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There exists a remarkable connection between the quantum mechanical Landau—Zener problem
and purely classical-mechanical problem of a ball rolling on a Cornu spiral. This correspondence
allows us to calculate a complicated multiple integral, a kind of multidimensional generalization of
Fresnel integrals. A direct method of calculation is also considered but found to be successful only

in some low-dimensional cases. As a byproduct of this direct method, an interesting new integral
representation for ¢(2) is obtained.

HMeercs 3 Meu TelbHOE COOTBETCTBUE MEXJy KB HTOBO-MEX HHYeckou 3 1 ueil JI Hu y-3eHep
W 3 1 4Yeil KJI CCMYeCKOM MeX HUKHM O LI pe, Bp 11 fomiemcs 1o coup jiu KopHwo. DT0 cooTBeTcTBHE
TI03BOJISIET BBIYUCITUTD CIJIOXHBI MHOTOMEpPHBIN HHTErp J, SBILIOLINICS MHOTOMEPHBIM 0000IIeHneM
unrerp 1 ®penens. T KXKe p CCMOTPEHO MNpPSMOE BBIYUCIEHHE WHTErp JI , OIH KO T KOil crocob
yCIlellleH TOJIBKO B HEKOTOPBIX CIyd SX I HeOOoNbIIMX p 3MepHocTeil. K K IpuiioxeHue mpsMoro
METO II0JIy4eHO HOBOE MHTEpEeCHOe Mpeict BiieHue Wit (2).

PACS: 02.30.Cj; 03.65.-w

INTRODUCTION

According to Vladimir Arnold [1], mathematics can be considered as some
branch of physics. In writing this note we have no intention to advocate such
a point of view. Nevertheless, in our opinion the following calculus problem
is a hard nut to crack if only mathematical considerations are being used. The
problem lies in exactly calculating the multiple integral of the type

o0 S1 S2n—1
I, = / ds; / dsg -+ / dsgn cos (s —s3) ---cos (s, —s3,). (1)
— 00 — 00 — 00
Because of the s; <> s symmetry, the n = 1 case is simple
(o) o0
. . m
I = B ds; / dss (Cos 52 cos 52 + sins? sin sg) =3 (2)

— 00 —00
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since its calculation involves known Fresnel integrals

o0 o0
. T
/ds cos s = /ds sins? = 5
— 00

— 00

However, already for n > 2 the above symmetry is lost and things quickly
become messy. The n = 2 and n = 3 cases lie at the borderline. They can
be done with some efforts even though the calculations become noticeably more
involved. Unfortunately, they do not admit an apparent generalization by using
the induction method. Already for n = 4, the attempt to use the same methods
meets difficulties. Nevertheless, we found a way to calculate such a type of
integrals by invoking some physical arguments.

1. «<IF YOU CANNOT SOLVE A PROBLEM,
THEN THERE COULD BE AN EASIER PROBLEM YOU CAN SOLVE»

Trying to follow George Pdlya’s advice, let us consider the following system
of ordinary differential equations:

as
0 0 — —
) sin 5 )
d 1 as?
- == 0 0 Ccos — Yy (3)
ds R . ; e
sin @ cos % 0

Such a system of equations emerges naturally when one tries to describe a motion
of a sphere S? rolling on the flat surface R? without slippage. More accurately,
it describes the rolling of a sphere of radius R along the Cornu spiral on R?
whose curvature x = as is proportional to the arc-length s [3,4]. But what is the
relation of this problem to our integral (1)?

As the matrices

0 0 —sin %
as?
M(s) = 0 0 cos -
2 2
sin @ cos 4 0
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do not commute for different values of s, the solution of (3) is given by the time
ordered exponential

U(s,sp) =T exp /M(sl)dsl = 1+/M(81)d51+

80

0
S S1 S S1 52
+/dSl/dSQM(Sl)M(82)+/d81/dSQ/dSB M (s1)M(s2)M(s3) + ...
S0 S0 S0 S0 S0

4)
so that
z(s) (s0)
y(s) | =Ul(s,s0) | wlso) |- ®)
z(s) z(s0)

Let us take a closer look at the individual terms of the above infinite series (4).
Writing the matrix M(s;) in the block-form

Mi:M(Si)—< 0 Xi),

-xi 0
where
2
. as;
1 — S B)
Xi= 5 2 ’
R as;
cos
it is easy to prove by induction that
MiMs - Mapt1 =
(ot Ot e
(=" X x2 - X2Tn71X2nX2Tn+1 0 ’
and
—1)"X1X3 - X2n—1X5, 0
M- Mo - Mo, = ( 2 n 2n
P ( 0 (—1)"xTx2 - xd,_1X2n
But

T _ a, o 2
Xi Xi+1l = cos 5 (sj — Si+1)'

1
R2 72
Besides, then our calculation is supplemented by the following initial and bound-
ary conditions:

S0 = —00, §=o00, x(—00)=y(-00)=0, z(—o0)=1, 6)
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in view of these relations and taking into account (5) and (4), we finally obtain

00 (_1)n o0 S1 S2n—1
z(00) =1+ Z Tan / dsq / dsg - / dson fn(s1,82,...,82,), (7)
n=1 — 00 —0o0 —0o0
where
a a a
Fulss, 5o, 5an) = cos 5(5% — 3) cos 2(s3 = 57) -+ -cos 2 (3, — 53,

After rescaling

2
5i = \ﬁ s ®)
a

our original integral (1) indeed shows up in the series (7):

2(00) = 1+§:(—1)" (a—;>n1n. ©)

Thus, if we can find z(00), we can find I,, as well! But how can we find z(00)?

2. SPINORIZATION AND THE HOPF MAP

Now we shall follow the advice of Jacques Hadamard: «The shortest path
between two islands of truths in the real domain passes through the complex
plane». By adopting his suggestion to our case it is convenient at this point to
use two complex variables a and b instead of three real variables z, y, and z
through relations [5]

x=ab"+ba*, y=i(ab® —ba*), z=aa* —bb". (10)

Notice: introduction of two complex variables is equivalent to looking at solution
for our problem in C?! Furthermore, in view of the initial conditions and Eq. (3),
the variables x, y, and z are constrained to unit sphere S2. This causes the va-
riables a and b to be constrained to $3, that is to obey the equation |a|”+[b]* = 1.
See [5] for more details. Interestingly enough, under these conditions Eq. (10)
describes the Hopf map S3 — S2 [6]. From [5] it can be seen that the complex
variables a and b must satisfy the following system of differential equations:

.d [ a 1 0 e—ias®/2 a

if the real variables z, y, and z satisfy (3). Now we can again formally solve (11)
by using the time-ordered exponential series. This time, however, the solution is
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known and it was obtained by Rojo in [2]. We just shortly repeat it to ensure the
continuity of our exposition. The solution is formally given by

(5 ) =t () ). (12)

where

S

Uls, s0) = 1—i/H(sl)dsl+(—i)2/dsl/d52 H(s1) H(ss)+..., (13)

50

with

1 0 e—ia32/2
H(s) = “9R < eia32/2 0 ) ’

The imposed initial conditions (6) are now translated into
a(—0) =1, b(—o0) =0. (14)

Since the unitary evolution (12) conserves the norm aa*+bb*, from (14) we obtain
back the equation for 3-sphere, that is aa* + bb* = 1, valid for any «time» s.
This result implies that

2(00) = |a(00)[* — [b(c0)|* = 2la(o0)|* 1. (15)

Evidently, we need only to calculate a(o0) to obtain z(00).

By examining the product of H(s;) matrices, we observe that for the odd
number of multipliers the matrix product does not have nonzero diagonal terms
and, hence, does not contribute to a(co) thanks to the initial conditions (14). The
remaining terms with even number of multipliers have easily calculable nonzero
diagonal elements so that we get

) 9 00 s1
a(oo) =14 (%) / dsy e~ias1/2 / dsye™3/2 4 .

After rescaling (8), this expression acquires the form

[ee] 1 n
a(c0) =1+ (-1)" (TR?) Jn, (16)
n=1

where
S1 S2 S2m—1

7 .2 - 2 - 2 - 2
Jp = / dsye "1 / dso %2 / dsge "% ... / dso, e*%2n, (17)
— 00
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In contrast to I,, the multiple integral J,, is doable. It can be calculated as
follows [2]. First, we write

oo oo
Iy = / dsy--- / dsan 0(s1 — s2) -+ 0(S2n—1 — S2n) en(s%, ey s%n),
— 00 — 00
with
6"(8%7 ) sgn) = exp {_Z(S% - S% + Sg - 8421 +...+ Sgn—l - Sgn)}'

Then, we use the integral representation for the Heaviside step function

LT s 1, if s>0,
o(s) = 5 dw — =< 1/2, if s=0, (18)
mJo W 0, if s<0.

Using the result, we can perform the integrals over ds;. For this purpose we
sequentially complete the squares, e.g.,

2 2
Wy — W1 (w2 - wl)
(82 + 5 ) 1 ‘| R

and then evaluate the Gaussian integrals

i [so(we —wr) + s3] =i

/ eF” ds = / (cos 8% +isin s?) ds = ,/% (1+19).
—0o0 —0o0

As a result, we finally obtain

o o0
g o m / dwy /dwznqx
n= T o o

—00

7
exp { 3 [wo2 (w1 — w3) + wa(ws — ws) + ... + wan—2(wan—3 — w2n—1)]}
X

(w1 —i€)(wa — i€) - - (wap—1 — i€)
(19)

As can be seen, the terms quadratic in w; are all canceled thanks to the alternating
signs in exponents in (17). It is this feature that distinguishes, as we shall
demonstrate in the next section, the calculation of J,, from the calculation of
I,, and makes the integral .J,, solvable. For this purpose we rescale even-index
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variables wo; — 2wy; in (19) and perform integrals in these variables taking into
account (18). The result is:

o0 o0
o [ [
2 2me
(o)
. / dwan—1 O(w1 — w3)0(ws — ws) -+ - O(wan—3 — wan—1)
27i (w1 —i€)(ws —i€) - - - (wap_1 — 7€) ’
or
0o wq Wan—3
g / dwy / dws / dwap—1 7"
") 2mi 2mi 2mi  (wy — i€)(w3 —i€) - - (Wan_1 — d€)

(20)
It is the symmetry of the integrand in (20) that makes the calculation of (20) as
easy as the calculation of I; from which our story had begun. In the present case
we obtain

1] T 1 n 1 /myn
Iy =1"— 1 - [0(0)]" = ! (g) : (21

n! 21 wy — i€ n!
— 00

Then (16) shows that

a(c0) = exp (—ﬁ), (22)

and from (15) we get

(o)
s 2 T \"
—2exp (—5o) ~1=1 = ()
#() TP\ 2uR2 + y;( ) n! \2aR?
Comparing with (9), we finally obtain the desired expression for the integral I,,:

I, =2 (g)’ (23)

3. DIRECT CALCULATION OF I,

If you are still unhappy by our use of indirect methods of calculation of
deceptively simply looking integral (1), here we discuss some features of the
direct method. Unfortunately, as far as we can see, it works well only for small
values of n.
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Indeed, let us write

= /d81/d82/d83><
—0o0 —0o0 — 0o

(o)

[ dsaaCsrsnsaon) cos(s = ) cos (3= D). @29
where
94(81, 59,83, 84) = 9(81 — 82) 9(82 — 83) 9(83 - 84). (25)

Then, as in the previous section, we use the integral representation for the step
function and notice that

00 1 )
/dsl/dSQQZwlsl efzsz(un w3) COS( _52 2 /dSl/dSQX
—00

2 2
e ( W1)2 (w1 —w2) . w1 — w2
X lexp( z—4 +1 51+—2 +174 1| 82+ 5 +

2
2 2 _ 2 — 2
+ exp %—i(sl—%) —i%—l—i(@_leu&) )]:

= T coS Ewg(%ul — wg)} . (26)

Similar calculations are done for integrals over dss and ds4. As a result, after
rescaling wo — 2w, we end up with the result:

I — 7 dw / dws dwg cos [wa (w1 — wa)] cos [wa(ws — wg)]. 27)

2mi 2m 2mi (w1 — i€)(we — i€)(ws — i€)

The integrals over dw; and dwg can be easily calculated. Indeed,

o0 (o)
_ 2 iwlwz . 77;(.4)1(.4)2 -
dwy cos (wiwe — w3) _ 1 / dwy [e Y eiwé} _

21 wy — 1€ 2 2w | wq — i€ wy — 1€
1 2 o
=3 [O(WQ)e 2 4 f(—wo) e“’2] .
Therefore,
L 272
w2 dws {H(WQ) el 4 0(—w2) ewrﬁ}

2 . (28)

™ Wy — 1€

IQZI

8\8
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Now we use the well-known result

L _ply im8(w) (29)

w — 1€ w

to split the integral (28) into the principal value and the d-function parts:

2
I = Z(IQP + Iys).
Of course, the §-function part is obtained instantly
1
125 - 5
As for the principal value part, we have

1 ® 72iw§ ~ 2iw§
€ € E
Ihp = — lim / dwy + / dws | =
w

271 e—0 w2

1 n (2w3) sm w
_ / 2 _ [(\/_ 2) ] d[(\/ﬁWz)Q] S
27‘(‘ (\/_WQ) 4
0
In making the last step we have used the Dirichlet integral

/smw do — I
w 2

0

Putting all terms together, we obtain finally

I = (30)

E7
which is a special case of (23), as expected.

Can we think about the general case (n > 2) by acting in the manner just
described? By repeating the above steps when n > 2, we obtain

I = (T /dwg dW4
" 21 o

%)
. / dw2n—2 fn(WQ; Wqy .- ;W2n—2)
—00

€29

211 (wg - iE)(W4 — iE) s (WQn,Q — Z'E)7
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where
fn(WQ,W4, - aw2n72) =
- (b(o’ w2) ¢(w2’ W4) U ¢(w2n—47 w2n—2) ¢(w2n—2; 0)7 (32)
with

d(wi,w2) = O(wr — wa) eiwi—wh) 4 O(w2 — w1) ei@i—wd), (33)

Evidently, for n > 2 things begin to look rather inconclusive and the above direct
method needs some fresh input in order to be brought to completion.

4. DIRECT CALCULATION OF I3

Now let us calculate

h= ()
where N
) "
.
f@p:/é%?@§¥%ﬂﬂ. (35)

Using the relation (29) in (34), we get

1 .
I:iammﬂm+hm/

e—0
€

dr ¢(0,2)f(z) - $(0, ~2) f(~2)

21 x

However, ¢(0,0) = 1, while

[y 60.9)65,0) _ 1, [ dy ¢(0,y) — 62(0,—y)
0= [ gL SRS < 5600+ iy [ 5F y

)

and since . »
d)Q(Oa y) - d)Q(Oa _y) = e_QIW - esz )
when y > € > 0, we get

sin (2y?) dy = 1
y 4
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and, therefore,

1
I=2+K, (36)
where
® —iz? ix?
e—0 ) 2mi T '
Now, using again (29), we have
1 [ dy 9lay) 6(y.0) — bz, —y) S(~y.0)
(@) = 5020 6(0.0) + limy [ 72 ‘
and since in (37) = > 0, we get
fa)=5e "+
. 7 dy 0(x —y) e—ie® 4 O(y — x) o2y —a?) _ o—i(a®-2y%)
+ limg / omi v - 69
Analogously,
1 .
flem) = gt
2
. T dy e~ i(2v*=2%) _ 0z —y) cir” — Oy — x) e~i(@*=2y")
i ) o ” - 69

€

In light of (37), (38), and (39),
K= Kl + K27

where

1 [ de e 2" _ e 1 T sin (22%) 1
K- (e e L), -
2w T 8

0 0

and

Ko 7d_a: 7@ O(x — y) cos (222) + O(y — x) cos (2y?) — cos 2(x? — y?)
2 — . y 272 ’
0 0
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After rescaling

o Dyt
2 VTR
and using
dr 1 d(x?) 2 2y
x:§ o Oz —y)=0(z* —y~), if >0 and y >0,
as well as

cos (z —y) = [0(x —y) + 0(y — x)] cos (z —y),
we end up with the result

x

1 [dr [d
I:KQ:E/?/gy[cos(x—y)—cosx]. (40)
0 0

To calculate the integral

o0 x

~ de [ dy

I: e —_— — —

Joe [ sty na
0 0

we introduce a parametric integral related to it:
[de [d
~ xXT y
Iao)= | — [ = - - .
() / . / " [cos (z — ay) — cos z]
0 0
Note that 7(0) = 0 and (1) = I, so that

j_jdf(a) da.

da
However,
dI(a) Tde | . L. [ do
- _/?/dy sm(a;—ay)_alg% ?[cos(l—a)x—cosx],
0 0 €

which is the same as

o0

dl(a) = 1 lim / d?a: cosT — / df cosz| = lim Cile) = Cile(l — a))

e—0 le% ’
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where -
d
Ci(z) = _/?x cos T

stands for the integral cosine function. Using the well-known series representation
for this function

o (=2?)"
Ci(z) = 1
i(z) =7+ ma+ ; (2!
v ~ 0.5772 being the Euler constant, we get
dl(a) 1  In(l-a)
o = E!lgtl) lne—1In(1—a) = ——

and, therefore,
1

~ In(1-a) w2
I=— | ——da=((2)=—.

We have just proved an interesting identity which seems to be a new integral
representation for ((2):

oo xT

(@ = [ [V ieos @ y) - cosal, (1)

0 0

Collecting all pieces together, we get finally 7 = 1/24 and

w1 2 /m\3
I3:__:_(_) ’
8 24 3!

in agreement with (23).

5. CONCLUDING REMARKS

This problem had originally aroused in the context of a remarkable corre-
spondence between the quantum mechanical Landau—Zener problem (known in
the context of molecular scattering) and purely classical problem of a ball (that
is 2-sphere) rolling on a Cornu spiral (that is on the curve in R?, known as
Cornu spiral) recently established by Bloch and Rojo in [3,4]. In fact, the main
ingredient of this connection — the application of the Hopf map — goes back to
Feynman, Vernon, and Hellwarth [5] who showed that the quantum evolution of
any two-level system is determined by the classical evolution (precession) of the
magnetic dipole moment of unit strength in an effective external magnetic field.
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It is remarkable that physics helps to calculate a complicated integral (1).
However, we suspect that there should be a direct method of calculation. For low
values of n, we have provided some examples of the direct method. It is after
the readers to tackle the case of general n.
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