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Abstract
Wepresentsomeanalyticalstatisticaltechniquesusedfor thedata
analysisin muong-2experimentatBrookhavenNationalLaboratory.

1 INTRODUCTION

In our muon g-2 experimentwe intend to measurethe muon g-2 value to about0.3 ppm (partsper
million) accuracy. Therearetwo quantitiesin this experimentwhich have to bemeasuredprecisely:the
first is the magneticfield in muonstoragering, measuredby a systemof NMR probesin termsof the
frequency of theprotonspinresonance,��� , andthesecondis thefrequency of g-2 oscillationsfrom the
time distribution of electronsemerging from muondecays,� . Technically, � is found by chi-squared
optimizationof theparametersof afit functionapproximatingthetimedistribution (histogram)of decay
electrons. This is a standarddataanalysistechniquein high energy physics,however the precision
requirementsin our experimentareexceptionallyhigh. For this reasonall statisticalpropertiesof the
fitteddistribution,suchasstatisticalerrorsandcorrelationsamongparameters,mustbewell understood,
all statisticaltestsmustbewell justifiedandall possiblesystematiceffectsmustbeextensively studied.

A simpleprocedurewasdevelopedandappliedto calculatethestatisticalerrorsandcorrelations
of parametersanalytically. It was found that the correlationbetweenthe frequency andphaseof g-2
oscillationscan be usedto improve the statisticalerror of � by useof information on phase,which
we possessin our experiment. A similar procedurewasdevelopedfor the analyticalestimationof the
systematicshift of � dueto thepossiblepresenceof a smallunidentifiedbackground.This allows usto
studya numberof possiblesourcesof systematicerrorsincludingsucha fundamentalsystematiceffect
asfinite binwidth,whichmight beimportantfor any distribution in physicsandelsewhere.

Someof the � stability checksin theg-2 experimentarebasedon comparisonof resultsobtained
for the full set of dataand that obtainedfor somesubsetof data.Theseare, in particular, checksfor
stability with respectto changeof (1) thehistogramfit starttimeand(2) energy threshold

�����
	
of decay

electrons.For suchproblemswe have derived equations(20) and(21) for statisticalfluctuationsof fit
parametersasa function of fluctuationsin individual channelsof the histogram. Using this equation
we hasshown that thedifferencein � for thefirst caseshouldbewithin � � 
����������� ��� 
��� ��������� � for one
standarddeviation. Wehavefoundthatthisformulais actuallyvalid for any distributionnomatterof how
many parametersit hasandwhetheror not they correlateto eachother. However, for thecaseof energy
thresholdchange,someparametersof theg-2 distribution (thephaseandamplitudeof g-2 oscillations)
dependontheenergy thresholdandthereforethis formulacannotbeapplied.Nonetheless,eqs.(20)and
(21)allowedusto derive anappropriateformulafor this casetoo.�
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2 STATISTICAL ERRORS AND CORRELATIONS OF FIT PARAMETERS

In a typicaldataanalysisprocedure,thefit parametersvalues��� areobtainedby minimizationof � �! #"%$ :� �  #"%$'&)(+*  �,' #".-0/ * $ �21 * $ �,' #"3-0/ * $ (1)

where
,' #"3-0/ * $

is afit functionand
/ *

and1 * arecenterof the 4 ��� channelof histogramandits content,
respectively. Statisticalerrorsandcorrelationsof fit parameterscanbefoundfrom equation:5 � �  768"3$:9<;>= ?A@CBEDFB 5 � �  768".$%9 � �  #"%$ � � �  #":G!$IH�JLKM6�"N9O" � ":GQP (2)R @TSVUWB
XQYTH[ZFS]\!J^KCBE_LJCB
U`H�JaB
b�b�S]cLUF\!S�Kd\�e`BEDFDF\�D+Ugf 5 � �  76�"3$'h)( � (jilk � i 6 ��� 6 � i 9<;

(3)?m@CBED+B k � i 9l( *on ,qp�rts ,s �L� s ,s � ivu ":wx":G \�D k � i h yz ,|{!/%} ,qp�rts ,s �L� s ,s � i {~/ (4)

are coefficients of error matrix � . Here y is total numberof eventsin the histogram. From the
definition of statistical errors of fit parameters


 � & 
  � � $ , illustratedin Fig.1,one can prove that
 � 9<� � ���{��E/E � $ = ?m@CBEDFB � ��� SVUWZF@CB���� ����� S�JC\�Dq\�e � H[Z0D�S�� � P

σ

σ

σ� σ� ��
� ��

Fig. 1: Ellipsoidof errorsanddefinitionof statisticalerrors��� and ���
In thispresentationwe analysethepropertiesof fiveparameterdistribution �  �/F$ :�  �/0$:9 y�� � p �V���C� ;3����� \!U¡ � /��£¢¤$�¥ (5)

which (with or without minor corrections)is thetime distribution of high energy electrons(
�§¦¨�����E	

)
from muondecaysin themuong-2 experiment.This distribution is shown schematicallyin Fig.2(left).
Threespecialpointsaremarked in this plot: momentof injection, which is often chosenas the time
origin

/%9O©
andat whichwe mayhave someknowledgeof phase

¢
of g-2 oscillations;datatakingstart

time ª andthecenterof gravity of distribution
 ª ��«L$ . For technicalreasonsit is convenientsometimes

to setthetimeorigin
/:9O©

at thecenterof gravity. In sucha caseª 9 � « .
For thisg-2distribution,eq.(3)for theellipsoidof errorscanbewritten in asimplifiedmatrix form as

n:¬ yy � 6 y�� ¬ y« 6�« ¬ y¬ ­ 68� ¬ y¬ ­ �|«�6 � ¬ y¬ ­ �®6¡¢ u°¯²± ¯´³µµµµµ¶
¬ y®·jy^� 6 y^�¬ y¸· « 6�«¹ yº·[­ 68�¹ yº·[­ �|« 6 �¹ yº·[­ � 6¡¢

»+¼¼¼¼¼½ 9<;
(6)
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Fig. 2: Left: Distribution of decayelectrons.Markedareinjectionpoint,datatakingstarttime ¾ anddistribution’s center

of gravity ¿�¾^ÀÂÁ[Ã ; Right: Numberof events Ä , asymmetryÅ and ¿�Ä�Æ0Å`Ç0Ã asfunctionof energy thresholdÈÊÉ]Ë0Ì
wheretheerrormatrix � (in generalandfor ª 9 � « ) is:

Í 9 ³µµµµµ¶
; Î � �Ï; © © ©Î � �Ï;  Î � �l;V$ � �Ï;Ð© © ©© © ; © ©© © ©  �Î � �l;V$��~�Ï; Î � �Ï;© © © Î � �Ï; ;

» ¼¼¼¼¼½ =ÑeÒ\�D ª 9 � « Í 9 ³µµµµµ¶
;Ó©¨©Ô©<©©Õ;Ö©Ô©<©©Ô©×;Ó©<©©Ô©¨©Õ;O©©Ô©¨©Ô©Ø;

» ¼¼¼¼¼½ (7)

Equations(6) and(7) givea solutionfor thestatisticalerrorsof theparameters:Ù�ÚÜÛ.ÝßÞ|àá Þ ¹ âVã'äEåmæ¸ç è�éqæ�ç Ù~êmÝ åá Þ Ù~ëìÝ á íá Þ Ù!îLÝ á íå!ï á Þ Ù~êmÝ á íï á Þ ¹ âVã'äEåmæ¸ç è�éÊæ�ç
(8)

from which

Cð

is mostimportantin this experiment.As follows from eq.(8),thefigureof merit for

Tð

asa function of energy thresholdis y  �m���E	 $òñQ�A�� �����
	 $ . A plot of y  �����E	 $gñ~�A�! �m���E	 $ is shown in
Fig.2(right),it getsthemaximalvalueatabout0.6of maximalenergy

��ó3ôFõ 9löQP�;
GeV.

As follows from eq.(7),thereis statisticalcorrelationbetweentheg-2 frequency � andthephase¢
(aswell asbetweeny^� and

«
), unlessª 9 � « . This correlationcanimprove


Cð
if someexternal

knowledgeof phaseis available. In themuong-2 experimentsucha knowledgemight comefrom the
polarizationof the muon beamat injection. An exact knowledgeof

¢
is equivalent to fixing it, i.e.

excludingit from thelist of fit parameters.Thatgives
 ð 9 ¬ ­«C� ¬ y ¯ ;¹  ª · «a�O;8$ � �l; (9)

i.e. improvementby factorof
¹  ª · «a�O;8$ � �O; , which is ÷ ¬ öQP ­�ø for our experimentwhere ª · «ùh; ·[­ . In reality, thephase

¢
is known at injectiontimewith someprecision


Lú
. In this casetheequation 76[¢¤$��
 �ú � 5 � �  76 y�� =+68«v=+6��û=+6 � =+6[¢¤$m9<;

(10)

shouldbeconsideredinsteadof eqs.(2)and(3). Theresultfor

Cð

in this caseis
Cð 9 
Cð �ü ý�þ Çÿ� � ý������ þ Ç�� ý�þ Çÿ  ª · «a�O;8$ � �O; = ?m@CBEDFB 
Cð � & ¬ ­«C� ¬ y (11)

3 SYSTEMATIC SHIFT OF FIT PARAMETERS DUE TO LOW LEVEL BACKGROUND

The systematicshift of fit parameters
6�"

dueto the presenceof an unidentifiedlow level background	  �/F$
canbefoundfrom the � � ( " ) minimization:© 9 s � �s �L� 9 ss ��� (+*  �, �21 * $ �, h ­ (+* , �21 *, ,�
� h ­ (+* , � , � � 	, ,�
� h
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h ­ ( *�
��i w r�� , 
i 6 � i�� � 	, , 
� 9 ­ �(i w r 6 � i ( * , 
i , 
�, � ­ ( * 	, , 
� 9O© (12)

where
,T9g,' #"ò-0/ * $

,
, � 9�,' #":G~-0/ * $ , , 
� 9< s , ·[s �L� $ and

	 9 	  �/ * $
. Thus�(i w r 6 � i } , 
� , 
i, {~/'9 �(i w r�� � i 6 � i 9 } 	 , 
�, {!/:= �`9<;[= ­ =EP]P]P]=�� (13)

Here � � i 9 z ���� ����� {!/
arethe elementsof the shift matrix � and

�
is the numberof fit parameters,

i.e. thenumberof componentsof vector
"

. For theg-2 function �  �/F$ andfor ª 9 � « , thematrix � is
diagonal:

³µµµµµµ¶
� �� � © © © ©© � � �� © © ©© © � � � �� © ©© © © � � � Ç � ��!� ©© © © © � � � Ç � ��

» ¼¼¼¼¼¼½ ¯ ³µµµµµµµµµµµµµµ¶

6 y �6�«68�6 �6[¢

»+¼¼¼¼¼¼¼¼¼¼¼¼¼¼½
9
³µµµµµµµµµµµµµµµµ¶

r� � z#"p � 	  �/0$Q{~/r� Ç z$"p � / 	  �/0$Q{~/z$"p � � � � �&%('�) � ð � �+* �r � �,%-'�) � ð � �+* � {~/� � z#"p � � � � � �&)/.10 � ð � �+* �r � �2%-'�) � ð � �+* � {!/� � z "p � � � � ��)3.10 � ð � �+* �r � �2%-'�) � ð � �+* � {~/

»+¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼½
(14)

As an exampleof applicationof eq.(14)we considerthe systematicshift of � dueto finite binwidth.
Numericalroutineslike PAW/MINUIT usuallysetthe fit function valueat the centerof the histogram
channel,

,' �/540$
, ratherthantheaveragefunctionover thebin width 6 , ,' �/F$ . This effectively introducesa

systematicshift by
	  �/F$:9 ,' �/F$ � ,' �/ 4 $ :	  �/0$ 9 ,' �/0$ � ,' �/ 4 $'9 n ;6 } � � �p � � � ,' �/ 4 �87!$Q{ 7 u � ,' �/ 4 $'hh n ;6 } � � �p � � �:9 ,' �/54F$��;7=<,' �/>4F$W� ;­ 7 �@?,> �/54+$(A%{B7 u � ,' �/54F$'9 6 �­�C ?,' �/540$

(15)

D \�D>ZF@CB
g-2

e�YTJL� ZFS]\!J �  �/0$�=�ZF@CBFELH���GIH�DF\!YTJTK�e#YTJT� ZFS]\!JaS�Uòf 	  �/F$%9 6 �­�C ?�  �/0$%9 6 �­�C � � y�� � p �V��� ¯¯KJML � � �� ; � L � $Q� \!U� � /W� ¢Ü$W� ­ � L UFS�J� � /��£¢¤$(N|h � 6 �­�C � � y�� �®�[p �V��� � \!U¡ � /��£¢¤$ (16)

Herewe neglecttermsof relative order
L 9  � «L$ p�r 9O©vP ©C; . Thesystematicshift in g-2 frequency is:6 �� h ;� ­� y�� � � «�O 6 �­�C � � y^� � } "p � � /C�[p �V��� � \!U� � /W� ¢Ü$òUFS�J� � /Ê� ¢Ü$;3� �Ô� \!U¡ � /��£¢¤$ {!/:99 � 6 �; ­ �Ê« O ¯ �
«­ � 9 � ;­ � \!U ­  � « � ¢Ü$W� � ­QP � \!U� � « � ¢¤$Ê� ;ö � \!ULöC � « � ¢¤$SRTA

Herewe neglecttermsof relative order
 #� ·[­ $��|hO©vP © C . Finally wehaveUUUU 6 �� UUUUIV 6 �­�C « �  #©vP ø ��©vP ­ ��©vP © W�$.9löQP ­ ñ!;E© p � ¯ 6 �« � (17)

For a typicalbinwidth 6 9O©vP�; øYX s andfor
«º9[Z C\X s, ] 6 � · � ] V ©vP�;^WmcTc �
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4 FLUCTUATIONS OF FIT PARAMETERS VERSUS FLUCTUATIONS OF _;`
In this sectionwedenote

":G
to bethe“true” valuesof fit parametersand

"
betheir “specific” valuesfor

someparticularhistogram.These“specific” valuesdiffer from the“true” onesby statisticalfluctuations5 "
which ultimatelyarisefrom statisticalfluctuationsof thenumberof eventsin individual histogram

channels,1 * . For � � in this casewe have:

� �  #":Gm� 5 ":$:9)(F* � ,' #":G�� 5 "3-0/ * $ � 1 * ¥ �
 �* h)(+*  �, � � 
 � , 
� 5 ��� � 1 * $ �, � (18)

where
, 
� 9I s , ·[s �L� $>a w a$b , , � 9 ,' #":GQ-0/0$ and


 �* 9),�h), � . From s � � ·[s �L� 9)© we have a systemof�
linearequationsfor

5 � � : (+* ,�
� , � � � 
 i , 
i 5 � i � �21 *, � 9O©
(19)

which canbewritten in matrix form as � ¯ 5 "�9dc
with matrix elements

k � i of � andcomponents6��
of vector

c
being k � i 9 ( * , 
� , 
i, � H�JLK 6 � 9 ( * , 
�, �  1 * � , � $ (20)R @CB3U0\!b�YCZFS�\!Jûe�\�DqB
X�PC ;�e!$`S�Uòf 5 � i 9 
f�� w r � � i 6��{��
/  � $ = � � i 9² � ;8$ � � i � � i (21)

where
� � i arethecofactorsof elements

k � i of matrix � and � � i areits minors.Equations(20)and(21)
for

5 "
versus1 * areextremelyuseful.In particular, suchfundamentalrelationsas
 � 9 � g  5 �L� $ ��h 9<� � ���{��E/E � $ H�JLK i � i & g 5 ��� 5 � i h
 � 
 i 9 � � i¹ � ��� � i�i 9² � ;8$ � � i � � i¹ � ��� � i�i (22)

canbederivedwith useof theseequations.Here
g P]P]P h

is anaverageoverensembleof similarhistograms.

4.1 Application of eqs. (20) and (21) for set � subset relations for muon g-2 experiment

For systematicstudiesin themuong-2experimentwecompareresultsof parameteroptimizationfor the
full setof dataandfor a subset,for which we subtractsomeparticularenergy bin (rise

�����
	
) from the

full set. � � optimizationgivesus
5 � r for thefirst case(full set)and

5 � � for thesecondcase(subset).
Five parameterfunctions � r  �/0$ and � �  �/F$ , describingthe setandsubset,have differentnormalization
constants( y � r , y � � ), asymmetries(

� r , � � ), phases(
¢ r , ¢ � ), total numberof events( y r , y � ) and

statisticalerrors(

Tð r , 
Tð � , etc.) but have thesameparameters� and

«
. We alsointroducethefunction� O  �/F$x9 � r  �/F$ � � �  �/F$ which describesthis subtractedenergy bin alone. We assumeª 9 � « for

simplicity (nocorrelations). Let usconstruct
5 � r � 5 � � 99)( * 9 
 �ð r s � rs � ;� r � 
 �ð � s � �s � ;� � Am 1 * � � � � $W� 
 �ð r ( * s � rs � 1 * O � � O� r (23)

andevaluate j  5 � r � 5 � � $ ��k 99 ( * 9 
 �ð r s � rs � ;� r � 
 �ð � s � �s � ;� � A �ml  1 * � � � � $ �on � 
+pð r ( * P s � rs � R � j  1 * O � � O $ ��k� � r 99 ( * 9 
 �ð r s � rs � ;� r � 
 �ð � s � �s � ;� � A � � � � 
+pð r ( * P s � rs � R � � O� � r 9
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9 (+*rq 
+pð r P s � rs � R � � �� � r � ­ 
 �ð r 
 �ð � P s � rs � R P s � �s � R ;� r � 
+pð � P s � �s � R � ;� � � 
+pð r P s � rs � R � � O� � ros 99 
+pð r ( * P s � rs � R � ;� r � ­ 
 �ð r 
 �ð � ( * P s � rs � R P s � �s � R ;� r � 
+pð � ( * P s � �s � R � ;� � 99 
 �ð r � ­ 
 �ð r 
 �ð � (0* P s � rs � R P s � �s � R ;� r � 
 �ð � (24)

Evaluatingthesumin thecorrelationtermexplicitly:( * P s � rs � R P s � �s � R ;� r h } "p � y^� � � r � � /���� p �V��� UFS�J� � /��£¢ r $gUFS�J� � /��£¢ � $;%� � r � \!U¡ � /�� ¢ r $ {~/6 h
h y � � � r � � � \!U� �¢ r � ¢ � $­ 6 } "p � / � � p �V��� {~/'9 y � � � r � � � \!U� �¢ r � ¢ � $­ 6 « O ��99 � r� � � \!U� �¢ r � ¢ � $ y � � �� « �­ 9 � r� � � \!U� �¢ r � ¢ � $ 
 p �ð � (25)

Finally :

l  � r � � � $ � n 9 l  5 � r � 5 � � $ � n 9 
 �ð � � 
 �ð r P ­ � r� � � \!U� �¢ r � ¢ � $ � ;�R (26)

Note that

l  � r � � � $ �on 9 
 �ð � � 
 �ð r ?m@CB
JØ� r 9O� � H�JTKN¢ r 9)¢ � (27)

An even more commoncheckfor systematicerrorsin the muong-2 dataanalysisis a test for
stability of theg-2 frequency � versushistogramfit starttime. For that testwe compareour result � r ,
obtainedfrom the“standard”largestpossiblefitting time interval, with anotherresult � � , obtainedfrom
fitting over a smallertime interval. The “standard”time interval startsfrom sometime ª r after muon
beaminjection andlastsabout10 lifetimes. For the “smaller” time interval we shift the fit start time
forward to sometime ª � . Evaluationof j  � r � � � $ ��k for this caseis moreelaborateascomparedto
eqs.(23)-(26)andis notgivenin thispresentation.Theresultis simplethough:l  � r � � � $ � n 9 l  5 � r � 5 � � $ � n 9 
 �ð � � 
 �ð r (28)

Fig.3showstheg-2frequency � asafunctionof thefit starttime. Thesolid line representstheonesigma
band�  7ö[© X � $ � ¹ 
 �  �/F$ � 
 �  7ö[© X � $ . Apparently, theplot revealsnodeviation morethanonesigma.
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Fig. 3: Frequency � versusfit starttime

We have found that for fit starttime scanandfor similar situations,eq.(28)is actuallyvalid for
any distribution no matterhow many parametersit hasandwhetheror not they correlateto eachother.
More detailsof all derivations,givenandmentionedin this presentation,canbefoundin our upcoming
publicationsin (tentatively) Nucl. Instr. andMethods.
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