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DOUBLE CHARMONIUM PRODUCTION at B-FACTORIES
V.L. Chernyak
Budker Institute of Nuclear Physics, Novosibirsk, Russia

It is shown that long standing difficulties in reconciling the values of the
cross section o(ete” — J/v + 7.) measured by BELLE and BABAR and
calculated within non-relativistic QCD (NRQCD) are caused not by some
misinterpretation of the data or other exotic explanations, but by poor ap-
plicability of NRQCD to such processes.

Using general theory of hard exclusive processes in QCD together with
more realistic models of charmonium wave functions, it is shown that the
experimental results can be naturally explained.

1. Introduction. A surprisingly large rate for hard exclusive processes
of the type ete™ — J/1/+ 5, has been observed by the BELLE Collaboration
in 2002, [1]. In this experiment the process ete™ — J/¢ + X was studied.
The separate cross-sections of various exclusive double charmonium modes:
ete” — J/Y + 1., J/Y + Xeor cte. were extracted then from the number of
events in the 7, or Y. peaks in the mass spectrum of the system recoiling
against the reconstructed J/1, see table and Fig.1.

The BELLE Collaboration also performed simultaneous fits to the pro-
duction and helicity angle distributions. The measured angular and helicity
distributions for J/1 + 7. have the general form (1 + o cos?#) and are con-
sistent with the expectations for production of this final state via a single
virtual photon: Qpred = ana = +1, [2].

This year, the BABAR. Collaboration also presented results of similar mea-~
surements, in overall agreement with the BELLE results (see table).

The problem arisen soon after the BELLE publication, in the close of 2002,
when cross sections of these processes have been calculated by E. Braaten
and J. Lee within the NRQCD (Non-Relativistic QCD) approach [4], and
much smaller values (typically one order smaller) were obtained (see table).

J/y l 17:(LS) Xeo 1:(25)
BELLE 256+28+34 64+1.7+1.0 165+3.0+24
BABAR 176+28+18 103 +t25+16 164+£37+27
NRQCD 23x11. 33+1. 1.£05
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Figure 1: BELLE data for ete™ — J/i + X

This large discrepancy initiated further studies, both experimental and
theoretical.

Various explanations were proposed, e.g. that the two-photon production
of (J/4 + J/¥) can be significant and can imitate those of J/¥ + n. (G.
Bodwin, E. Braaten and J. Lee, [5]). Later, this possibility was excluded by
the BELLE Collaboration, [3].

Even more exotic variants of explanation were proposed. For instance,
S. Brodsky, A.Goldhaber and J. Lee [6] proposed that the scalar gluonium
(with its mass miraculously coinciding with the charmoninm energy levels)
has been produced together with J/1 instead of second charmonium, etc.

Two main purposes of our paper [7] were:

a) to show that the real origin of these large discrepancies is due to a poor
accuracy of NRQCD when applied to such processes. {The main reason is
that the charm quark is not sufficiently heavy and, as a result, the charmo-
nium wave functions describing the distributions of quarks inside the char-
monium in momentum fractions are not sufliciently narrow for a reasonable
application of NRQCD to the description of charmonium production. And,
as usual, hard exclusive processes are particularly sensitive to the widths of
hadron wave functions.}

b) to describe more adequate approach to calculation of such processes.
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Figure 2: One of the four similar diagrams for the form factor Fi g, .

2. Main formulae. The cross section of the process ete ™ — J/1 () +
1.(p2) has the standard form:

ofcte =7 = Ippate) + ) = " (D) @2Eper, )

where (|p]/E)? is the P-wave phase space factor and Q. = 2/3 is the charm
quark charge, while the form factor Fyp(s) is defined as:

<‘j)l (1”1)7 ”c(PE)l'Iu(U)l(') = €uvpo fi‘i 'PT Pg Fl’P(s) - (2)

Since there is one form factor only, the angular distribution is pure kine-
matical: ~ (1 + cos’f). Only the asymptotic form of Fyp(s) will be needed
because s = M7 ~ 112GeV? in these experiments.

General theory of hard exclusive processes in QCD has been developed in
1977 in papers [8],[9] (see [10] for a review). It was shown in [8] that at large
s = (py + p2)® the leading power term of the general two-hadron form factor
has the following behavior (up to logarithmic corrections):

[ A1 +Ag|+2nmin—3

(1,51, M5 Ha(pe, 3, 20)| Ja 10) ~ (1/V/5) (3)

It is seen that the asymptotic behavior is independent of hadron spins s
and sy, but depends essentially on their helicities A; and Ay. For the process
considered, ete™ — v* — J/v, (p1) + ne(p2), the J/1)-meson is transversely
polarized, i.e. has helicities |A;| = 1 only. So, the matrix element in eq.(3)
behaves as ~ 1/5 Since in eq. (2) e; ~ 1, while py ~ py ~ +/s, all that
results in Fy p(s) ~ 1/s%

The leadlug term of Fyp(s) is given by four diagrams, one of which is
shown in Fig.2, and the result looks as:
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Here: s = AE2, ¢ = (|p] + E)? ~ (s — 2M?), k = (k, + ;) is the gluon
momentum in Fig.1, d(z,y) and s(z) originate from the gluon and quark
propagators, Z; and Z, are the renormalization factors of the local tensor
and pseudoscalar currents:

kE . H‘J 2

d(ﬂ?ay):$:(11+£)(y1+£), 5:(Zm ) )

a0 qu

s(z) = (551 + —Zm‘M“'%)'z) , o osly) = (yl + ———(Z’?‘HQF) .

1Yy g T1Z3 >

oK) 1755 [k %, a0 [ @) 1
[ L] - G @
HQ(MZ):Zm(#2)—MQ= Z = m(f-‘ kz)a Zglrzm(#ziaz}’

where M (u?) is the running M S-mass, Cp = 4/3, b, = 25/3.

Entering the above equations, the non-perturbative twist 2 and twist 3
wave functions of the vector V-meson with the helicity A determine the dis-
tribution of two quarks inside the gquarkoninm bound state in longitudinal
momentum fractions x; and x4, and are defined as:

(VA(0)[Qp(2) Qa(—2)[0},,.
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f" L) [ dz; P e,V (x) + ((‘;‘:)) [Vi(z) — Vi(z)] (6)

wE)
+f:,(,u*)(—o“—ﬁ£—) .v ( ) -+ f”(,u )( yurrf')/ﬂ’r' BAP 'z )VA(:‘U)}

For the pseudoscalar P-meson:

(PO Qul—2N0),. — 2 [ dmewmw (B Py (1)

20625 Pow) + J30") (o ) Pr)

The values of dimensionless constants in the above formulae follow directly
from the exact QCD equations of motion: iDQ = MgQ:

M

2Mq ®)

7(k?) =

S 572
. tr1.2 72MQ' i a2 1 4MQ
Zy [ =322 [0 = 5(1- 22—2)-

3. Wave functions. For heavy quarkonium the light-front 1.5-Coulomb
wave function can be taken as:

5 k2 + (1 — 4z132) M52 -2
Mnmwwi (M;f)q¢@),

)T
)~ [ PRV, ki) ~ ‘”“Tﬂ{[l - 4;:1:;2(21 = ﬁ?)}}' (%)

Here: qp is the Bohr momentum and v - qg/]‘»[g} < 1 is the mean heavy
quark velocity.

It originates from the S(hmdmg(,r equal-time wave function Wgen(r )~
exp(—gnr) — Wsen( k) + q3) 72, supplemented with the proposed by
M. Terent’ev [11] and commonly used subs,t.ltutlon ansatz: k, — ki, k. —
(21 — z2) My /2, M3 = (M} 24 k2)/z122 -

To improve for the above pure Coulomb form of the charmonium wave
functions, the modified simple model form was used ( i} dz1¢i(z, v?) = 1):

$i(mv") = ailo') “b?sy(x){ i 4:;:(21 = v’)]} ; (10)
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Figure 3: The -;hapo of the leading twist \x.),w function ¢(x,v?) for: v? = 1 - light quarks
(asymptotic); v* = 0.30 - (charmonium); v* = 0.08 - (bottomonium).

where v is now a parameter which has the meaning of the characteristic quark
velocity in the bound state, ¢;""(z) is the appropriate asymptotic wave func-
tion of light quarks which is known exactly, and ¢;(v?) is the normalization
constant.

These wave functions ¢;(x, v?) interpolate in the simplest way between two
exactly known extreme cases: very heavy quark with v — 0, and very light
quark with v — 1.

In the non-relativistic case of very small v < 1 the wave functions ¢;(z, v%)
are strongly peaked around the point 2, = =5 = 1/2, so that ¢;(z,v> — 0) —
o(xy — —) This is the wave function corresponding to NRQCD And (ledrh,
a decreasing quark mass leads to larger v and to wider ¢;(z,v?), see Fig.3.

4. Numerical results. Using the above described wave functions one

1 It is seen that even for YT(15) the wave function o(z, v? = 0.08) is still far from the 6 - function form

of NRQCD.
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obtains from egs. (1,2,4):

I,~55, Fyp(s=Myys)=~35- 1078 GeV=t,

olete =" = Jfbs + ne) =~ 331b. (11)

This agrees with the BELLE result { assuming that Br(n. > 2 charged)
is not significantly less than unity }.

5. Some characteristic features. The mean value of the quark vir-
tuality in Fig.2 diagram is: {o?) ~ 33 GeV?, which is ~ 1.5 times smaller
than the typical value ~ ¢2/2 ~ 46 GeV? for the narrow wave functions. The
mean value of the gluon virtuality (k*) can be inferred either from the mean
value of (Zk) ~ 0.80, or from the coupling as(k?) - {ag(k?)) =~ 0.263. Both
give the same result and show that the mean virtuality of the gluon in Fig.2
is: (k%) 2212 GeV?E. This is ~ 2 times smaller than a typical rough estimate:
(k?) ~ q2/4 ~ 23GeV” for narrow §- like wave functions.

The smaller values of (k?) and (¢?) is the main reason why the
standard NRQCD-calculations underestimate the cross section con-
siderably. In other words, the charm quark is not very heavy and its wave
functions are not much like the d-functions, although they are of course sig-
nificantly narrower than similar wave functions of really light quarks (see
Fig.3).

It is also of interest to make a comparison to the value of the cross section
obtained in the limit which, in essence, corresponds to the approximations
of NRQCD. For this, one has to replace in eq.(4): a) all wave functions by
V; = P, = §(z — 1/2); b) to omit the term with Va(z) (which is higher order
correction 0(v?/¢?) in NRQCD ); ¢) to replace all renormalization factors Z;
by 1.

As a result:

I,~16. Fyp~11-10%GeV™', =351, (12)

which is one order smaller than the data.
In the opposite limit when all 1.5 - charmonium wave functions are taken
as the asymptotic ones of light quarks, the cross section will be ¢ ~ 70 fb.

CONCLUSIONS

The difficulties with explaining the BELLE and BABAR results for o(efe” —
J/ + n.) are not the real difficulties of QCD, but are rather due
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to a poor approximation of the dynamics of c-quarks by NRQCD.
Within the approach described above, which we consider as more realistic,
the experimental results look rather natural.

Further applications: the use of more realistic J/v - wave functions V;(z)
given above instead of extreme form &(z — 1/2) from NRQCD, will enhance
also the calculated cross sections of inclusive direct production of J/4.
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