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1 BaBOBbIe 3a0a4uM : (I) sapx.u BHe npoao,uﬂmero 3a3eMJIEHHOTO *

(usonnposannoro) mapa (cq)epu) AR e S
Phaio g

a) PaCCMOTpﬂM none 3apsna (J, HAXONAMIETOCA BHe IPOBOAALIETO. ma.pa pamguyca R Ha, paccmaﬂnu Lg
0T ero nenTpa. OUeBHAHO, YTO TOME BO BCEM NMPOCTPAHCTBE CKIAMLIBACTCS U3 nonﬂ coﬁcrneﬂno 3apaaa
"Q ¥ cyMMapHOIO MOJIA 3apAMOB, nunyunpOBaHme Ha nosepxaoc‘ru 1apa ¢ IIOTHOCTEIO o. lloTennmants
' BHYTDM in H.BHE {Poy¢ LIapa YAOBNETBOPRIOT YPAaBHEHHIO ‘Jlanmaca: Agout =0 x Apin =70. I'panny-
HEIE YCIIOBHA HeMPEPHIBHOCTH NOTEHIAANA, TAHTEHINANLHON KOMIIOHEHTLI anem’puqecxom nom[ MMET
C'ral{nap'mmn BUA (Ha.tlano KOOPIMHAT B HemTpe mapa) -

Pout Ir:R .= Spm lr R 0
e : iy e OPout |t s o 8in o e
aT . '_('?_T‘_ r=R . B i

r=h

* Kak masectno (cm. 3anauy 1.10 [1]), B none‘nﬁjx pa.é.HonMeHme 3apaIOB ¢1 X g, HAXOAAIMMUXCS Ha

M3 cpapuenussTHX ABYX 3JIEKTp0CTaTH‘{eCKﬂX CHTyanmit ano 9TO [OJE NCBEPXHOCTHHIX . 3a.psmos o
COBNAjAET BHe IApa ¢ [IONeM MX TOUETHOro “usobpaxenns” Q; = —QR/Lq, PACIONOKENHOTO Ha pac-’

DAcCTOAHMH @ APYT OT APYra, BCErAa ecTh cepuyeckas TNOBEPXHOCTE € HYJIEBHM NOTEHIHNAJIOM TaKad,
-4TO ee pannyc R= |—’-‘-’—5a] a uen'rp pa.CIIOJ'IO)KeH Ha npoxo,uxmeﬂ qepea sapsmu npsmon Ha pacc‘romm:

o . i Fooeae e ey sy
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20 B. B. Baxanosa, 10. H. Diinensman

SlcHO, YTO MOTEHUNAN i, BHYTPH Llapa BCIOJY MOCTOsHeH (MaeanbHas NMpoBosiias obnacTh ABISETCH
SKBUNOTEHIMAJILHOA) ¥ paBeH HYJIO:

@in = 0.

Tenepb HETPYAHO HAMTH pacnpelie/leHNe WHAYIMPOBAHHONO 3aps/ia N0 NMoBepXHocTH mapa. OHO ompele-
sigeTcsd PaHMYHBLIM YCIIOBHEM M /1aeT CIAEAYIOUIMA pe3yiibTaT:
2 2
__loem| __QL3-R
= = -
4 Or | g 4r Ry

[IpH 5TOM TONHEIA MHYUMPOBaHHBIA 3apan () Ha MOBEPXHOCTH IIapa paBeH
R
h=q= —QL—I Tak uto | Qs |< Q.
Q

DToT pesynbTaT Jlerko HMpeicTaBuM “Ha Naliblax”, eclid MCNOJIb30BATH A3BIK CHJIOBBLIX JMHHUN 31€KTpO-
craTudeckoro nong. Tak, ocHoBHOM 3apan () co3naeT B OKPYXalolieM ero mpocTpaHcTBe 4m() CHIIOBBIX
JMHMA ¥ JMINB YacTh U3 HUX, B KosmyecTBe 47 | Qp |= 47QR/Lg, 3aMblkaeTcs Ha pacrpelesieHHble 110
OBEPXHOCTH LIapa MHAYLIHPOBaHHEE 3apsaabl. EcTecTBeHHO, 5TH JIMHMH HOPMAJILHEI K NOBEPXHOCTH IHa-
pa. BuyTpu mapa cHIIOBBle JTMHUH 5JICKTPOCTATHYECKOTO MOJIA BOOGIe OTCYTCTBYIOT (B HEM MOJie paBHO
HYJIO).

b) MycTs Teneps map GyAeT M30AMPOBAH, T. €. MOMNEPKNBAETCA ¢ HYJIEBBLIM MOMHBIM 3apsnoM. To-
rfla Ha Hlape HYXHO pasMecTHTh 3apsi —(@p, HO Tak, 4YTOObl He HApYUIMTh OCTABIIMMUCH NPEKHUMH
rpaHUYHbIE YCJIOBUSA HJIs MOTEHIHANIOB. OTO BO3MOMNHO TOJILKO €AMHCTBEHHBIM crocobom: “pasmaszaTs”
5TOT NONOIHUTENLHBIA 3apa]l PABHOMEDPHO 110 MOBEPXHOCTH 1apa. BHe mapa 5TOT NOBEpXHOCTHBINR 3apal
Byner “BHICNANETH” KaK TOYEUHbI 3apdll, pa3MelleHHBIA B HeHTpe mapa. Takum obGpasom:

t :
| Pout = "9" L % = &

' 7 ri r
Ha noBepxHOCTH Imapa 3HaueHHe MoTeHUMana pasHo —Q;/R. [losToMmy pacnpeneiienue noTeHuMala BHY-
Tpu 11apa OyneT oIHOPOAHBIM!

g s

{Pm i R £l

3/1EKTPUYECKOe T07le BHYTPH IIapa W IOJHbIE HHAYUMPOBAHHLIA 3apAM HA €r0 MOBEPXHOCTH PABHBI HYJIIO,
a pacnpelnesieHHe MHIYUMPOBAHHOIO Ha NOBEPXHOCTH 3apsjia MMeeT BHJ

RO 0 o S <

1 3ot 9 5
-r 47 RF} 4TR?

" 4m Or

BrintenpuBeeHHEIN pe3yibTAT 03HAYaeT, B YaCTHOCTH, YTO I0JIe IIPOBOAAIIEro H30AMPOBAHHOTO IapUKa
B none BHemHero ynasensoro (Lg 3> R) TodeuHoro 3apsna @ spisercs NOJEM AUMNOINSA ¢ MOMEHTOM p,
pPaBHBIM

p=Qi-Li= QR(%Y

W HaIOpaBlieHHBIM BIOJb IPAMOM LEHTP IIapuKa — 3apsi @ B CTOPOHY OT 3TOro 3apsia.

3adaua 1. HajiTn cuity B3amMoONeNcTBUS ABYX MaJleHBKMX NPOBONALINX INapuKOB pajauyca R, pacmo-
NIOXeHHBIX Ha paccTosHuE L >»> R apyr oT apyra, eciiM oNMH M3 HUX 3apsXKeH W MMeeT 3apsan Q.
Pewenue'. W3 npegblayIero A3a0XeHds BUAHO, 9TO IOJIe He3apsKEHHOTO IIapHKa B MecTe HaXoxJie-

HHA 3apsXeHHOro GyneT nosjeM AUNONA P = -—QR(%) %, rae BekTop L HampaBileH OT He3apsXKeHHOIo
mapukKa K 3apsxennomy. [losToMy cuita B3auMonelicTBUS MeXIy IIapuKaMM OyneT paBHa:
_.-‘ - -
o 2(pL)L 9 R*L
i i
¢) 3amenuM Terepb MPOBONAMMIA map (s obenx cATyalumit) nposonsmei cdepoil Toro ke paanyca.
YpaBHenns u rpaHEUHBIE YCIOBHS ocTalOTcH TeMu xe. [lo3ToMy B cHIly eIMHCTBEHHOCTH pellleHus 3a1a4i
3JIeKTPOCTATUKH MOXHO YTBEPXKIATh, YTO 3a/laud co cdepoit OynyT MMETL Te XKe pelleHus. @

IKOECII pelleHAd NoOMeJaeTCa 3HAYKOM @ .
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2. Basosuie 3agaun (II): 3apsaa BHyTpM IpoBOAsAlIell 3a3eMJIEHHON
(usonmpoBanHoOI) chephl

a) Paccyxnas aHaJOTMYHO NPEALUIYIIEMY, HETPYAHO cOOGDPa3UTh, 4TO NOJIE BHYTPH NMPOBOMAIICH 3a3eM-
lteHHoO cdepsl cKiaabBaeTcs W3 cOBCTBEHHO MO 3apsaia () ¥ N0t MHAYUMPOBAHHIX HA €€ NOBePXHOCTH
3apAMOB ¢, KOTOPhIE MOXHO 3aMeHMTh usobpaxennem Qi = —QR/Lq (| Qi | > Q). 3apsan nzobpaxenns
pacnooKen Ha MPAMOi LeHTp cdephbl — 3apsn Q BHe cheprl cO CTOPOHBI 3apsia (Q Ha paccToANMN
L; = R?*/Lg ot nentpa coepri. Takum obpasom:
Pin = 2 7t %‘,
rQ Ty

[PH 5TOM TMOTEHIMAT Py OIS BHe cepi paser Hymo Beiony. [losToMy pacipesernienne WHIYIMpPoBai-
HOTO 3apsjia 10 MOBEPXHOCTH cephl MMeeT BHI

# RO - QR nikly

47 Or |._p 4r RFy
a NOMHEI MHAYUNPOBAHHBIA 3apan paBen @y = —Q. CMeIca 3Toro pesynbTaTa “Ha majibuax’: Bee 47Q)
CHIIOBBIX JIMHWIA, BRIXONSIIAX U3 3apsia (), 3aMBIKalOTCs Ha HHAYHMPOBaHHBIX Ha IIOBEPXHOCTH 3apsllax,
Tak 4TO B CHCTEMe TMpocTo Gonblie HeT “APYrux’ CHIIOBBIX JIMHMEA M NOITOMY II0Jie BHe cepbl OTCYT-
CTBYeT.

b) lycrs, Hakouen, chepa H3OAMPOBaHA, T. €. e NOJIHBIA 3apAN paBeH HYJIIO. BHOBE 3TO 03HavaeT, YTO
Ha Hell HYXHO Pa3MECTUTH “NONONHUTENbHBIN" 3apan —Qp = (), He HAPYIIAIOMMAI yCITOBUE SKBUTOTEH-
mmanbHocTH cephl. EAMHCTBEHHBIN €NOCO6 — paBHOMEPHO paclpelenTh 3TOT 3apsiil MO MOBEPXHOCTH.
BuyTpn cdephl OH co3fiaeT NOCTOAHHBIA noTenuuan Q/R, a cnapyxu “BRIIAMMT” KaK TOUEYHBIN 3apiil
B ueHTpe cheprl. CrienoBaTensHo,

_Q @ Q _Q
(Pm—rq+1‘,'+R " ‘Pout—r:
TaK 4T0
g {208l . o e )2__332_1,3,+ Q
47\ On |,_p On |._p 4r  RF? 4TR?

Teneps, OCHOBHIBASACh Ha PEIIeHAIX 3THX 6a30BHIX 3al1a4, MOXKHO NCCIEN0BATh HEKOTOPbIE HHTepeCHbIe
31eKTPO- M MarHUTOCTaTHYecKHe cuTyanmu. OTMeTHM, YTO He BCerla CCh/IKa Ha JIHTEPaTypy O3HaYaeT
JIOCTATOYHO MOJTHOE PACCMOTPEHHE B Hell COOTBETCTBYIOIIEH 3a/ladn.

3. DnekTpocTaTUKa

3adava 2. DnekTpUueCKWil NMTIONE P HAXOLMTCA HA PACCTOAHMA L OT NMeHTpa 3a3eMileHHOl MpoBoAsIel
cepn pannyca R. HafiTu noTeHIHal CHCTEMBI M SHepruio B3auMoneiicTus U nunoins co cdepoit (3amaua
2.30 [1] m 3apaun 164, 165 [2]).

Pewenue. SlcHO, 4TO HYXHO MPOCTO BOCHONL30BaThes “U306pakeHHIME” B cdepe KaxIoro u3 “3aps-
noB” +q, pasABHHYTHIX Ha paccTosHMe 2d (Tak 4TO ;in% 2¢d = p). llockonbKy paccTOSHUS OT 3apHJIOB
=

+q 10 neHTpa chephl 4yTh-uyTh pasubie (r4 = V' L? +a? £ 2Lacosf, rme § — yron Mexmy BeKTOpOM
7 u panmyc-BekTopoM L M3 Hauaja KOOPIWHAT B TOYKY HAXOXMNEHMS [MIONA), TO BEMIMHBI 3apAMIOB

!

u3obpaxeHuit qg) H MX MeCTONOJIOXEeHUS ":(t') He COBNAIYT W, CleioBaTeNbHO, pn d — 0 >TH 3apsanmnl
n3obpaxenns 6ynyT SKBHBaJIeHTHE HEKOTOPOMY 3hGdeKTHBHOMY 3apsaly Q(‘) 1 “munomio m3obpaxeHus”
15'(‘). Bo BBenenHbix obosHadyeHnax oba ciyvas (Jmnonb BHE U BHYTpH cd:epu) BRIMIAAAT OQUHAKOBO, TakK
4TO IMOJIy4aeM pelenue cpasy ans obeux curyammit. MTak, mmeem:

o g Bogiae Byp08 ey o Ropoa
9% _:qui_$qL(1:I:2Lcose+L2) z:FqL(IZFLcosﬂ)
u Tora
YL G) , () _ ;.. 2qaRcos@ __£ e
QY = lim (¢’ +¢2) = lim =—5— = =(5L).
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Hanee, T. k.

1o BekTop 2d (") nunons maoGpaxenus papen

)= 76 Lpl0l R*  LGLR
2 = 7 _ _2aﬁ+4L2 LzL

U TOJTOMY NOJIyyYaeM, 4To?

D10 o oD
2 N .

P

7)) = 1i i)

HakoHell, ocTaeTcs BONPOC O MOJIOXKEHWM 3apsiia ¥ Aunons usobpaxenus. Herpyawo mokasaTs, 4To B
npenene @ — ( BekTOpa r() “cxonsarcs” B Touke O; ¢ pammyc-BekTopom 7() = (R?/L?)L, xoTopas u
ABIIAETCHA MCKOMBIM M0JI0XKeHueM u3obpaxennii. Takum o6pasoM, noTeHnnad (i) Mois MMeeT CleNyOIIH
BHIL:

FFs L) o Qo PO seitlll)
f |[F=7F@) | | F=7F0) |3

HIIH, TOcile HECJIOXKHBIX Mpeobpa3oBaHuil,

oy B R @0 D), (R ()
|F-LP LP|7-BLP |F-LP PRIF-FLP

IpakTH4ecKH OYEBHAHO, YTO, KaK U JOIXKHO 6BITh, ¢(r = R) = 0 (aAng 3TOro Hy>XHO, KOHEYHO, BOCHOINb-

30BaTHCA TeM, 4TO mpH r = R Brmonusercs coornomenue L | 7 — #() |= R | #— L |). Teneps nerpyano
| HAWTH 5HEPruio B3aUMONEHCTBUA AUNOiA co cdepoil: HyXHO MPOCTO coXUTH 3Heprun Uy u Uy B3ammo-
neiticteus aunons p ¢ 3apanom Q) u mumonem p*) (yumThiBas npu 3TOM, UTO pammyc-BEKTOP M3 TOYKH
O; x munono jecrs 7 = L — 7 /2 = L(1 - R?/L?)):

‘ 1 (a3 i "" -
.1 _1QWU(FER) 7)) 3(19" (')r.)
- 2 2[ r ]

_is o— 3 4
/S ?

| IonuepkHeM BaXHOCThL B NAHHOM cllyyae MHOXHTens “1/2”, Bcernia nosBisiomerocs Npu pacCMOTPEHAH
B3auMolieficTBUS MeXny “06beKToM” M ero m3obparkeHHEM. ®

3adava 3. OnpenenuTh cuiy Fu BpalllaTelLHLIH MOMEHT N , IPMJIOXKEHHBIE K IUIOINIO P, PAcIoo-
JeHHOMY BHe cephl panumyca R Ha 6onbuioM ynanernn L ot Hee (3anaya 2.30 [1] u 3anaun 164, 165 [2]).

Pewenue. BocnonbsyeMcs HailleHHEIM B NpeAblAyLieid 3amade Bmpa.zxenneM IS DHEPrUH B3auMO-
meficTBHS NHIOJNS ¢ WHAYNMPOBAHHLIME Ha cdepe 3apsamamm. T. k. numosns p HaXomuTcs BHe cephl Ha
Gonbmom paccrosuamn ot Hee (L 3> R), To r() = R?/L &« R u, cnenosaTensyo, 7; & L. Tosromy:

. 0
Pz N = I8 +
3=QOEDL + FFO)L + FDFY + VD5 _ | FLEVL)L
2L5 2L7 ;

-t

?Heo6xonMM0 OTMETHTE, ITO B 3JIEKTPOCTATHYECKOH CHCTeMe, OMUCKBAIINEN NPOBOAAILYIO chepy, MONBLIN 3APII QU -
He paBeH HYJIO W IO3TOMY ee (cnc'rcu:u) MIATIOTBHEL MOMEHT 3aBMCHT OT BHIGOpa (mosoxeHHA) cHcTeMBl XoopauHAT. Bal-
paxenue s p(') Haiizeno B “cobcTBenHol”’ cucTeme, x HaYAaJle KOTOPO# pa3sMeIaeTCs 3apa Q(') B cmcreme xoopmmHaT
C HaAJalloM' B uen'rpe cthepsl MHUMONBHEIA MOMEHT PO 6yAeT OTNMYATHCH OT HAWJEHHOIO, KAK HM3BECTHO, HA BEIHYHHY

Q(‘)F’( ) = Q( ) f M paBeH, TakuM o6pa3oM,

B = ___J_ +3 R* (L)L
P JA 7
B IoHOM cooTBeTCTREE ¢ mpasmtom P(Y) = qgf)v"ii) + ‘1(_')’-"9)-
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MoMeHT cHilbl, AeficTBYIOLIed Ha JAWIOIL CO CTOPOHBI MOJNA E MHAYUUPOBAHHLIX 3apANOB cdephi, HAXO-
AUTCS aHAJIOTHYHO!

- 1. QOEL [p59] . FWI)FL]
N‘EEPE]_ 2r3 23 ¥ e

3adava 4. Huth, 3apsXeHHas ¢ NTMHEAHOH MIIOTHOCTHIO K, PACIOJIOXKEHA BHE MPOBOASALIEIO 3a3eMIIeH-
HOro (M30NMMPOBaHHOrO) GeCKOHEYHOTO MMIAMHAPA pajuyca R mapajiienbHO ero ocd Ha paccTosHun L oT
pee. HaiiTy moTeHIMANl cHCTeMBI, pacipenelleHie HHAYIUPOBAHHOIO HA MOBEPXHOCTH LMIMHpA 3apsia 1
€ro MOJHYIO IOTOHHYIO BETHYHHY .

Pewenue. B cuny cuMMeTpuu 3afady 1O 2 JOCTATOYHO PAcCMOTPETh CHTYANHMIO B INIOCKOCTH, Mep-
NEeHAMKY/ISpHOA OCH NMIAMHAPA, B KOTOPO#l yAOGHO BBECTH NOJAPHYIO cHCTeMy KoopaunaT p u «. Ilo-
TeHIHAal GECKOHEYHOM NpAMOil 3apAKeHHO! HUTH, KaK M3BECTHO, HMeeT JIOTapudMHUIEcKyIO 3aBHCHMOCTE!
¢(p) = —2kInp+ C, rne C — HekoTOpas pa3MepHas KOHCTAHTA.

a) [uaundp 3azemaen®. Bynem mcKaTh NOJie BHe NMIMHIPA COCTOANIMM W3 ABYX CaraeMblX: IOJIA
caMOil HUTH ¥ OJIA WHAYIHMPOBAHHKIX Ha NOBEPXHOCTH IWJINHAPA 3apAIOB, KOTOPhIE 3aMeHUM HX HEKOTO-
peiM u306paxenneM ;. Ilo aHATOTMH ¢ MpeALIAYIIMMH 3a/1a9aMU TIPETOIOKHM, UTO HHTh H306paxenus
pasMeniaeTcs BHYTPH HMJIMHIPA APAUIENLHO €ro OCH Ha TakoM pacctosHuu L;, uro L;L = R?. Takum

obpasoM,

@out(p) = —26Inpx — 2k;Inp; + C,

rae px = \/p? + L2 — 2pLcosa u p; = \/p? + L? — 2pL; cos @ — paccTOSHUA OT HATH U ee u306paKeHns
1o Touky nons. Kax u mpexne, ans Toyek Ha noBepxHocTH uminHApa (p = R) nmeem p R = p; L. [loaromy
HETPYJHO BUIETH, YTO Npu k; = —k U C' = -2k In(R/L) Ha nopepxnocTn muanuapa 6yneT NOCTUraThCA
TpebyeMoe paBeHCTBO HYJIIO OTeHNMaa @. Torna BHYy TpH NIMIMHAPA, KaK H B COOTBETCTBYIOMIMX 6a30BbIX
3afiadax, OTeHUMas paBeH Hyio Beciony. Mrak,

R
win=0 m ‘Pout(p) =—2kln F;:L C

[IpoBepMM HenpephLIBHOCTH TAHreHIMAILHOM KOMIIOHEHTHI IONS Ha IOBEPXHOCTH NMIMHApa. B mHamem
ciiyYae OHA O3HAYaeT PABEHCTBO HYJIO IPOM3BONHOM OPoyt/Oa npn p = R. IlpoBepsem:

Opout 1 - Opx - Opi
Z¥out P v L * 5 20 -
O =R PiPx ( e Oax p=R e Oa p=H)
weop gutR ik s dabiy weorg b,
PrPi P Pi

4yTO U TpeboBajnock nokasaTh. MTak, moTennuan nons HaineH. Torma pacnpeneneHne WHAYIHPOBAHHOTO
3apsia 10 NOBEPXHOCTH IMWJIMHIApa ByneT paBHO

k L2 <= R?

_]-__aWout __ N~
=T R@

T Tin dp

p=R

a MOJHBIM NOTOHHBIA MHAYIHMPOBAHHLIA 3apil Kj, ecCTeCTBeHHO, 6yneT paBeH —k. Ha a3bike muHMA nons
NONMyYeHHEIH pe3yibTaT O3HaYaeT (Cp. ¢ COOTBETCTBYIOmed 6a3oBoil 3amauveil!), 4ro Bce 47K CHIIOBEHIX
JMHMI, BLIXOASIIUX U3 3apAXKEeHHOA HUTH, 3aMBIKAIOTCA Ha MHAYIHPOBAaHHEIX HA IOBEPXHOCTH LMIMHAPA
3apafax.

b) Huaundp usoauposan®. Ilns coxpanenns >1eKTPOHEHTPAILHOCTH IMIMHAPA, T. €. HYJIEBOIO NOITHOTO
3apsja Ha ero NOBEPXHOCTH, NobaBiiseM paBHOMEDHO paclpelie/leHHbIH [0 Hell OTOHHBINA 3apiall —K; = K.

33&3e|melmoc'rl- DAJIAHAPAa HY XKHO IIOHAMATE B TOM CMEICJIE, 9T0 NOTEHIHAJI CACTEMBI OTCHATHIBAETCA OT €ro 3Ha4YeHUd
Ha IOBEPXHOCTH IAIAHADA.

4 $SlcHo, 9TO GecKOHeUHENT MPOBOXAIIMIA W3IOTMPOBAHHENH MWIMHAP eCTh Hexas abcrpaxmas. OHa, O[HAKO, JI€rKO MOJIeH-
PYeTCH NPOBONAIIAM M30JMPOBAHHLIM TOPOM, Y KoToporo GonsImoll pammyc — ©0; 3apiKeHHad HUTH B 3TOM CIIy9ae pac-
MOJIAraeTCS COOCHO TOPY, & PACCMATPHBAaEMO€E Nlajlee PellleHre CIPaBEIIMBO B 06/1acTh, rlie MOXHO IpeHeGpeds KPEBHIHOM
TOpa.
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BuyTpn uuaunapa sToT 3apsan aobapnser KoHcTaHTy —27kln R K moTeHuuany, a BHe BHITIAAMT Kak
HUTH, naxoisdiladcd Ha OCH IWJIHMHIpaA. TaKHM oﬁpaaoM, nojiydaem:

<R
Gour(p) = —2x In %T —%Inp,  ¢m=—-26InR
1

U, cJIe1oBaTel1bHO,
2

_ R
)z‘ﬁ(%‘ 1),
tak 4ro Ky = 0°. @

(‘-Jj(’][y}()[l[li(‘, JIBC 3aJia4n B CHJIY cOoBIAaACHUA PaHMYHBLIX yﬂJ’](JBPlF[ MMET O/JIHO M TO XK€ pelIeHHe,

Li a‘Pout

1 /0pin
a:m(Lp:H 5

4w \ dp

p=R

Badawa §a. Hurhb, 3apsxennad ¢ THHEHHOR IIOTHOCTBIO K, PACHOJIOXKEHA BHYTPH 3a3eMJIeHHON NMPOBO-
JATICTT TAMHAPHYEcKON TIOBepXHOCTH pajinyca R mapanflenbHo ee ocnt Ha paccrosuun L oT Hee. HaiiTn
NoTeHINAN CHCTEMBI, pacipe/ielleHie WHIYIMPOBAHHOTO Ha MOBEPXHOCTH 3apsJla M ero NOoJIHYIO MOTOHHY IO
BeJIUIUHY.

Badava 5b. B cniommnom nponroiinke pripesana GeckoHeuHas HNIIHHAPHYECKAds 1M0J0CTH paauyca K.
[Tapamieano ee OcH Ha paccTodHuM L o1 Hee HAXOMMTCA HUTh, 3apAKeHHad ¢ JMHEHHON IIIOTHOCTBIO K.
Haiiru norennuajl cMcTeMbl, paclpelciieHie Ha NOBEPXHOCTH TOJIOCTH MHAYIMPOBAHHOIO 3apsia U ero
MOJIHYI0 HOIOHHYIO BEJIHYHHY.

Pewenne. HeTpyino BUILETH, YTO DTH CUTYAIIMK NOJHOCTHIO COBNAMAIOT ¢ NPUBEICHHON B 3ajade 4a,
‘ eenu B oeil “noMeHsTh MecTaMu” BHYTPEIHIOn U BHellHoK obiacTH. Takum obpazoMm,
|

px R

‘Pin(p) = -2xIn ) Pout =0

piL

| "
1 0¢in KR 2

o= S e
4m Bp |,=p 2 Rp?

a TOJIHBIN MOTOHHBIA WHIYIMNPOBAHHBIHA 3apsan Ky OyneT paBeH —K. ®
Ilpexyie yem TepedTH K PaccMOTPEHMIO CJEAYIOLIMX 3a/ad, B KOTOphIX OyayT “yuacTBOBaTH” NM-

JIEKTPUUCCKIE CBOTCTRA CPe/ibl, HEOOXOMUMO CieTATh BaXKHOE MeTofinyeckoe 3aMevanue. B npexbiayumnx
SaAYAY BRIVHCTAICH, B YACTHOCTH, MHIYIIMPOBAHHLINA 3apsaf. DTa “MHAYIMPOBAHHOCTE' NpOSABIAIAchH B
[OM, 'I'TO NMOSBJACHHE 3apsjla Ha COOTBETCTBYIOIIEH IPAaHMIE BBI3bIBAJIIOCH HAJMYMEM “HCTOMHMKA IO

B BUJIe 3aJlaHHLIX 3apAllOB. Ba)KHO, YTO MO CBOEH npupone sToT HHHyHHpOBﬂ.!IIlblﬁ 3apdal ABJISAeTCHA C60-
Goduvim. Kak Tonbko Ml “Bkiovaem” IM>IEKTPHYecKHe CBOMCTBA cpell, HA MX I'PaHMLAX MNOABAAIOTCSA
ceA3annble 3APSibl, OUeHb YeTKOE pasrpaHnyeHye KOTOPBIX cO ¢cBODOXHBIME MOXHO HaiTy B [3]. Ha npak-
THKe pa3HHIla MexJy 5THMH THIaMH 3apiAJioB npodaBideTcd B TOM, YTO INJIOTHOCTBL CcBOBOIMHBIX 3apsAanoB
@) ONpeJleNgeTCs CKAUKOM HOPMAJIBLHOM KOMIIOHEHTEI BEKTOpa D wHpyKumm 51K TpRYecKoro nois (B npe-
JABLIYIIRX 3alavax — BEKTOpa E IEKTPUYECKOTrO NoJidA, T. K. AN3IEKTPAYECKad NMPOHNIAEMOCTE CPeAbl
£ BCIOLY paBHAJIACb 1), IJIOTHOCTDL ¢ CBA3AHHBIX 3apaloB OlipeleligeTcs CKauYyKoOM HOpMa.JIbHOl.:I KOMITIOHEH-
Thl B€KTOpa P' NoJIApU3alluu. Taknm 06pa30M, Ha Heaapxxceﬂﬂoﬁ rpaHuie NBYX AU3JIEKTPUYECCKHX Cpen
(04 = 0) BBINONHAOTCA CIAEAYIONIHE COOTHOIIEHHS: ‘

on’

5Ora JIEKTPOCTATHYECKAS CHTYAIMSA 3AC/IYXHNBaeT COENHANBHONO PACCMOTPEHHSA, €CIM HATH NOCTATOYHO yHAJIEHA OT
mmHEApa, Tak 9ro L > R. B atom ciyuae nse HUTH [Haoﬁpaxem M Ha OCH Imrm‘m:pa), Pa3HOMMEHHO 3apsKeHHBIE M

pasasunyTsie na paccrosmme L; = R?2/L € R, ofpasyioT Tak HasHBaeMBIl IIOCKWMIl JHIONE C NOTOHHBIM (HA eNMHHIYY
[TMHBL BIOJE 2) AMIOILHBIM MOMEHTOM d, PABHEIM

» L R?

d.= —NL,'Z == —N—LTE.

[Toneano MpUBECTH BHIPAXEHAS 118 [IOTEHIMATA Y4 M OIS B, maxoit cucremsr (ecTecTBenHO, B mIockocTH (2,y) ¢ pamAyc-
BEKTOPOM § ToUKH Habmomenus):

2d 7 8 od  4(pd)7
723 Ed=—ﬁ=—_-+.._(.p_£.

ap p? ot

0d =
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fa.— 1¢rapda ~d des
4T  On 4r On’

o=P,—FPy=-

rJie OpT HOpPMAJIX 7i MPOBeJeH U3 NMepBOM CPelbl BO BTOPYIO.

3adaua 6. Beckoneynslil MpAMOR NMAMHAP panmyca R M OMAIEKTPUYECKOd MPOHULaeMOCTH €; (cpe-
na 1) pacnonoxen B cpefie 2 ¢ AM3IEKTPHYECKOH NPOHUIAEMOCTBIO £3. OnpenenuTsk mone, cosmgaBaeMoe
6ecKOHeHOM TPAMOi 3apAXKEHHON HUTHIO (IOTOHHAA MIIOTHOCTD 3apAna K), NapaJlIelIbHOM OCH LMJIMHIDA
¥ Haxonsleiicsi BHe €r0 HAa PacCTOSHUM L OT Hee, M paclpeliesieHe CBA3aHHOIO 3apslla Ha rpaHune (cM.

samauy 3 x §7 [4]).

Pewenue. Tlonpo6yem no aHaOrMH ¢ MPeNbITYIIAME 3a/adaMy MCKaTh NoJle B cpelle 2 Kak cymep-
HMO3KIHAIO TOJsS COBCTBEHHO HUTH M MO pacnpelelieHUs CBA3aHHLIX Ha TPaHMIlE pa3fiella cpell 3apsaloB,
KOTOpBI€ 3aMEHNM HUTBIO H306paKeHus n(.i), pacnosoxennoi B cpene 1. Hakonen, nns obecnevenns “smek-
TPOHEATPANbHOCTH” MOMECTHM Ha OCH LMJIMHADA elle ONHY HUTh k(). Mlone puyTpu unnuunpa (cpena 1)
CKIANBIBAETCA M3 TOJIA 3alaHHOM HUTH M NOJS CBA3AHHBIX 3apANOB. JaMeHSAIOMYIO MX HHTh H300paKeHus
x(2) momecTum B cpeme 2 TaM, I'Jie PacnoioXeHa OCHOBHAas HMTL (BooGmie, B MeTome M3o6paxenuit A
pellleHus BOIPOCa O Pa3sMelleHHH U306paXeHnus ecTh XOpollee MHEMOHNYECKOe IIPABHJIO: IPY BhIYACIICHHN

noss oT m3obpaxenus B “cpene 1”7 camo m306paxeHne HyXHO IOMeImaTh B “MPOTHBONOJIOXHOK™ “cpene

2”). Urax:

' 2x(2)
pnlp) = —Z—lnpe+Ci,
9 9x(1) 2x(3)
Pout(p) = ——E—lnp‘— < Inp; — £ Inp+ Cs,
() Ea €2

rlie BHOBb BBelleHBI PAcCTOSHHA px M p; OT HUTH M ee m30o0paxeHns m0 Toduku moas. Kak m pamee, Ha
noBepXHOCTH nMauHApa (p = R) paccTosHns p. u p; cBA3aHbI cooTHOmenneM Rg, = Lp;. Ycnosus cuus-
KM Ha TOBEPXHOCTH HMJMHAPA NOTEHIHMAJIOB H HOPMAJBHBEIX KOMIOHEHT BEKTOpa D nas npowssombHBIX
3HAYEHUIl @ NAIOT CAEAYIOUIYIO CUCTEMY ypaBHeHmit s natu HemspecTHrix k() u Cj:

e26® = gy (k+ &),
€2Ci = £2C2—2cM1n % - 2@ nR,

k(3 &+ &) 4 2B

Lz : . L2
I a0 | ,C(nﬁ +x® (1- + ﬁ)_
Pewas Ty cucTteMy, monydaem:
o) ot SYTERRRE R Doy S T )
&y +Ey €1+ €2

H TOorna KOHCTaHTHBI Cl; Cg CBA3aHbl TAKHM COOTHOIIEHHMEM (HCHO, YTO NOTEHIHAJ onpeneideTcd ¢ TOY-
HOCTBIO JI0 aJIINTHBHOM KOHCTAHTH H Mo3TOMY HOCTATOYHO HalTH TOJILKO 3TO COOTHOHICHH&):

Gl B SoBibirer st
£1.1 &9

InL..

‘Pacnpenenienue 3apsana, CBI3aHHOTO Ha NOBEPXHOCTH IWJIMHAPA, HAXOMUTCH CTAHAAPTHEIM 0Bpa3om:

I R €2 = 1 0pout # E2—€1 K (L’—R2 1)

Ar 0p |,p 4m  Op |,._g ea(e1 +€2) 2R\ p2 :
a MONHEIA CBA3aHHEI 3apsan paseH Hymo. IlpenenbHEIR mepexon ¢ €7 — 00 B €2 = 1 cOOTBeTCTBYeT yXe
PaccMOTPEHHON paHee CHTYallHd ¢ HATHIO BHe MPOBOMAIIEro H30JMPOBAHHOTO MUMMHApa (3amada 4b), B
geM JIerko ybenuThcs HenocpencTBEeHHOM NPOBEPKOH. &

3adava 7. BeckoHeuHbl# MpaMoll NMUAMHAP paguyca R M AM.eKTpHYECKOH NPOHMIAEMOCTRIO £ Ha-
XORMTCA B cpelie ¢ MHAIEKTPHYECKOH NMPOHHUIAeMOCcThIo €2. OnpenennTs none, cosnaBaeMoe GecKOHEYHOR
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npAMOi 3apsXKeHHOM HATHIO ¢ IOTOHHOH NNIOTHOCTBIO 3apsA/la K, PACHOJNOXKEHHOH BHYTPH NAIHEADA 0a-
paJlIeNILHO €ro OCH Ha paccTosHHM L oT Hee, a Takike pacupelelieHHe CBA3aHHOTO 3apaia Ha rpaHane (cM.
sagaqy 4 x §7 [4]).

Pewenue. AHAJIOTHYHO Mpenblayined 3amade GyneM HCKaTh IOJle BHYTPH OMIHHAPA KaK CyNepIo-
3UNUIO N0 COGCTBERHO HETH M NOJIS CBS3aHHBIX Ha TpaHHIE pasfena Cpel 3apsios, KOTOpEIE 3aMEHHM
HHTHIO N306paxeHns k), PAcIOJIOXEHHON BHE manuanpa. [one Xe BHe TUAMHAPA CKIAXLIBAETCS B3 OIS
3aMaHHOW HWTH W TOJA CBS3AHHHIX 3ap/0B. 3aMEHSIOMYIO MX HETH wiobpaxenns x(*) momecTnM Bay-
TPH DUIRHAPA TaM Xe, Tie paclojioXeHa OCHOBHaf HHTD, a obecneunBalomuit “sneKTPoHeRTPANBLHOCTL”
3apaxn, pa.cnpe.nenennuﬁ II0 TPaHMLe pasfiella Cpell, BHYTPH MWIAHAPA MU “‘cMemaeT” 3HaYeHHe IOTEH-
IHATa, a CHAPYXKH BHICAAOAT Kak HATH K3, PacIOJIOXeRHAS Ha OCH. Hrax: :

2 2x(1)
¢in(p) = ——Inp— z :Inp; + €y,
€1 & £1
2x(2) 26(3) :
Pout(p) . Sy npx — Inp+Cy,

THie px M p; CYTh Te Xe BEIMYMHEI, YTO M B NpeAbLAyIIel 3a1ade, 'rax qm Ha NOBEPXHOCTH IMIMHIPA Rpx =
Lji. Ha 10T pa3 cucTema ypasHeHmit 1ns naTH HewssecTHBX k() u C; GyleT BHIIAAETH CEAYIOMEM

obpa3zom:
.6‘116(2). = E‘z(lc-{-x(l)),
” (3) (1)
Op e - Oy D e S .,
Eg £1 L
; L2 L2
kK = k4 n(l)}iz— - 5(3)(1 =+ —2):
£? = k4% 23,
Pémas aTy cucTeMy, NoIydaeM:
e SLT SR 0 B8R o o) i)
€1+ €2 €1+ &2
a xoHcTanThl Cy, Cy CBA3aHBI COOTHONIEHHEM:
Gy G- 22Ty 20
€1€2

| CrnenoBaTennbHO, pacnpelielieHNe 3apsifia, CBI3aHHOrO Ha MOBEPXHOCTH IUINHAPA, HMeeT TAKON BHA:

. U_' €1 — €3 K (E i R’—Lz)
' T e162(e1 +€3) 27R i A "

| a IOJIHBIA NOTOHHBIN CBA3aHHBIA 3ap#A] paBeH

| ' s €1 — €2
Kp = K———.
€1€2

Ilpenensubiit coydait € = 1 | €9 — 00 COOTBETCTBYET 3anade bb 1 HeTpynHO Y6eOIUTHCS, ITO NONYIEHHEIE
Pe3yILTATH NEPEXONAT B COOTBETCTBYIOMME BHIPAKEHAS. ® '

Cnenyomas 3ajjada ONMCHLIBaeT pealIbHYIO npoblieMy onpenelieHMs TOKa 3JeKTPOHHOTO MydKa, Npo-
JleTaloMmero Yepe3 MMIMHAPHYECKYIO KaMepy KaHajla ero TpaHcnopTHpoBkH. IlockonbKy, Kak IpaBuio,
Takue My9KH UMEOT 3NIANTAYecKylo $HopMy NoNepeyHOro ceveHMs, TO KpOMe MOJIHOTO TOKa MydYKa MOX-
HO TaKie ONpeJelNTh XapakTep 3TOH 3UIMOTHYHOCTH, T. €. OTHOUIEHHE Pa3MEpOB NOJYOCel LIAICa
¥ ero opmenTanmio. Paspaboransl # 3pdEeKTHBHO NpUMEHSIOTCS [5] mposieTHBIe NATYMKM TOKa MydYKa,
OCHOBaHHEIE Ha PeIleHHN 3Tofl 3a4a9d.

3adaua 8. BayTpu GecKOHEYHOrO MPOBONMAINErO 3a3éMJIEHHOI'O NUJIMHApDa panuyca R mapajlienbHO
ero ocu Ha paccTosHuE L oT Hee pacnonoxeH GecKOHEYHbIH NPAMOMR 3JIEKTPOHHBIA MYYOK ¢ MOrOHHBIMH
INIOTHOCTHIO 3apsAfia K M MIOCKAM AUNONLHEIM MomeHToM d. HaiiTu pacnpenesienne MHIYIMPOBAHHOTO
3apANa MO MOBEPXHOCTH IMIMHAPA.
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Pewenue. Bkiiaa B moTeHnMall nois pg(p) BHYTPH IMIMHAPA M COOTBETCTBYIOIIEE pacmpelesleHHe
MHIYIMPOBAHHOIO 3apAlla 0 MO MOBEPXHOCTH NMIMHADPA YyKe 6blTM HaillleHH! B 3anade 4a, Tak YTO cpasy

BOCNOJIb3yeMCH MOJYyYeHHBIM TaM pe3ylibTaTOM:

pxR . & R2-1?

7% 2 i v T |

¢x(p) = —2£In

3pech, KaK ¥ paHbllle Py ; — PACCTOAHMS IO TOYKH NOJIA OT HUTH MIIH OT ee U306paskeHns, pacoyoxKeHHOro
Ha paccrosHun L; = R?/L ot ocu UMIMHAPA, & px,i — ITH XKe PACCTOAHUS JUIA TOUCK Ha MOBEPXHOCTH
munaEapa. Kak Bcersa, 5TH paccTOSHUSA CBA3aHBI IPYT ¢ APYroM npeobpasosannem unsepeun: Lp; = Rpy.

IepeiineM K paccMOTPEHHIO BKJa/a I0cKoro aunods d. Il 5Toro BoCnonb3yeMces TeM ke eCTeCTBeH-
HBIM IIPHEMOM, YTO M B 3ajade 2: IIIOCKUi nnnonb_'“cocmn'r” U3 JIBYX Pa3HOMMEHHO 3apsKEeHHBIX HATeH
+K4, pa3IBUHYTHIX U3 TOYKH C pajuyc-BekTopoM L Ha BeKTOp +d, Tak 4TO ;i_l’.l'(l] 2kq4d = d. W306paxenns

3THX HHTEll MMEIOT TY Xe BeIHUYNHY FK4 W PAclOJIOKEHEI B TOYKAX ¢ paluyc-BeKTOpamu ﬁi' ) TaKUMH,

4yTO
2

i) 10 A s ars A o

Py’ = =P+, rtae pr=LZxa
P
Ka.xma.x 3 HII'IEﬁ, cocTaBlidonmas d, BMecCTe CO CBOHMM n306pa)!<euneM JaeT BKJIal B NOTeHIHAJ IMOJA,
aHaJOrMYHBI BKJIaly HHTH K H ee H306pa}i(EHHS{. HO3’I‘0My cpa3y MOXHO HanMcaTh C TOYHOCTHIO IO
KOHCTaHTEI C cllefylolnee BblIpaXXeHUue s NnoTeHlnaJa ¢4 B TOYKE NOIA C panunyc-BEKTOpPOM ,(-J':

4 = = _ (i) = = o2 = i) 2
w(ﬁ)z—?mlnlﬂ ’.’.+:Ii ﬁi)l+C=—ndln}E "f.+|2|'i F:‘.)l +C.
|F=p- 15—} == 5-p

Jlns Bcex paccTOAHMI, BXONANINX B (4, HETPYAHO MOJYYHTH Cleayiollde BhIpaXEeHUsd, CIpaBefuBhIEe C
TOYHOCTHIO IO YJIEHOB NMEpPBOil CTENEHHM 10 a:

o @ w4 2a(p-L)
| F=pe P =~ |7F-LP [1¥F—=—],
| /=L |?

- BLP

R? ..) R? &—@DL

7-A0F = 15— HLP 152 (5 T

HoncTaBngas 3Tu GOpMYJIbl B BEIpaXeHUe JIA 4, NIOCIe HECIOKHBIX NpeobpasoBaHMil U Mocjie nepexona
K npeneny @ — () HajineMm, 4TO CyMMapHBIl BKJIaJl B [0Jie OT JUNONSA d u ero wsobpaxenns d ") pasen:

2iig-1) WO~ 1)
i7-LF. 12 BLP

pa(p) = +C,

rne

s R L4\

AnmaTEBHYO KoHcTaHTy C monbepeM Tak, 4ToObl Ha MOBEPXHOCTHM NWIMHApPA NpH p = R moTeHnman ¢q4
6e11 paBeH Hymo. [IpocThie BEIYMCIIEHHS NAIOT IJIA Hee clenylollee 3HaueHHe:

Hrak, nojHOe BHIpaXeHHWe JUIS TIOTEHNOHalla, CO3/aBAEMOr0 BHYTPH IMJIMHIPA SIEKTPOHHBIM IYYKOM C
JIMHEHBIM 3apAfOM K M INIOCKMM aunoieM d, TaKoBO:

T af 4 powtldE [ B 7 -
2d(p— L) 2%:[— d+2G52=| (7~ §,L) id
|F—L|? | F—f2L |?

e

t
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| IlpocThle, HO FPOMO3AKHE BEIYHCICHHS OATBEPXKAAIOT, YTO NOJIyYeHHOe BblpaXKeHue yJIoB/leTBOpSeT rpa-

| HUYHOMY YCJIOBHMIO PaBEHCTBa HYIIO TaHTeHIHAJIbHON KOMIIOHEHTHI 3JIeK TPUYECKOTrO IO Ha MOBEPXHOCTH
uniaEapa. CTollb e MpocThle, HO M CTOJb e FPOMO3JAKME BHIYMCIAEHHS NAIOT CleAylollee BhipaxeHHe
TS MCKOMOIO paclpenelieHus MAOTHOCTH WHAYNMPOBAHHOTO 3apalla Ha NOBepXHOCTH mmamuapa’ (mas
Gornee yno6HOM 3amMCH 3TOrO PE3yibTaTa CleAyeT BBECTH OTHOCHTEIBHBEIN BEKTOp & = E/ R nonoxenus
Nyuyka B IMJIKHJDE U OPT BHELIHEH HOPMAINH 1l = (oS &, Sin @) K €ro MOBEPXHOCTH, & YIoJl ¢ OTCYHTHIBATE
OT HanpaslleHUd BJONb BEKTOPA T):

DIPFRLE T e B 1222 1 —(l—zz)(ﬁ'rf)+2(1—ﬁa‘:‘)(;i’é')‘

oioks= dr 0p |,-gr T T 2rR1-2zcosa+z? wR? (1-2zcosa + z?)*?

Pemenne nantoit 51eKTPOCTATHUECKON 3a1a9M MOXKHO CUMTAThL 3aBepIIeHHBIM, HO, KOHeUHO, Hellb3s He JI0-
NOJNIHUTE €r0 PACCMOTPEHHEM TOTO, KAaK U3 3TUX Pe3yIhTATOB U3BJIeYh MapaMeTPhl 3JIEKTPOHHOTO MyYKa, a
MMEHHO: ero nojioXkenue r (Bo BBeIeHHON KOOPAMHATHON cHCTeMe NY4oK MMeeT HYJNIEBYIO Y-KOOPAMHATY),
“rok” K M BEKTOp HMIOIBLHOTO MOMEHTa J, XapakKTepH3YIOLIMA OPHEHTAIMIO 3UINICA MyYyka (noBopoT
BEKTOpa d oTHOCUTeNBHO £ Ha yroa @p) ¥ BEIIMYMHY €ro 3IMNTAYHOCTH ([UINHA BeKTOpa d ). Ilana onpe-
JeTIeHus 9TUX NMapaMeTpPOB HeOOXOMMMO, KaK M3BeCTHO, BBIYMCINTH MOMEHTH! (DyHKLMHM pacHpefelleHUs
MJIOTHOCTH UHAYHUMPOBAHHBIX 3apAJIOB!

Jo = /U(a)da, J,,-:/a'(a)cosada,

™

/a(a)sinada, T2 = /a(a)cos?ada.

- -

Ts

DTH pacueThl, K COXAJEHHWIO, TOXe TPOMO3NKHM U CONEPXKAT BBLIYMCIEHHUS He Bcerja “IPUATHEIX’
MHTerpajioB’, IOITOMY, OlycKas WX, NPMBEIEM CPa3y OKOHYATENLHBIA Pe3ylbTaT B BHIe CHCTEMbI ypaB-
HEHMIl Ha MCKOMble HEM3BECTHBIE!

k = —=RJo,
—Kz + d—c? = RJ.,
&;ao = —RJ;,

Pemrenue 5Tol cMcTeMBl ypaBHEHHH TPUBHAILHO, M MBI MPEIOCTABIISEM €ro YNTATENO. @

4, MarguTocTaTHKa

B kxauecTBe nalnbHeHIIUX TPAMEPOB MpUMeHEHHS MeToa H306paxkenuil pacCMOTPUM HECKOJIBKO MarHUTO-
CTATHYECKUX 3a/ay (MCHIONb3yeTes raycCOBCKAA CHCTEMA eMHMIL).

6 Bonrpoc 0 IIpaKTHYECKOM W3MepEHHH 3TOTO PACIPENe/IeHAs BEIXOMUT 34 PAMKHA HACTOMINER CTATEM, HO 1A COBPEMEHHOR
3JEKTPOHUKM 3TO He COCTABIAET CKOIBKO GBI 3HAYMMOMR mpobieMsl.
"BoT OHF I7IS TeX, KOMY 3TO MOXET IPHIOXUTHCH:

m ™
do S 1+ z? cosa da & 2z
/ (1 - 2zcosa + z2)2 ”(1 — z2)3’ (1-2zcosa +z2)? "(1 - z2)3’
cos? o dor w14 4z2 - z* cos 2o da _ 3% — o*
(1—2zcosa+x2)2 2 (1-a2)3 ' (1 - 2zcosa + z2)2 —”(1_22)3r
0 0

L3
cos a cos 2o dox 5 z(1 + 2z% — zt)
(1 —2zcosa+x2)2 (1—22)3

o
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3adava 9. BepxHee NoiynpocTPaHCTBO — MarHeTHK C MAarHMTHON MPOHHUIIAEMOCTHIO fi1, HUXKHEE — €
npoHKIaeMocThIO fiz. Ha ocu z Ha paccTOAHUAX +a oT rpaHMUBl pa3fielia NapajlilelbHO el PacHOJIOXEHB
JMHeliHble POBONHUKN ¢ TOKaMM [, a BAONb caMOiil IPaHMIILI pa3fiena (z = 0) — eme onuH IMHEHHbLH
nposonHuK ¢ TokoM I,. Bce mpoBOIHMKH mapajiiellbHbl OCH Y. HaiiTu cumy, mefcTBYIOUIYIO Ha eIHMHHUIY

JIMHBI TIPOBOIHMKA ¢ TokoM [ (3anaua 5.15 u3 [1]).

Pewenue. HaiimeM cHadasa MarHUTHOe noJjie oT Toka [,. B i1-ToM nosiynpocTpaHcTBe 3TOT TOK CO3MaeT
asuMyTanbHoe moie H c(,,‘) (BBeZeHa MONAPHAA CHCTEMa KOOPIAMHAT p M ¢ B INIOCKOCTH (z, 2), nepreHuKY-
NAPHO BCeM TOKaM):

y2Lo

HE = 0
cp

W3 HenpepLIBHOCTH HOPMaJIbHOM KOMIIOHEHTHI BEKTOPa MarHATHOM UHAYKIMH B, momydaeM, 4To plk(‘) =
pak® a reopema CToKca O IMPKY/IAUMA BEKTOPa Mar HUTHOTO NOJIS AaeT (#a KOHTYype B BHIe OKPYXHOCTH
IPOM3BOJILHOTO pajinyca p ¢ UEHTPOM Ha OCH TOKa Ly

21 4
-j(xpk(l) + 7pk®) = — L.

Cnenosatensuo, k() + k(2) = 2 u noaromy

R R YR . ¥
p1 + po M1+ p2
[lo5ToMy WHAYKUIMS MATHUTHOTO NOJSA, CO3/1aBaeMOro TOKOM [, BCIONY paBHA
_ 2pip 21, .
;e s g
K1+ p2 cp

M MarHMTHOE Tojle Toka I, B MecTe HAXOXKAEeHUs ToKa [ MMEeT TOJBKO Z-KOMIIOHEHTY:

4”2 2Io

H® = s,
g1+ pz 2ca

z

- - - v
HaiizneM Tenephb mosie Toka I, HCIONB3yA ero BekTopHbii noTennunan A (B = rotA). On umeer B nan-
HOM cily4ae TONbKO y-KoMnoHeHTy. ONBIT MpefblIyuiux 3a/a4 NOACKA3bIBAET, YTO BeKTOPHEIA NOTeHIHA
cileflyeT McKaTh B clenyiolleM Buje (Tokn usobpaxenuii ynobuee obosnayaTh Kak kL)

i “uaobpaxenue”
AD =  Zopl, npy —2p, KD 3
¥ = —Zpily Inpy —-2[11‘7 I...lnp_—C;,
AP = 2l Inpy — 2pkP I Inpy — Gy,

rae dusndecKmit cMeich BeanmuuH pr = \/z? + (2 F a)? ouepnnen. EcrecTsenHo, 4To mois TokoB “m30-
fpaeHni’” ONUCHIBAIOT N0JIA “HHAYIMPOBAHHEIX” NMOBEPXHOCTHBIX TOKOB HAa I'PAHMIE pa3sjieNia cpej M Mbl
BHOBB BOCIIOJIB30BAJIMCH TPABHIIOM pa3MelleHus u3obpaxenuii (cM. peurenue 3amaun 5).

I'pannYHbIe ycoBus npd z = () — HENPepHIBHOCTH CAMOrO BEKTOPHOTO NOTEHINAla H HENPEPLIBHOCTE
TAHTEHIMANBHON KOMIOHEHTH MarHuTHOTO nois [iiH ] (7 — BekTOp HOpMasH K rpaHuIle, HANPABIEHHLIN

84
BIOJNL z), B KOTOPYIO Ha IpaHMIE BXONMT ToibKo Hz = %‘-—6;1 — [al0T ypaBHEHHA Ha HEHM3BeCTHEIE

kouctanTs k) u C;:

A&r”l::o - Ag'z) = m(l+ kM) = pp(1 4+ k(z))n Ci=C=C;

a=0
_1a4p
z2=0 H2 az

1 045)

T = 1-kV =143,
1

z2=0
Pemas cucremy mas k(1) u k(2)| nonyanm

&) = N L 2
p1 + p2
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¥ HT&K, MoJic TOKa I+ OINUCBIBA€TCA NOTEHLIHAJIOM BHIa

AN gt g PO 1 o G

v Hilyinpy #1#1'1'#2 +inp )
dppo

AP = /2. Inpy +C,

! PP g

TakK 4YTO MoJie OT CaMOoro TokKa I+ B MecTe ero HaxoXxIeHus onpeneisercs TOJBKO ero Haoﬁpa.x(eHHeM,
pa3sMelleHHbIM B HU2KHEM MNOJYNpPOCTpaHCTBe, U HMeeT TOJILKO I-KOMIIOHEHTY, paBHYIO

@) = = pa 2y
% p1 + p2 2ca

ITone oT Toka [_ B MecTe HaXOXJeHUs ToKa [y, KaK ACHO M3 NpeAbIAYILIErO PaccCMOTPeHUs, ONpene-
JgeTed UM caMHMM M ero u3obpaXeHWeM, pacnolioXkeHHBIM TaM xke. ClefoBaTenbHO, BOCHOILIOBABIINCE
pelleHueM IS Toka [y, cpa3sy Mojy4aeM, YTo

2}12 21"

H V= et 2
* p1 + p2 2ca

n, TakuM oBpa3oM, cHila, AedcTBYOIIAs Ha eIHHHAILY JJIMHE npoBona [y, 6yneT HanpaBieHa 1o z U paBHA

1 1 I
Fo = =LHES < Yadhlge L, oiBies T Y- |
e +Hy #1+#2((ﬂ2 )Ll dgps )cza *

Badava 10. IpaMonuHedHLI NpoBoL ¢ TOKOM I pacrosioXeH napajielbHo ocu 6ecKOHeYHOro Kpyro-
BOTO IIWIMHApPA panuyca R u MarHuTHOM npoHnuaeMocT ui (cpena 1) ma paccrosuun Ly > R B cpene
2 ¢ MACHUTHOM MPOHUIIAEMOCTEIO 9. HaliTu BeKTOPHBIA MOTEHIIMAI NOJIA BO BCEM NPOCTPAHCTBE W CHILY,
NeHCTBYIOIYIO Ha eIMHMIly JJIMHEI NpoBona (3amada 288 [2]).

Peuwenue. Hyc’rb OCh HUJHHIPpa U TOK HAllpaBJ/ieHbl BIOJIL OCH Z, KOTOpad onpeneyigeT CBA3AHHYIIO
¢ Heil IMMJIMHAPUYECKYIO cucTeMy KoopauuatT (p, «, z). BexTopHblil moreHuman A 6yneT uMeTh TOJBKO
z-KOMIIOHEHTY, 3aBHCAIYIO OT p U «. [leficTBYs coBepIIeHHO aHAJOIMYHO 3aj1aye 5, cpasy GyneM McKaTh
NOTEHIMAI Mo BHe HMIMHAPA KaK CyNepHo3uiiio TpexX cllaraeMeiX: BKjaj Toka I, BKjalX Toka u3obpa-
wemns k(2] pasMemmennoro BHyTpH WMIMHIPA Ha paccTosHuM L; = R?/L; or ero ocu, u Toka k()]
obecIeuHBAIOMIEero “aNeK TPOHEATPAIbHOCTE” UIHHAPA ¥ “TeKyInero” B IPOTHBONOJIOKHOM HAMPaBIeHNH
BIIOJIL €r'0 OCH. HOJ'I_E XK€ BHYTPHM HWJIMHApa CKJIanbIBaeTCcd M3 BKIIaIOB cobecTBEHHO TOKAa I n ero HBOGP&-
JEHWs, pa3MellleHHOro TaM Xe (OMATh NMpaBWIIO pasMelleHHs u3obpaxenuit!), T. e. nose onpenensercs
IpocTO HeKMM 3¢ eK THBHBIM TOKOM k(1I. Taxum obpa3oM, 3anuceBaeM:

261
AD = = Inpr +Ci,
ToK+ “nsobpaxenne”
21 261 2631
A = —-‘ug?lﬂp]—pz 3 Inpi+  po2 Inp +0C,.
- - ] L - 4 p e —n e
TOK “naobpaxenne” “anekTpoHeATpanLHOCTL"
IIpu »ToM, xak paHee, pr; = \/‘a2 + L?I,- — 2pl;;cosa — paccTOAHMSA N0 TOYKH TOJA OT TOKa H €ro

usobpaxenus. FcHo, wro npu p = R 3TH PacCTOSHUS fr ; CBA3aHBI cooTHomenuneM pr R = p;Ly. “Cmnska”
Ha TIOBEPXHOCTH IMAMHAPA (T. €. A NPOM3BOJIBHEIX & NpH p = R) NOTEHNHANOB M TAHTeHIMAIBHBIX
KOMTIOHEHT MarHMTHOTO MOJIS NPUBOAMT K CJEAYIONIAM YpaBHEHHAM:

pk® = g1+ k),

C = —pz?—I(k(z)lnﬂ—k(a)lnR) + Cs,
c Ly
L} R* + L}
1 g 2 I 3 L
g} B 1+k()ﬁ_k()T’

D = 14 k2 9p®
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Pemas Ty cucTeMy ypaBHEHMH NJIs k) u C;, nonmyunM cremyomuit pesynLTaT:

RO = 2 oo PR
B+ p2 p1+#z
21
C, = C +#2 +z2 InR

Bunna nonHas aHaloOrus 9THX OTBETOB ¢ pe3ylbTaTaMu 3agaun 6, 4To, BpoUeM, ¥ MOXHO 6BITIO OXUAATD.
Ilns onpeneneHus CUITB, efCTBYIONIEH Ha TOK I, HyXHO HATH MarHUTHOE IOJIe H B mecTe PaCcHoIOXeHHS
caMoro Toka. $lcHO, YTO BKJIaj B 3TO MOJIE AAIOT TONBKO 2-e U 3-e cllaraeMele U3 AE ) U OHO MOXET UMETH
TonbKo KomnonenTsl H, n H,. Takum 06pa3oM, BEYMCIAS NOJe B MecTe HaXOXK/IEHHS TOKa I, HaXOnuM:

(2)
H, —1—1an o  sina |q=0=0,
H2 P Oax p=R, a=0
e snoro BESEEE oneps Sipawl) i e g
* H2 p ap =R, a=0 H1 +ﬂ-2 L? -Rte

CnenoBaTenbHO, Ha eIMHUIY NJINHBI IPOBOAHMKA ¢ ToKoM | GyneT neicTBOBATH TONBKO paauailbHas Mo-
rouHas cuna F,, paBHasg

m-mR L 2
#1+#2 LZL R? ¢

F, = —%IHa o

3adava 11. llpamonnHekHbI MPOBOM ¢ TOKOM /| pacrnoyioxeH NapajliiellbHO ocl 6eCKOHEYHOro KpYroBo-
ro UMAMHIpa panuyca R ¥ MarHWTHON npouuuaeMocty ) (cpena 1) BryTpH Hero Ha paccrosnuu Ly < R.
[ununap HaxomuTcs B cpelie 2 ¢ MATHHTHON NPOHMNAEMOCThIO pz. HaiTn BekTOpHEI! noTeHumMan nois
BO BCEM NPOCTPAHCTBE M CHIIY, AeHCTBYIONIYIO HA efMHULY AJWHLI npoBona (3anaua 289 [2]).

Pewenue. YunThipad Bce NpeablAyIlee M3TOXKEHNE, OTPAHUYMMCH NPAKTHYECKH TONLKO MHHUMAIBLHO
HeobXONMMBIMM BHIKNAAKaM¥ ¥ KoMMeHTapusaMmu. MTax, BekTopHEIl moTennuan nons GyneM HcKaTh B

BHIE:

2]

21 &
AEU = —pl-;‘]np!"";ul Inp; +C,

1‘;;! "uao&p:muuue"

L 261

AP = - #2 Inpr + 3 Inp +Cs.
e Nearmars i, ssmmesmeres

Tok+ "HacBpamenne’  “snexTponefTpannHocTs'

HenpepbiBHOCTH MOTEHUMANA M TAHIEHINATLHON KOMIOHEHTHI MOMS H Ha noBepxHOCTH UMAMHADA AAIOT
CTIeNYIOMYIO CHCTEMY:

pak® pur(1+k0)),
R

21 i1 jedd
by e g T ey =@
Cy mck lnL[-!-mck InR + Cj,

L R + Lj
K2 = 1+ k(”-éf,— &+ ;,(8)__7{2_.&.,
B = 14 k0 —2k®

pelas KOTOpYIO, MOyvaeM:

- 2
MY S (8 o SELTER A .
Hy+ pa’ MEATR

py = pg 21 Ly
c’+,u r c(p InR - mln-—)

C,

R
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B TOJIHOW AHAJIOTHH C pesynbTaTaMu 3amavyH 7. Ha.xoneu, BBIYHCIIAA [MOJIe B MeCTe HaXOXNeHUus TOoKa I,
NOJNY4YUM, 4TO HA HEro ﬂeﬁCTByeT TOJILKO paJlHalibHad MOroHHad CHlia, paBHad

_ = Ll
£ mtpaRE-L2

4TO N TpebOoBAIOCH ONPEAEIUTE.

OtmeTuM, YyTO cuila, AeficTBYIOUlas HAa TOK, HAXONAILMACH B Baxyyme BHe LMJIMHIPHYECKOTO MarHe-
Tuka (3amava 10 opu py = pu ps = 1) B RZ/L, pa3 MeHbIle CUILI, NEACTBYIONIEH Ha TaKoWM Xe TOK,
PACHOJIOXKEHHBIH B IMIIMHIPUYECKON M0JIOCTH BHYTPM MarHeTHKa (3anaqa 11 opu g = 1um g = p). @

5. MeTon n3obpaxkeHuin u obuunil noaxon

3a paMKkaMu HacToflled CTAThbH OCTAJOCh MHOXECTBO APYTHMX CHTYyallMii, B KOTOPBIX MeToj M3aobpaxe-
HU ABJISETCS MOUIHBEIM CPEICTBOM I8 HAXOXJEHHS DELIeHMI, U MOXeT BOSHMKHYThL BIEeYaTI/IeHHUe O €ro
BCECHJIBHOCTH. YBEHI, 5T0 He Tak! O61acTh BO3MOXHOIO MCIIOJIB30BAHUS METOa BIOJHE ONpelelleHHA W
NONLITKa ero NpMMeHeHUs, HAPEMED, B 3a/lade O 3apsfie BOJIN3N MUIIEKTPHYECKOro IIapa WM BHYTPH
Hero (chepudeckuii ananor 3ajaay 6, 7) okaswiBaeTcs GespesynbraTHoit. [Ipnunny Takoro “npoana” me-
Tofla JIyullle Bcero o6biACHUTh, PACCMOTPEB “KilaccHYecKMe” pellleHWs cHadajla 3ajladyM 7, a MOTOM W ee
. chepuueckoro aHajsora. Mrak.

Pewenue 3adavu 7 (o6wuil nodzod). 3anuiem obiee peutenne ypasuenus Jlannaca nna obeux obna-
cTeit (BHYTpPM U BHe UMJIMHIpPA) BO BBeIEHHOW paHee MONApHON cucTeMe keopaunat. Cpasy yureMm, 4T
B Kax/oif u3 obiacTell pellleHue He NOIDKHO WMETh ocobenHocTed (BHYyTpn — npu p — 0, a BHe — 1pu
p — 00). lloaToMy 171 MOTEHIMANA UMeeM:

2 A ™
ein(p) = ——Rlnp,,,+ E - (—) cos ne + Cy,
B,-. n C
ou T RS R _l .
Pout(p) €2n=1 - (p) cosna+€2 np+C

CTpykTypa 5THX BhIpaXKeHW#H “Ha majgpuax”’ MOYTHM OYeBHAHA. BHYTpM IMIMHIpa 3anMcad IOTEHIMAN
nmoss caMoil HUTH, K KoTopoMy mobasieno obiiee Hepacxoisuleecs pelleHne ypapHenus Jlannaca ¢ me-
HM3BecTHBIME Koadipuumentamu A,. Bre mmnuunpa x moreHummany camoil HUTH nobasiensl obiiee He-
pacxonsilieecs pellleHHe ¢ HeM3BeCTHHIMH KoadduumenTamu B, U BXonsuuii B Hero “THNMYHBIA" 14
NEIAHAPUYIecKoid reomeTpur lnp ¢ Takxke HemsBecTHBIM Koadduumentom C. “Combem” Ha IOBEPXHO-
CTH HHMJIMHJIPA NOTEeHIHaJIbl # HOpMaJIbHBIE KOMIIOHEHTEI BEKTOpa SHEKTPI’I‘!BCKOI‘& HHAOYKIHMH. Yurem npH
9TOM, 4TO (pyHKIMO In p, npH p = K MOXHO pa3iloXUTh B PAN B COOTBETCTBHM ¢ GhOPMYJIOi:

L L7
ln\/R2+L2—2RLcoso:-lnR+2ln( 2Rcosa+R2)=
o0 1 L n
lnR-—E; (ﬁ) cos na,

T. K. L/R < 1. AHanorn4Hoe pasjioxeHne HYXHO MCIONB30BATh M P BEIYKCIEHHH HOPMaJIbHOM KOMIIO-
HeHTHl BeKTOopa Dj,, Kylla BXOOUT pafualibHas NPOMU3BOAHAA OT MOTeHIHAaa:

lﬂp,; |p::R

= ;_%lu p? —2pLcosa + L?

g Inp
ap N =R p=R

= %[lnp-’r%ln(l—?%cosa—l—i—j)]

p=R

- S ) ]

n=1
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Torna nonyyaem:

—E%.An-i-Bn = 252—?(%)n,
AntBn = 2(2)
OTKYyHa
Aq 22-;%:(-‘;)"::,
n
- ey

MoncTapnss HaliileHHbIe KO3 dUIMeHTH B BHIpaXeHue s @in ¥ Npeobpa3oBuiBas HX HOMKHEIM 06pasoM,
HaiineM, 4YTO

2 2ke; —€3x=17L p\» ‘
in = ——1 AR —(——) cosna + Cy.
- €1 np“+5151+£2nz=:1n RR .
2k €y — €y, R?
lpubapnss u oTHUMas — ——— In —, nonyIuM

€1 €1 + €2 4

2K 2k €1 — €2 R 1
R ey | ———-—[ln— —( ) cosna]+
fin €1 S €1 €1+¢€2 L nz___:ln
In.ﬂi
2Kk 1~—EY Rz 2k 2K &1 T E2 =~
— = "lh—4C=——hpr————Inp; +C
£1€1+6€ g +; €1 " €1 €1+ €2 s
¢

YTO M JIOMKHO OBIIO MOMYYATECS IS Pin. A oyt AHATOTMYHO:

1 e=2k 23 (LR\" 2
palp) SO R ) e lp £
26 2e,
[IpubaBuM ¥ OTHHMEM TETE N p. Torma
€3 €1+ €2
26 2e; [ 1 2L\n
= ———=—|lnp- —(— cosna]+
Pout o ol . ;n p)
r 11:;-
2K 2e0 28 2e4 2K €1 — €9
— | — Inp+C=————Inp, — ——1 Ca,
& foig] (51+£2 ) ARG T Sgg apey D ONTiE, o P, AR

4YTO M CIENOBAJI0 OXKUAATH.

Teneps BuaHO, ModeMy “cpaboTan” -MeTol H300OpaXeHMii: psAbl, MOABIAOMIMECH NpU oblleM monxone
pemenus 3ajnaun, “cobmpaorcs’ B ¢dyukuun Inp, m Inp;, omucrBalomAe paccTOSHHA OT COOTBETCTBY-
JOIAX HATe — OCHOBHOM M M300paxeHHs. DTO, K COXaJeHHIO, HE MONYyYaeTcs B C(hepHYECKOM aHaJIore
3a/laud, pacCMOTpPEHMeM KOTOpOi MBI W 3aBEPIIAM 3TY CTaThIO.

3adava 12. BayTpu mapa panuyca R ¢ qU3IeKTpAYeCKOR NPOHANIAEMOCTRIO £1 Ha paccTosHAR L oT ero
neHTpa pacrnoioxeH TodevHnii 3apsan Q. lllap maxonuTcs B cpefie ¢ NH3NEKTPAYECKOIl TPOHUIIAEMOCTEIO
€3. OnpenesmTsL NOTEHIMAI 3JIEKTPUYECKOrO IOJIA BO BceM MpocTpaHcTBe (3amada 158 [2]).

Pewenue. 3anumem obuiee pemenne ypasHenns Jlammaca ans obenx obnacreil (BHYTpH u BHe ma.pa)
B chepryeckoil cucTeMe KoopauuaT (r, a, #), ock KOTOpO# HalpaBieHa [0 NPAMON UEHTP IMapa — 3apsil.
B cuny asuMyTasbHON CHMMETPHH 3allayyl IO YIJIy o pellleHHe He bymeT saBuce s 0T Heio. Kpome Toro,
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cpasy y4YTeM, YTO B KaxJoi M3 objacTeil pelleHHe He MOIKHO MMeTh ocobeHHOcTell (BHyTpH — NpH
r — 0, a BHe — npu r — c0). [losToMy AN NoTeHnMala UMeeM:

Q n
M —
©in e + nE=0A,-.r Pp(cosl) + Cy,

— B
Peict: = E r—:Pn(cosﬁ) + Co,

n=0
rae Pp,(cos@) — coorBercTBytomuit nonuHoM Jlexannpa. Kak u B mpeablayiieM pelieHHH, cTPyKTypa
9THX BHIpaXXeHWH fACHA: BHYTPM MIapa K NMOTEeHUMAJy IOJNsA caMmoro 3apsna nobasneHo oblee Hepacxo-
nsieecs peleHue ypaBHeHus Jlamlaca ¢ HeM3BeCTHBIMEM KoddduumenTamn A,, a NOTeHUHA] BHe IIapa
BKJIIOYaeT TolLKO Hepacxofslleecs oblllee pelleHne ¢ Hem3BecTHuIMM Koadduuuentamu B,. “Coubem”
Ha MOBEPXHOCTH IlIapa MNOTeHIHaJbl H HOpMaJibHble KOMIIOHEHTEI BEKTOpa BHCKTPH‘IGCKOﬁ HHAYKOHNHA, Y-
rhiBas npu 31oM (npu L/R < 1):

1 1 1 L L3\ =43, l-omig Lr®
-r_‘;rzﬂ_ \/R2+L2—2RL(:030—E(l_zﬁcosg+§5) _Ré(l—i) FleRel,

™
a BXo/diias B HOpMallbHY O KOMIIOHEHTY BEKTOpa D pannalibHad NMpOU3BOJHaA IIOTEHIHAJIA HA NOBEPXHO-
CTW llapa paBHa B 3TOM cliy4yae

%(%) - ai [li (f)"p,.(cosm] = —% g(w 1)(%)"Pn(cose).

Torpa, npupaBHuBas KO3QpUIMEHTHl NpH NoiuHOMaX JlexaHapa ¢ oIMHAKOBEIM HOMEPOM, MOyYaeM:

r=

Q L\ B,
n — — - -4 ———
AnR" + £1 (R) A Rn+l!
o n+1)L" n+ 1)B
einA,R I_QLR"_}:_ sam “53£'"RT+)2_1'

Pemus 5Ty cucTeMy, HaiineM Bce KoahduuuenTs A, U By:

_ (n+1)e1—e3) QrLy\" 1
o = 51[51n+€2(n+1)]ﬁ(§) R’
4 o (@Dt

ein+ex(n+1)
W3 sTux dopMyn BUAHO, YTO KOI(POUUHEHTH! PANOB, BXOASLIUX B Qin oyt TAKOBBI, YTO DTH BEIPAXKEHUS
ne cobUpaloTcA B KOHCTPYKIMH, COOTBETCTBYIONIME KOHEYHOMY YMCIY 3apAfOB M M306paxkeHuil, KaKk 5To
NOJIYYHJIOCE B NUJIMHAPHAYECKOM Cllyvae. e

B saxmouenune oxomy u3 asTopos (IO, H. D.) xoyeTcs BHIpa3suTh UCKPEHHIOW MPU3HATEILHOCTE KO-
NleKTUBY NperofaBaTelieil 51eKTPONMHAMUKY Ha (puandeckoM dakynsTeTe HoBocubupekoro rocynapcTeeH-
HOTO YHWBEpPCHTETa, MHOLOJIETHEEe COTPYIHUYECTBO ¢ KOTOPLIMHA CTHMY/IHPOBAJIO OCO3HAHME MM IJ1yGHHbI
npelMeTa.
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METHOD OF IMAGES FOR ELECTRO- AND MAGNETOSTATIC PROBLEMS
V. V. Bazhanova, Yu, I. Eidelman

Method of images is used to solve some non-traditional problems of the electro- and magnetostatics.
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RELAXATION OF THE POLARIZATION
UNDER STRONG MAGNETIC NOISE

I. B. Khriplovich
Budker Institute of Nuclear Physics, Novosibirsk 630090, Russia

We consider the damping of polarization under magnetic noise of arbitrary strength.

The equation which describes the precession of polarization vector P in a magnetic field is well-known:

J fgjkijk(t). (1)

Here P; and wy(t) are cartesian coordinates of the polarization and precession frequency, respectively.

We will assume that the function &(t) has the form of random pulses with a characteristic duration 7
much smaller than interval between them, and of typical amplitude w. Moreover, at first we will consider
the case of a “weak” noise when the typical phase shift at the kicks is small:

¢ =wr < 1.

In other words, we assume that the random magnetic field corresponds to instantaneous kicks with the
correlation function

< w(tnlts) >= bub(t —t)n; 0 =w'r = /. @

One should mention that this problem is in fact a specific case of a more general one of a rotational
Brownian motion of an asymmetric top. That general problem which includes also external random torque
and friction has been considered in Ref. [1]. We believe, however, that the approach presented here still
deserves discussion since it allows one to elucidate the applicability of usually made approximations. On
the other hand, it is easily generalized to the case of strong noise when one cannot restrict to the pair
correlation approximation.

The formal solution of (1) can be presented as follows:

ty ta_1

P‘-(t) - Z(—)" /dtl-/dtz b ] dt, fiklilwk.(tl)filkgi,wkg(t:z) e -fiu_.kninwkn(tn)Pin(o) (3)

0 0

which can be easily checked by direct substitution.

Let us average this “solution” over the fluctuations of w. It can be seen that under the assumption (2)
a nonvanishing contribution to the sum in rhs of (3) originates from pair correlators of close neighbors
only, i.e., of w(ty) with w(t2), w(ts) with w(ts), and so on. Indeed, when pairing for instance w(t;) with
w(t3) in (3), one fixes not only t3 = ¢1, but ¢2 = t; as well. However, one é-function in the correlator
cannot compensate for two vanishing intervals of integration over time, so this contribution vanishes.
After this observation the average value < P;(t) > can be found from series (3) directly. But we are going
to do it by a trick which will be convenient in a more general case of a “strong” noise. ‘

Let us formally sum series (3) into an integral equation:

i 1] 131

Fi{t) = P.'(O) - fdil C,'kjwk(il)Pj(O) +/dt1 fdtz C;J,jw‘k(tl)fj]mwz(tz)Pm(tz). (4)
0 0 0

When averaging over the fluctuations, the term linear in w vanishes, and according to the above prescrip-

tion of pairing the fluctuating fields, the equation becomes

11 11
< P,’(t) o — P.(U) +/dtl‘/dig €ikj€jlm < wk(h)wi(tg) >< Pm(tg) >. (5)
0 0
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This is so-called Bourret’s integral equation. Its applicability limits are discussed in Ref. [2], but under
our assumption (2) it is evidently true.

We consider expression (2) as a limit of symmetric correlation function with a finite correlation
interval. So, when substituting (2) into (5), we integrate §-function according to

it
f §(t— 1) dt’ = % (6)
0
Then (5) reduces to
t
< P(t) >= P(0) - g/dtl < Pt) > )
0
with the obvious solution i
< Pi(t) >= Pi(0) exp(—3nt). (8)

“Certainly, this result, the exponential damping of pola.nza.tlon under Gaussian magnetic noxse, is

well-known.
However, it is straightforward to generalize the trick applied beyond the pair correlation function
approximation. We will assume for the phase shifts ¢ at random kicks the Gaussian distribution with the

mean square value o:

1 @2
W(¢) = \/217 exP(—ﬁ)' 9)
Therefore all odd powers of the phase shifts vanish at the averaging, and for their even powers we get
< ¢* >= o™ (2n — 1)!! (10)

Clearly, the restriction to the pair correlation function corresponds to the assumption o < 1, or to the

case of a “weak” noise. ‘
Now, let 7 be the unit vector of the magnetic field (or w) at a given kick. Then the correlator of the

order 2n contains the structure
€ijkVi€kimVi - - - GratVs = (—)" (8ie — vitn) (11)
which being averaged over the directions of ¥/ reduces to
2
3(—)" 8. (12)
In this way we arrive at the following expression for the correlation function of the order 2n:
2
3—1_(—)’162"(2!1 - 1)” 6.‘;6“1 - tz) s -d(tin—l - tgn) (13)
where the characteristic time 7 is introduced by dimensional reasons. The same line of reasoning as for
the weak noise demonstrates that due to the instantaneous nature of the kicks, we should restrict again to
the correlation functions of the kicks at successive time moments only. In this case as well each é-function

integration brings the factor 1/2. Thus we come to the same integral equation (7), the only difference
being in the decrement. Now it is

e _2 Z( )ﬂ(zgzﬂ-_:)u g (14)
n—l

e 4 / 3 [ dz z? exp(—2z?%/0?)
w3 wa"*’ 1422

& f;[l— %m(zlo’)(l—erfh/ﬁ/a’)) :
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We have introduced here the error function
2 z
erf(z) = ——/dt exp(—t?). (15)
VT )

In the weak-noise limit ¢ < 1 this decrement reduces naturally to the previous result o?/3r. The
strong-noise limit, o > 1, gives the decrement { = 4/37. Naturally, for a strong noise the relaxation time
1/¢ coincides (up to a numerical factor which is in fact a matter of convention) with the characteristic

time 7.
The same result (14) for strong noise was obtained earlier by V. V. Sokolov by the functional integral

method [3].
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SEMICLASSICAL SCATTERING OF
A DIRAC PARTICLE

M. V. Mostovoy
Budker Institute of Nuclear Physics, Novosibirsk 630090, Russia

The differential cross-section of scattering of a Dirac particle by a central potential is
calculated in the semiclassical approximation. It is compared with the differential cross-
section of a spinless particle.

We consider semiclassical scattering by a central potential of a particle obeying the Dirac equation and
compare it with that of a spinless particle by the same potential. In the classical limit the cross-sections
should coincide since spin enters the Hamiltonian only with k. The well-known case of Coulomb scattering
seems to be a counter example to this statement: the Mott formula for the differential cross-section of the
Dirac particle [1] differs from the classical expression by a factor (1—v? sin?8/2 ), where v is the velocity of
the particle (we have put ¢ = 1) and @ is the scattering angle. In particular, this factor suppresses backward
scattering of ultrarelativistic Dirac particle. In fact, the example is somewhat misleading, because the
condition justifying the validity of the Born approximation (in which the Mott formula was obtained)
Ze? [hv < 1, is opposite to a classical criterion [2]. However, the suppression of the cross-section of an
ultrarelativistic Dirac particle at # = 7 by 1 — v? = 1/9? is a phenomenon taking place for any central
potential which is a time-component of a 4-vector. It is a consequence of the conservation of the total
angular momentum projection onto the motion direction which makes the backward scattering possible
only if the particle helicity changes sign. This property holds also in the classical limit, even if for a
spinless particle there is a trajectory which leads to the scattering on § = 7. (In the case of repulsion
an impact parameter of the trajectory is equal to zero. However, for the validity of the semiclassical
approximation the impact parameter should be large as compared to the de Broglie wave length of a
particle. Therefore, in what follows we assume the potential to be attractive.) The existence of such a
trajectory in the case of spinless particle is known to result in a special kind of angular dependence of
the cross-section, called the glory scattering [1, 3]. The specific feature of such scattering is a maximum
of the cross-section at 8§ = 7. Below we shall show how spin effects can turn the maximum to zero.

To this end consider the trajectories of particles in an external field, defined by a vector-potential
Ayu(z), which emerge from the Dirac and Klein-Gordon equations in the classical limit. The classical
action (divided by h) is identified, as usual, with the phase of a rapidly oscillating semiclassical wave
function [3]. The phase may be found perturbatively, as a series in powers of the classical parameter A /a,
where X is the de Broglie wave length of the particle and a is the characteristic length of the potential.
This series may also be regarded as a series in powers of h. The part of the action of a Dirac particle that
is independent of h is also independent of spin and therefore coincides with the action of a Klein-Gordon

particle (Sg’) (D) ). It satisfies the Hamilton-Jacobi equation

p; S(D)
ot

We shall assume the external field to be time-independent, whereby

= Ao(2) +1/(VS© — eA(z))? + m?. (1)

—65530)/(% =K

The term proportional to & in the action of the spinless particle is absent, while the first order
correction Sg) to the action of a Dirac particle satisfies the equation®

(1) * y
% e (H+([1Exﬂ))c | (2)

1This correction can be interpreted as the Berry phase arising because a spinor which describes the positive frequency
solution in the external field changes along the trajectory [5].
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A
dr = u® dt is an interval along the trajectory defined by Eq. (1), and ( is the three-vector of polarization

of the particle.
Equation (2) can be easily verified by noting that the equation describing the spin motion,

di he | » - [Exd
=t C"(H+([1:uo]))l' ®

where u, = (p( eA,)/m is the velocity four-vector, p( ) = ——6,,5,(;’) is the momentum of the particle,

which is obtained when the correction Sg) to the classical action is taken into account, coincides with
the spin equation of motion at zero anomaléus magnetic moment [6, 7].
In what follows we assume that

eA©) = U(r) and A=0,

i. e. the magnetic field is equal to zero and the electric field equals

— " r
el = -U'(r) 5
which allows us to rewrite (2) as follows

dsy)  wu'(r) (L0

dr  2mr (E-U(r)+m)’ “)

where L = [ x ] is the orbital angular momentum. Thus for motion in a central potential, Sg) can be
interpreted as a correction to the action arising from the spin-orbit interaction with the Hamiltonian

s’ - .hU'(r) (E-0)
dt ~— 2r(E-U(r)) (E-U(r)+m)
The trajectory obtained in leading order of the classical expansion is confined to the plane orthogonal
to the vector L. which is an integral of motion. If the spin of the incident particle is directed along or
opposite to the vector L. it does not change its direction during the scattering. The spin-orbit interaction
changu, the phase of the wave function by ¥, dependmg on whether the spin is parallel or antiparallel
to L. The phase v is equal to the total change of SJ(D along the trajectory:

iy U'(r) |
Vel (©)

His = - (5)

To

Here p, is the radial component of the momentum and rp is the minimal distance between the particle
and the scattering center.

If an incident particle has a definite helicity, its spin will rotate during the scattering. Representing the
particle wave function as a superposition of those corresponding to the spin directed along and opposite
to L, we find that the angle of the spin rotation is equal to 21. The angle can also be obtained directly
from (3).

It is useful to extract from 1 a part which does not vanish in the ultrarelativistic limit. To this end
let us introduce an angle & between the radius-vector 7 describing position of the particle and the vector
of its momentum:

L/r

VDT 0

Differentiating (7) with respect to r and using the equations of radial and angular motion following from
Eq. (1) we get

sina =

LU'(r) 5] d_a+ dvils mLU’(r)
rp(E=U(r)+m)  dr  pr? rp((E-U(r):-m?) (8)
We use this equation in (6) taking into account that a(rg)—a(oco) = 7/2, and that in the case of attraction
| T d 0
B T+
y ./ Prrﬂ pe U | (U)

To
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where @ is a scattering angle, so that the expression for ¥ can be written in the form,

/)
_ o fd )
6 Lﬁ,j e (BE—U() —m?) (1)

For an attractive potential, the particle trajectory can wind several times about a scattering center. In
this case the scattering angle # in equations (9) and (10) is replaced by an angle v, by which the particle
velocity rotates during the scattering. It is related to the scattering angle by

0 =|2mn -1,

where n is the number of windings of the trajectory. Since § is proportional to the particle mass it vanishes
in the ultrarelativistic limit. Thus, the angle of spin rotation in this limit is equal to 7, which corresponds

to helicity conservation.
If we neglect a small change in trajectory of a Dirac particle due to the spin-orbit interaction, its

scattering amplitude fp(0) differs from the amplitude of scattering of a Klein-Gordon particle fxg(6)
only by the rotation of spin,

fp(8) = fx(8)exp (—W’ ('7'3)) ) (12)

where 77 is a unit vector directed along [p; x py], where j; and py are the initial and final momenta of the

particle.
The scattering amplitude of a Dirac particle is usually represented as a sum of spin-dependent and

spin-independent terms [2]:

fo(0) = A(6) + B(60) (7 - &) . (13)
Then for A and B we have
A(9) = fxf;(ﬂ) cosv,

(14)
B(B) = —fxg(G) sin !/) .
The differential cross-section summed over spin projections in the final state,
d d
=2 = AP + 1B = —5F (15)

do do '’

is equal to the classical differential cross-section for scattering of a spinless particle (at angles not too
close to 0 or ).

If there are several trajectories leading to scattering by the same angle, the amplitude is the sum
of contributions of all the trajectories. Their interference results in oscillations of the differential cross-
section as a function of scattering angle with a typical period ~ 27rh/AL, where AL is the difference
between the orbital momenta of the trajectories. The spin-orbit interaction changes the relative phases
of the contributions and therefore the interference pattern for Dirac and Klein-Gordon particles will be
different. They will be discussed in detail below for scattering at angles close to 7. A detector which
does not have angular resolution high enough to observe the rapid oscillations will measure an averaged
cross-section, which is equal to the sum of the classical cross-sections of a spinless particle. In this case
no difference between the scattering of Dirac and Klein-Gordon particles will be seen.

We consider now the effect of the spin-orbit interaction on the trajectory of the Dirac particle having
a definite helicity in the initial state. This interaction conserves the total angular momentum. If in
leading order of the expansion in % the ultrarelativistic particle scatters at # = =, then the change of
the spin projection onto the direction of the initial momentum by unity should be compensated by the
corresponding change of the orbital momentum projection on this direction. This means that during the
scattering the particle acquires a momentum perpendicular to the classical scattering plane and equal
to ii/p, the impact parameter p being approximately the same before and after the scattering. Thus,
due to the spin-orbit interaction the scattering angle of the particle becomes equal to = — h/L, where
L is the orbital momentum of the particle. In this case the quantum uncertainty in the scattering angle
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Apy/p > h/(pp) is larger than the deviation of the scattering angle from . Therefore, our earlier
arguments which assumed that a particle moves along the classical trajectory and which led to (12) need

to be modified.
The semiclassical formula for the differential cross-section for angles close to 7 can be obtained from

the general expression of the scattering amplitude through the phase shifts, which for the spinless particle
is [4],
h .
frxe(0) = 57 > (21 + 1)P(cos ) (exp(2i6;) — 1) . (16)
I

At 0’ = 7 — @ < 1 the Legendre polynomials can be approximated by the Bessel functions,
Pi(cos8) =~ (-1)'Jo ((l + %)9') : (17)

Moreover, in the semiclassical case the sum over momenta transforms to the integral, whose main con-
tribution comes from the neighbourhood of Ly = hly, the angular momentum of the classical trajectory
leading to the scattering by # = . In this region one can substitute for the semiclassical phase shift

=3 ( [ @)= igar - |5|ro) +50+3)

its expansion in powers of I' =1 — [y

26 = 26, — nl’ = pI'?, (18)

where f = -;— (E) . One finds [1, 3],
I=lo 5

fra(8) = exp(2:6;u + nrlo)/dl Jo(10") exp(— 1,61'2) (19)

'I p |
For 8! < /P the Bessel function can be taken out of the integral and Eq. (19) transforms into

TI'LU

Bp?
The same method can be used to obtain the differential cross-section of a Dirac particle for scattering

by angles close to 7. The functions A and B, defined by (13), are expressed through the phase shifts as

follows [2],

doke

T2 =0l (8"), C= 25

(20)

S E%’T Z[(’ + 1)(exp(2i6_;-1) — 1) + I(exp(2ié;) — 1)] Pi(cos 8),
1

(21)
B = E;TI Z,:[exp(2i6_;_1) — exp(2i6; )]I%‘;(cos 8),

where 6, denotes a scattering phase in a state with a total angular momentum j = [ — 1/2, while §_;_,
is a scattering phase for j = I+ 1/2. In the ultrarelativistic limit 64, and é_; are related as follows [2]:

exp(2i6_;) = exp(2i4;). (22)
Using this relation for 8’ < /F we get:
|BI? = CJ}(l0"),

(23)

6

12
|A]? - 1B
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If the particle energy is not very large compared to its mass, the angle 26 between the spin and velocity
vectors after scattering is, in general, not small. The expressions for A and B could be obtained in this
case by noting that in the classical limit the phase shifts §_; and & correspond to the scattering with
spin directed along L and opposite to L. Using (10) we find a relation generalizing (22),

exp(2i6_; — i8) = exp(2ié; + 16), (24)
so that,

|AJ? Csin? 6J¢(100"),

(25)
|BI? = Ccos?éJ(1s0").

We can now compare the cross-sections of Dirac and Klein-Gordon particles at @ close to 7. For
1/lp < 6’ < 1 one can approximate the Bessel functions in formulae (20), (23) and (25) by their

asymptotic expressions
i . 2 ' w
Jn(lof )~‘/‘ﬂ'109’ cos (106 (2n+1)4).

Thus, the semiclassical differential cross-sections are rapidly oscillating functions of the scattering angle.
The oscillations are due to interference of contributions from the two trajectories, for which the velocity
vector rotates during the scattering by the angles (v — ') and —(7 + 8’). For 8’ < 1 the values of
orbital angular momenta for these trajectories are close to Ly. The averaged differential cross-sections of
Klein-Gordon and Dirac particles are equal to the sum of classical cross-sections,

dop _dokg _ 2 LodLg

do ~ do  p20'de’
The spin-orbit interaction changes the relative phase of the contributions from these trajectories, which
results in a shift of the interference pattern. For 1/l < 8’ < 1 the peaks of the differential cross-section
of a Dirac particle are shifted with respect to those of a Klein-Gordon particle by 7/2lp. At § = 7
the differential cross-section of a spinless particle has a maximum which corresponds to a constructive
interference of the contributions. The spin of an ultrarelativistic Dirac particle which scatters backward
rotates either by m or by —m, depending on the trajectory, so that a relative angle is equal to 2.
The rotation of a spin-% particle by 27 changes a sign of its wave function. Therefore, in this case the
interference is destructive and the cross-section at § = 7 is zero.

(26)
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KBA3UKJIACCHYECKOE PACCESIHUE NMPAKOBCKOM YACTHIIEI
M. B. MocToBon
Ilnddepenunanbioe ceyeHne paccesHMA NHUPAKOBCKOH YACTHIE Ha ChepHYECKH-CHMMETPHYHOM IIO-

TeHUualle, BEIYUCIEHHOEe B KBa3MKJIACCHYECKOM NMPHOIMXXEHUN, CPABHHBAETCA ¢ AHddepeHIHATBHBIM
cevyeHHeM paccesHus OecCIMHOBOM YaCTHIIHL.
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9JIEMEHTAPHBIN BHIBOI HU3KOOHEPTETUYECKON
TEOPEMBI IJIs1 KOMIITOHOBCKOI'O PACCEAHWA

A. 1. MunemreitH
HucturyT aneproit ¢pusuku um. I'. . Bynxepa u
Hosocubupckuii rocynapcrsentbii ynusepcuret, Hosocubupcek, 630090

HuskosxepreTuyeckas TeopeMa AJS paccesHus GOTOHA HA YacTHIe co cmuHoM 1/2 u ano-
MAJNBHEIM MATHHTHBIM MOMEHTOM NOJY4eHa, HCXOAA M3 Pa3jOXKEHHA 10 v/c raMMIbTOHH-
aHa YacTHIEI BO BHEllIHeM Iojie ¥ OOBLIYHON KBAaHTOBOMEXaHHYECKOH TEOPHM BO3MYIIEHHH.

Copok snter Hasan B paborax Jloy [1], lenn-Manna u F'onpbeprepa [2] 6b110 nokasano, 4To npu paccesHun
$OTOHA HM3KOI SHepPrUM HA YaCTHUIE cO cnuHOM 1/2 aMnimMTyna MMeeT BHA

Ty = T + TP, \ (1)

rue ‘.T( ) He 3aBHCHUT OT 4acCTOTHI (l)O‘IO}Ia W' ¥ COBNAJaeT ¢ TOMIICOHOBCKOWM aMIIJT.HTy,IIOH a T( ) ~ W n
Oﬂpene.TIﬂBTCﬂ TOJILKO BEJTHYHHON aHOMaJILHOI'O MarHUTHOTO MOMEHTa YaCcTHIIEI. B HacTOAIIEeH 3ame'rxe MBI
naauM MHTepnpeTalnnio 3Toro Q)aKTa. Ha aamce 3@¢EKTI‘IBHOI’O raMuJIbTOHHAaHa, [NOJIYYEeHHOI'O ¢ NOMOIIBLIO

HepelIATHBHCTCKOTO Pa3JIOXKeHHs.
PaccMoTpuUM YacTHIy cO cimHOM 1/2, Maccoil m, 3apsAioM € ¥ aHOMaJIbHBIM MAarHMTHBIM MOMEHTOM

p' BO BHeIIHEM 3JIEKTPOMArHMTHOM TOJIe ¢ BEKTOPHBIM MOTEHIAAJIOM A (A©) =0, VA = 0). Ona
ONMCHLIBAETCA BOHOBLIM ypaBHeHueM (cM., Hanpumep, [3])

a . % ,
[ 0 i — F(=iV - eAd) = m - ‘;J"“”F“” (7, 1) =0. 2)
3pecs FAY — Tensop 51eKTPOMArHUTHOTO Mo, ob = i[y#,v"]/2, oFY FH [2 = -SH +id€ Ed H —
3eKTpUYecKoe M MarHuTHoe mois (€ = '%A’ H =V x A), v* — marpunst dupaka. Mu1 ucnonbsyem
cuctemy enunun h = ¢ = 1. llpencTaBuM NMUpakoOBCKMil CIIMHOP B BHIE
& (7, t) !
P(r, 1) = ( T (3)

X(Fi t)

IoacTasum (3) B (2) M BEIpa3uM MaJible KOMIOHEHTH! X 4depes ¢ . B pesympTaTe monydum ypabHeHue
Ilpenunrepa Ha NBYXKOMIOHEHTHBII CIIMHOP ¢ ¢ raMIJIbTOHHAHOM,; COEPXKAIMM B3aUMOJEHCTBHE C JIeK-
TpoMarHUTHEIM nojieM. Iljig Toro, 4To6El 3TOT raMHJILTOHNAH ONHMCHIBAJ aMINIUTYNy paccesHus GoToHA
¢ YYETOM WJICHOB ~ W, HEOBXONUMO ylepXaTh B HeM WieHbl ~ A%/m u ~ wA?/m?, xoToprie naoT BKIAKL
B AMIUIATYAY paccesHHs B NePBOM IOPS/Ke TeOPUH BO3MYINEHHH, a TakXe 4WieHH ~ wA/m, xoTopsle
NaloT BKJIA] B AMIUINTYLY PaccesHHS BO BTOPOM NOps/Ke Teopud BosMymeHui. IIpu sToM Hano uMeTh B
Buny, 410 £ ~ H ~ wA, UMIyJILC KOHEYHOR JACTHILI ~ W. Kpome Toro, pasnuna 3Hepruii Ha4aJLHOTO
¥ TIPOMEXYTOYHOTO COCTOSHMI NPH BEIYHCICHHH BTOPOTO NMOPSMKA TEOPHU BO3MYIIIEHUil paBHa +w (4w,
eciIM CHAYaJa MOrJoLlaeTcs HavalbHBI (OTOH, a MOTOM M3Iy4YaeTcs KOHEUHEHIH, W —w JUIS o6paTHOro
NIOpSA/IKA TOTJIOMEeHUs ¥ W3iydeHHs ¢oToroB). C HyXHOH TOYHOCTBIO M/ MaJIbIX KOMIIOHEHT )X HAaXONHM:

1 " - — b -
x(7, 1) = %l_[&'(-iv —eA) — i(y + e/2m)FE] #(7, ). (4)
Ilng ramminbToHRnAaHa H Haxomum:
(F— eA)?
H= 2t p&”?f+—(p+-—-)[(p—e}i)x£]a (5)
rae f = —iV, p =y’ + €/2m — NONHEI MATHATHBIA MOMEHT YaCTHIEI. 3aMETHM, YTO WIeH J X En(5)

He JaeT BKJAJ B AMIUIATYAY paccesHus (OTOHA ~ w, T. K. OH HMeeT nopsanok w? A/m? smecro w A/m .
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Mgl coxpanuiau ero Jura Toro, 4Tobel 6bl1a BHAHA KanubpoBoyHas MHBAPHAHTHOCTh raMmbToHnaHa. [lo-
cacanmit uien B (5) cOOTBETCTBYeT OnepaTopy CNUH-OpEMTANIBLHOrO B3aMMOIECTBUA B aTOMaX. 3aMeTHM,
4TO B 9TOM onepaTope “HOPMAJILHEIR" MArHMUTHBIA MOMEHT €/2m BXONMT ¢ JOMOIHATEILHBIM MHOXNTeE-
sem 1/2 (ToMacoBcKas NOJOBUHKA) 10 CPABHEHHMIO ¢ AHOMAJILHBIM MAarHUTHBIM MoMeHTOM 4’ BekTOpHEL
NOTEHIMAI HICKTPOMArHUTHOTO TOJIS NPEeACTABMM B BUJE
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A= e wtdikr M e;e“"" :k_,r, (5)
rie ¢ (€7) u ki (k;) cOOTBETCTBEHHO BEKTOP MONAPHU3ALMM U MMIYIbC HAYAILHOTO (KOHEYHOTro) dOTOHA.

Jlis HaxoxJiIcHAd aMINIMTYAbl paccesHUs (POTOHA MCNONb3yeM Tenepb OBBLIYHYIO TEOpUIO BO3MYIIEHUMH.
Omneparop
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JlaeT BKJAJl B [IEpBOM NOpPAJIKe TEOPHUH BO3IMYIIEHHI:
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(a) _ _ € oz | 2iew et
Ty = oeif) £ — (i + =)0 (6] x&). (8)

[lepppiit wien B 9Tol GopMysle ecTh TOMIICOHOBCKas aMIUINTYHA. OnepaTop
epA ~
H® = «“— - udH 9
T (9)
JlaeT BKJIaJl BO BTOPOM MNOpAIKEe TEOpHH Bo3my|_ueﬂm'&. y‘-lHTblBaﬂ, YTO HAYaJIbHBIH PlMl'lyJ"IbC HacTHIBI
paBel HYJIO, & KOHEYHBbI MMIYNbC paBeH- ki — kf , a TaKXe yKa3zaHHOe BbIlLlle 3HaYeHHe 3Heprui rmpome-
KYTOUYHBIX (:OC'I‘OﬂHHﬁ, HaxXoJuM BKJIal onepaTopa H(?‘) B aMINIUTYNY pacCeaHWNdA:
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Ti( ) +-m—w (kpéi)(, ky x e;) - (k,'ef)(cr,k.- X e;)] +
] 2 d - a - -
+ (@ Ko x @)(F Ky x &) = (7 Ky x &)@ K x &)]. (10)

Wenonbsys ussecTnyio Gopmydly aAias npoussefeHus MaTpun Ilaymu, sropoit wien B (10) MoxHo nepemu-
carlbk B BUJIEC
2iu?
w
HMoncrapnss ato npencrasienre B (10) u ckmansiBas ¢ (8), HaXoMUM MOTHOE BHIpaXKEHHE IS AMIUTHTY LI
paccestHusi, cOBNajalomlee ¢ pesyibTaToM pabor [1, 2]:

7 (ki x &) x (kg x 7). (11)

e, el iiogls | B e G
Ty = -Z&8 + 2R (kr6:)(7, ky x &) — (Ki€)(3, ki x &)| +
2ip? . Bt 2iew S
+ —wmcr[(k.» x &) x (ks x €F)] + T(,u —e/4m) 7 (&7 x &). (12)

i 1
[Ipu paccessHUM Ha HY7IEBOH yToJl aMINIMTYAa T,(f ) NpPONOPUUOHAIIbHA AHOMAJIBHOMY MarHHTHOMY MOMEHTY,
a NIPM paccesHUM Ha HeHyJeBoil yroa »To He Tak. Ecnmn 3apsn pasen mymo (HampuMmep, y HeilTpoHa), To

1
TOMIICOHOBCKag aMIJIMTYHa paBHa HYJIO, a ’Tt(f) OTJIMYHa& OT HYJIA.
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SIMPLE DERIVATION OF THE LOW-ENERGY THEOREM FOR COMPTON SCATTERING
A. 1. Milstein
The low-energy theorem for photon scattering by a spin 1/2 particle with anomalous magnetic

moment is derived in the framework of the ordinary quantum mechanical perturbation theory using
the Hamiltonian expansion in v/c.



