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CONTRIBUTION TO THE THEORY
OF BEAM HEATING
OF A PLASMA IN AN OPEN TRAP

D.D. RYUTOV

NUCLEAR FUSION 9 (1969)

Institute of Nuclear Physics, Siberian Section of the

USSR Academy of Sciences

Novosibirsk, Union of Soviet Socialist Republics

ABSTRACT. The author investigates the mechanism whereby an electron beam interacts with a cold plasma in an open trap
to produce fast electrons, considering in particular the case where the electron plasma frequency, calculated from the cold
plasma density, is considerably greater than the electron cyclotron frequency. It is assumed that the electron beam is the
source of the electrons which are involved in the acceleration process. It is also assumed that the beam is the source of Langmuir
oscillations with an anisotropic spectrum and that the electrons "ejected” from the beam, after interacting with the Langmuir
oscillations, diffuse radially and at the same time accelerate. With these assumptions, it is possible to solve the kinetic
equation with quasi-linear collision integtal and to find the distribution function of the fast electrons at each point in the trap.
1t is also possible to calculate the "temperature” of the fast electrons and their total energy, and to determine how these quan-
tities depend on the magnetic field strength and on the radius of the diaphragm limiting the diameter of the plasma. The

results are in good agreement with experimental data.

1. INTRODUCTION

In 1961, Kharchenko, Fainberg and co-workers
[1] found that, when an electron beam passes
through a cold plasma, accelerated electrons with
an energy greater than the energy of the beam
appear in the plasma. Subsequently, various
authors [2 - 9] conducted a series of experiments
on the beam heating of a plasma in open (mirror)
traps. In these experiments it was shown that the
interaction of a beam with a cold plasma led to the
formation of a certain quantity of hot plasma
whose temperature exceeded the energy of the
beam electrons by a factor of 5-15, and the hot
plasma thus produced filled the entire trap (al-
though the diameter of the beam was considerably
less than that of the trap). The purpose of the
present study is to investigate the mechanism
whereby the hot plasma is formed.

The characteristic feature of this problem is
that its solution depends on a large number of
parameters whose relative importance is difficult
to estimate a priori. We shall therefore have to
refer frequently to experimental data - in par-
ticular the results of [5], in which certain re-
lationships that are extremely important for
understanding the heating mechanism were first
established.

In [5], the plasma was produced in a mirror trap
with distance between mirrors L. =80 cm. The
diameter of the plasma could be limited by means
of a set of diaphragms (maximum internal dia-
phragm radius Rp,,, =12 cm). The magnetic field
H at the centre of the trap could be varied between
500 Oe and 1800 Oe; the mirror ratio was 5.5; the
density of the cold plasma n, was about 1012 ¢m-3
and did not vary significantly during the heating
process. The temperature of the cold plasma

probably did not exceed a few tens of electron-volts.

The beam parameters were as follows: radius
rp ~1 cm, energy ~ 25 keV, density n, ~1010cmd,
maximum duration ty, ~ 250 us.

It was established experimentally that the tem-
perature, density and diameter of the hot plasma
increased over a period of several tens of micro-
seconds after the beam had been switched on.

A steady state was then established in which the
density of the hot plasma ny was approximately
101° ¢m=3 and its temperature Ty lay in the range
40 - 200 keV (depending on the strength of the mag-
netic field and on the diaphragm radius). In the
steady state, the radius of the space occupied by
the hot plasma was considerably greater than the
radius of the beam. The steady state persisted
until the beam was switched off, after which the hot
plasma decayed over a period of the order of
several hundreds of milliseconds. In this paper
we shall concentrate on investigating the steady
state; the process of plasma decay after the beam
has been switched off will not be considered.

A complete theory of beam heating should un-
doubtedly include a description of the processes
occurring both in the beam and in the space sur-
rounding it. At present, however, such a theory
cannot be constructed, mainly due to lack of ex-
perimental data on the processes occurring inside
the beam. We shall therefore attempt to solve the
narrower problem and confine ourselves to in-
vestigating the acceleration of electrons outside
the beam. The beam itself will be considered
simply as a source of oscillations with a known
spectrum. In addition, we shall assume that the
beam is also a source of fast electrons! (with an
energy of the order of the energy of the beam elec-
trons) which, having left the beam, are drawn into
the acceleration process and ultimately acquire
energy significantly greater than that of the beam
electrons. The properties of the beam as a
source of waves and particles are obviously deter-
mined by the processes occurring within it. Un-
fortunately, only crude qualitative assumptions

! The need for this assumption will be explained in section 2,
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can be made regarding these processes. How-
ever, the final results are not very sensitive to
these assumptions, so that we feel that our ap-
proach to the problem is more or less justified.

2. HEATING MODEL

There can be no doubt that the hot plasma com-
ponent in beam heating experiments is produced
by the interaction of electrons with oscillations
whose source is the electron beam. We shall try
to ascertain which type of oscillation is respon-
sible for the heating effect.

It has been established experimentally [5] that
the hot electrons acquire most of their final
energy not in the vicinity of the beam, but at con-
siderable (compared with the beam radius)
distances from it. We can therefore disregard
from the outset those specifically "beam'' types
of oscillation for whose existence charged particle
fluxes are necessary (see, for example, Ref.[11]),
since such oscillations would produce heating only
in the vicinity of the beam.

The density of the cold plasma n treated in
Ref.[5]) was significantly higher than that of the
hot plasma n;. Consequently, the dispersion
properties of the oscillations were determined by
the cold plasma. Moreover, in these experiments
the electron plasma frequency wy was substantial-
ly (3-10 times) greater than the electron cyclotron
frequency wy inside the trap. It follows from the
linear theory of beam instability that, under such
conditions, of all the oscillation types capable of
propagating outside the beam, electron Langmuir
oscillations are excited most rapidly (see Ref.[12])
It may therefore be assumed that heating of the
electrons is caused by their interaction with
Langmuir oscillations. The above reasoning is in
agreement with the results of experiments [6, 10]
in which the h.f. oscillations of a plasma during
beam heating were recorded and it was found that
when wp,>> wy these oscillations are concentrated
close to the electron plasma frequency.

As the characteristic growth rate of the Langmuir
oscillations vy, we take Wp (nb/nc), since the con-
dition y,L/vp >> 1 (where vy is the velocity of the
beam as it enters the plasma) was satisfied in
Ref.[5]; i.e. there is significant beam velocity
"smearing' during the passage of the beam through
the trap. It follows from the quasi-linear theory
of beam instability that, as a result of this
smearing (i.e. the formation of a plateau on the
beam electron distribution function), the charac-
teristic phase velocity vpp of the Langmuir oscil-
lations will be two tothreetimeslessthanvy,, and
their characteristic wave vector K will be of the
order?(2 - 3) w, /vy - :

The Langmuir oscillations arising in the vicinity
of the beam propagate from the axis towards the

2 It should be noted that the inequality krp >>1 was satisfied in
[5); i.e. in estimating the growth rate it is indeed possible to use the
infinitesbeam approximation, as we have done.
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periphery of the trap and fill the entire space oc-
cupied by the cold plasma. When W, > wy, the
interaction of the electrons with these oscillations
is determined essentially by the Cherenkov effect,
the interaction between an electron with velocity v
and a Langmuir oscillation with wave vector Eoccurring
only if the relation

wp— k-v=0

is satisfied, or alternatively
Von =V cosy (N

where ¢ is the angle between the vectors k and v,
and vy, =wp /k is the phase velocity. It is clear
that the electrons of the cold plasma cannot inter-
act with the oscillations excited by the beam be-
cause the velocity of these electrons is substantial-
ly less than vy, and condition (1) cannot be satis-
fied in their case. Consequently, the beam cannot
cause heating of the cold plasma electrons. We
therefore have to assume that there is some
mechanism which supplies to the region outside the
beam electrons whose velocity exceeds vpy, since
only such electrons can interact with the oscil-
lations and become accelerated.

It is reasonable to assume that, as the beam be-
comes unstable, some of the electrons are "ejected"
from the beam3 The velocities of the ejected
electrons exceed vy, 50 that they are able to inter-
act with the oscillations. We shall therefore as-
sume that the electron beam is the source of the
fast electrons which are drawn into the accelera-
tion process. At present this assumption can
scarcely be substantiated rigorously but, as will
be seen subsequently, it enables one to understand
many experimental results.

Since the electrons acquire during acceleration
velocities substantially greater than the velocity of
the beam (and consequently vph), we shall consider
in greater detail the Cherenkov interaction when
v > vpy. It follows from relation (1) that y=7/2
in such a case; i.e. each electron interacts only
with those oscillations whose propagation is al-
most perpendicular to its velocity vector. We
know [13] that this interactionreduces to two effects:
elastic scattering of the electrons and electron
acceleration, the characteristic acceleration time
being greater than the elastic scattering time by a
factor v2/v3 .

Elastic scattering causes diffusion of the elec-
trons and their escape through the mirrors. Due
to scatteringinto the loss cone, fast electrons can ’
be thought to be generally unable to move away
from the beam to distances exceeding their Larmor
radius ry: an electron is scattered into the loss
cone within a time roughly equal to that of one
elastic collision event, but within this time it
cannot move along the radius of the trap through a

3 Only 1-3% of the particles need be ejected from the beam in
order to achieve the experimentally observed rate at which the trap is
filled with hot plasma.



distance much greater thanry. However, the situa-
tion changes considerably if the oscillations ex-
cited in the system are primarily those for which
the angle 6' between the vector k and the trap axis
is not too large. For the sake of simplicity, let
us consider the case where there are no oscilla-
tions with 8' exceeding some critical value 8, ; in
other words, let us assume that the spectral den-
sity of the oscillation energy W, is zero when

6'> 6, (naturally, 6, < 7/2). As stated above, the
condition for the interaction between fast electrons
and oscillation has the form y = 7r/2. This means
that, with our assumption regarding the spectral
function W3, only those electrons interact with
oscillations (i.e. are scattered and accelerated)
for which the angle 6 between the velocity vector
and the trap axis is sufficiently large (see Fig.1).
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FIG.1. Interaction of fast electrons with Langmuir oscillations having an

anisotropic spectrum;

1 —region of angles in wave vector space in which Langmuir oscillations
are excited;

2 —region of angles in velocity space in which there are electrons which

interact with Langmuir oscillations (« -angle at the apex of the loss cone).

In the scattering process 6 can vary only within
the limits of region 2 in Fig.1, from which it can
be seen that scattering does not lead to an escape
of electrons from the trap when the mirror ratio
is sufficiently large. The corresponding limitation
on the angle o at the apex of the loss cone has the
form

a<12r-—90 (2)

If the inequality (2) is not satisfied, the electrons
are scattered rapidly into the loss cone and there
is no heating. This reasoning is in agreement with
the results of experiments described in Refs [4-6],
which revealed a threshold dependence of the heat-
ing effect on the mirror ratio n: when n was less
than some critical value ny, no heating took place.
Expression (2) enables us to relate the value of

Ny to 6 :

1

c:os290 (3)

Ny =

It follows that the assumption regarding the an-
isotropy of the spectral function Wy, is absolutely

BEAM HEATING

essential for explaining the heating of electrons
through Cherenkov interaction with Langmuir
oscillations. A reason for this anisotropy may be
the dependence of the growth rate of the Langmuir
oscillation on the angle 8' between the wave vector
and the direction of the beam 4, On the other hand,
the anisotropy of the oscillation spectrum may in
a certain sense be considered an experimental fact,
since the occurrence of heating itself indicates

the existence of such anisotropy. We shall there-
fore assume that the function Wy, is anisotropic.

It should be noted that the degree of anisotropy
which is really necessary to explain the experi-
mental results is not very great; substituting into
relation (3) the value of the critical mirror ratio
no = 4 measured in Ref.[4], we find that 6, =~ 60°;
i.e. oscillations should fail to occur only in the
region of angles of ~30°. In reality, there is
probably also some finite (although low) level of
oscillations in the region 8'> 6, . On interacting
with these oscillations the electrons are scattered
into the loss cone, but the process takes a long
time.

Let us now formulate the main assumptions
underlying the heating model considered here. It
is assumed that the beam is the source of the
electrons involved in the acceleration process, the
initial energy of these electrons being of the same
order of magnitude as the energy of the beam
electrons. It is also assumed that the beam is a
source of Langmuir oscillations with an anisotropic
spectrum and that, when the electrons ejected
from the beam interact with these oscillations,
they diffuse radially and at the same time ac-
celerate. Since, with the proposed model, filling
of the trap by a hot plasma is the result of the dif-
fusion of fast electrons away from the axis towards
the periphery of the trap, we shall speak of a
"diffusion' model of plasma heating.

The cold plasma plays an essentially passive
role in the diffusion model; it is simply the medium
in which the Langmuir oscillations propagate. For
the sake of simplicity, we shall assume that within
the magnetic surface which passes through the edge
of the diaphragm the cold plasma is homogeneous,
while beyond this surface its density falls rapidly
to zero (over a distance of the order of the Larmor
radius of the cold electrons).

3. SPECTRAL DENSITY OF THE
OSCILLATION ENERGY

As stated above, we assume that the beam
excites primarily oscillations in which the angle 6!
between the direction of the wave vector and the
axis of the system does not exceed some critical
value 6,. These oscillations propagate from the
vicinity of the beam with a group velocity vg which
is determined by the dependence of their frequency
on the wave vector. It can easily be seen that,

4 The growth rate is known to decrease as 6' increases [14]). The
wave vectors of the oscillations emitted by the beam are therefore
oriented primarily along the beam axis.
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under the conditions of the experiment described
in Ref.[5], the dispersion relation for the Langmuir
oscillations should be written in the form

2
w=wp<1+l_li$_£ﬂ (4)

where k; and k, are wave vector components
parallel and perpendicular to the magnetic field.
The frequency correction for thermal motion of
the electrons is only slight. We find from formula
(4) that vy, ~ (kfk, /k*) (0f/wp) ~ (WF/wd) vy, . On
the basis of this result it can be shown that the
oscillations reach the outer boundary of the
plasma with virtually no damping (i.e. only an
insignificant part of the oscillation energy is ex-
pended on heating the fast electrons). The time 7
taken by the oscillation to propagate from the trap
axis to the outer boundary of the plasma is

R/v,, ~ (R/vy) (W2 /wf) (where R is the radius of
the diaphragm), while the rate of damping of the
oscillations, due to their Cherenkov interaction
with the fast electrons, may be estimated as

Yh ~ (np/nc)wp (vpn/vp)® (where vy is the charac-
teristic thermal velocity of the fast electrons).
The product 7vy, which characterizes the damping
of the oscillations, is equal to

(np/ng) (wPR/vph) (wg /wl_z[) (vph/vh)a. It can be seen
from the experimental results that n,/n.~ 102,
wp R/vp}l < 30, ug/wﬁg 30, and (vpt1 /vp)3 < 10-2, .
At all events, therefore, 7y, does not exceed 107 ;
i.e. the damping of the oscillations as they propa-
gate from the beam to the plasma boundary is not
substantial.

On the other hand, at the boundary of the cold
plasma the oscillations should be almost complete-
ly absorbed due to Cherenkov interaction with the
cold electrons, since in this region the wave
vector of the oscillations propagating from the
plasma increases and becomes comparable with
the Debye wave vector (owing to a decrease in the
density of the cold plasma in the transition layer).

On the basis of this reasoning we shall assume
that the oscillations propagate freely from the
beam to the radial boundary of the cold plasma,
where they are completely absorbed by the cold
electrons. Consequently there are no oscillations
reflected from the radial boundary of the plasma.

With regard to the boundary conditions at the
ends of the trap, they are not important when
L > R. Nevertheless, a decrease in the density
of the cold plasma near the mirrors leads to ab-
sorption of the oscillations propagating from within
the trap.

To find the dependence of the spectral function
Wy, on the co-ordinates, we use the equation

L WK |
Vgk 7 0 (%)

which describes the free propagation (without
damping) of oscillations in a homogeneous medium
(see Ref.[15]). Investigation of this equation is
facilitated by introducing the spherical system of

300

co-ordinates (k, 6', ¢') in wave vector space. The
polar axis of this system is directed along the
vector H, which in its turn is parallel to the axis
of the trap, while the angle ¢' is read off from
the direction of the radius drawn from the axis of

the system to the point of observation (Fig. 2).

FIG.2. Determination of the azimuthal angle ¢' in wave vector space;
O - axis of system; A - point of observation, r - radius drawn from axis
of system to point of observation.

The region of variation of the angle ¢' is selected
in the following manner:

-r Lt

In the new variables, Eq.(5) is written in the
form

dWE  sing' aw;'> AWy _
Al —_ =
Vs (cosq) or r de' . +Vg“ oz 0 (6)

where Wy = W(z, r, k, 8', ¢'). This equation has to
be solved with the boundary condition

T ’r_rb =W (z,k, ', ¢"), where the spectral den-
sity of the oscillation energy at the boundary of
the beam is denoted by W (z,k, 8', ¢'). The
function W(® has the following properties:

WO (2, k, 6", o =W (z,k, 6, - (7)

WO (z,k, 01, ¢} =0 for ¢ < -% and ¢' > % (8)

W (z,k, 6 ¢") =0 for 8'> 6, (9)

The first of these properties results from the
symmetry of the problem. The second relates to
the fact that the oscillations at the beam boundary
are all leaving the beam (there is no reflection
from the outer boundary of the plasma). The
meaning of Eq.(9) was discussed in section 2.

The characteristic scales of the variation in the
function Wp along the co-ordinates z and r are
equal to L. and R, respectively, in order of



magnitude, Since L > R, we can neglect the last
term in Eq. (6):

AWK

1
cos ¢' i sing' WY _ =0

r 93¢

(10)

As stated in section 2, the fast electrons acquire
most of their final energy in the region r>ry.
For investigating the heating problem, it is there-
fore sufficient to know the properties of the
function Wy when r>r,. At such distances from
the beam, the solution of Eq. (10} can be written in
the form

Wy = Wi <z,k,9', arc sin-:; <p‘> (11)

Taking into account expression (8), we find that in
the region r > ry, the function Wy, is non-zero
only when | ¢ |< rp/r < 1; i.e. the wave vectors
of the oscillations form a small angle with the
plane passing through the axis of the system and
the point of observation.

We shall now show that the function W is inde-
pendent of the magnetic field. In fact, in the
vicinity of the beam (i.e. when r £ ry) the form of
the function Wy is determined by the balance of
three processes: excitation of oscillations due to
instability of the beam; non-linear interaction
of the oscillations; escape of oscillations from the
vicinity of the beam due to the non-zero group
velocity. Accordingly, the equation for deter-
mining W5, in the vicinity of the beam can be
written in the following schematic form:

ybw?+A(wW)—Y£— W =0 (12)

The first term describes the build-up of oscilla-
tions by the beam, the second describes the non-
linear interaction of the oscillations, and the
third the escape of oscillations from the vicinity of
the beam. It can easily be seen that y,ry, > Vgi
under the conditions of the experiment described
in Ref.[5]; i.e. the last term in Eq. (12) can be
neglected. Consequently, the function Wf is
determined by the balance of two terms: v, Wy
and A(Wg). However, if w > w,, the instability
growth rate and the speed of development of the
non-linear interactions are independent of the
magnetic foield. The function W%, and conse-
quently W' = Wy lr_,_rb, is therefore also indepen-
dent of the magnetic field.

4. KINETIC EQUATION FOR FAST ELECTRONS

To give a quantitative description of the
Cherenkov interaction of fast electrons with Lang-
muir oscillations, we shall use a kinetic equation
with a quasi-linear collision integral:

f .- of e o= of
= +v. - — _— =
StV 5 T oo [ X H) o5 7St (13)

BEAM HEATING

Here f is the fast electron distribution function,
H the external magnetic field and Stf the quasi-
linear collision integral, which has the form

) of
Stf = v Das e (14)

the tensor D, being expressed in terms of the
spectral density of the oscillation energy Wy
(see Ref.[14]):

472e?
DaB = T deT(’ EL&

As indicated in section 3, the spectral density of
the oscillation energy may depend on the z co-
ordinate. Strictly speaking, therefore, the distri-
bution function f may also depend on z. However,
if the characteristic frequency of the electron-
oscillation collisions v is small compared with the
reciprocal transit time of an electron between the
mirrors (as will be seen below, it is this case
which applies in experiments of the type described
in Ref.([5]), f is virtually independent of z: changes
in f along a field line in the space between the
mirrors are equal to (vL/v)f < { in order of
magnitude. Bearing this in mind, we average
Eq.{13) over z, obtaining an equation which has
the same form af Eq.(13) but in which W>is replaced

Wyb(w,-K-¥)  (15)

by W_ﬁ =(1/L)fW—Rdz and the term v, (8f/92)
0

vanishes,

As in section 3, we introduce the spherical
system of co-ordinates (v, 6, ¢) in velocity space.
In this system, the kinetic equation for f is
written as follows:

_sing af>+uH % =St (16)

of .
— 4+
v sinf (cos ? 57 - P

at

the collision integral having the form

+_<L_ of
vsinf o

1 8 9f Dy 8f
SH=32 5 ¥ (DW 8v+v 26

1 23 <afD6f

%5 sin@ { Dy By v 90

. Doy 8f>
vsin6 90

vsinfd

1 3 af

+— DV +2@§.+_DQ.L£>
vsin® 9¢ ¢ ov (17)

v 96 vsinb d¢

As before, the tensor D, is determined by
relation (1 5) with Wy instead of Wy and with pro-
jections of kK onto the orthogonal un1t vectors of
the spherical system (v, 6, ¢) instead of the
Cartesian system:

=
]

k [sinf sin@'cos(p-¢')+ cos B cos8']

kg =k [cos 8 sinf' cos(¢-¢') ~sin@ cos6']

=
"

-k sin 6! sin(¢ - ¢")
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Those terms in collision integral (17) which con-
tain the components Dgg, Dy, and D, of the
tensor D,g correspond to elastic scattering of the
electrons on the oscillations, while the remaining
terms take into account the exchange of energy
between oscillations and electrons leading to heat-
ing of the electrons.

The argument of the §-function in formula (15)
may be written in the form w, - kyv, from which
it follows that k, =wp/v. On the other hand, kg
and k, are equal to wp /vpy in order of magnitude.
Accordingly,

2
Vph
"B (Dgg , Dgyy» Do)
(18)

vv

D ~‘—’§l (Dyg . Dy, )~

i.e. for hot electrons Dyy < Dyg, Dvy < Des,
Dg‘p, Dw' and elastic collisions predominate over
inelastic ones.

Interacting with the oscillations, the electrons
are scattered with a given angular distribution and
diffuse across the magnetic field. In accordance
with expression (18), in investigating this process
one can confine oneself to elastic collisions:

s1gaf>+ af
ot

a—f+vsme cos w
?ar ar r d¢ H 3¢

1 1 5 . 3f , Dg, Of
" ve [sine a6 sm9<D99 a6 +smG Ehp)

1 9 D of
sinf 8¢ \ 9 36

of \ | =
3 35)) = st 0o

The right-hand side of Eq.(19) is of the same
order of magnitude as vf, where v is the effective
electron-oscillation collision frequency. It will
be shown in section 5 that v <K wy . In investigat-
ing Eq.(19) one can therefore make use of the
smallness of v/wy.

Let us first of all write f in the form

£=LfD, + 6f
where <. .. D, denotes averaging over the angular
variables:
T m
_ 1 .
<"'>0¢_ yp f smGdOf...dq;

0 -7

It follows from Eq. (19) that

d
ot <, =

¢

s
Tl

r {sinf cos ¢ 6f>e¢

The quantity v{(sin® cos ¢ éf )¢, represents dif-
fusion flux. The equation for the correction éf
to the distribution function has the form

06f sing 9
_—+
Y vsing <cos<p or - a<p 6f
+vsinf cosg _:r <f>9¢ +wy —?;:: = Stg,6f  (20)
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Neglecting the first two terms on the left-hand
side of Eq. (20) as being small compared with the
third (this is possible since 6f ~ry 8<{fDq, /0r
<Kt Dg,), we obtain

aai: i St g,0f = - ;’—H sin@ cos ¢ %(f}ew (21)
From this the function é6f can be found by the
method of successive approximations with respect
to the parameter v/wy : 6f=6f® + (v/wy) 6£W +,,, .
However, it is better first to average Eq. (21)

over the angular variables with the weight

sin ¢ sin6; this gives the following result:

m T
{sin@ cos ¢ 6f>e¢=ﬁf d(pf d6 sin@
H
- 0

X {(cose sing Dgg +cos ¢ Dy,) %—6;
+ (cos 6 sing Dg,*tcose D, )%%J

Substituting the function
5£© == Y 5ing sing 2 <t
Wy ar 8¢

on the right-hand side of this expression, we find
the diffusion flow

-v<sin@ sing sz>e =D (v, r)

=<1,

where the diffusion coefficient is determined by
the expression

kg "
2
D(v, 1) =4v%g f d(pf [cos®8 sin?p Dy
-

+2cos6 sing cos ¢Dy,, +cos% D,,] sin6dé
Thus, we have obtained a diffusion equation for the
fast electrons:

1
== rD (22)

Here and subsequently F denotes <f D,,,.

The dependence of the diffusion coefficient on the
spectral density of the oscillation energy can be
found by means of formula (15):

47%e? 1

o T s
3g1409" in2o' W
mv(;/\kdkj sdeGfsm<pW

-

D(v, r)=

X (r,k,0', 9" dg'

(we confine ourselves to the zero-order approxi-
mation with respect to the parameter Vph /v).
Taking formula (11) into account, it is possible to
find the explicit dependence of D on r for r > ry:



by 0

[}
262 3
D(v,r‘)=fr;rw l(- >fkdkfsin36'd6'
0 0

X | sin2¢'cos ' WO (k, ', ¢') dg' (23)

NI"\)
ISTE

It can be seen that D (v, r) ~ vt

We introduce

©

90 m
U= f kzdkfsine'de'fW(r,k,av,¢')d¢'
0 =T

0

which represents the energy density of the Lang-
muir oscillations. For r > ry

- Lb—
U=20, (24)

where Uy is the oscillation energy density for

r=ry. It follows from formula (23) that
Y 2 U v
= —P—- S —
D=4 <r > Y% 3 mngv? ’ “HT Og

where A is a numerical coefficient of the order of
unity dependent on the detailed form of the
function W3 . In this expression it is possible to
isolate the factor

Yonh U
v mch (25)

14 =wp
which signifies the effective electron-oscillation
collision frequency [13]. Thus

2
D=A <£rb-> v (26)

A particular feature of this expression is the
factor (rb/r)2 by which the latter result differs
from the usual estimate for the magnetized dif-
fusion coefficient. The appearance of this factor
is due to the close dependence of the function W}
on the angle ¢': when r >> r,, the function Wy
is non-zero only for | ¢'| € ry/r (see section 3).
By averaging over the angular variables it is
possible to consider also effects associated with
inelastic collisions. We present only the final
result, without going into the intermediate cal-
culations (which are completely analogous to the
previous ones). It appears that allowance for in-
elastic collisions leads to the appearance on the
right-hand side of Eq.(22) of a new term having the
form

1 9 aF
77 oy vd(v,r‘) 5v

where

<{Dw 252>

¢<D99 ¢ 6

d(v, r) = <<DW >
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is the '"'coefficient of diffusion' in velocity space.
The angular brackets in this formula have the
following meaning:

™ -0,
-_1_. =1
Codprk [ e <t [ sineas
-7 6,

The connection between d and the spectral function
W7y can be found by means of Eq.(15). The
resulting expression is very cumbersome and will
not be written out in full. It should merely be
noted that the coefficient of diffusion d is propor-
tional to v-3r-! and can be estimated by means of
the formula

2
d =vahv (27)

where B is a numerical factor of the order of unity.

So far we have assumed that the function Wy is
exactly zero when 6'> 6,. However, in an actual
experiment there is probably also a non-zero
(albeit low) level of oscillations even in the region
6' >0, . Interacting with these oscillations, the
electrons will be scattered into the loss cone and
will escape from the trap. The corresponding
losses can be taken mto account by including on
the right-hand side of Eq (22) the term v F,
where v; is the frequency of electron scattering
into the loss cone (v K v). Since the phase veloci-
ty of the oscillations excited by the beam is small
compared with the velocity of the fast electrons,
and the energy density of these oscillations de-
creases along the radius in proportion to r 1, we
can write

v, ~ rlv (28)

(it should be remembered that for v > Vph the
electron-oscillation collision frequency is pro-
portional to v-3). Thus, the kinetic equation tak-
ing into account the diffusion and acceleration of
the electrons and their scattering into the loss
cone has the form

oF _ 1 9 oF 1 9 9¢,0dF
o == — 4+ —_ —_—
t raerar Wadeav vsF o (29)

Let us now formulate the boundary conditions
for Eq.(29). The actual form of the function F(v)
for r =ry, (we shall use the notation
F(v, rp) = Fg(v)) is determined by the processes oc-
curring in the beam itself. However, a line of
reasoning exactly analogous to that employed at
the end of section 3 demonstrates that the
function Fy(v) is independent of the magnetic field.
Moreover, on the basis of experimental data it
may be stated that the values of v at which the
function Fj is substantially non-zero are small
compared with the final velocity acquired by the
electrons in the course of acceleration. Sub-
sequent results are therefore only slightly depen-
dent on the actual shape of the function Fy,. For
the sake of s1mp11c1ty, we assume
Fy = (n0/47rv0) 6 (v-vg), where ny and v, arefixed
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quantities independent of the magnetic field and

determined by the beam parameters. Thus, we
shall use the boundary condition
F(v, I‘b) F (v) = 2 6 (v~- vo) (30)

The quantity ng signifies the fast electron density
near the beam, while v represents the velocity of
these fast electrons.

For v =0 the boundary condition can be found in
the following manner. If the electron velocity is
comparable with vpy, then - as can easily be seen
from formula (15) - in spite of the anisotropy of
the oscillation spectrum, the components of the
tensor D, g are non-zero throughout the range of
variations in 6 : 0€ 6< w. Thus, if the electron
velocity becomes comparable with vpy, the elec-
tron is rapidly (in terms of the acceleration time)
scattered into the loss cone and leaves the trap.
Consequently, the function F vanishes when
vV ~Vph - However, since vpp is small compared
with the velocity of the fast electrons, this con-
dition may be written in the form

F(0,r)=0 (31)

For r =R and v =« the boundary conditions are
obvious:

F(v,R)=0 (32)

F (o, r)=0 (33)

5. INVESTIGATION OF THE KINETIC EQUATION
AND DISCUSSION OF THE RESULTS

By solving Eq. (29) with boundary conditions
(30) - (33) it is possible to determine the para-
meters of the hot plasma inside the trap at any
moment of time. We shall confine ourselves to
investigating the steady state, which is described
by the equation

F

ved(v, r) 8 % rD(v, r)—— v (v, rYF=0

5
or

gl

1
ve
(34)

Taking into account the relations d(v, r)~ v3r-i,

D(v,r) ~v-1lr-3, vy, ~v3r-l, we can write

3
d(v,r)=d, G,D‘) 2

3
s1r-0,(3)(2)
vo ¥ (rp

Vs(v,r)=vso v) -

where dg= d(vg, rp), Do = D(vy, rp), vy =
We then introduce the new variables

304

VS(VOs rb)'

- r -
p_ﬁa G_T

M

which represent the dimensionless radius and
dimensionless energy, respectively. In these
variables, Eq.(34) and boundary conditions
(30) -~ (33) assume the form

2

1 0°F , 1 9 1 0F 1 F
— 4+ — — — e —— T
T, D€l Tp 9P ;‘2’ 9p T € 0 (35)
Tp ). Do - =
F‘<€, R> 47TV% 6(e—-1), F(p,0)=0
(36)
F(l,e)=0 F(p,0)=0

where 7, = (R2/Do) (R/1p)3, 7, = (4v3 /dg)(R/ry),

T, = Vg (R/rp). The physical meaning of these
constants is the following: 7, represents the time
within which the energy of an electron changes
during acceleration by an amount of the order of
unity; 7p is the time of electron diffusion from the
trap axis to the diaphragm; 7, is the effective
time of electron scattering into the loss cone.

The final energy acquired by the fast electrons
during acceleration is determined by their lifetime
in the trap. As was noted in section 2 (and as is
reflected formallly in Eq. (35)), there are two
mechanisms whereby the fast electrons are lost:
diffusion losses to the diaphragm (characteristic
time 75 ) and scattering into the loss cone
(characteristic time 7). The characteristic time
Tp is proportional to H2, while 7, is independent
of H. When considering the heating effect in the
region of weak magnetic fields, one can therefore
neglect losses connected with electron scattering
into the loss cone and omit the last term on the
left-hand side of Eq.(35):

The characteristic feature of the resulting equation
is that it does not contain the oscillation energy
density Uy, since the constants 7, and 7p are pro-
portional to U,. This equation can be solved by
the method of separation of variables. The result
has the following form:

ng R o/ T, r T,
T om2v3 <;‘L> A/ ;g- f dq sin <q N %)
0 b
X sin <qe [Ta > I%éqpﬂi -3(9) ~13(q)1-3 (<<1ij)

5 )13 (@) - T3 (@) Rz)
(37)

where the Bessel functions of an imaginary argu-
ment are designated by I3 and I_3.

The function F is not measured in actual experi-
ments; only certain of its integral characteristics
are determined. These will be designated by the
letters Q and E:



R 0
2
Q=87r2f rdrf ”;V Fv2dv (38)
l‘b 0
R o
lan'2 2
rdr 3 Fveédv
E= By = (39)
frdr fszdv
l'b 0

Q represents the hot plasma energy per unit length
of system, while E represents the mean energy of
the hot electrons®. Calculation of Q and E by
means of formulas (38) and (39) gives the follow-
ing result:

2 E
Q =A'7!R% .IEEZ_OV_O <7_D> (40)
Ta
2 4
E =Bt Y0 (ID_) (41)
2 T,

a

where A' and B! are numerical constants of the
order of unity expressed in the form of complex
Bessel function integralsé. These formulas can
be represented in the following form:

2 2 [wugR?
Q ~ mvyny R ;%';'—J- (42)

R
E ~mv hR“’H;— (43)

P b
It follows that Q ~ R3H! and E ~ R2H. This form
of the dependence of Q and E on R and H is in good
agreement with the results reported in Ref.[5] for
the region of weak fields. With regard to the ab-
solute values of Q and E, they depend on the
constants vg, ng and Vohs which at present cannot
be determined theoretically. Agreement with ex-
periment is obtained if one assumes

Yo ™Y

n,~n

0 b (44)

1 .1
Von ~ (2 T 5V

Expressions (44) are completely rational from the
viewpoint of the theory of quasi-linear beam relax-
ation in a plasma [14].

In Ref.[5], the time of electron diffusion from
the beam to the diaphragm was also determined
and found to be proportional to H? - in agree-
ment with the formula for 7p presented above.

5 InRef. [5], Q was called the energy content of the plasma and
E the temperature of the fast electrons,

6 In principle, it is possible to find the exact values of A" and B',
but there is little point in doing so since 7, and 7p are themselves
determined to within factors of the order of unity.

BEAM HEATING

Using the measured value of 7p and the relation

Up ~ w%{R‘z 1 Mo .& ’ ng (45)
mn, v v WyTp Vpn \Tp/ Ny

it is possible to estimate the energy density of the
oscillations near the beam. Substituting
wy =1.7X1010 g1, 75, ~10% s, R~ 10 cm,
vp ~ 100 em/s, rp~ 1 cm, w, ~ 5X1019s (see
Ref.[5]) into expression (45) and taking into account
expressions (44), we obtain
Ug
_T ~ 1
mnyvy

i.e. the energy density of the oscillations near the
beam is comparable with the energy density of the
beam electrons. This conclusion is in good
agreement with current ideas regarding the
mechanism of quasi-linear beam relaxation [14].
With increasing distance from the beam the energy
density of the oscillations decreases in proportion
to r-1 (this follows from expression (24)).

Knowing Uy, it is possible to estimate the
electron-oscillation collision frequency in the
vicinity of the beam with the help of formula (25):

v = v (v, rp) ~3X10% 0w, ~108 &7

(vo should not be confused with vg ). The col-
lision frequency for arbitrary values of r and v
is found from the relation

3
ry (v

It can easily be seen that for fast electrons the
collision frequency is low compared with the
transit frequency v/L (use was made of this fact
in section 4).

Let us now consider Eq. (35) in the region of
strong magnetic fields when escape through the
mirrors becomes the principal electron loss
mechanism. A comparison of the second and third
terms in Eq. (35) shows that this mechanism is
comparable with the diffusion mechanism when

~ a2
™7a Ts

or when

mc rp Vo Vph
H~ H, = — —2 2ph
0 (5] RVSO R

In the region H> Hy, the lifetime of a fast electron
in the trap is determined by 73, which is inde-
pendent of the magnetic field. Accordingly, the
mean energy of the fast electrons E is also inde-
pendent of the magnetic field:

2 7T,

Expression (46) is obtained by comparing the first
and third terms in Eq. (35). It follows from rela-
tions(41) and (46) that the function E(H) should have
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the form shown in Fig. 3a - in accordance with the
results reported in Ref.[5]. If one uses the value
of E measured at high values of H, it is possible
to estimate the frequency of scattering into the
loss cone vy with the help of expression (46). It
is found that

~ 102
Ve 10 v,

i.e. the oscillation level in the region 6'> 68 is
approximately one hundred times lower than the
oscillation level in the region 8'< 6, .

On the basis of Eq.(35) it can also be shown that
when H> H,

Q~Qp H (47)

where Qp = Q(Hy). Froma comparison of formulas
(40) and (47) it can be seen that the function Q(H)
has a maximum at H~H,. The shape of the
function Q(H) obtained by us (Fig.3b) is in good
agreement with experiment [5].

E

H

FIG.3. Mean energy E and energy content Q of fast electrons as functions
of the magnetic field. Curves 1 and 2 correspond to two different
diaphragm radii (R, >R,).

The decrease in Q at high values of H can be ex-
plained in the following manner. In the region
H>H,, the diffusion time exceeds the time taken
for scattering into the loss cone. This means that
the fast electrons enter the mirrors before they
reach the diaphragm; i.e. the radius of the hot
plasma Ry becomes less than the radius of the
diaphragm R. An increase in the magnetic field
leads to a decrease in Ry (since the diffusion coef-
ficient D is proportional to H-2). On the other
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hand, since Q is proportional to ER%, a decrease
in Ry (for E =const) causes a corresponding de-
crease in Q.

Let us summarize the main conclusions derived
from the diffusion model:

1. The diffusion model satisfactorily explains
the observed form of the functions Q(H, R) and
E(H, R);

2. With reasonable assumptions regarding the
properties of the beam as a source of waves and
particles, the diffusion model gives correct ab-
solute values for Q and E;

3. The diffusion model makes it possible to
understand many qualitative aspects of experi-
ments (e.g. the threshold dependence of the
heating effect on the mirror ratio the de-
pendence of the diffusion time on the magnetic
field, and the decrease in plasma radius in the
region of strong magnetic fields).

The author wishes to express his sincere
gratitude to L. P. Zakatov, A.G. Plakhov,

L.I. Rudakov and V.V. Shapkin for their sustained
interest in this work.
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