejIbHaH flH(J)Cj)y3Hfl HaCTHU,.

B STOM npome Bcero y6e,fl,HTbCH, ecjiM B yp. 86 3aMe-

HHTb npM6jiH»<eHHO KO34)̂ MU,HeHT iDk Ha cpeflHHH no

cneKTpy iD<k> H nepeiiTH K HOBWM nepeMeHHbiM

2u kvu

u — cKopocTb nopHAKa CKOPOCTH pe3OHaHCHbix

(3Aecb U<V<D). B pe3yjibTaTe yp. 86

BUR

dt
(90)

3aKaK cjiefl,yeT H3 3Toro
nopa^Ka tf^v^l^D^ Ha (j)yHKitfiK
tihv) ycTaHaBjiHBaeTca «njiaTo» no nepeMeHHOH rj

BO BceM HHTepBane pe3OHaHCHbix nacTHu; ( 0 < rj < v&).

IlpM 3TOM KOOp^HHaTa X H CKOpOCTb Vz pe3OHaHCHbIX

sjieKTpoHOB cBH3aHbi cooTHouieHHeM | = constant , Tax

MTO npH H3MeHeHHH CKOpOCTH Vz Ha nopflflOK BeJIH-

5vz^«z CMeiueHHe pe3OHaHCHbix HacTHii, dx 3a
T npw6jiH^eHHO paBHO [20]

„ 6vz

Ox sa
vz

(*a vs>

B STOM

(91)

HeHepe3OHaHCHbie
McnbiTbiBaioT HHKaKoro

TaKHM 06pa30M npH nOJIHOM OTCyTCTBHH CTOJIKHO-
nacTHit HeycTOHHHBocTb 6bicTpo caivionoAaB-

M noTOK nna3Mbi nonepeK cHjioBbix HHHHM
OTcyTCTByeT. OAHaKo Aaace cjia6bie cTOJiKHOBeHHa

3J16KTpOHOB MMeiOT TeHfleHU,MK) MaKCBejIJIH3OBaTb

pacnpeflejieHHe M MemaiOT o6pa30BaHmo njiaTO.
IlO3TOMy HHKpeMeHT HeyCTOMMHBOCTM OTJIHMeH OT

HyjiH H Mbi HaiiAeM ero, BOcnojib3OBaBiiiHCb TeopHen

BO3Myiu,eHHH, no MajiOMy OTHomeHHK) nacTOTbi
CTOJIKHOBeHMM Ve K 3(J)4>eKTHBHOH HaCTOTe

v*?vkz2ZDkl(o2VTc2 [21]. B nepBOM npM6jiH)KeHHH
4>yHKLi,Mfl pacnpeflejieHHH yAOBjieTBopaeT

T,

\kz m dvz

eH 8x
= 0

vz ~
(92)

IIonpaBKy/<x) K ^ H K U H H /(°) 3a cneT BJIHJIHH5I CTOJIKHO-

BeHHH Mbl nOJiyHHM, eCJIH B CTaUHOHapHOM pe)KHMe

npHpaBHaeM apyr apyry ^Ba HjieHa B jieBofi nacTH

yp. 86 H npoHHTerpHpyeM OT CKopocTeM vz=cok/^2

flO TaKHX (vz > V&), npH KOTOpblX MaKCBeJIJIOBCKOe

pacnpejjejieHHe

-M (93)

3aMeMaa aajiee, HTO B pe3yjibTaTe BJIHJIHHH KOJie-

6aHHH H3MeHflK>Tca jiMinb npoH3BOAHbie df/dvz, a He

caMa 4>yHKitHfl pacnpe^ejieHMfl, MM MOKCM,

yp. 92, HanHcaTb npH6jiM3KeHHoe

dfo/dvz = (kylh OJH) (dfuld

Hcnonb3yfl STO paBeHCTBo, a TaKace p A

yp. 92, nepenncbiBaeM yp. 93 B 6ojiee yao6HOM

Dvvjr2™ v* $> Vc (94)

92 qbaKTHnecKH onpeAejiaeT HaM noji-

HblH HHKpeMeHT HeyCTOHHHBOCTH C yHCTOM BJlHflHHH

Ha ycTOHHHBOCTb HeoAHopoAHOCTH njia3Mbi. TaKaa

o6maa 3anncb pa3yMHa npn oneHb Majiwx nacTOTax

vc, KorAa nonpaBKa K HHKpeMeHTy

3a CHeT CTOUKHOBeHHH 3HaHHTejIbHO MeHbliie,

jKjiaA HeoAHopoAHOCTH njia3Mbi (npn STOM
pacnpeAeJieHHe njia3Mbi fo(x, v) pejiaKCHpyeT Tax, HTO
MeHee HeycTOHHHBaa MOAa kylVn/n<0 3aTyxaeT, a
6ojiee HeycToiiHHBaa pa3BHBaeTca c HHKpeMeHTOM
(yp. 94)). Hac 6yAeT HHTepecoBaTb npoTHBonojio>K-
HbiH cjiynan, KorAa HeoAHopoAHOCTb njia3Mbi oneHb
cjia6aa. TorAa B CTau,HOHapHOM yp. 86 c 6ojibuiOH

TOHHOCTbK) MO^HO OnyCTHTb HeOAHOpOAHbie HJieHbl
H HCKaTb nonpaBKH K HHKpeMeHTy HeyCTOHHHBOCTH

V, =7t- , , -r
Q^\ kz df

Tj/Tef ~m ~dv~z

«e noTOKa
njIOTHOCTH, HaM

peuiHTb yp. 83, 94, 88. B pe3yjibTaTe
nojiynaeM [16, 17]

<T>. / vc VI2 C Te IVD \5/2

"*" ~ \ ^H / e H \ vxe I Ti + !

vc < 10-2 QH (VTCIV^) T;3/Te (T; -f Te)2

Bbi3BaHHoro

COBMCCTHO

(d5)

KpoMe nocjieAHero ycjiOBHH 3Aecb Tpe6yeTca

HTO6W sqbqbeKTw BJIH«HHH Ha ycTOMHHBocT

6biJiH Majibi, HTO HMeeT MecTo npn

Te
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YHHBEPCAJItHA^ HEYCTOfiMMBOCTb
ft njTA3MBI

4B

B KanecTBe BToporo npHMepa cjieraa HeycTOHHHBOH
njia3Mbi Mbi paccMOTpHM njia3My, HepaBHOBecHOCTb
KOTOpOM 3aKJIK)HaeTCH B ee HeOAHOpOAHOCTH. KaK

Tax H HejiHHeiiHafl Teopnji ycTOHHHBOCTH
njia3Mw HacHHTbiBaeT cefinac 6ojibiuoe

HHCJIO pa6oT, MHorne H3 KOTopbix BOIUJIH B o63Opbi

(CM., HanpHMep pa6oTy 22). IIosTOMy MW KOCHCMCH
3fleCb JIHIIlb HeKOTOpblX CneiXH(J)HHeCKHX HepT flaHHOH

He BAaBaacb B CJIHIIIKOM AeTajibHbiii aHanH3.

,3,JIfl IipOCTOTbl paCCMOTpeHHH Mbi OrpaHHHHMCH
jiHixib cjiynaeM OTcyTCTBHH rpaflHeHTa TeMnepaTypbi.
Bbi6epeM (J)yHKn,HK> pacnpeAejieHHH HacTHU, foi(x,v)
HeoAHopoAHoii njia3Mbi, noMemeHHoii B
MarHHTHoe none Hz B

3/2

-- exp - 2Ti
(96)

Taxoe pacnpeaejieHHe njia3Mbi HeycToiiHHBO no OTHO-
ineHHK) K BO36y)K^eHHK) noTemjHajibHbix flpeH(J)OBbix
BOJIH C HaCTOTaMH B6JIH3H rapMOHHK HOHHOH LtHKJIO-
TpOHHOH MaCTOTbl COkf&lQli, 1=0, 1, . . . H (̂ a3OBbIMH
CKopocTflMH WTi < (cok — IQH)/^ < VA. HenoTeH^ajib-

Hbie BO3MyLueHH« (V x E =j= 0), HCKa»caiomHe CHjiOBbie
JIHHHH MarHHTHoro nojifl, B OTcyTCTBHH rpaflHeHTa
TeMnepaTypbi 3aTyxaK>T.

HHTepeCHO OTMeTHTb, HTO eCJIH Mbi B KOHeHHOM
HTore HHTepecyeMca npoiteccaMH nepeHoca
nna3Mbi nonepeK y^epxcHBaiomero MarHHTHoro
TO B HanGojiee HHTepecHOM ^JIH npo6jieMbi ynpaBjiae-
MWX TepMO5i,n,epHbix peaKnHH cjiynae BHCOKHX
TeMnepaTyp H oneHb pe^KHx CTOJiKHOBeHHH HaM HeT
Heo6xoAHMOCTH onpe^ejiflTb ypoBeHb aHeprnn pa3-
BHBUJHXCa KOJie6aHHH.

pa3BHBaiOTCH c
HHKpeMeHTOM v<a>, TaK HTO fljiH y4eTa HX

06paTH0r0 BJIHHHHH Ha flH4>4)y3HK) njia3MW MOaCHO
BOcnojib3OBaTbca KBa3HjiHHefiHOH TeopHefi, 0606-
meHHoii Ha HeoflHopo,n,HyK) njia3My. IlpHMeHeHHe
yp. 88, 92 npeflbmymero pa3flejia B npeHe6pe»ceHHH
peflKHMH CTOJIKHOBeHHflMH HaCTHII, nOKa3bIBaeT, HTO
B 3T0M npH6jIH3KeHHH flH4)qby3Ha njia3MbI OTCyTCT-
ByeT. Haxo»cAeHHe »ce noTOKa njia3Mbi nonepeK nojia
Hz BO BTopoM npn6jiH»ceHHH no MajiOMy OTHOUICHHIO
nacTOTbi CTOJiKHOBeHHH ve K o6paTHOMy BpeMeHH
o6pa3OBaHHH njiaTo Ha <J)yHKixHH pacnpeAeJieHHH v*,
npHBOAHT K TOMy, HTO aMnjiHTy^a Typ6yjieHTHbix
nyjibcau,HH BbinaaaeT H3 oneHKH AJIH noTOKa njia3Mbi
B HanpaBjieHHH rpaAHeHTa njioTHOCTH [20, 21]

/ \ &v2 ^Te4 / <u k \ 3 /

(nv)x — = v e a 2 & ) 2 l,fc i 1 I

X ro(fcr)

< u y _ e 2 A ; z 2

3 ldnQ
^

yTe

(97)

i npHMeHHMOCTH 3 T O H (^opMyjiw, ecTecT-

BeHHO, 3aBHCflT OT ypOBHH (J)JIK)KTyaitHH

necKoro no j ia kZ(pk B MaKCBemioBCKOH nna3Me.

COk H

ciOAa cneAyeT noACTaBHTb nacTOTbi
BOJIH AJL, Xz paCKaHHBaeMblX KOJie6aHHH.

B AHCnepCHOHHOM ypaBHCHHH AJIH KOJie-
HopoAHOH njia3Mbi (CM. npHjio>KeHHe)

JIHIIlb HJieHbl C MaJIblMH 3HaMeHaTejIflMH ((Wkl — ^ H )
<̂  cow, nojiynaeM Bbipa»ceHHH AJia nacTOT a»k H HHKpe-

vk, pacKanHBaeMbix KOJie6aHHH

COkl—^i?H =

z\vTi

'n\l/2 wkl-
Vkl = | i r

[(a>kl TjfTc) + fcy vni] ro (k± re)

|fc2 (Ti/Te) - I\ (k± n)

(98)

' * ' "

Be3Ae B AaJibHeiiuieM MW 6yAeM paccMaTpHBaTb
JIHIIlb KBa3HHeHTpaJIbHbie BO3MymeHHH C AJIHHOH
BOJiHbi 3HaHHTejibHO 6ojibineH Ae6aeBCKoro paAHyca
A2 > dp. HapymeHHe ycjioBHfl KBa3HHeHTpajibHOCTH
npH Majiwx njioTHocTHx, KaK BHAHO H3 3Toro Bbipa-

K noAaBjieHHio HeycToiiHHBOCTH.

BO3MymeHHH CUk
HaKjiaAbmaeT orpaHHneHHe Ha

MajIbHblH HHKpeMeHT AJIH HH3KOHaCTOTHbIX MOA

V k 0

vA = Hz (99)

AJIHHHOBOJIHOBblX KOJie6aHHH HaCTOTa

V^Te/Ti, TaK HTO HHKpeMeHT CTaHOBHTCH

oneHb Maji: v<o)k2ri2VA/vTe. C yKoponeHHeM

BOJIHW nacTOTa AOCTHraeT HacwmeHHa
a HHKpeMeHT v pacreT nponopi^HOHajibHO

Bo3MymeHHfl c nacTOTaMH cow nop«AKa jiapMopoB-
CKOH nacTOTw HOHOB MoryT pacKaHHBaTbca JiHixib npn

OHeHb KOpOTKHX AJIHHaX BOJIH, MeHbUIHX JiapMOpOB-

CKoro paAHyca sjieKTpoHOB, H AOCTaTOHHO

njia3Mbi

0 < (1/27T)1/2 [Te/(Ti + Tc)] (nil) (Vn/n):

kri(nVnln)>l, 1 = 1,2,... (100)

HHKpeMeHTbl HeyCTOHHHBOCTH CJia60 3aBHCHT OT

BOJIHW H AaioTca Bwpa»ceHHeM:

n Vn/n

(101)
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HaxoHeu, HaM cjie^yeT HaiiTH HHHCHIOK) rpaHHiiy
flJIH flJIHHbl BOJIHbl BO36y»flaeMbIX KOJie6aHHH. FIpH

Majibix fljiHHax BOJIH X± KOjie6aHH» 3aTyxaioT

nona^aHHH B pe3OHaHc c HOHaMH,

>KyiU,HMHCfl CO CKOpOCTbK) flHaMarHHTHOrO

(VH/H).

HMH

Horo

nocjieAHHH B ^HcnepcHOHHOM ypaBHe-
KOJie6aHHJi, nojiynaeM KpHByio 6e3pa3JiHH-

B IIJIOCKOCTH (/9, k±)

(
X

o(fcfe) (102)

; a = fcj.fi

^ (^) npoTa6yjiHpoBaHa B
pa6oTe 23 AJia cjiynaa «yHHBepcajibHoft HeycTOMHH-
BOCTH». Mbi CHHTaeM 3flecb, HTO aaBjieHHe njia3Mbi He
oneHb 6JIH3KO K KpHTHHecKOMy /?*^0 ,13 , TaK HTO ^JIH
KOpOTKHX BOJIH BJIHflHHeM npOflOJIbHOrO flBH)KeHHH
HOHOB MOHCHO npeHe6peHb.

CooTHOiueHHfl 97, 98, 102 B npHHiiHne pemaiOT
3aflany OT Typ6yjieHTHOM flH(^$y3HH BbicoKOTeMnepa-
TypHoii njia3Mbi. IlocKOJibKy OCHOBHOH BKjiaa B
yp. 97 flaiOT HH3KOHaCTOTHbie BO3MymeHHH, TO 110,0,-
CTaBJiHfl B yp. 97 nacTOTbi cok^a vn Vn/n H
BOJIH kz ata)k/«A, fc±n fa jS-1 (27T)-1/2 Tel(Ti+ Te),
XO^HM

3/2

x J ol (103)

HapyuieHHH ycjioBHH yp. 87 Typ6yjieHTHaa
^y3HH CyiIJ,eCTBeHHO 3aBHCHT OT
KOJie6aHHH B njia3Me.

paCCMOTpeHHfl HejIHHeHHOrO B3aHMOfleMCTBHH
(f)jnoKTyau,HH ajieKTpHnecKHX nojieii Mbi Bocnojib-
3yeMCH paHee BbiBeAeHHbiMH yp. 22, oiracbiBaioiJUHMH
H3MeHeHHe BO BpeMeHH aMnjiHTyfl OT,n,ejibHbix
KOJie6aHHH. IlocKOJibKy MW B COCTOHHHH

jiHiiib pa3yMHbie OUCHKH, a He TOHHbie
fljra cneKTpa Typ6yjieHTHOCTH, TO npw
3THX ypaBHeHHii Mbi Bocnojib3yeMca pjmoM ynpouua-
K)UI,HX npeAnojioaceHHH. Bo-nepBbix, Mbi 6y,a,eM
CHHTaTb, HTO B pe3yjIbTaTe pa3BHTHH HeyCTOHHHBOCTH
B njia3Me HMeioTca TOjibKO KOJie6aHHH c nacTOTaMH,
oneHb 6JIH3KHMH K rapMOHHKaM UHKJIOTPOHHOH

nacTOTbi HOHOB cow—1&H4: &H, TaK HTO B <})opMyjiax

qbymcuHH pacnpeflejieHHH (CM. npnjiojKeHHe 2)
y^epxcaTb jiHiiib HjieHbi c MajibiMH 3Ha-

(coki — ^ H ) . Bo-BTopbix, MW 6yAeM
HHTepeCOBaTbCH JlHIUb KOJie6aHHflMH C flJIHHOM BOJIHbl
A< riicOko/kzVTi)1!2, flJIfl KOTOpblX OCHOBHOM BKJiafl, B
flH3jieKTpHHecKyio npoHHii,aeMocTb
HHTerpaji no HOHHOH (^YHKUH

KpOMe Toro MW npeHe6pe»eM TemiOBbiM pa36po-
COM HOHOB H 6yAeM CHHTaTb cnpaBefljiHBofi annpoKCH-

(2n)ll*\kz-kz'\vTi
— (Dkf) (104)

HaKOHCU, HeJIHHCHHOe B3aHMOfleHCTBHe KOJie6aHHH C
sjieKTpoHaMH MO)KeT CKa3aTbCH JiHiub npn oneHb
Majibix fljiHHax BOJIH A j . <̂  r\, TaK HTO 3TH aqbqbeKTbi
,n,ocTaTOHHO ynecTb B npe^ejie A<^n.

C yneTOM STHX o6cTOHTejibCTB H3 yp. 22 c no-

Mombio qbopMyji npHJio»ceHHfl nojiynaeM KHHCTH-
necKoe ypaBHeHHe AJIH HHCJia BOJIH nk\ c nacTOTOM

a » k i ^ ^ H B CHCTeMe KOopflHHaT, r^e OTcyTCTByeT
HeBO3Myuu,eHHoe 3JieKTpHnecKoe nojie E

|
i

. dwk\
"t" ~~ai.

dkx
= (vki — dk\)

dt dkx dx dkx da; <
k' + k" = k

— nk\ Wk'p Sign cok'i-p) d {COM — Wk'p— Wk'i-p) — / n k ' n k L H Sign (COM — I &H) [COM — cok'p — (ky — kv') V ]
k'

X Ai.p (k, k') d [COM — cok'p —(l — p)

(uk\ — cok'p)'
2|&z — kz'\

2vjexp
X B(k,k ' )

k'

nkl nk>p Sign (cota - COM — COk'p) (Ti/Te) + (ky— fcy')«n']

(105)

.21
J J

X exp —

n \l/2 (c«kl - (n>kl - &y «„ (fcrj)

2A 2 w T i
Vkl — HHKpeMeHT HeyCTOHHHBOCTH H3-3a pe3OHaHC-

Horo B3aHMO^eHCTBH5i BOJiHbi C3jieKTpoHaMH(yp. 9 8 ) ; — ,o,eKpeMeHT 3aTyxaHHs

fcz| vn [1 + (Ti/Te)- I\ (kn)+ A;2 rf;2]

(o)kl -

Ha HOHax; H



TAJIEEB, KAPnMAH,

A,,p (k, k') == 2TT [1 + (TilTc) -
CO

{[k X k']2
2n4(|'e-s2/2J,2(

a) +

X

i2]"1 [1 + (Ti/Te) - Tp (a') + k'2 d

I* s8/2 2 dS

B (k, k') = [k x k

l

v

V (*in 5) Jo2 (*JL n 5) 8 dS

a > k 1 '
(«>kl-cok'p)2

kl.k'p.k'I-p V

rf[k' x k]2n a /S) JP (a' £) Ji_p (a" 5) S dS

^\ <7 / » o\ d 5p (a' <S) cj . , o , d 5i_p (a o )
— p) Ji_p(a 8) ^ pjp{a. S) ^

X ([1 + (TilTc) + r2di2] / l . p - 1 (a") - [1 + (Ti/Tc) + k'**2] Tp-J (a')) ^
oo

- i Je-S2/2 Ji (a5) Jp (a' AS) J I _ P (a" S) Sd^ [1 + (Ti/Te) + F2^i2] [1 + (Ti/Te) + ^'

BTopofi HjieH B STOM ypaBHeHHH onnctiBaeT npoueccbi
pacnazia o^Horo Kojie6aHHa Ha ziBa ^pyrnx H o6paT-
HblH npOLteCC CJIHflHHfl flByX pa3J!HHHblX KOJie6aHHH B
OJXHO. ITpeflCTaBJieHHe «^peH(t)OBbix» KOJie6aHHH B
BH^e KorepeHTHoro Ha6opa ww KBaHTOB OT^ejibHbix
KOJie6aHHM c KBa3H3HeprHen coki H KBa3HHMnyjibcoM k
no3BOJiaeT 3anncaTb HHTerpan CTOJIKHOBCHHH H3-3a
pacnaziOB «ApeH(J)OBbix» KOJie6aHHH B (})opMe, aHa-

Stoss-HJieHy B KHHCTHHCCKOM ypaBHeHHH
B TBep^OM TeJie.

TpeTHH H MeTBepTblH MJieHbl BO3HHKaK)T. H3-3a
B3aHM0fleHCTBHH BOJ1H H MaCTHU, B HejIHHCHHOM IIO
aMn^HTy/iaM BOJIH npH6jiH»eHHH. IlocKOJibKy (j>a3O-
Bafl CKOpOCTb «A.peH(^OBbIX» BOJIH 3HaHHTeJIbHO
6ojibixie TenjiOBOH CKOPOCTH HOHOB a)k\lQiilkzpVTi,
TO 3aKOH coxpaHeHHji 3HeprnH AonycKaeT JiHixib npo-

paCCeJIHHJI KOJie6aHHH HOHaMH:

(p — I) QH + ww — cok'p = {kz — kz) vz (108)

— 3HeprHH pacceHBaeMoro H pacce^H-
Horo KOJie6aHHH, (kz — kz) — H3MeHeHHe HMnyjibca
nacTHubi WJ vz npn pacceHHHH. IlpH TaKOM pacceflHHH
3HeprHfl nepeKanHBaeTCH H3 KOPOTKOBOJIHOBHX MOA B

fljifl 3JieKTpoHOB » e B yp. 106
CTOflTb 3HaK «-|-», cooTBeTCTByioiUHH Hcny-
(norjiomeHHK)) cpa3y AByx KojieOaHjiH,

PaccMOTpHM CHanajia HH3KOHacTOTHbie KOJie6aHHJi
(coko<^i?H). ITocKOJibKy HejiHHefiHoe B3aHM0fleHCTBHe
C yBejlHHeHHeM (J)a3OBOH CKOpOCTH (ft>kO + Wk'o)/
(kz -f kz')>VA yMeHbiuaeTCH, TO OCHOBHOH BKjia^ B
Hero flaK>T pe3OHaHCHbie 3JieKTpoHbi co CKOPOCTJIMH

. F p y n n a »ce pe3OHaHCHbix 3JieKTpoHOB
Majiyio nacTb nopaflKa '~«A/WTC OT

HX o6mero MHcua H nosTOMy HejiHHeHHbie
coAep^aT Taxyio >Ke MajiocTb, HTO H ji

MJieHW, npHBOflHIU,He K HeyCTOHHHBOCTH

Vko/{(DkO + ky VJ) f& VA/^TC <̂  1

Bjiaro^apfl nocjieAHeMy o6cTo»TejibCTBy,
HyK) 3BOJ1IOUHIO BOJTHOBblX naKeTOB C flJMHaMH BOJIH
KOJie6aHHfi x o p o i e A< r^vA/vTe)112 y » e Hejib3fl onn-
cwBaTb c noMombK) nojiyHeHHbix ypaBHeHHH, XOTH
HeyCTOHMHBOCTb B CHJiy VkO<̂ COkO MO>KHO CMHTaTb
cjia6oH. 3 T O CTaHOBHTca oneBH,fl,HbiM, ecjiH ynecTb,
HTO C yMeHbmeHHeM AJIHHM BOJIHW KO3$4)HJJ.HeHTi>I

A(k, k ' ) , B(k , k ' ) B yp. 105 pacTyT cooTBeTCTBeHHO
nponopuHOHajibHO BTOPOH H neTBepTOH CTeneHH
oTHoixieHHfl jiapMopoBCKoro pafljiyca n K ^JiHHe
BojiHbi X; A(k, k')ocfc&' n2, B(k , k ') ock2k'2 n4 . I Io -
3TOMy npn k2 n 2 > vre/vA no Mepe pocTa
B nepByio onepeflb HanHHaioT cKa3biBaTbCH
Hue 34>4)eKTbI5 CBa3aHHbie c TenjioBbi
3jieKTpoHOB. ripHneM 3TO npoHcxoflHT npw



TEOPMfl TyPEYHEHTHOft nJTA3MbI

MTO CTaHOBHTca cymecTBeHHbiM He
nonpaBKa K 3HeprHH B3aHMOAeHCTBHa, KBa-

n o SHeprnaM BOJIH, HO H Bee ocrajibHbie
pa3J10>KeHH5I 3HeprHH B3aHMOfleHCTBH5I BOJIH

no HX aMnjiHTy^aM, H Mti BcraeM nepeA HCO6XOAH-
MOCTbK) CyMMHpOBaHHH 6eCKOHeMHbIX pjJflOB.

TaKaa TpyAHOCTb He BO3HHKaeT npn paccMOTpeHMH
B3aHMO,0,eMCTBHfl 60Jiee AJIHHHblX BOJIH r\ > X±_

Jifl KOTopbix ocHOBHyio pojib HrpaeT
nepeKaMKa sneprHH B 6ojiee AJIHHHOBOJI-

HOBbie nyjibcaiiHH 3a cneT pacceaHHa Ha HOHax.
CpaBHHBaa B KHHeTHHecKOM yp. 105 jiHHeMHyio Ha-
KaHKy KOJie6aHHH C HCJIHHeHHblM OTTOKOM,
MTO 3Heprna TaKHX MOfl He MoaceT npeBbimaTb

. B pa6oTax 20, 24 B KHHCTHHCCKOM ypaBHeHHH
BOJIH onymeHo HejiHHeflHoe B3anMOfleMCTBHe c

3JieKTpOHaMM, a TaK»e Ta MaCTb B3aHMOACHCTBHa C
HOHaMH, KOTopaa y Hac onncbiBaeTca (JLW, k , -k ' H
wrpaeT ocHOBHyio pojib npw kr\^>\. IIosTOMy OUCHKH

KopoTKOBOjmoBbix nyjibcau,HH H3 paHee
(j)opMyji OKa3biBaK>Tca 3aBbiiueHHbiMH.

Ha [20,

CUkO ~
eokO

(107)

3,o,ecb y x e HejiHHeHHbiM MJieH nopa^Ka
KOJie6aHHH

MTO cjie,n,yK>mne
B3anMO,o,eHCTBMfl n o aMnjiHTy^aM OTflejibHbix BOJIH

3Ty MajiocTb BO Bee BO3pacTaK»meH CTe-
(vk/ft>k)", Tax MTO pa3Jio>KeHHe cnpaBefljiHBO.

HocKOJibKy B HacToamee BpeMH He cymecTByeT
peryjiapHbix MCTO^OB paccMOTpeHHH CHjibHofl He-
yCTOMMHBOCTH, TO Mbl OrpaHHMHMCfl CJiyMaeM He OMeHb
KOpOTKHX BOJIH A > T{ (•yA/^Te)1/2, KOrfla npHMCHHMbl
Bee pa3BHTbie Bbiuie MeTo^w.

KaK cjie^yeT H3 ou,eHKH yp. 107, npwxoA 3Heprnn H3
KOpOTKOBOJIHOBblX MO/I, \<T[ B flJIHHHOBOJIHOBbie
X>r\ BCJie^CTBMe pacceaHHa Ha MOHax He npeBbiixiaeT

pOCTa HeyCTOMHHBOCTH OTHOCHTeJIbHO
nyjibcaijHH A < n. CpaBHHBaa no-

C HejIHHeMHOH OTKaMKOM 3HepFHH H3-3a
pacnaflHbix npoueccoB, nojiyMaeM oueHKy cneKTpajib-
HOM njIOTHOCTM SHeprHM B /UlHHHOBOJIHOBblX KOJie6a-
HH»X [20, 22, 24]

1
WkO COkO «rf • —

1U coko

(108)

BOJIHbl «Apefi(|)OBblX BOJIH»,
KOTopaa KaK H Bee npocTpaHCTBeHHoe noBeAeHHe
(J)jiiOKTyauMH noTeHu,najia 3JieKTpnHecKnx nojieii q>(x)
onHCbiBaeTca, Boo6me roBopa, HHTerpo-AH<J)(|)epeH-

ypaBHeHHeM, cooTBeTCTByioiuHM B W K B -
AHcnepcHOHHOMy yp. 98. EcrecTBeHHo,

MTO K 3(j)qbeKTHBHOM Typ6yjieHTHOH AH$$y3HH MOryT
npHBecTH jiHiiib KOJie6aHHa, oxBaTbiBaiomHe Becb
o6i>eM njia3Mbi. J\jim\a BOJIHW Ax KOJie6aHHH c TaKoii
ixiHpoKoft o6jiacTbio BO3MO»Horo ABH>KeHHa x&n/Vn
OAHoro nopaAKa c BejiHMHHOH jiapMopoBCKoro paAHyca
WOHOB Ax-~^i. Bocnojib3OBaBLUHCb AaJiee oiieHKoii
MaxcHMajibHoro HHKpeMeHTa (yp. 99),

22, 24]
n v n c Ti

Mfl e f l

ECJIH o6paTHTbca Tenepb K paccMOTpeHHK) HH3KO-
MacTOTHbix ApeHqboBbix KOJie6aHHM c 6ojiee KopoT-
KHMH flJIHHaMH BOJIH T\ > A > T\ («A/«Te)1/2, TO,
HHMaa BO BHHMaHHe BblCOKHM ypOBCHb
AJiHHHOBOJiHOBbix KOJie6aHHH (yp. 108), M H 3aMeMaeM,
MTO OHH 3aTyxaioT B HejiMHeflHOM pe^HMe M3-3a

pacceaHHa Ha HOHax H He aaioT BKjia^a B

yp. 109 BnojiHe ^ocTaTOMHO B njia3Me He
HH3Koro AaBjieHHa 0,13 < /S< 10~2, Kor^a B

pe3yjibTaTe HeycTOHMHBOCTH HMeioTca jiHixib KOJie-
6aHHa C flJIHHOM BOJIHbl A> n (VA/vTe)1/2.

B 6ojiee peflKofi njia3Me 3aBbiiueHHbie
aMnjiHTy,o,bi KopoTKOBOJiHOBbix nyjibcau,HH no
HOH CBa3H [21] nOKa3bIBaK)T, MTO KO3(])(J)HHHeHT
(J)y3HH MHCJieHHO MO5KCT H3MCHHTbCa nO CpaBHeHHK) C
yp. 109 MaKCHMyM B 5 pa3. ByKBeHHbie 3aBHCHMOCTH

HeCKOJIbKO CJIOB 06 OUeHKC BJlHaHHa Ha
BblCOKOMaCTOTHblX «^peH$OBbIX» BOJIH

?H). O H H pa3BHBaK)Tca c MajibiMH MHKpeMeH-
Vki<^(a>ki — ^ H ) H npeKpacHo onHCbmaiOTca

KHHeTHMeCKHM yp. 105, B KOTOpOM OCHOBHyK) pOJIb
HrpaioT HejiHHeiiHbie 3(J)4beKTbi, onncbiBaKDmHe pac-
ceaHHe BOJIH HOHaMH. B MaKCBejijioBCKofi njia3Me,

ypoBeHb AJiHHHOBOJiHOBbix Typ6yjieHTHbix
onpe^ejiaeTca (J>opMyjioH 108, BbicoKO-

MacTOTHbie KOjie6aHHa no^aBjiaiOTca B

ve

yMeHbUieHHH MaCTOTbl CTOJIKHOBeHHH HaCTHU,
«KBa3HJiHHeHHOH» v^* fljia nyjibcau,HM c
BOJIH A«t! ri Mbi euue He nepexo^HM B pe>KHM

BbicoKOTeMnepaTypHoii njia3Mbi. 3 T O npo-
HCXOAHT BCJieACTBHe Toro, MTO o6pa3OBaHHe njraTo
Ha (J)yHKu,HH pacnpeaejieHHa sjieKTpoHOB npHBOAMT K

AJiiiHHOBOJiHOBbix KOJie6aHHH, HO Tor^a
. 105 BO3HHKaeT BO3MOKHOCTb pa3BHTHa

6ojiee KOpOTKHX BOJIH. ITycTb k0 — BOJiHOBoe HMCJIO,
HH»<e KOTOpOrO JIHHeHHblH HHKpeMeHT HeyCTOMHH-
BOCTH na^aeT H3-3a o6paTHoro BjiHaHHa KOJie6aHHM
Ha «qboH» (MW onpeAejiHM ero Aajiee npn 3aAaHHoft
MacTOTe corjiacHo OMCBHAHOH cj)opMyjie vc «^ v(°> *
nkik^/nkirr1). TorAa AJia KOJie6aHHH 6ojiee KopoT-
KHX, MeM MOAa (cok, k0), (J)yHKu,Hio pacnpeAeJieHMa /oj
MO5KHO CHHTaTb MaKCBeJIJIOBCKOH H KaK npOKAe OHM
6yAyT noAaBjieHbi H3-3a CHjibHoro pacceaHHa Ha
HOHax. AMnjiHTyAa 6ojiee AJiHHHOBOJiHOBbix KOJie6a-
HHH pacTeT AO TaKoft BejiHMHHbi, KorAa HaHHeT
jiaTbca cjiyacamaa HCTOMHHKOM 3HeprHH MOAa
k0). r ipH 3TOM B O 3 M O » H O AaTb JiHuib ou,eHKy CBepxy
AJia CyMMapHOH «3HeprHH» BCeX AJlHHHOBOJIHOBblX
nyjibcau,MH

k •'ko(ko) / r , v n \ 1 Tc

(110)
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TAJIEEB, KAPflMAH,

HeyCTOHHHBOrO KOpOTKOBOJIHOBOrO KO-
jie6aHHa ycTaHaBjiHBaeTCH B COOTBCTCTBHH C B03-
MO)KHbIM TeMnOM flHCCHnaiJHH 3HeprHH KOJie6aHHH B
3aTyxaK>mHx o6jiacT5ix cneKTpa H yMeHbiueHHH HHcua

3a cneT pacna^Hbix npoijeccoB.
ypoBeHb aMnjiHTy^bi 3aTyxaK>mHx Kone-

caM 3aBHCHT OT BejiHHHHbi n(k0) H

SEk MCTO^OM nocjie^oBaTejibHbix HTepa-
U,HH, ecjiw B npaByio nacTb 112 noztcTaBjiHTb y>Ke

MOHCHO B COOTBeTCTBHH C yp. 110 CHHTaTb, HTO

OTCioaa HenocpeflCTBeHHO nojiynaeM CBepxy

m Te

3/Jlf/9\l/2

+
ECJIM flaBJieHHe njia3Mbi fi< 10~2, TO npn nocTeneH-
HOM yMeHbllieHHH HaCTOTbl Mbl flOXO^HM RO KOJie-
6aHHH c AJIHHOH BOJiHbi Kopone r\ (m/M/9)1/4. AMnjiH-
Ty^y HX Mbi He MO^ceM onpefl,ejiHTb B npn6jiH»ceHHH
«cjia6oH CBH3H». IIo3TOMy MO3KHO JiHuib yTBep*aaTb,
MTO pe3yjibTaT, yp. 109, cnpaBe^jiHB no KpaHHeft Mepe
fl,0 HaCTOT CTOJIKHOBeHHH

(111)

IIpM MeHbiueM nacTOTe MW Henocpe^CTBeHHo MOJKCM
KO3(J)(J)HLiHeHT flH(J)4)y3HH no (J)opMyjie 103.

(5E.

ITpnjio>KeHne

Heo6xoAHMbie ^JIH nocTpoeHHa Typ6y-
njia3Mbi pa3Jio»ceHHH 6bicrpo-

nacTH (̂ yHKUHH pacnpeflejieHHfl no
HpyK)mHX 3JieKTpH4ecKHX nojieii

3Toro nepeHeceM HejiHHeHHbie HjieHw B
ypaBHeHHH BojibUMaHa fljia OT^ejibHOH
Oypbe (J>yHKUHH pacnpe^ejieHHa fkJ

B npaByio nacTb H npoHHTerpHpyeM ypaBHeHne no
TpaeKTOpHflM HaCTMU, [25]

' (112)
k'+k"=k -oo

3̂ ,ecb HHTerpan 6epeTC« TpaeKTopHH

vyi (t) = v± sin [By (t) - COHJ (f - t)]

a>Hj = e .fiT/mj c (113)

r^e dj(t) = dio — a>Hjt — (j)a3a
BOKpyr CHJIOBOM JIHHHH, MarHHTHoe nojie HanpaBjieHo
no OCH 2.

CooTHOiueHHe 112 MOJKCT 6biTb Henocpe^CTBeHHO
Hcnojib30BaHo JXJIR HaxoacfleHHa pa3Jio»ceHH
U,HH pacnpe^ejieHHfl B pazt no cTeneHHM

3a#a4y 6yAeM peiuaTb RJIH o6iiiero cjiynan He-
oflHopoAHOH njia3Mbi, Kor^a njioTHOCTb nacTHU
MeHaeTCH c KoopflHHaTOH x. OyHKu,H» pacnpefl,ejie-
HHH HaCTHII, B HeBO3MymeHHOH njia3Me 3aBHCHT TOJlbKO
OT HHTerpanoB jiBH»ceHHfl nacTHU H MOKCT 6biTb
Bbi6paHa B

„, = e x p _

G>Hi
(114)

Mbi 6yfleM paccMaTpHBaTb ToubKo Te
npn onncaHHH 4>JiK)KTyau,HH snexTpHnecKHX nojieft B
njia3Me MO»CHO BOcnojib3OBaTbca WKB-npH6jiPOKe-

H pa3JIO»HTb 3JieKTpHHeCKHe nOJIfl B

= — i y> k 9?ka) exp (— i cot + i k - r ) (115)
k , <u

— Oypbe — npeo6pa3OBaHHe cxajiflpHoro

yp. 114 H yp. 115 B yp. 112,
nonpaBKy K pacnpeAejieHHJi yp. 114 B

(116)

no BpeMeHH 3^ecb jierKo npoBO-
, eCJIH npHHflTb BO BHHMaHHe COOTHOUieHHe

i k • vx(«) exp-i exp - I
. [kx
I ^

(117)

/=-oo

Beccejia ^eHCTBHTejibHoro apry-
. HcnoJib3yfl HX, H3 yp. 116 nojiynaeM

fkJ = 9 > k m 2 F k ( 0 ' / j (*' V-L' Vz) /°i ^ (aJ S)
I

. . [k x v (<)]2

21" d

J
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TEOPMJ1 TYPByjlEHTHOM riJlA3Mbl

TTocKOJibKy B03MymeHHaa
3aBHCHT OT 4)a3 BpameHHa nacTHu, Ha op6nTax dh

TO no cpaBHeHHK) c yp. 116 y Hac noflBjiaioTCH HJieHbi
HOBoro Twna, cBJoaHHbie c AHc|)(j)epeHiiHpoBaHHeM no
0]\ MX MHTerpHpoBaHHe no BpeMeHH npoBOAHTca c
MCnOJlb3OBaHHeM COOTHOllieHHfl

exp

= -i|kx-^-l
L « i" Jz

exp
-i[kxv(*)]z

- i [kxv(0 ]z
exp — ~ -

y COHJ
v± dv±

B pe3yjibTaTe (J>yHKij,H5i

BTOpOM npM6jlH>KeHHM npHMeT BH/I,

/ i _ ej V V
Ik, u)' + u> — "~~ / / <Pk

k'-|-k"~ k /,p=—oo

(• [k'xk"]z

L
8vz

a/ + co" - ( V + &2") vz + (l + p) WHj + i 0

X jPk'ai'//oj expi, [kxv(*)]z (118)

He no
B apryMeHTax <J)yHKiiHH Beccejia 3aMeHeHO Ha

no cooTBeTCTByiouieMy
j , Tan MTO ocTaBixiHeca p

npw S = constant. flajibHeHixiaa HTepau,Ha
KHHeTMHeCKOrO ypaBHeHMH M3 (|)OpMyJIbl 7 CTaHOBHTCH

i Mbi ee onycTMM.

Mbl BbinHIXieM TOJlb'KO Bbipa^eHMfl flJ15I flH3JieKTpH-
npoHHuaeMOCTH c TOHHocTbio AO TpeTbero

no aMnjiMTy^aM. JlHHeflHoe npH6jiH»ceHHe
HaM flwcnepcHOHHoe ypaBHem-ie AJIH

KOJie6aHMH HeoflHopoAHofi njia3Mbi:

1 - o o

X = 0

Tflfi Ti(a) = I i ( a 2 ) exp — a2, Ii — cj)yHKunH Beccejia OT
MHHMoro apryMeHTa; vn^={T-}lmj(OHin)dnldx — CKO-
pOCTb /ipeMCJDa HaCTHU, COpTa j M3-3a
njlOTHOCTM.

CHMMeTpM3ya Bbipâ KCHwe yp. 118 no
(kr, k") nojiynaeM BbipaweHWH ^JIJI OTKJTHKOB /J,W BO

BTOpOM

0"i{r,v)av =
A

k'+k"=k

» > = — > rv2. W « J dVzJQ) {Vz) 6
•I) J J

j

X

J ' SdS

w'-ky' vj \ / 1 \
to' kz'vz + p (on) + iO/ \o)'+a)"-(kz'+kz")vz+(l+p)ajH)+'i0)

„) x>O -| 1 ; =—; 1 ; ; ^ ;—
w H j L w — kz Vz-\-p toHjJL w ~kz ?'z+i«>Hj+l 0

X c?i(aj"S)c}v(aj'8)}(^I+Pi&}8)®XP [-H('VV — ^k)

— i V (Vk' -

CoBepuieHHO aHanorHHHo B TpeTbeM npM6jiH)KeHHn

q,l,p,n— — oo k'

X JS dS exp ( - S2/2) |'/oj («2) d vz

0 —oo

X {[k' x k"]z n2 ^ (aj 8) BPW 8) + [i
p (aj/ S)

CO'— fcy' >',,J

o' —A;z' vz + n COHJ + i 0

[exp—i(^-g) (y<k—yk
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(The following English version is provided in text only, with "blanks
where symbols a.nd equations appear in the original. Thus it is to be
used beside the original from which the reader can get the missing elements.)

MULTIPARTICLE- ASPECTS OF TURBULENT-PLASMA THEORY

A.A. Galeev, V.I. Karpman, R.Z, Sagdeev

Institute of Nuclear Physics

Siberian Section of the USSR Academy of Sciences

Novosibirsk, USSR

Abstract •"

This paper reviews work on a new approach to the theory of a weakly

turbulent plasma. The essence of this .approach is the concept of a turbu-

lent plasma as an assembly of weakly interacting gaseous particles (ions,

electrons) and quasi-particles (collective oscillations). Instability

effects play the part of sources in the kinetic equations for the quasi-

particles.

An application of this method, which constitutor a generalization of the

quasi-linear theory, is given by the analysis of anomalous transfer effects

resulting from various plasma instabilities.

1. Introduction

In this review an attempt is made to describe the behaviour of a plasma

when such a large number of excited collective oscillations is present that

a statistical approach is applicable. Reliable methods of describing such a

plasma may be developed for those cases in which oscillations interact weakly

among themselves and with the "background". In this case we may regard the

collection of oscillations as a slightly non-ideal gas of waves-"quasi-particles"

possessing "energy" ... and momentum The exchange of energy between

the quasi-particles and the background of averaged particle distribution, as

well as that within the quasi-particle gas, may be considered by perturbation

theory, by assuming the amplitudes of the oscillations to have random phase.

6^3319
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At present there are various methods of constructing such perturbation

theories. The most advanced are those methods where quantum field theory is

applied to quantum statistical systems. In the case of plasma, however, where

Boltzmann equations rather than a Hamiltonia.n are used as a "basis, the inter-

action of weakly turbulent pulsations may be described more conveniently by

asymptotic perturbation theory, as in quasi-linear theory / 1, 2jf . Here the

isolation of quasi-particle waves is carried out automatically on the basis

of classical kinetic equations for the particle distribution function in the

plasma and of Maxwellian equations for the self-consistent field.

Since quasi-linear theory deals only with the interaction of waves with

particles, it "Became 'necessary""t6 generalize this theory for the case of the

interaction of particles among themselves (some estimates of these effects

have already been made by Drummcnd and Pines in the work quoted, as well as

in ref. 3)» These effects were systematically and simultaneously considered

in two groups of works. In ref. 4 asymptotic perturbation theory applied to

hydrodynamic oscillations is again used for this purpose (the conclusion *£
as

ref. 3 is improved on). The authors of ref. 5 used their point of departure

correlation chainss basing the discontinuity and coupling of equations for

the latter on the weakness: of the interaction, which is virtually equivalent

to using perturbation theory. It should be noted that several other approa-

^ / 6-9 /? an( -̂ analogous results have

. . . . . . .

By the above-mentioned -methods it is possible to examine a series of

problems in the theory of weakly turbulent plasma, such as the relaxation of

the epithermal fluctuation of plasma oscillations, the determination of a

stationary spectrum of turbulent pulsations as a result of the development of

a weak instability (of considerable interest for the study of various turbu-

lence transfer processes), etc. What are the characteristic features of the

determination of a turbulence spectrum in a slightly unstable plasma? The

determination of the spectrum must include the study of three processes;

1. growth or damping of oscillations under the influence of the back-

ground 5

2. energy redistribution of oscillations due to their mutual interaction;

3. reciprocal influence of newly-arising oscillations on the background.

For wav©s of very small amplitude the first process is studied in linear

stability theory.
(cont'd)
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As the excitation amplitude grows, processes 2 and 3 are taken into

account. However, it is not always essential to consider the nonlinear

interaction of oscillations. Indeed, under the influence of oscillations

growing as a result of instability, the distribution of plasma particles

often relaxes fairly rapidly into a distribution which no longer permits a

buildup of the existing set of oscillations.. (However, the re-formed distri-

bution may well be unstable with respect to other types of oscillation). At

the same time, if the oscillations have not grown to such amplitudes that the

nonlinear interaction has become substantial5 then;the processes of energy

redistribution between the various modes can be neglected. In a number of

cases, however, nonlinear effects appear before relaxation by particle re-

l&is&rifoiti^^ movement can then bn

presented in the following way. In certain regions of phase space ( ...... )

there is an inflow of energy due to instability. (Almost everywhere in this

paper we shall consider perturbations in the form of a set of oscillations

................... ). In other regions the oscillations are damped. It is

clear that the energy cannot ooncontrate only in unstable regions of phase

space 5 since for large amplitudes nonlinear interaction would produce an

excessive outflow of energy across the spectrum ( ) into regions.

where oscillations either do not build up or are damped altogether. We obtain

the order of magnitude of the amplitude of the steady-state oscillation with

giyen^^.v-^H^ys^.v::^ comparing the inflow of

.ener.Sy 'i^.y°^rt^e^ive^-Aode l^cause of instability, with the outflow into other

-~-t-~~•:-'-"-'--•>•v-mddê srb'e'caus"e:-;6f'*noh'linea"rr:-"transfer across the spectrum. Knowing the ampli-

tude of each mode of the pulsation turbulence spectrum we are then able, by

so-called "quasi-linear" equations which take into account the reciprocal

effect of the oscillations on the background, to follow the change in this

, background and to find all the transfer coefficients (such as electrical

conductivity, particle diffusion, etc.).

2 Kinetic equations for weakly turbulent plasma

In this section (we follow ref. 10) are set out the general deductions

and the investigation of the kinetic equation for waves and particles accu-

rate to the second order in the oscillation energy. To avoid cumbersome

generalizations and details we shall limit ourselves to an examination of

potential oscillations ( ). As is shown in ref. 11, all

results set out below are also valid for arbitrary non-potential oscillations,

(cont!d)
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2 A Kinetic ecuation for waves

The "basic equations for potential oscillations are

(1)

The vector for polarization current density ..- 9 taking into consideration

the termss non-linear in ..... , can "be presented as

: _ (2)

where ,,,. t....._..... ._.____jLs..ja.Jfunc.iional .of._the,.nth order- in the electrical

field. In particular? .... is determined by electrical conductivity and

has the form . •

As will "be seen below, non-linear polarization currents have an analogous

form. These currents can be expressed "by making appropriate additions to

the plasma particle distribution function. For this purpose we shall start

with a kinetic equation for the- particle distribution function, which can

conveniently "be written as

(3).

where ... is a plasma Hamiltonian when oscillations are not presents

...... is the part of the Hamiltonian describing the interaction of par-

ticles with the wave field

(4)

where ....... is the intensity of the stationary magnetic field. ¥e

neglect collisions between particles, and therefore we shall omit the colli-

sion integral in eq. 3. The particle distribution functions are given the

indices ( .. - electrons;. .. - ions). Henceforth, if no Summa-

tion over ... is carried out we shall omit this index.

Turning to the Lagrangian variables corresponding to the

motion of particles in the stationary magnetic field, we obtain instead of

(cont'd)
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eq. 3
(5)

Froia this we find the nth order terms in the distribution function

. (6)

where is the unperturbed distribution function. With

the aid of eq. 6 it is possible to obtain the nth order polarization

current

(7)

( .,, is the density of particles of the appropriate type). By use of the

properties of Poisson brackets, the expression in the braces of eq. 7 can

be converted to

(8)

»Surbs.titu.t-in-g-:eq*..:8-intô .e.q. ...7 and turning to the Fourier representations

_!„•.•.•,•.•_••.• ,.. V.e. obtain

• " • ' - • - • • " . - • • . - • ( 9 )

where

(n)

where the symbol ... denotes the sum over all possible permutations of the

pairs ( ....... ) • Henceforth we shall call

the nth order response.
(cont'd)
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Turning in eq. 1 to the Courier components, we obtain a dynamic

equation for waves in which we shall now limit ourselves to the nonlinear

terms up to the third order of ...» inclusively

(12)

where .«.. and ... are determined by eq. 9? and ..... is the dielectric

permeability of plasma for longitudinal oscillations

(13)

"The "retained" Verms ''ft'o" V.'."""inclusively) "will give the basic "contribution

to the nonlinear-interaction of- waves. We shall solve eqo 12 by successive

approximations, taking as a first approximation the solution of the linea-

rized- equation - • •

(14)

If the dispersion equation ., has a real solution ... •, then the

solution cf eq. 14 is . Where absorption or instability is

present, ... is complex. In this case the solution of eq. 14 rnay be pre-

zr^:^:::;::.;:• : • . (15)-

where ... denotes the rule for the by-pass of the pole in the integration

of eq. 15 over ... s in the first term in brackets the pole is passed from

above? and in the second from below, irrespective of which sign precedes

.o „ . (it is convenient to consider ... as some function of ...

which is non-vanishing only within a small range close to the point; at- this

point Integration of the expression 15 may be carried out

with respect to the real axis). The solution of eq. 14? which is time-depen-

dent, may be presented in the form which, when the rule

for bypass of the pole is taken into account in , yields

for all . . . . .

Using eq. 15 we obtain for the second and third approximations expressions

of the form

(16)

(cont'd)
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(17)

We now turn to the statistical description of the assembly of waves,

assuming their phases to be random. We shall calculate .<...<>.... , limiting

ourselves to terms of the fourth order of ... , <*-? denotes averaging over

The phases of the initial amplitudes ,.„ which appear in the first approxi-

mation, eq, 15. Presenting ....» as a Fourier integral, we obtain

where ..........,...,. is the linear growth or damping rate of the wave. In

the Terms of fourth order in .... we neglect the imaginary part . „. which

?.G justified when ..,.,.......„.. . ' This means that we neglect terms .,, , . ,

where ,..„..« is the characteristic time for the change of wave energy as a

result of non-linear interaction. The expression in parentheses in eq. 15 is

replaced by the ..-function. It should also be noted that, when the eqs0 16

and 17 are integrated., the poles brought about by the zeros »... 0.,,. must

be passed.from"aboves a consequence of the condition ......... o,o ( .. = 25 2)

Thus 5 in eqs. 16 and 17 one may put

(19)

Substituting .into eq. 18 ......... and ... s and talcing intc account eq. 199 we

obtain the kinetic equation for waves

(20)

In connection with eq. 20, note that it comprises a formal series expansion

in powers of the oscillation field corresponding to normal perturbation theory.

However, with such an expansion,t divergent terms appear in the contributions

of the various orders. As will be shown in sub-section 2 C, these terms are

essentially secular effects and may be eliminated by summing the divergent

terms in all orders. It is shown in sub-section 2C that after summation the

responses are again determined by eqs. 10 and 11, where it is necessary to

omit the divergent terms and replace in eq. 11 the unpsrturbed distribution

function .... by the function ... which changes slowly with time, where ... '

is determined by the quasi-linear theory equation (increased by terras which

(contTd)
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take into account the interaction of the waves).

If9 instead of ... ? we introduce the number of quasi-particles ... ,'

which is determined by the relationship

(21)

so that is the spectrum of oscillation energy density, then the

kinetic equation for the waves becomes

• (22)

where .. is the symbol for principal value. The nonlinear term in eq. 22

.integral for waves (quasi-particles).

2B 3cme general properties of the "collision integral" in the kinetic equa-

tion for waves

The values „. and .. from eq. 11? which determine the second and third

order responses, satisfy certain symmetry relationships which are extremely

useful in investigating the nonlinear terms in the kinetic equation for waves,

eqe 22.

.".i'̂ -We*'sharIX-fiES.t«-exaiBine-the«,p-r.Qperties..-of the second order..responses. From

.eq..,̂ ! 1-.i.t.,."is- -.easy, t.p̂ ob.t,a'i?i.'.{using. Jbhe .prope.rties of. Toisson brackets)

(23)

(24)

It is not yet possible to obtain directly from eqs» 23 and 24 any relation-

ships for the value «... determined by eq.lO3 since the integration over ...

is carried out along the semiaxes from ... to ... - However^ if we intro-

duce the complete Fourier function component

(25)

then it follows from eqs. 23 and 24 that

(26)

(27)

(cont:d)
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The response which interests usy .•...._, is coupled with ... by the

relationship

(28)

We shall call all relationships of type 28 "spectral expansions". In order

to clarify the meaning of eq. 28 we shall examine in greater detail the

structure of the terms ... . Substituting .... from eq. 11

into eq. 259 we obtain after integration with respect to ....... %

(29)

Differentiation with respect to the Lagrangian variables ....... is implicit

in the Poisson brackets. Instead of .... it is necessary to substitute here

(30)

where . „.. is the Larmor frequency (of the corresponding particles)s ...

is the unit vector directed, along ... « After integration over ..... 9

there will appear in eq,. 29 ••• -functions of the form ........ o and ...

instead of exponentials. Here it is important that the ... -functions

.contain ... and... ..... with. the. same index. These ... -functions are acted

••:vupon.:by some :differential operators with respect to .... . When there is

~'<:nq--_ejc-ternaî  ....... take on a particularly simple

form. In this case and from eq. 29 it follows that

(31)

(Eq. 31 is obtained from within the brackets in eq. 29 by a cyclic permu-

tation)! »c.

After substitution of eq. 31 into eq. 28 and integration with respect

to , we obtain an equation of the same type as eq. 3ls but instead

of it contains

From the foregoing it is clear that the intermediate results in terms of

... and ... entering into eq. 22 are due to the resonant interactions of

the oscillations with particles possessing the velocities

(32)

(33)

(oont'd)



- 10 - . M S 1 5 7

The first two cases in eqs. 32 and 33 correspond to the resonant inter-

actions of the natural oscillations (with frequencies ... and ... ) with

the plasma particles,, while the last case corresponds to the resonance of

forced oscillations (with frequencies ..... ) with particles. Clearly,

the nonlinear term due to the resonance of the natural oscillations with

the particles5 is considerably smaller than the linear term that

contains the same halfway results, and can therefore be neglected. We can

consequently neglect in the nonlinear terms the above partial contributions

arising from the natural oscillations? i.e. the poles not containing combi

nation frequencies are integrated like principal values.

We now write'the spectral expansion for the value

In eq. 34 we have retained the imaginary additions only in the denominator

containing the combination frequency ...... ; the remaining poles are

integrated like principal values. Converting .... in eq. 34 with the aid

of eq. 26, and ..... with the aid of eq. 27* and then replacing the inte-

gration variables we obtain

(35)

whe^re/"^^^-^ the- following relationship

(it differs from only in the signs of the imaginary additions),

Equation 35 is extremely useful in investigating the collision integral

in the kinetic equation for waves.

We now turn to the third order responses , and introduce the

Fourier components

(37)

where ... is determined by eq..ll. It can easily be seen that
•%».

(38)

Equation 38 is written for that value which is contained in the collision

integral for waves. It should also be noted that in eq. 38 we have

(cont»d)
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omitted two divergent terms containing ....... and ..... (in accordance

with the remark made after eq. 20 5 see also sub-section 2C.

We now obtain some relationships for the.values ... and ... . On

using the properties of Poisson brackets, the eq. 11 for .. = 3 maybe

rewritten in the form

(39)

(for the sake of brevity the spatial arguments are not written out).

Completing the cyclic permutation ....... in the right-hand part

of eq. 39 we obtain ;

(40)

From eqs. 39 and 40 we derive

(41)

(42)

If the value ................ is now broken down into two parts

(43)

(44)

(so that the principal contribution to ... is given by the resonance of

particles with a forced oscillation of frequency . • , and the contri-

bution to ... by resonances with frequency ) s then the following

symmetry relationships emerge from eqs. 41 and 42 (provided that all poles

not containing combination frequencies are integrated like a principal

value)

(45)

(46)

To obtain eqs. 45 and 46 use was made of the fact that substantial parts

of the values .. in eq. 44 make no contribution to (in other

(cont'd)
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words these values are determined only "by contributions of intermediate

results in the spectral expansions eq. 44-)« Proof of this statement is

given in Annex Ao

Finally;, it should be noted that in addition to eqs. 359 45? and 468

the following obvious relationships take place

(47)

Using the derived symmetry relationships for responses . .„.„•,,.. it

is possible to establish some useful properties of various terms of the

collision integral ....-,..-.. in th;* kinetic equation for waves. We di-

•tvTcCe"Tnii a -integral inTo^^o^arl;"^7^-'1"1"^ --̂ ~~—̂ -------"•-'•.•• •". • ••".•.-

' ' '. " . (48)

where -..„.. „ »..,,« contains al.l terms with ^ ...«...,...«.. and describes

the interaction of waves for which the "decayt: conditions- are fulfilled

(49)

Or using .oqs. 3.5 .ancl 47 ̂ the_following expression for .«, o. is easily

o b t a i n e d - - • . - > - - ' - - • • - • • ---: •--••.. -. • •• . . . ..

(50)-

wnere

(51)

In eq. 50 the summation over only the positive frequencies „«

is already implicit.

This part of the kinetic equation for waves, the only one in the case

of a ''transparent medium" (that is9 when the resonance interaction of par-

ticles with waves may be neglected), has already been obtained from plasma

hydrodynamic equations in refs. 3 and 4» It should also be noted that

eq. 50 coincides with the right-hand part of the kinetic equation for pho-

nons in a solid body, if it is assumed that •••». . The quantum

deduction of kinetic equations for waves in a plasma is examined in ref. 7.

(contfd)
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The second tern in eq. 48, , 9 is determined by the resonance inter-

action of forced oscillations with particles. This effect may also "be inter-

preted as a forced combination scattering of waves in the plasma.

We now present .......... in the form •

(52)

where corresponds to

and .... corresponds to

where ... corresponds' to "".

and ..... corresponds to

and o. •; •. . o . are-determined in- eq. 44.. On using eqs. 359-45? 46, 47,

it is easy to verify that

(53)

(54)

^ resonance interaction of.

combination waves" of frequency- v».:.. •....:. with particles may be neglected

in comparison with the corresponding contribution of terms with

This means that ...... , so that the entire kernel of the integral

„ may be considered anti-symmetrical. Accordingly, it may be pre-

sented in this case in an explicitly antisymmetrical form (see eqs. 35 ? 36)

(55)

where is determined in eq. 36.

In concluding this subsection we would point ou,t that the kinetic equation

for waves, where the collision integral is expressed by means of responses

. a presented as spectral expansions 9 is extremely convenient in

(cont*d)
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practice} since these values may "be calculated relatively easily (as was

seen from the deduction eq» 31).

2C Summation of divergent terras. Connection with quasi-linear theory

We shall examine the general expression for the distribution function

obtained by summation of a series from perturbation theory. Sub-

stituting into eq. 6 .... from eq. 4 and summing over all ... we obtain

\ ' (56)

the .potential' and

the micro-density of"the charge (eq. 4) and

" (57)

( ... is determined by eq- 30| Poisson brackets are taken with respect to

Ls.grangian variables). Into this expression it is essential to substitute

, which are expressed by means of amplitudes .8. of the natural

oscillations from a dynamic equation of the type of eq. 12V where the most

simple terms in eq. 56 will be those obtained by replacing all .... by

. ,...0.... (the first perturbation theory approximation for the potential)

Denoting the_sum .qf.all such terms by means of .... and averaging over pha-

...__*..-..„_-_- _..^;:££_^-}_•£._-^rvwe-i'obtain::-•-• • i.S••..,'...

. ' . . (58)

For the summation term in eq. 58 to be nonvanishing., it is essential

that ... corresponds to each . .... . We shall now isolate in eq. 58

a subsequence in which the conjugate pairs ( ) and (. ) are

side by side. Denoting the sum of such terms by means of .... we can write

(59)

It can easily be seen that here the integrand is divergent. To verify.this

we shall examine in detail the simplest case of a plasma without a magnetic

field. It then follows from eq. 57 that

(60)

(cont'd)
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so that the denominators in eq. 59 of type etc. vanish.

Clearly these divergences are the manifestations of secular effects.

Differentiating eq. 59 with respect to ... and taking into account

eq. 60, the following equation for is easily obtained

(61)

Substituting eq. 60 into eq. 6l and differentiating in the Poisson brackets,

we obtain the well-known quasi-linear theory equation / 19 2_/

• ' (62)

The sum of the divergent terms of the series in eq. 59 is therefore finite and

agrees with the distribution function of quasi-linear theory which changes

slowly in time.

Analogous reasoning is also possible for. a plasma in a magnetic field.

Herev there" are complic-ations due to the fa:ct that ' ...*...... is already the

sum of terms containing - ,„..,>. ? so that the sum in eq. 5? will

contain finite terms as well as divergent ones. It can eas.ly be seen that

summation of only the divergent terms again produces a quasi-linear distri-

bution function (discarding the remaining terms is equivalent to averaging over

. ... •

^•^r^--^.^ if y .simultaneously with the summation

"of the divergent' terms-in-the 'distribution 'function s one sums the terms of

analogous structure in the kinetic equation for waves, i.e. terms of the

form (see eqs. 7 and 9)

(63)

this leads to the replacement of the linear growth rate

(64)

by the quasi-linear growth rate obtained by the replacement of .. in eq. 64

by . . . . .

In particular it is clear from this why the terms containing ,

are excluded from the spectral expansion for ..... -(eq. 38).

(cont'd)
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They have a structure of type of eq. 63 and are therefore included in the

quasi-linear growth rate.

Finally, it should be noted that if, in addition to the series in eq. 59*

we also take into consideration the additional terms in eq. 565 where some

of the o are replaced by ••.. - as well as terms in which the con-

jugate pairs (.......... ) do not stand -side by side - then (after

averaging over phases) we obtain an equation for the slowly changing back-

ground distribution which takes into account the interaction of waves. With

an accuracy to terms of the fourth order in ... this equation is (for

simp 1 iciĵ v__JLt_._i_s__w.ritt_en_ for̂ fLĴ f̂ B/JLTiî kj-LV:̂ L.51 §££5LvA9_ tie-"• ̂ )

(65)

wnere

The expressions for .... are easily obtained, after the substitution of

eq. 60 into the corresponding Poisson brackets5 „ in the second

term of eq. 65 is determined by the kinetic equation for waves (eq. 22).

In obtaining this term we took into account (in the first approximation)

^ ' rTT^irf"'.'. r~~7~wliicTf lire determined by eq. 15« In

where ... is the symbol of principal value.

When .,. changes not only in time but also in space, it is also ne-

cessary to include in ....... a translational term equal t«

Finally, it should be noted that, as can be seen from the contents of

this subsection, averaging over a random phase distribution is initially

equivalent to a transition to slowly changing time. This has been thoroughly

studied in works dealing with the basis of kinetic theory /"~12, 13 7 •

2D Conservation laws

We shall first examine the case where the decay conditions, eq. 49? are'

not fulfilled and only the resonances of particles with forced oscillations

of frequencies are important. In this case the collision

integral for waves has the form of eq. 55• Since its kernel is anti-

(cont'd)
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symmetrical with respect to .. and .. 9 a change in the total number

of particles is determined "by

(66)

If we neglect the values ... (for example> as a result of the establish-

ment of a quasi-linear "plateau" on the particle distribution function in

tiie region of resonance with natural oscillations / il,- 2 /)? then the total

number of quasi-particles is conserved

* .... . .. . vThe.law ^f .0 on oervatirr. of. quasi-particles has important consequences. Let

- •'"••;• " 'the "oscillation'- spectrum'-be such "that the frequencies'chari'ge only slightly

with change in .". - asy for exampleyin electron- Langmuir oscillations for

which

(67)

... is the Debye electron radius

In this case, as a result of the conservation of quasi-particles, the total

energy in the first nonvanishing approximation (wit h an accuracy to .„...)

will be conserved^ that is, the non-linear interaction produces in this

'•" .approximation- .only - a removal •oTpene'rgy "f r'5m" one part', of the spectrum to the

T̂ xsĤ âri (̂ ftr̂ \§̂ Ŝ =̂effinsi£-̂ :̂ n̂ |&̂ â Ke t",'" "t h._i s/ h.as"_ a 1 r e ady been noted-in ref. 2;

for a three-dimensional packet, "in ref. l4s 15» If the removal is from the

shorter to the longer waves, then in the following approximation with respect

to the nonlinear interaction produces complete damping of the

wave energy (nonlinear Landau damping). If, however, the removal of waves

goes in the opposite direction, then total growth of wave energy in the packet

occurs in the next approximation. However, this by no means denotes the pre-

sence of nonlinear instability, for Such a case

may come about, for example, if there are currents in the plasmas that is,

if there is motion of the electrons relative to the ions with a velocity

exceeding a certain kinetic velocity.

Completely analogous consequences, arising from the law of quasi-partiole

conservation, also occur in the case of Drummond-Rosenbluth oscillations

/~19 7 excited by the passage of a current along the magnetic field in a

plasma with for which the oscillation frequency is extremely close to

the Larmor ion frequency (T and T. are the. temperatures of the ions and

electrons, respectively). / on+i£)
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In the case of ion-acoustic oscillations without a magnetic field, the

dispersion" equation has the form?

(for simplicity3 it is assumed that ). Heres the removal effect

plays a principal part only when the wave frequencies are close to ..o ,

that is ......o..... . Otherwise the redistribution and the change of

total energy are generally of the same order.

We shall now examine tho case in which ..<,.<,. for all waves present.

,It.,then.follows1 from.,eg,,. 66../that ..................... r that is the nonlinear.

'damping of the waves cannot"alone compensate their growth as a result of

linear Instability, and consequently the establishment of a stationary state

is impossible. Incorrect deductions about such establishment were made

/"~16, 17 / "because j owing to the cumbersome nature of the expressions and

calculations5 the anti-symmetry of the kernel of the kinetic equation for

the vraves was not noted. Fote that a stationary state may in principle be

established' if ............ for the part of the waves in the packet.

Finally, we shall examine the case in which ..... and .... in eq. 48

are so insignificant that the decay interaction of waves plays a principal

.ps.rt•̂ Projn̂ e.q....._5ĵ :._whj..ch_determines .......... , the following conservation

-laws, .may .be..derive d-rdi rep tly .. • .. . • -. • ... •

The first of these equations is the law of the conservation of wave energy

(it will be recalled that. is the spectrum of oscillation energy den-

sity), and the second equation clearly represents the conservation of mo-

mentum. Note that while the oscillation energy and momentum are conserved,

it is possible that the number of quasi-particles ..„ may not be conserved.

3 Evolution of a spectrum of weak turbulence in time owing to the non-linear

interaction of waves

Because of the complicated form of the collision integral in the kinetic

equation for waves, it is interesting to examine particular classes of prob-

lems that permit an analytical solution by means of which the evolution in

time of a turbulent oscillation spectrum may be followed. In this section

we shall examine one of these problems, the nonlinear evolution of a Langmuir

(cont'd)
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electron oscillation spectrum in a plasma without a magnetic field. This

problem is interesting for another reason? . in a number of cases in the non-

linear relaxation of electronic oscillations, the principal part is played

by ions, which might seem paradoxical at first sight.

Since the decay conditions (eq. 49) for Langmuir electron oscillations

are not fulfilled, the collision integral for waves consists only of the

Dart .... which describes the induced scattering of waves, the contribu-

tion of the term describing the resonance interaction of particles with

forced oscillations of frequency ...... ( ........'. ) being negligible.

T̂n-:'•~~fF*>g>̂ -rpg»̂ '̂̂ ^̂ -̂ ^̂ ĵ ^̂ ^̂ Q̂>̂ '̂ r̂rve 1 •'-of the collision integral ..<>. is

therefore antisymmetrical and is determined by eq.., 55? where

(69)

- • • . . . . . . : . (70)

(71)

Equation 10 is easily obtained by substituting the microdensity of

..charge .....<>...*. .-. c ... .<.. i...''.. ' .into the formulas for

".fiicfs'l'-'̂ T̂̂ ?"̂ ^̂ ^ "last -into eqs. '28, 36 and 38.

The kinetic equation for waves must be enlarged by the equation for

the particle distribution function, eq. 65. Since the kernel of the colli-

sion integral for waves is antisymmetrical in the case under consideration,

the number of quasi-particles (plasmons) does not change during the nonlinear

interaction of the waves, so that the wave collisions produce only a re-

distribution of the plasmons. In the absence of beams, currents, etc., this

redistribution is from the shorter to the longer waves, since the oscillation

energy as a whole does not grow.
. •

If we integrate in eqs. 6? - 71? taking into account ( .... is

the Debye radius), and neglect the contribution of the-ions (as will be shown

below, this is'correct only for sufficiently wide wave packets), then the

kinetic equation for waves becomes (see also ref„ 14)

(72)

where we have omitted the linear term (this may be done if .... is

sufficiently small due to the quasi-linear relaxation of the distribution

(cont'd)
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function) and have taken into account only the first two nonvanishing

terms in the expansion of the collision integral in powers of

As has already been noted /~"14 7'9 i* follows from eq. 72 that there is

no interaction of the waves with the parallel and mutually perpendicular

wave vectors in the first approximation, which is nonvanishing with respect

to However, this is true only if we ignore the influence of ions,

which iss generally speaking, almost always considerable / 15 7 •

By way of an example we shall consider an isotropic (3-dirnensional)

wave packet. It appears that if its width .„<> satisfies the condition

.(73) ' •

( ... is the thermal velocities of the ions or-electrons)9 then the ions

play ,a. principal.-jr.cle./in./the. kerneL.ojr_.the...wave oscillation integral.

Limiting ourselves to the first nonzero approximation with respect to ,.

"we''obtain "/""15 7 " ••-•••

(74)

The integrand in eq. 74 is nonzero only when o 0 , from which it

(75)

that is, only those waves whose wave vector amplitudes have nearly the

same values, , interact mutually. In this oonnection

the integrand in eq. 74 may be expanded in a power series of small

differences ( ..... ), as a result of which the integro-differential

eqo 74 is reduced to the nonlinear differential equation in partial

derivatives . -

(76)

where

.... is the characteristic width of the packet, ... is the average wave

number of the.wave packet,

(cont»d)
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Comparing eq. 76 with eq. 72, we obtain the estimate$ eq. 73. The solu-

tion of eq. 76 is

(77)

where ... is the initial energy distribution in the packet. It follows

that the basic effect of the evolution in time of the packet is its narrow-

ing; see fig. 1. Howevers eq.. 7© itself is true only if the spread of

phase velocities in the wave packet is considerably;greater than the spread

of the ion thermal velocitiesg this is tho case when

-̂•~:- ,-..T •̂ ŝ sobrf""as tn"e" packet "has De'ccifie 'su.ff'Xct'&fitTy' harrow we cannot present

-••• its "evolution •anal-ytical-ly^—However y as before 5 the picture is clear. The

packet continues to narrow until four-plasma interaction takes effect. With

———t-hc-•a-rd~crf— ̂he-kimH-rc~eq^a-t^ron-f or -t-he--distribution function (65) it • can

easily be shown- that the time taken for establishment of a "plateau" on the

distribution function in the resonance region of particles with forced oscilla-

tions is always considerably greater than eq. 78. The time taken for the

widening of the packet due to the four-plasma interaction may easily be

estimated if we know .... s „.«,«* . It should be noted that the esti-

mate for ... derived from the form of the collision integral for four-plasma

^;.rv^.ifi^ magnitude. In

(78)

where W is the energy density of the wave packet. Comparing it with the

characteristic narrowing time9 we can find the steady quasi-stationary

width ..„ •

(79) .

The establishment of a narrow quasi-stationary packet occurs so quickly

that it is not necessary to take into account damping (or, in the case of

another sign of „«. , growth) while it is being established.

4 Steady oscillation .spectrum in a slightly unstable plasma and transfer

effects

In the preceding section we examined evolution in time, using as an

example longitudinal electron plasma oscillations, and we found that in a

(cont'd)
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plasma in thermodynamic equilibrium, together with redistribution of the

energy of the electrical field fluctuations across the oscillation spec-

trurrij constant dissipation is observed until there is complete damping of

the fluctuations. There may also be situations when the oscillation energy

is maintained at a nonequilibrium level owing to the development of the

instability. The determination of the spectrum of such steady oscillations

is of considerable importance in considering various transfer processes in

unstable plasma.

With the aid of the nonlinear equations for oscillations obtained

above s. we can in principle solve this problem for :the weak plasma instabi-

..lî y-5---3rl.t-h©û  extremely complicated.

"_"_ In this section vre'will' show"now this is done, taking' as an example

two very important types of.plasma instability in a magnetic field. This

__will also provide a. useful illustration of which assumptions (sometimes

conditional cries) to make in order to obtain an answer.

4A ITonlinear theory of current instability - Drummond and Rosenbluth / 19 7

A:-; a first illustration /re shall examine the turbulent spectrum of a

homogeneous plasma placed in a strong magnetic field ... along whose force

lines flews an electron current of density .......

_..;_•.... ;:"IJruramond̂ l and :Rosenblu"th:; showed that even for small drift velocities

£%>••>;,r."sU"cfê  to the excitation of potential

oscillations with frequencies .... close to the first ion cyclotron reso-

nance .<,... and with wave lengths the order of the Larmor ion radius

( . „ „. ) . The dispersion equation for the oscillation frequency

is easily obtained from the general equation (Annex A) 9 retaining only the

term with the small denominator and using the condition of

the smallness of the Landau damping for ions ...., •

(80)

The dispersion equation of ref. 19 wrongly takes

into consideration the relationship between frequency and temperature

when This error is repeated in refs. 16 and 17 •

As can be seen from this expression, we have here a nondecaying

oscillation spectrum. This considerably simplifies the form of the

(cont'd)
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collision term in the kinetic equation for waves and was the reason for

choosing this instability as our example.

We have limited ourselves to the case where the directed electron •

velocity ... only slightly exceeds the critical value ... , so that

oscillations with frequencies close to the higher harmonics of the cyclo-

tron ion frequency ( .-., ) are damped. In the formulas for

the responses ..... given in Annex A3 as well as ;in the linear eq. 1, it

is therefore sufficient to retain only terms with the small denominators

( ••....... ) . Substituting the result into eq. ;229 we write the kinetic

equation for the number of waves ... in a stationary regime ( .... )

(81)

wiiers

is the number of oscillation quanta with frequency ..... and wave

vector ....

is the instability growth rate due to resonance interaction with the

electrons.

is the linear Landau damping rate for ions5

where

The nonlinear term in this equation describes the interaction of oscilla-

tions with the plasma ions. In calculating the contribution of forced

oscillations of amplitude we have neglected terms of the

order (these tersm are represented in the formula for .....

by the last term and are most important when ). Since the phase

(cont'd)
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velocity of the redistributed oscillations .... is considerably greater

than the thermal velocity of the ions .«„ , the basic process of wave

interaction with particles is the scattering of the waves by the ions

(see section 2) o The oscillation scattering is accompanied by a red shift

of the wave frequencies, that is on scattering the energy of the turbulent

pulsations is partly dissipated into thermal motion of the ions. The frac-

tion of dissipated energy is small in comparison with the total energy

s so that the energy transfer across

a constant "flow".

the spectrum is almo3t

Since,-in an actual plasma stability problem, only dscillations in the

unstable regions of the spectrum9 where ..«...„ , have in the first appro-

_==^CJ^4^/^-;Lxo^pi^ exchange- of energy occurs

.*_""'" between'' the"'unstable "mode's". ~ :3oweveiy if'we take into account only the

"growing oscillations9 we" seei'that Hie kinetic equation for waves does not

have a stationary solution., because the nonlinear terms in our equation

'"•••""•• "'"'describe 'the scatfering of 'waves; and'although this partially dissipates

the pulsation energy, it does conserve the number of oscillation quanta-

As a result, the total number of quanta .<,„ grows in time due to the insta-

bility. ¥e must therefore also consider oscillations in damped regions of

the spectrum ( . . . . . . . . . . . ) , where oscillation growth is possible if the

nonlinear growth rate ..... „ „... „..... „».. exceeds the damping rate, In

addition, the nonvanishing amplitudes of the damped oscillations may result

;7-l^;-^-"~"^ others. The last process begins

j^sr^/'irT^^^ .density in

the long-wave portion of the'spectrum'becomes large.

In the stationary case under consideration, eq. 81 is a system of

linear equations for which we can easily find particular solutions. For •

example, let there be only two oscillations of finite amplitude, one of

which .... builds up as a result of instability while the other

has a smaller frequency ...... and is damped The process of

establishing the oscillation amplitude may then be imagined as follows?

At first only the amplitude of the unstable oscillation .... grows. How-

ever, as soon as its amplitude ... exceeds the critical value at which the

energy flow into the low-frequency mode as a result of the scattering on

ions equals the energy dissipation due to linear damping, the previously

damped oscillation ... begins to grow rapidly. This growth continues to

a level where the instability of the high-frequency mode begins to decline

as a result of nonlinear effects. In a stationary regime the inflow of

(cont'd)
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energy into each mode is balanced by an outflow of energy, and from eq. 81

we obtain

(82)

ITote that eq. 81 has innumerable solutions> if only because there are

ezact solutions with two5 three or any number of oscillations. (A general

solution for the spectrum of the wave number ... with finite number N

when there are (plasma) oscillations is presented-in tlje form of the sum

....o„„ooo.......oo 5 the coefficients of which ... are determined

by .means, cf. .a system̂ ,.of algebraic equations (81). .An important point here

-;-o%\:'t-hr3;^e^ a system- of linears-fna

•""'" " ""algebraic ••"•equation's'•"which" are no longer satisfied by the solutions found

above). However; such solutions with a finite number of .waves are them-
:— '•.selves uhst able -.since -.any additional wave- which .may arise can, generally

speakings grow. Consequently,.a state must be realised physically in which

all oscillations are excited in the unstable region. Ttfe shall restrict

ourselves to a rough estimate of the amplitude of pulsations in such a

regime.^ comparing the inflow of energy into the unstable mode with the

nonlinear outflow of energy into damped regions of the spectrum. Instead

of summing, we shall for convenience integrate with respect to wave number.
:*v;.:~:~-'.:''flin-'.Vie'̂  "the problem, integration with "respect- to

^ ' ; v ' : T ^ £ ^ eXy;-. For-.-an. approximat e ' e st imat e

of the integral with respect to ."".". , one may use a series expansion of

the integrand m the frequency difference in frequencies ( ) s which

is reasonable since only oscillations with small frequency differences

... o. o....... o . „... interact among themselves. As a result eq. 81

becomes

(83)

It is clear that the strongest limitation on the amplitude is produced by

interaction with the mode which has large ... . Assuming that .•.

changes in phase space ( .... ) more quickly than the coefficient

we write approximately ^

As can be seen from this expression, in the region of maximum frequency

for the amplitude of the

(cont'd)
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fluctuations of the electrical field is at a minimum /"~16 / • With the

increase in the wavelength .... the spectrum of the electrical field energy

density approaches a constant limit, while into the region of

short wavelengths ... falls proportionately to the fourth power of the ratio

of the wavelength .... to the Larmor radius Finally, in con-

sidering the function ............. we write the explicit expression for the

growth rate of the instability in a Maxwellian plasma with a current. Select-

ing /""19 7 ^ke distribution of electrons with respect to velocities ... in

the form

we obtain from eq. 2

It follows that there is an instability only when .... and ... have the

same signs (for ...... ) (henceforth we shall consider only the case where

), the oscillation spectrum being limited by the inequality

.0.0. with respect to ... . I t can be seen from eq. 2 that as ... increases

the instability is suppressed due to the linear Landau damping on the i.ons

for values of the order of Substituting this value into

eq. 4 we find the energy level of the fluctuations .of the electric field

(84)

With the methods described for finding an oscillation spectrum for a slightly

unstable plasma one can estimate various transfer coefficients, in particular

the coefficient of the diffusion of plasma across the magnetic field owing

to the oscillations. We shall estimate the diffusion coefficient by means

of quasi-linear theory.

In view of the acibipolarity of the diffusion, we need only consider

electrons; in describing these we shall limit ourselves to a drift approxi-

mation. The kinetic equation for the electron distribution function in the

drift approximation is . -̂

(85)

After the usual operation we obtain an averaged equation for the slowly

changing part of the distribution function (for example, see ref. 22)

(cont'd)
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where there has "been added to the right hand part the collision term in

the ..o -approximation ( . oo is the Maxwellian function of electron distri-

bution with, respect to velocities). Here we have retained terms with

derivatives along coordinates from the slowly changing distribution function

.... , since it is they which describe the diffusion of plasma in velocity

space. By writing the equation in such a form we are able to consider a...$

number of effects applicable both to homogeneous and to inhomogeneous plas-

mas, . ' !--

•~" r " i t f o l l o w s • f r o H ' \ e c | o ' " ' Q 6 " ~ t h ^ S i ' w h e n ' " ' " " " ' " ' • ' ; ' . "

" " " • " - - — - ; • - - • - — - • • — - • - • • • — • • • • • - . • ' ? )

-"particle collisions are important and establish a Maxwellian velocity

distribution. In this case we can use formulas for the growth rate cal-

culated on the assumption that the Maxwellian velocity distribution of

electrons is corrected.

Integrating eq. 86 with respect to velocities, we obtain the change in

jfe^ macroscopic flows of plasma

i^^^^h^B^n^it^i2j%^S^

- - " : - • - - " • • • ' ( 8 8 )

It follows that the plasma flow consists of two parts

the first of which ... is totally unconnected with density gradients in

the plasma, being a flow of matter carried by the waves (it disappears if

the wave spectrum rs axially symmetrical).

Substituting the estimate fcr the energy of oscillations (eq.84) and

using the estimate for the maximum phase velocity ,. we finally find

(89)

If eq. G7 is violated the infrequent particle collisions do not

succeed in making the electron distribution Maxwellians which relaxes

(cont'd)
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under the action of the onsetting fluctuations of the magnetic fields to a

more stable state.

If the particle collisions are neglected altogether, the instability

suppresses itself "before there is any significant diffusion of the particles

This can be most simply verified if in eq. 86 we replace the approximate

coefficient .„. by the spectrum mean coefficient .... and go on to the

new. variables . • •

jfhere _••_•.._ J-S.. the _ yelp city of_ the__qrder__o.f__ the resonance electron velocity

- ... • - • '.- -'• ' • ' • - • • :.• • • • • • • • . . (90)

' I t follows from this equation that in times of the order ......„.„ on

the distribution function .......... a "plateau" with respect to the variable

. o io established over the entire range of resonance frequencies ...

( . o..... o ). The coordinate ..• and velocity ... of the resonance

electrons are related by , so that when the velocity

• -? .the clisplacement - of resonance

J[g£;||=E^^^^ 20 ]

The nonresonant particles in this approximation do not undergo any displace-

ment o

When there are no particle collisions, the instability quickly suppresses

itself in this way and there is no flow of plasma across the lines of force.

However, even weak electron collisions have a tendency to make the distribu-

tion Maxwellian and prevent the formation of a plateau. The instability

growth rate is therefore non-zero and we find it by means of perturbation

theory with a small ratio of the collision frequency ... to the effective

frequency /""21 J . In the first approximation the distri-

bution function satisfies the condition
(92)

(oont'd)
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We obtain the correction ... to the function ... arising from the

influence of collisions if we equate in the stationary regime the two

terms in the left-hand part of eq. 86 and integrate from velocities

...... to such ( .. ) for which the Maxwellian distri-

bution is true

(93)

Noting further that as a result of the influence of oscillations,

only the derivatives .... change, and not the distribution function

jltjself ...we.£câ __lpŷ tgj.lowing eg^.,^^ write.._the .approximate equality^g

Using this"" equality "together-with eq. 92 we rewrite eq.' 93 in a more con-

.yenlent. form.._•.__,,;_. ...^^ __.-. .-^-,1 . . - • ... •..

' •'• (94)

Equation 92 actually determines for us the total instability growth

rate, taking into account the influence on the stability of the inhomo-

geneity of the plasma. Such a general notation is reasonable for very

3;l-:&a/H:̂ ^̂  -the,.correction to. the growth rate

than,.the contribution of.

rla-sma- distribution

relaxes so that the less unstable mode is damped while

the more unstable mode acquires a fast growth rate (eq. 94)• It is th<=

opposite case, where the inhomogeneity of the plasma is very slight, which

will interest us. In the stationary eq. 86 it is possible to omit without

loss of accuracy the inhomogeneous terms and seek corrections to the in-

stability growth rate

To calculate the flow of particles caused by the density gradient,

we need to solve eqs.83, 94 and 88 simultaneously. As a result we obtain

(95)

In addition to this condition it is also necessary that the effects of

the influence of inhomogeneity on the stability be smallf this occurs

(cont'd)
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when

4B "Universal instability"of an inhomogeneous plasma

As a second example of a slightly unstable plasma we shall consider

a plasma whose inhomogeneity constitutes its inequilibrium. The linear and

the nonlinear theories of the stability of an inhomogeneous plasma now

number a great many works, many of which have been mentioned in reviews

(for example,, see ref.• 22). We shall therefore touch on only some speci-

fic features of the problem without embarking on a detailed analysis.

For simplicity we shall limit ourselves to a case where there is no

^^fcggy?>-g^ on function ....... •

1.."--ojr."*an-inh.om6gen.eous plasma'p.lac.ecl"? an a strong magnetic' field „.. in the

form ' • . • • ' - " •• .

• ~ - : - : i - — • • — • - - - • • r ; ; r - : - - • •• - - . . • - . • • . - . . • : • . ; ( S > 6 )

Such a plasma distribution is unstable with respect to the excitation

of potential drift waves with frequencies close to the harmonics of ion

cyclotron frequency .. „....<> and with phase velocities

.....,c.. o....... . Non-potential perturbations ( . :o ) distorting

the forced lines of the magnetic field are damped in the absence of a

temperature gradient.

LLt" *'''IfoVe ' t h a t v i ^ the pro cesses of plasma

î eTSESaHIFî  f i e ld 3 then, in the process,

i s most, in te r easting, from _t he. point .'.of view of controlled thermonuclear

reactions at high temperatures and infrequent collisions, it is not necessary

to determine the energy of the oscillations which develop.

Indeedj in a slightly inhomogeneous plasma ( «. ) insta-

bilities develop with a small growth, rate 9 so that we can

use quasi-linear theory generalized for an inhomogeneous plasma in calculat-

ing their reciprocal influence on the plasma diffusion. The use of eqs.

88, 92 from the .previous section - the infrequent collisions of particles

being neglected - shows that in this approximation there is no plasma

diffusion. As a result of finding the flow of plasma across the field ...

in the second approximation with respect to the small ratio of the collision

frequency ... to the reciprocal time of plateau formation on the distribu-

tion function ... , the amplitude of turbulent pulsations drops out of the

estimate for the plasma flow along the density gradient /~2u, 21_7

(97)
(oont'd)
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The limits of applicability of this formula naturally depend on the

level of the fluctuations of the electrical field „ in the

Maxwellian plasma,,

In order to obtain a numerical value for the diffusion coefficient

we must substitute the frequencies «... and wavelengths ... , ... of

the redistributed oscillations.

Leaving in the dispersion equation for the oscillations cf the inhomo-

geneous plasma (see Annex A) only terms with small denominators v

we obtain expressions for the frequencies ... and growth rates ... of the

(98)

where

Henceforth we shall consider only quasi-neutral perturbations with a

wavelength considerably greater than the Lebye radius .. „«„..« . Violation

of the condition of quasi-neutrality for small densities leads to the

suppression of instability, as can be seen from this expression.

~"~7~3:^^^£te:^ possible •• -...„.„,.... ...... places

\rPl^jz^M," -J:iJ&\'4®ti~ '[j^^^^^^^gx:^^:JMi}teU-£:ox~'l o w - f r e q u e n c y . m o d e s :•- •• :••_- •.

For long-wave oscillations the frequency , so that the

growth rate becomes very smalls .» As the wavelength

becomes shorter the frequency reaches saturation and the

growth rate ... increases in proportion to « . . .

Perturbations _with frequencies o... of the order of the Larmor ion

frequency can only build up at very short wavelengths, less than the Larmor

electron radius, and at a sufficiently low plasma pressure :

(100)

The instability growth rates are weakly dependent on the wavelength and

are given by

(101)

(oont'd)
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Finally, vre must find the lower limit for the wavelength of the excited

oscillations. At very small wavelengths ... the oscillations are damped as

a result of falling into resonance with the ions which are moving with a dia-

magnetic drift velocity

Taking the latter into account in the dispersion equation for the oscilla-

tion, we obtain the curve of neutral equilibrium in the plane j

' (102)

where !

'.,_._.. .Th_e^relationship._ ... ,;,.̂ o. i3̂  tabulated numerically in ref. 23 for the case

' • of "universal"'iris'tabiiity"." •"-"We 'assume here that the plasma pressure is not

very close to the critical .......;.......... 9 s.o. that we may ignore the influ-

ence of longitudinal ion motion for short waves.

In principle eqs. 97 9 98 and 102 solve the problem of the turbulent diffu-

sion of a high-t.emperature plasma. Since the principal contribution to eq.97

is made by the low-frequency perturbations, by substituting into eq. 97

^ ' . . - . . . . . . . . . . , . o

If eq. 87 is violated, the turbulent diffusion depends essentially on the

oscillation energy in the plasma.

In considering the nonlinear interaction of electrical field fluctuations,

we shall use the previously derived eq. 22 describing the change in time of

the amplitudes of the individual oscillation modes. Since we are in a posi-

tion to obtain only intelligent estimates, and not exact expressions, for the

turbulence spectrum, we shall make a series of simplifying assumptions in

writing these equations. Firstly we shall assume that as a result of the

development of instability in the plasma, there are present only oscillations

with frequencies very close to the harmonics of the cyclotron ion frequency

, so that in the formulas for the distribution function

(see Annex A) it is sufficient to retain only the terms with -small denomina-

tors Secondly, we shall interest ourselves only in

(cont'd)
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oscillations with the wavelength ••........ ... <, for which the \

contribution to the dielectric permeability is made by

the integral of the ion distribution function.

In addition, we shall neglect the thermal spread of ions, and shall

assume the following approximation to be true

..... — - — . . . (104)

Finally the nonlinear interaction of oscillations with electrons may take

'I""./;. :v : ::7t6^t£ke~: into'.ab count /'their effect's i-n .the limit ...'..''..•••.••.

. "' """"' "• "Taklrig' ihto"a"c count -these circ urn stance's./ we obtain from' eq. 22 9 with

-.,.--̂ =rr/̂ _̂ •i»%-feê a1£d:-c-f-̂ hê -̂ m̂u-î ŝ iiY-Artnexl;A"5;.*-the-'kln'et'ie equation for the number of

waves .0..000 with frequency ...» ., in a system of coordinates

where there is no unperturbed electrical field ....•.....•...•

(105)

where'

.•• is the growth rate of instability due to the resonance interaction of

the wave with electrons (eq. 9$)',

is the Landau damping rate on ions5 and

(cont'd)
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The second term in this equation describes the decay of one oscillation

into two others and the reverse process, the merging of two oscillations

into one. By presenting the "drift" oscillations as a coherent set ...

of quanta of individual oscillations with quasi-energy .-. and quasi-

mcmentum .00 , we can write the oscillation integral due to the decay of

drift oscillations in a form which is analogous to the "Stoss" (impulse)

term in the kinetic equation fcr phonons in a solid body.

The third and fourth terms arise as a result of the interaction of

waves and particles in the approximation which is non-lxnear in the wave

amplitudes. Since, tha phase velocity of the drift waves is considerably

..~-~-•-:? -- -greater- than-the-t-hej?^^ - --r»-«--— —.—- * • the.-lat-f .pi*.... .

-•-conservation'-of "energy.-ps-rmit-s-rdnlyrfHe'- s.cattl5rlng--_of:-os'c.iriatr'i.ons-rby .ibns

• • • • • ' • • " . - ' •• • " • • • . ' : ; : ( 1 0 6 ) ;

where ..,. is the energy of the oscillations which are being

and have been scattered, respectively; is the change in the

particle momentum . „.<».. «>. on scattering. During such a scattering pro-

cess energy is transferred from the short—wave to the long-wave modes. For

electrons, in eq. 106 one can write a plus sign to correspond to the

"emission (absorption) of two oscillations simultaneously. - - •—•--_ •

'"" We shaTrifIrsit.-•;con'sider "low-f̂ requen'cy" osoilXsffcxoriff-(:;̂ TT̂ îVr_

the nonlinear interaction decreases as the phase velocity ... increases,

the principal contribution is made by resonance electrons with velocities

of the order ... . The group of resonance electrons constitutes only a

small part, of the order ..,.., of thei-r" total number arid the nonlinear terms

therefore contain the same smallness as the linear terms which produce

instability „ As a result of the latter, the evolution in

time of wave packets with oscillation wavelengths shorter than

can no longer be described with the aid of the equations obtained, although

by virtue of the instability may be assumed to be small. This

becomes.obvious if we take into account the fact that as the wavelength

decreases the coefficients , in eq. 105 grow accordingly

in proportion to the second and fourth power of the ratio of the Larmor

radius ... to the wavelength - „ When 9

the.nonlinear effects connected with the thermal motion of electrons are

therefore the first to appear as the amplitude grows. This occurs at such

(cont'd)
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amplitudes that not only correction (quadratic in the wave energies) to

the energy of the interaction becomes important, but also all other terras of

ths expansion in amplitude of the energy of wave interaction become impor-

tant 9 and we are faced with the necessity of summing infinite series.

This difficulty does not arise when we consider the interaction of

longer waves ..„............ for which a principal part is played by the

nonlinear transfer of energy into longer-wave pulsations arising from the

scattering on ionso Comparing in kinetic eq, 105 the linear inflow of

oscillations with the nonlinear outflow,, we find that the energy of such

nodes cannot exceed the value •

(in / 20 /'and ~j_ i?4_7 the nonlinear interaction with electrons has been

.:omi11ecP is that part of

.the interaction wi;th ions which; we describe by ............ and which plays

an important part when . „. „«, ... . „ o . Therefore, estimates of the ampli-

tudes of short-wave pulsations from previously-obtained formulas are too

high). Here the nonlinear term of the order ... 5 and therfore the oscilla-

tion energy ...... s contain the small ratio ...... . It is clear that the

following terms of the expansion of interaction energy in the amplitudes of

S i*1 increasing .powers • 9 •

" "'Since at "present" there are'no standard methods for considering strong

instability9 we shall limit ourselves to the case of waves which are not

very short ........so... 9 where all the methods developed above are appli-

cable.

It follows from the estimate eq, 107 that the flow of energy from the

short-wave ...... to the long-wave modes as a result of scattering

on ions does not exceed the linear growth of instability relative to the

long-wave pulsations ........ . Comparing the latter with the nonlinear

outflow of energy as a result of decay, we obtain an estimate of the spec-

trum of energy density in the long-wave.oscillations / 2O9 22, 24_7

(108)

where is the wavelength of drift waves whichs like the entire

spatial behaviour of fluctuations of the electrical field potential .... 5

(cont!d)
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is generally described by an integro-differential equation corresponding

to dispersion eq. 98 in the WKB-approximation. Naturally, only oscillations

embracing the entire volume of the plasma can produce effective turbulent

diffusion. The wavelength .. of oscillations with such a wide region of

possible motion is of the same order as the value of the Larmor

ion radius Using the estimate of the maximum growth rate,

eq. 99, we determine the coefficient of diffusion on such pulsations /"*2o, 22,

24_7 ' . .

(109)

-wavelengths . ̂ '.7.... and take. into--'account the_ ;large amplitude of the long-wave

oscillations,-eq. 108, we notice that they are- damped in: the nonlinear regime ' '"

_the.. diffusion... >

The estimate eq. 109 is quite sufficient in a plasma of not very low

density ••.....•...••••• when, as a result of instability, only oscillations

with wavelength .... „ are present.

. In a rarer plasma, the. overestimates of the amplitude of short-wave

.pulsations in strong coupling /~21_7 show that the diffusion coefficient may

undergo at the most a_ fivefold change in comparison witlreo^. _1Q9_. The letter

._„•...—17.—..relations also-change only slight-ly. • ..-"—£. ••-.--. 7_-i . ~ •'•*.• •'"""-

. "We should like to add a few words about the-estimate of the influence on"

diffusion of the high-frequency drift waves ( ). They develop with

small growth rates and are well described by kinetic eq, 105 in

which the basic role is played by the nonlinear effects describing the scattering

of waves by ions. In a Maxwellian plasma, when the level of long-wave turbu-

' lent pulsations Is determined by eq. 108, the high-frequency oscillations are

suppressed in the nonlinear regime.

When the frequency of particle collisions ... is reduced to below the

"quasi-linear" .„. fo"r pulsations with wavelengths , we still do

not go over to the regime of the diffusion of high-temperature plasma. This

is due to the fact that the formation of a plateau on the electron distribu-

tion function produces suppression of the long-wave oscillations; but then,

in accordance with eq. 1O59 there arises the possibility that shorter waves

will develop. Let ... be the wave number below which the linear growth rate

of instability falls as a result of the reciprocal influence of oscillations

(cont'd)
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on the "background (we shall further define it at a given frequency in accor-

dance with the obvious formula . ). Then, for oscilla-

tions which are shorter than the mode „. , the distribution function

.00. may be considered Maxwellian and, as before, they will be suppressed

as a result of the strong scattering on ions. The amplitude of .the longer-

wave oscillations grows to such a value that the mode ( .0... ) serv-

ing as an energy source begins to be suppressed. At this point it is

possible to give only an upper estimate for the total "energy" of all the

long-wave pulsations

•• ' ( n o )

nst>:\) 1 e :? siro fTf̂ Jfav'e' ~b sci: ; .

established in accordance with the possible rate of oscillation energy dis-

sipation in damped regions of the spectrum and of the decrease in the number

of- q u a n t a ' ^ ^ - a i

However, the level of the amplitude of the dacvped oscillations itself

depends on the value . o <,».«...» a.nd the problem of determining the amplitude

»<>.....<>... becomes complicated. In accordance with eq. 110 we may assume

that

From this":we~;.t̂ rbt]a.lxfcd̂  -for the .•diffusion• :cqe'fficierit.

If the plasma pressure is . e , then as the frequency gradually

decreases we arrive at oscillations with a wavelength shorter than
T'Je may determine their amplitude in 1 he "weak, coupling" approximation. It

is therefore possible to state only that the result, eq. 109$ is true at

least to collision frequencies

(in)

At the lower frequency we can find directly the diffusion coefficient by

means of eq. 103.

(cont'd)
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Annex •

We shall find the expansions (necessary for constructing turbulent plasma

kinetics) of the rapidly oscillating part of a distribution function in the

amplitudes of fluctuating electrical fields For this we shall transfer

the nonlinear terms in the kinetic Bcltzmann equation for the individual com-

ponent of the Fourier distribution function ,. into the right-hand

part and integrate the equation with respect to the particle trajectories

/~25 /
; • (112)

The. integral is here taken along the particle trajectory defined by the ' equ?.-.

tior.s

-There- .......••...•...•.. is the phase of particle gyration around the force

line, the magnetic field being directed along the z axis.

If the approximations which have already been found are substituted into

.-thê r.̂ lj.t-b used-'-d-irect-ly -for- find-in^-":t:h&r:
exP3-nsion,-.of t̂ e-;~di:-striMt:ip:n̂ fuâ ^

by means of successive integrations. • '

We shall solve the problem for the general case of an inhomogeneous plasma

when the particle density changes with the x coordinate. The particle distri-

bution function in an unperturbed plasma depends only on the integrals of

particle motion and may be written

(114)

We shall consider only those cases where the WKB-approximation may be used in

describing the fluctuation of elect-rical fields in a plasma and shall expand

the electrical field in a Fourier series • ^

(115)

where is the Fourier transformation of the scalar potential.

(cont'd)
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Substituting eq« 114 and 115 into eq. 1129 we obtain the correction to the

distribution function eq. 114 in the linear approximation

(116)

Integration with respect to time can be carried out easily if we take into

account the relationship

(11?)

^ Using these we"

f r / c r m ' g q . - " X l i 6 . - . - - ' : _ , .."'. T • ' " • • ; - . " " — " — ~~ " • • • . . . • . " - • . \ -•

Since the perturbed distribution function already depends on the phases of

.._^^;_.-...^rEj^G^e—^^ comparison with eq. 116 we now have

"̂9̂ |̂oT'#'d~:B̂ Jtha: d_if f erê h11 ation ;_w 11h respect to ....

a r ^ ^ i i t ^

of

As a result the distribution function

becomes

in the second approximation

(118)

Here differentiation with respect to velocities in the arguments

of the Bessel function is replaced by differentiation with respect to.the

corresponding wave number ... ? so that the remaining differentiations are

(cont'd)
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carried out for ,. . Further integration of the kinetic

equation from formula 7 "becomes obvious and we shall omit it.

We shall write only expressions for the dielectric permeability accurate

to the third order in the amplitudes. Linear approximation gives us a dis-

persion equation for the potential oscillations of an inhomogeneous plasma.;

where is the.Bessel function of the imaginary

10" ~t lie. irih.dhd'geneiiy--J

- Symmetrising eq.-ll8 w-ith respsct to indexes- k'j .kT '"w

for the responses. o.... in the second, approximation

•ohtain" expressions"*™ '"

A completely analogous procedure applies in the third approximation
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