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Abstract
We presensomeanalyticalstatisticatechniquesisedfor thedata
analysisn muong-2 experimentat Brookharen NationalLaboratory

1 INTRODUCTION

In our muon g-2 experimentwe intend to measurethe muon g-2 value to about0.3 ppm (parts per
million) accurag. Therearetwo quantitiesin this experimentwhich have to be measuregrecisely:the
first is the magneticfield in muonstoragering, measuredy a systemof NMR probesin termsof the
frequeng of the protonspinresonancey,, andthe seconds thefrequenyg of g-2 oscillationsfrom the
time distribution of electronsemeping from muondecaysw. Technically w is found by chi-squared
optimizationof the parametersf afit functionapproximatinghetime distribution (histogram)of decay
electrons. This is a standarddata analysistechniquein high enegy physics,however the precision
requirementsn our experimentare exceptionallyhigh. For this reasonall statisticalpropertiesof the
fitted distribution, suchasstatisticalerrorsandcorrelationsamongparameteranustbewell understood,
all statisticatestsmustbewell justifiedandall possiblesystematieffectsmustbe extensiely studied.

A simpleprocedurevasdevelopedandappliedto calculatethe statisticalerrorsandcorrelations
of parameteranalytically It wasfound that the correlationbetweenthe frequeng and phaseof g-2
oscillationscan be usedto improve the statisticalerror of w by useof information on phase,which
we possessn our experiment. A similar procedurevasdevelopedfor the analyticalestimationof the
systematicshift of w dueto the possiblepresencef a smallunidentifiedbackgroundThis allows usto
studya numberof possiblesourcef systematicerrorsincluding sucha fundamentabystematiceffect
asfinite binwidth, which might beimportantfor any distribution in physicsandelsavhere.

Someof thew stability checksin the g-2 experimentarebasedon comparisorof resultsobtained
for the full setof dataandthat obtainedfor somesubsetof data.Thesare,in particular checksfor
stability with respecto changeof (1) the histogramit starttime and(2) enegy thresholdE,,, of decay
electrons.For suchproblemswe have derved equationg20) and(21) for statisticalfluctuationsof fit
parameterss a function of fluctuationsin individual channelsof the histogram. Using this equation

we hasshawn thatthe differencein w for the first caseshouldbe within i\/02 - o}u” se¢ fOr one

subset

standardieviation. We have foundthatthisformulais actuallyvalid for ary distribution nomatterof how

mary parameter# hasandwhetheror notthey correlateto eachother However, for the caseof enegy

thresholdchange someparametersf the g-2 distribution (the phaseandamplitudeof g-2 oscillations)
dependntheenegy thresholdandthereforethis formulacannotbeapplied.Nonethelessgs.(20)and
(21) allowed usto derive anappropriatdormulafor this casetoo.
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2 STATISTICAL ERRORSAND CORRELATIONSOF FIT PARAMETERS
In atypical dataanalysisprocedurethefit parametersaluesr; areobtainedoy minimizationof y?(z):

s (@5 t) — M)
X (@) = ; f(m;tn) @)

wheref (z; t,) is afit functionandt,, and.\;, arecenterof then' channebf histogramandits content,
respectrely. Statisticalerrorsandcorrelationsof fit parametersanbefoundfrom equation:

Ax%(6x) =1, where Ax?(0z) = x%(z) — x*(xz,) and 0z =z — zo. 2

This equation defines an ellipsoid of errors : Ax?(6x) Z Z a;j 0x; dx; =1 )
_; Of of _1 Of of

h = 121 2 R / 2L 2L 4

whete -y Zn: (f oz, axj>m_ 2 o W) o ox; di “)

are coeficients of error matrix .A. Here N is total numberof eventsin the histogram. From the
definition of statistical errors of fit parameterss; = o(z;), illustratedin Fig.1,0one can prove that

o; = “_  where M;; isthe 3™ minor of matrix A.
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Fig. 1: Ellipsoid of errorsanddefinitionof statisticalerrorso,, ando,

In this presentationve analysethe propertiesof five parametedistribution G(t):
G(t) = Ny e ¥ [1 + Acos(wt + ¢)] (5)

which (with or without minor corrections)s the time distribution of high enegy electron E > Ej,.)
from muondecaysn the muong-2 experiment. This distribution is shavn schematicallyn Fig.2(left).
Threespecialpoints are marked in this plot: momentof injection, which is often chosenasthe time
origin t = 0 andatwhich we mayhave someknowledgeof phasep of g-2 oscillations;datataking start
timeT" andthecenterof gravity of distribution (7" + 7). For technicalreasonst is convenientsometimes
to setthetime origin t = 0 atthe centerof gravity. In suchacaseTl = —.

For this g-2 distribution, eq.(3)for the ellipsoid of errorscanbewrittenin asimplified matrix form as

VN/N, 4N,

VN f VN VN, VN ) VN/T o
N, 0A Yo Arsw YrAsg) x A x| N2 4 | =1 6)
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Fig.2: Left: Distribution of decayelectrons Marked areinjection point, datataking starttime 7" anddistribution’s center
of gravity (T' + 7); Right: Numberof eventsN, asymmetryA and (IV - A%) asfunctionof enegy thresholdE; .,

wheretheerrormatrix.A (in generalndfor T’ = —7) is:

1 I+1 o0 0 0 10000
41 E+12%2+1 0 0 0 01000
A= 0 0 1 0 0 , for T=-1 A=100100] (7)
0 0 0 (F+12+1 L41 00010
0 0 0o I+ 1 00001
Equationg6) and(7) give asolutionfor the statisticalerrorsof the parameterS'
N, T \/§ _ \/i

= (T/Tr+1)2+1 o, =

TN VN VN AN T Ar
from which o, is mostimportantin this experiment.As follows from eq.(8),the figure of meritfor o,
asa function of enegy thresholdis N (Ey,) - A%2(Es,). A plot of N(Eyy,,) - A2(E,) is shavn in
Fig.2(right),it getsthemaximalvalueatabout0.6 of maximalenegy F,,,, = 3.1 GeV.

As follows from eq.(7),thereis statisticalcorrelationbetweerthe g-2 frequeng w andthe phase
¢ (aswell asbetweenN, andr), unlessT' = —r. This correlationcanimprove o, if someexternal
knowledgeof phaseis available. In the muong-2 experimentsucha knovledgemight comefrom the
polarizationof the muon beamat injection. An exact knowledgeof ¢ is equialentto fixing it, i.e.
excludingit from thelist of fit parametersThatgives

(T/r+1)2+1 (8)

oy = V2 X ! 9)
Y 7AVN VIT/r+1)2+1

i.e. improvementby factorof \/(7'/7 + 1)? + 1, whichis ~ +/3.25 for our experimentwhereT'/7 =
1/2. In reality, the phasep is known atinjectiontime with someprecisiono r. In this casethe equation

(5¢) + AX*(6N,, 07,04, 6w, 6¢) =1 (10)
o
shouldbe considerednsteadof egs.(2)and(3). Theresultfor o, in this caseis
O = — Two , where 0,0 = 1;/\;_ (11)
\/(mwo;—fua;g(T/T—l-l)?-l-l T

3 SYSTEMATIC SHIFT OF FIT PARAMETERSDUE TO LOW LEVEL BACKGROUND

The systematicshift of fit parameter$a dueto the presencef an unidentifiedlow level background
h(t) canbefoundfrom the x?(x) minimization:

x> (f = Na)®

_ - f- N Js f-fomh .1
0 Oz; &cz; f N2Z iN2;ffiN
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wheref=f(z;t,), fo=f(xo;tn), fi = (0f/0x;) andh=h(t,). Thus

L /!
25% fii Jdt Zsméx] /h g, i=1,2,..L (13)

Here s;; = [ fff’ dt arethe elementsof the shift matrix S and L is the numberof fit parameters,

i.e. thenumberof component®f vectorz. For theg-2 functionG(¢) andfor T' = —, thematrix S is
diagonal:

SN ~ o7 h(t)dt
2 0 0 0 0\ | 7 7 thit)dt
0 N; €0 0 0 h(t) cos(wt+¢)
0 0 Mer 0 0 |x|sa|l=]| [ A emorgdt (14)
0 0 0 A2@ 0 th(t) sin(wt+g¢)
5 o) sin(wt+
0 0 0 0 Nolg eT ow A f 7 T+A cos(wito) dt

—7 14+ A cos(wt+¢)
As an exampleof applicationof eq.(14)we considerthe systematicshift of w dueto finite binwidth.
Numericalroutineslike PAW/MINUIT usually setthe fit function value at the centerof the histogram

channel f (t.), ratherthanthe averagefunctionover the bin width b, f(t). This effectively introducesa
systematicshiftby h(t) = f(t) — f(t.):

1 [b/2
h(t) = .f f( ) <5‘/_b/2f(tc+£)d£>_f(tc)"’
~ 1 Flte) +Ef(t) + 5 £2f( )] &) - £(t) = 2 ft) (15)
~ b c C c) — 24 c
b . b?
For the g-2 function G(t), the background functionis: h(t) = G( ) = o1 w?Noe /7 x

2
~ _12)_4 w? Ny Ae™ ™ cos(wt + ¢) (16)

Herewe neglecttermsof relative ordere = (w7)~!' = 0.01. Thesystematihiftin g-2 frequeny is:

X [62 — A(1 — €) cos(wt + ¢) + 2Ae sin(wt + ng)]

dw 1 2 v o, o0 _4/7 cos(wt + @) sin(wt + ¢)
— 8 ———— —w" N, A Ate M7 dt =
w weN, A2 73 247 e 1+ A cos(wt + ¢)
w b? er [ 1 A 1
= T9e3 % 9 [—5 cos 2(wt — ¢) + 2 (COS(LUT —¢) + 3 cos 3(wr — ng))]

Herewe neglecttermsof relative order(A/2)? ~ 0.04. Finally we have

2

b
(0.5 +0.240.07) = 3.2-1072 X 3 (17)

R

For atypical binwidth b = 0.15 us andfor 7 = 64 us, |dw/w| < 0.17 ppm
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4 FLUCTUATIONSOF FIT PARAMETERSVERSUSFLUCTUATIONSOF A/,

In this sectionwe denotex,, to bethe“true” valuesof fit parameteranda betheir “specific” valuesfor
someparticularhistogram.These'specific” valuesdiffer from the“true” onesby statisticalfluctuations
Az which ultimately arisefrom statisticalfluctuationsof the numberof eventsin individual histogram
channelsV,,. For x? in this casewe have:

. 2
S U(eo+ Aeita) ~Nol* (ot Sl A= M) g

2 ~

n Tn n fo

wheref! = (8f/0xi)z=xy, fo = f(T0;t) ando2 = f ~ f,. Fromdx?/dz; = 0 we have a systemof
L linearequationdor Az; :

XQ(wo + Az) =

S -+ (Z) fji Ax;) ~ N _ 0 (19)

n

which canbewritten in matrix form as A x Az = b with matrix elementsy;; of A andcomponents$;
of vectorb being

[t > fi
aij = E f and bz = f_ (Nn - fo) (20)
: : i Aijbi itj
The solution for eq. (19) is : Azxj = deii(/l; . Ay = (1) M (21)

whereA,;; arethecofactorsof elementsy;; of matrix.A and/;; areits minors. Equationg20) and(21)
for Az versusV,, areextremelyuseful.In particular suchfundamentatelationsas

e (Az; Azj) Ayj i+ M
A i = LI — Y = (1) (22
i = 1/ (( xz) )= det(A) and Pij 0i0;j M;; ij (=1 M;; ij (22)

canbederivedwith useof theseequationsHere(...) is anaverageover ensemblef similar histograms.

4.1 Application of egs. (20) and (21) for set—subset relations for muon g-2 experiment

For systematicstudiesn themuong-2 experimentwe compareesultsof parametepptimizationfor the
full setof dataandfor a subsetfor which we subtractsomeparticularenegy bin (rise Ey,.) from the
full set. x? optimizationgivesus Aw; for thefirst case(full set)and Aw, for the secondcase(subset).
Five parametefunctionsG; (¢t) and G(t), describingthe setand subsethave differentnormalization
constanty N1, Nog2), asymmetrie{A4;, Aq), phaseq¢;, ¢2), total numberof events(N;, N2) and
statisticalerrors(o,,1, o2, €tc.) but have the sameparameters; andr. We alsointroducethe function
Gs(t) = G1(t) — Go(t) which describeghis subtractecenegy bin alone. We assumel’ = —7 for
simplicity (no correlations). Letusconstruct Aw; — Awsg =

—Gs

“1 850 G %2 8w G G1 (23)

andevaluate ((Aw; — Aws)?) =

B , 9C1 1 , 3G 1 9G1\? ((Naz — G3)*) _
- Z[wl 80}0_1_ w2 awG:| <(Nn2_G2 >+UW1Z< ) G% -

n

G, 1 9Gy 1 9G1\? G
_ 2 1__2 v 4 4 vl 73 _
_Z[wlawal “’28wG]G2+0“’1;<8w> &,

n
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_ 4 bl S Mz 2 2 il a2 W 4 el T 4 Ml el
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8G1\* 1 5 o oG\ (0Gy\ 1 0G\? 1
- 4 (%) g s () (%) g n T (5) 6-
0G1\ (9GsY 1
= —20’w10'w22< 1) (an) G_1+O'Z)2 (24)

Evaluatingthe sumin the correlationtermexplicitly:

5 (@) (@) 1 /oo 02 A1 Ag 12 e!/7 sin(wt + 1) sin(wt + ¢o) dt
Ow ow) Gy )., 14+ Ay cos(wt + ¢1) b

~

Q

Nog Ay Ay cos(¢p1 — ¢2) /OO 2 0=t gt — Noo Ay Ay cos(¢1 — ¢2) Be

2b 2b
A1 N2 A2 7'2 A1 _
= 4 cos(¢1 — b2) TQ =4 cos(p1 — ¢2) o3 (25)
. A
Finally : <(w1 — w2)2> = <(Aw1 — Aw2)2> =02, —02, (2 A_; cos(¢p1 — ¢2) — 1> (26)
Note that <(w1 - w2)2> = 3,2—02,1 when A; = Ay and ¢ = ¢o (27)

An even more commoncheckfor systematicerrorsin the muon g-2 dataanalysisis a testfor
stability of the g-2 frequeny w versushistograntfit starttime. For thattestwe compareour resultw;,
obtainedfrom the“standard”largestpossibl€fitting time intenal, with anotheresultws, obtainedfrom
fitting over a smallertime intenal. The “standard’time intenal startsfrom sometime 7; aftermuon
beaminjection andlastsabout10 lifetimes. For the “smaller” time intenal we shift the fit starttime
forward to sometime 75. Evaluationof {(w; — w2)2> for this caseis more elaborateas comparedo
egs.(23)-(26andis notgivenin this presentationTheresultis simplethough:

<(w1 - w2)2> = <(Aw1 - Aw2)2> =0ly — 00 (28)

Fig.3shavstheg-2frequeny w asafunctionof thefit starttime. Thesolidline representtheonesigma
bandw (30 us) £ \/o2(t) — 02(30 us). Apparently the plot revealsno deviation morethanonesigma.
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Fig. 3: Frequeng w versusfit starttime
We have found thatfor fit starttime scanandfor similar situations,eq.(28)is actuallyvalid for
ary distribution no matterhow mary parameters hasandwhetheror not they correlateto eachother

More detailsof all derivations,givenandmentionedn this presentationganbe foundin our upcoming
publicationsn (tentatvely) Nucl. Instr. andMethods.
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