
DAMPING WIGGLER WITH TAPERED PERIOD* 
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Multipole wiggler  a periodic array of (strong) dipole 

magnets  is used successfully to control damping param-
eters of the beam in a circular accelerator by increase of 
the energy loss from synchrotron radiation. If wiggler 
parameters (peak field 

wB and period length
w

) together 

with lattice functions meet some specific requirements 
than such magnetic device can reduce equilibrium emit-
tance beyond conventional limit. Damping wigglers are 
essential for synchrotron light sources or damping rings. 
As an example we mention PETRA III damping wiggler 
system [1], which allowed to decrease horizontal emit-
tance by factor 4 and to achieve record emittance of 1 nm 
at 6 GeV beam energy [2]. 

Emittance decrease by wigglers depends on lattice 
functions behavior in the wiggler section, so one can op-
timize the functions in the same manner as for the dipole 
magnet. 

Below we perform such optimization for FODO cell 
and for the lattice functions symmetrical with respect to 
the wiggler midpoint (analog to the TME magnet cell). 

Another possibility for a more effective emittance min-
imization by the damping wiggler is compensation of the 
H(s) function growth along the wiggler by modulation of 
the wiggler period. To some extent this approach is simi-
lar to the longitudinal field decay in bending magnet pro-
posed by Albin Wrulich [3]. The difference is that in the 
wiggler we can vary not only the peak field but also the 
period length. The latter seems easier than manipulation 
with the field amplitude contributing to both the second 
and the fifth synchrotron radiation integral. 
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where z indicates the distance along the wiggler axis and 

wk /2 . We assume that planar wiggler has rather 

wide poles producing flat field distribution in the horizon-
tal direction. The wiggler dispersion function and its de-
rivative are given by [5] 
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where BBh www /1 is peak field curvature and 

www 2/ is maximum wiggler deflection angle. The 

term 
0w
can also include ring residue dispersion in the 

wiggler section. Here and below we assume that contribu-
tion of the end poles is negligible as compared to the reg-
ular part of long multipole wiggler. 

Horizontal emittance is given by 
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where Cq 
-13 m,  is the relativistic factor, Jx is 

the horizontal damping partition number and two syn-
chrotron radiation integrals represent the radiation damp-
ing and quantum excitation, respectively [6] 
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where 
x

, 
x
and 

x
are the Twiss parameters. The inte-

grals can be split to those over the bare lattice and over 
the wigglers: 

2202 iII and 
5505 iII , thus, the wig-

gler resulting emittance refers to the initial one as 
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For a sinusoidal wiggler and average 
x
in the wiggler 

section, the wiggler synchrotron radiation integrals are 
given by 

 ____________________________________________  
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where 
ww NL  is total wiggler length, N  is number of 

wiggler periods. 
To obtain minimum emittance, the residue lattice dis-

persion function in the wiggler section should be set to 
zero. However, in reality, there is always some spurious 
dispersion, and (2) gives us an estimation of the tolerance 
for the residue dispersion suppression 
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With this condition satisfied, the wiggler fifth integral 
takes the following form: 
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Insertion of 
2i  and 

5i  into (1) yields 
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Figure 1 shows emittance ratio (4) as a function of the 
wiggler field amplitude. 

 
Figure 1: Resulting wiggler emittance vs. peak field. 

For given wiggler period, the ratio 
0/w

 has mini-

mum at field
minwB . From (4) one can see that reduction of 

the emittance below the bare lattice limit for fixed wiggler 
length requires high magnetic field (

2i increases) and 

small period length (
5i decreases). 

Here the second and the fifth wiggler integrals in the 
case of the piecewise (meander) field pattern are repre-
sented for reference: 
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The second integral is twice as much as that for the sine-
like field profile with the same period and peak field, but 

the fifth meander integral is 1048/15 3  times larger 
than that in (3). 

 
Wiggler fifth integral (3) depends on the average beta 

in the wiggler
x
, hence it could be optimized in order to 

reach minimum of
5i . This procedure is similar to emit-

tance minimization in the light sources. In this section we 
minimize 

5i  for FODO like wiggler cell and for the cell 

with minimum of horizontal beta at the wiggler center 
(TME-like cell). 

 
 

Figure 2: Two wiggler cells: FODO (left) and TME-like. 

FODO Wiggler Cell 
We start with FODO cell model (Figure 2, left), where 

the wiggler is placed between two quadrupoles. For a 
thin-quads model the maximum beta in the focusing 
quadrupole is given by [7] 
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where x is FODO cell phase advance, and beta varies 
along the wiggler as 
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Inserting (5) in (3) we obtain, after averaging, 
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Figure 3 shows the plot of )( xF  with minimum corre-

sponding to 5/3)2/sin( x
, 0

min 5.101x
and

633.16/4)( minmin xF . In other words, the average 

beta in (3) providing minimum emittance is equal to 

6/4wx L .  
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It is worth noting that
5i depends on x similar to the 

main FODO lattice integral 5I [7], however minimum for 

5I occurs at 0
min 137x

. 

 
Figure 3: )( xF  for FODO like wiggler cell. 

Symmetric (TME-like) Wiggler Cell  

Figure 2 on the right shows schematically cell that re-
minds TME solution. Having 

0x
 as wiggler central beta, 

beta variation along the wiggler half is given by 

0
2

0 /)( xxx zz  and calculation of 5i  yields 
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The structural factor in the brackets can be minimized 
with respect to

0x
, giving 32/min0 wx L , and 
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As it is seen, symmetric beta with minimum in the wig-
gler center gives minimum 

5i  by factor 22 smaller than 

one for FODO cell. However, FODO cell is more com-
pact (contains fewer quadrupoles), so particular solution 
should take into account all these factors. 

 
Assuming negligible variation of the horizontal beta 

over wiggler period, the fifth wiggler integral (3) can be 
rewritten as 
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where beta function is averaged over wiggler period. Ne-
glecting horizontal focusing, )(zx

grows inside the wig-

gler from some minimum like in the drift and, simultane-
ously, 

xn
and 

ni5
grow in every next period. One can 

compensate this grows by introduction of longitudinal 
variation of the wiggler period in the way that provides 

 
xnwnxnwn

3
1

3
1

  

Substituting the general expression 
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in (6) one can find for
11 nnn
, 1/  the 

following recurrence relation for a successive period 
length decay 
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where 
xnnnd / . 

 
Figure 4: Fifth integral growth in the wiggler with (left) 
and without successive period length reduction. 

We have applied the above relation to the wiggler with 
the following initial (without the period length tapering) 
parameters: 2.3wL m, 2.00w

m, 160wN , 00x
, 

10x
m and 4w

, and found that the fifth wiggler 

integral decreases by factor of 4 as compared to  the 
fixed period case (see Figure 4). 

 
Several issues were considered to minimize the damp-

ing wiggler contribution to the emittance excitation lattice 
integral (I5 integral) including optimization of the optical 
functions and the wiggler period decay to compensate the 
horizontal beta growth along the wiggler length. 
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