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Abstract

We provide an alternative approach to a problem posed in the article “Hourglass of Constant Weight” by Becker and Poschel
(Granul Matter 10(3):231-232, 2008. https://doi.org/10.1007/s10035-007-0081-z), i.e. 14 years ago. Our goal to return to
this article after so much time is purely pedagogical. Although there is a slight and subtle inaccuracy in the derivation of
equation (8) in the work of Becker and Poschel, which we correct, we use this circumstance only to give a detailed pedagogi-
cal exposition of an excellent physical problem and to show the pedagogical usefulness of the concept of momentum flow

when considering the mechanics of systems with variable mass.
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1 Introduction

Does a running hourglass change its weight? It may look
like a question in a science quiz, but in fact this problem has
a much broader pedagogical value. It illustrates the intrica-
cies of applying physical laws to explain real phenomena,
as students’ intuition often goes astray, failing to take into
account some important aspects of the problem, and the first
solutions that come to mind are wrong.

We use a variant of the hourglass problem to illustrate the
concept of momentum flux in the dynamics of systems with
variable mass. Despite the practical importance of systems
with variable mass, textbooks give this section of mechanics
less attention than it deserves, often limiting themselves to
considering only the rocket problem. We hope that consid-
ering the hourglass problem as a problem of variable mass
systems will be instructive and useful for students.
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The structure of the manuscript is as follows. In the next
section, we give a general, albeit rather detailed, overview of
the classic hourglass problem and proposed solutions. Then
we will focus on the modification of the problem described
in Refs. [1, 2]. The last reference uses a setup of a hourglass
with 230 holes to increase the rate of the sand flow in it,
and therefore the magnitude of increase in the weight of
the hourglass, allowing it to be accurately measured. For
definiteness, and having in mind a possible experimental
realization, we use the hourglass parameters described in
Ref. [2], although strictly speaking, for the theoretical rea-
soning we will focus on, this is not necessary and a 230-hole
setup might look unnecessarily complicated. In any case, in
the third section, we show that even for a 230-hole setup, the
fraction of sand in free-fall is negligibly small.

In the fourth section, we re-obtain the result of Ref. [1]
for the weight of an hourglass consisting of two compart-
ments connected by springs with elastic constants k/2 each.
Then, in the next section we obtain the equation of motion
of the lower compartment, considering it as a variable mass
system with non-zero momentum flux. The calculation
of momentum flux becomes more tricky if we change the
boundary of the variable mass system, as described in the
sixth section. However, this will allow us to reveal a subtle
inaccuracy in the derivation of the equation of motion in
Ref. [1], which we will correct in the next section.

In the last sections, we provide some general concluding
remarks and cannot resist the temptation to demonstrate the
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power of the momentum flux concept by giving a simple
derivation of the equation of motion in another fascinating
variable-mass problem, the motion of a leaky tank car.

2 The hourglass problem

Whether or not an hourglass changes its weight, meas-
ured by sensitive scales, while running is a fascinating
pedagogical problem [1-5]. This challenge is often used at
various physics olympiads and pre-olympiad competitions
[6-8]. Surprisingly, the “canonical” solution given in Refs.
[6, 6, 7], as well as in well-known popular books [10, 11]
are wrong (in the second edition of Ref. [10] (namely, Ref.
[12]) the solution is corrected). The popular book Ref.
[13] also incorrectly states, with reference to Ref. [9], that
the weight of an running hourglass remains the same, as if
the sand were not pouring.

The canonical solution goes as follows. Let at a given
moment of time the free-falling time of the sand is .
Assuming constant rate of the flow u, this means that
ut mass of the sand is in a free-fall and thus the cor-
responding reading of the scales should be reduced by
utg (note that the calculations and reasoning below are
not applicable at the very beginning and at the very end
of the granular flow, where u is not constant). However,
during free fall, a piece of sand gains momentum, which
is transferred to the bottom part of the hourglass when
that piece of sand stops. Let us estimate the corresponding
force due to this momentum transfer. The amount of sand
udt that passes through the sieve in an infinitesimal time
dt, before the impact has a velocity V = gr and hence a
momentum dp = udtV. The length of this column of sand
before impact is dl = % glt? — (z — dt)*] ~ grdt and hence it
stops during the time di’ = dI/V = dt. Therefore, the force
acting on the lower part of the hourglass due to the corre-
sponding transfer of momentum is equal to % =uV =purg
and fully compensates for the weight loss of the hourglass
indicated above. So the hourglass should weigh the same
whether the sand is falling or not.

No matter how clever it looks, this canonical solution
is incorrect, neglecting some circumstances that are physi-
cally significant for this problem [3]. The first circumstance
is that the sand leaves the top part of the hourglass and
enters into free fall with nonzero speed V,. Correspond-
ingly, V=V,+gr and dl=Vyr+ %grz = [Vo(z = db)
+ %g(r — dt)*] =~ (V, + gr)dt = Vdt. The second circum-
stance is that the sand moves both in the upper and lower
compartments of the hourglass. If the sand level in the bot-
tom part moves upwards with a speed of V|, then the stop-
ping time is modified as follows
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As we see, the cancellation is not complete and
AF| = u(Vy + V,) part of the downward force will remain
uncompensated. However, this is not the complete story.
There is a third circumstance: the sand in the top part of
the hourglass accelerates towards the orifice. The net effect
of this acceleration is that some of the sand udt is trans-
ferred from the top level, where it has a velocity of V,, to
the hole, where it has a velocity of V,,. The force causing the
corresponding change in momentum Ap = ydt(VO - Vz),
according to Newton’s third law, entails an upward force
AF, = M(Vo - V2) on the hourglass (gravity causes this
change in momentum of the small piece of sand udt only
indirectly through the remaining bulk of the sand in the
upper compartment, the direct effect of gravity udtg on this
small piece of sand is infinitesimal). Combining AF, and
AF,, we see that the scales will show that the running hour-
glass is heavier than the stationary hourglass by amount

AF = AF, — AF, = u(V, + V). 3)

The mass of sand in the hourglass is
Y1 Y2 a
m=p / A(y)dy + p / A(y)dy + / POA®Y)dy, )
0

a Y1

where A(y) is the cross-sectional area of the hourglass at
height y, p is the density of the sand in the upper and lower
parts of the hourglass, y, is the height of the sand level in
the lower compartment, a is the height of the hole, y, is
the height of the sand level in the upper compartment (see
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Fig. 1), A(y) is the cross-sectional area of the falling sand Fig.2 Schematic geometry of v
column at height y, and j(y) is sand’s variable density init. ~the hourglass usedin the text. uugl
Since m is a constant, differentiating (4) we get @is the height of the cylinders. -
! > g g ¥, and y, are the heights of sand 10
~ ~ . . piles in the lower and upper
[pA(y,) — Py DAY 1)])’ 1+ pA(,)y, = 0. (5 compartments, respectively
. . . . . e -a+1Y:
This relation can be obtained in another way too. Since the Y2
portion of sand with mass udt stops in time d¢, and taking L ____ la
into account (1) and V; = y,, we can write udt = pA(y,)y,dt’,
s U+a
or
u=pAQ» v (6) t Uty
V+y
But u = ﬁ(yl)A(yl)V. Expressing V from this relation and .

substituting into (6) results in

M+ﬁ()’l)A()’1)5’1 = pA(y)¥, @)

which is identical to (5), since obviously u = pA(y,)
Vy = =pA(y,)Y;- .

We expect p(y;) < p and A(y;) < A(y,). Therefore, the
second term in (5) can be neglected and the relation takes
the form

PAGYY1 = —pA(L)Y, = H, ®)

which implies

. U . U
V = = —, V = - = —,
e N (O ©)
and Eq. (3) becomes
w1 1
AF =2 .
, <A<y1) * A(y2>> (10

This relation was first obtained in Ref. [3] by evaluating the
acceleration of the center of mass of an hourglass. Since
then, this method has become the standard for dealing with
the hourglass problem [1, 2, 4, 5]. Namely, the position of
the center of mass y.,, is given by the equation

Ml Y2

Mycy = / PYA(y)dy + / PYA(y)dy

0 a
a (11)

+ / POYA()dy + C,

Vi

where M is the total mass of the hourglass and C is a con-
stant corresponding to the contribution of the hourglass
framework. Differentiating (11) and using (5) along with

PA(Y,)y, = —p, we get
MVey = —u(y, —yy)- (12)

Therefore, the center of mass velocity is negative, as it
should be. However, the center of mass accelerator is
positive:

dVey.
d (13)
= —puQp =) = uVy +Vy),

which is identical with (3).

We hope the above discussion illustrates why the hour-
glass problem is an excellent pedagogical problem. It allows
to demonstrate the main components of a good strategy for
solving a complex physical problem: identify the main
physical processes relevant to the problem, build a plausi-
ble model of the phenomenon under study, carefully use the
laws of physics, common sense and ingenuity, make reason-
able approximations, and finally try to get some of the key
results in a different way to gain confidence that you are on
the right track.

However, as we show in this note, the pedagogical pos-
sibilities of the hourglass problem are not limited to what
was described above. Namely, the hourglass problem can be
used to demonstrate the use methods of variable mass sys-
tems. For this goal we use the modification of the problem
described in Ref. [1].

AF=F-Mg=M

3 Fraction of the sand in the free-fall

We will assume that the hourglass consists of cylindrical
upper and lower compartments of constant cross section,
separated by a sieve. It was shown in Ref. [1] that for an
hourglass to have a constant weight, it is necessary that the
sand surface in the lower compartment be maintained at a
constant height, and that this can be achieved if the lower
container is suspended via springs, as shown in Fig. 2.
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The geometric parameters are the same as in Ref. [2].
That is each cylinder has a diameter of 8§ cm and a length of
a = 20 cm. The sieve consists of 230 holes with a diameter
of 2.0 mm each. Coordinate conventions are similar as in
Ref. [1], and the general geometry is shown in Fig. 2.

Since it is not immediately clear that in the case of multi-
holes, the mass of sand in free fall can be neglected, let us esti-
mate the fraction of sand in the free-falling cascade, assuming a
constant flow of sand . If x is the downward distance from the
level of sieve, the mass of the sand in air is given by

Al+(a—y,)
Am = p(O)A(x)dx, (14)
0
where Al = —2a — u is the elongation of the spring connect-

ing upper and lower compartments. Note that the y-axis is
directed upward and u is the coordinate of the bottom of the
lower compartment, so # < 0. As the flow u is constant, we
have at any cross-section

H=pMAMV(), (15)

But at the cross-section which is situated at a distance x
below the sieve the free-fall velocity is

V= \/V§+2gx, (16)

where V, is the velocity by which the sand leaves the sieve
and enters the free-fall cascade. Therefore

—(a+u+y,)
/ _ pdx
V3 +2gx
V7o " e8 (17)

%
Al 1——8;(a+u+y1)—1 .
8 Vo

Note that we can rewrite this result in the following intui-
tively transparent way

M
=2V -V,
m g( 0) (18)

where V = \/V02 —2g(a + u+y,) is the velocity at the end

of the free-fall cascade and (V — V,))/g is the free-fall time.
Let us estimate V,,. If the total area of openings in the
sieve is A, then

H = pAyVy. (19)

Assuming that initially the sand completely fills the upper
compartment, its total mass is M = pAa. But y =M/T,
where T is the time it takes to get the upper compartment
empty. Therefore, (19) gives
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Vo = (20)

Nl
S

For the hourglass used in Ref. [2], a/T = 0.84 cm/s and

A, 2307012
Therefore, V, = 5.8 cm/s and

2ga

3
V2 ~ 10°.

Combined with (17), this fact shows that a good approxima-

tion for (17) is (note that initially ¥ = —2a and y; = 0)
a+tu+ Y1

Am = uy /-2 —g (21

and

Am _ 1 [ ,atutyh _a M. (22)
M T g T a’g

For example, initially

a 2a a 1 -
T‘/azg \/_T\/ag (23)

Besides, from (17) we get

d _
S Am~ @+ 3y). (24)

Below we will be interested in a situation when

and, therefore, (24) shows that

d%Am =0. 25)
In conclusion, only a small fraction of the sand is in a free-
fall during all the time and we can ignore, if needed, its
mass compared to the masses in the hourglass compartments
except, perhaps, very brief periods at the beginning and at
the end of the flow.

4 The weight of the hourglass

Hourglass, as a whole, is a constant-mass system. There-
fore, we can write
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dpy . /42 . Lo
T =F — Mg, (26) Py = 2 p_A + 2 pit + (my + )it (33)

where F is the force from the balance spring and it just
equals to the weight P of the hourglass. If x is the downward
distance from the top level of the sand, then we have

—a+y,—(u+y;)

py=- POAX)V(x) dx + (m, + )i, 27

0

where m, is the mass of the sand in the lower compartment
except the sand in a free fall and 7, is the constant mass of
the compartment itself.

Maybe some clarification would be helpful here. The inte-
gration in Eq. (27) runs over the sand in the upper container
and the falling part of the sand. This part of the sand moves
relative to the lower container, while the remaining part of
the sand in the lower compartment of the (variable) mass m,
moves along with its container.

Remembering (15),! we get

py=—uQy =y —a—u)+ (my + )i (28)
Therefore,
Py =—p@y =y — i) + myit + (my + mmyid. (29)

Butm; + m, + Am = M, where m, is the mass of the sand in
the upper compartment. In view of (25) and because obvi-
ously ri1, = —pu, we have

my = —n, = p. 30)
On the other hand,
my _m
Y1 =p_A’ YQ—p—A- 31)
Therefore,
e
1 bA° 2 DA (32)

Substituting (30) and (32) in (29), we get

! Equation (15) is a consequence of the mass conservation (or conti-
nuity) equation

op

—+V-(pV)=0

Ey (vV)

for a stationary flow with ‘;—’t’ = 0. In this case, the surface integral
¢ pV-dS=0. If T is the lateral surface of the hourglass bounded

%rom above by the cross-sectional area A(y) of the hourglass at height
y and the bottom surface of the upper compartment, we get
PMAMV () — pAyVy = p(0)A)V(Y) — u = 0. Therefore, Eq. (15) is
valid both in the sand fall zone and inside the upper compartment,
although in the latter case, of course, p(y) = p.

This is essentially the Eq. (6) from Ref. [1] and we see that
Py = 0 (the hourglass has a constant weight P = Mg) if

=t

It is noteworthy [1] that the condition & + ¥, = 0 means that
the sand surface in the lower compartment is maintained at
a constant height (see Fig. 2).

5 Equation of motion for the lower
compartment

For variable mass systems neither M ‘fi—‘t/ = F nor ‘2—‘;’ =F are

the correct equations of motion in the general case, where

F is an external force. Instead, the general situation is

described by the equation [14]

P _Fiz (35)

where 7 is the momentum flux into the system (how much
momentum is brought into the system by new parts per unit
time). Below, we use (35) to re-derive and somewhat correct
the equation of motion for the bottom part of the hourglass
from Ref. [1].

Let us consider a variable mass system which consists of
the lower compartment with the sand in it plus the sand in
the free fall. Its equation of motion has the form

Pry = 7, + kAL = [m; + i, + Am]g, (36)
where

is the momentum flux in this system. But

Al+(a—y,)

Py = — POAV(x)dx + [m, + m, it

ly 1 1 (38)

0
= ﬂ(a+ u+y1) + [m] +ﬁl]]u.
Therefore, since Al = —2a — u, Eq. (36) gives
[m, +mJi+ [y + myJi+ ku
= —[m; + 1 + Am]g — 2ak — u(Vy + y)). (39)

If we neglect Am compared to m,, then 1, = —r, = p,

¥, = pu/pA and (39) reduces to
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[m, +mJi + 2+ ku

2
8 H (40)
=—[m, +1m,1g — 2ak — p_A - uVy,

which is identical to the equation (8) from Ref. [1] with
n =2y and F; = 2ak + u?/(pA) + uV,. As we can see, to
obtain this equation, there is no need for the dissipation in
the spring. The effective dissipation constant # = 2 arises
dynamically partly from the term p,,, and partly from the
momentum flux z.

6 Another derivation of the equation
of motion

The derivation of the equation of motion for the lower com-
partment becomes somewhat more complicated if we do not
include sand in free fall in the variable mass system from the
very beginning, taking the boundary of the system just above
the bottom of the falling column of sand. In this case
p’ly = (m, + i)t and naively we can think that n'; =—uV.
However the latter equation is not correct. The fact is that
the surface in the lower compartment, where the sand ends
its free-fall and stops, moves upward with the velocity it + y,.
Because of this motion, it takes time other than dx/V for a
portion of momentum Ap, = —pAVdx = —pudx to be
absorbed by our variable mass system. Namely, the absorp-
tion time is

dr = L 41)
V+ia+y,
and, therefore,
m, = —p@+ i+ ). 42)
Hence the equation of motion
P, =7, + kAL = [m; + g (43)
takes the form
[m, + fi, Jii + iy it =
(44)

—u(V+i+y)+kAl—[m + g

But, from (18), uV = uV, + Am g and we see that (44) is
identical to the Eq. (39).

7 The case of the zero momentum flux

What happens if the boundary of the variable mass system
is taken just below the bottom of the falling column of sand?
In this case, the new parts of the system are already station-
ary and, therefore, the momentum flux is zero. However,

@ Springer

instead of the momentum flux, in this case there will appear
a downward impact force F resulting from the impact of
freely falling particles on the boundary surface of the vari-
able mass system. This is exactly the situation considered in
Ref. [1]. The equation of motion is

p’ly =kAl—[m, +m]g - F, (45)

where, as in the previous chapter, p’ly = (m; + m;)u. From
what was said in the previous chapter, it is easy to calculate
the impact force F. Indeed, a small part of falling sand with
momentum Ap, = —pAVdx = —pudx is stopped in time
At=dx/(V+u+y,) . Hence F=(0-Ap)/At
=uV+au+y)= —ﬂ; and Eq. (45) becomes identical to
the Eq. (43).

Note that

2
F=uV+ia+y)= <;4V0+”—A+Amg> + uit
.

contains not only the constant part in parentheses (Am is
only asymptotically constant. In any case, it can be neglected
in the equation of motion due to its smallness compared to
other masses, as mentioned above), but also pit term. This
last term was overlooked in Ref. [1], just as its twin term that
originates from plw The latter circumstance is due to the fact
that Ref. [1] in (45) instead of p’ly uses the Newtonian
(m; + my)ii.

It was shown in Ref. [1] that if k = pAg, then the condi-
tion (34) is satisfied asymptotically and the hourglass has
constant weight, provided #/pu > 1/2. For an effective dis-
sipation constant # = 2y, this stability condition is satisfied
automatically and there is no need for dissipation in the
spring, unless we want to further increase the stability.

8 Otto-McDonald leaky tank car

The general theory of systems with variable mass is rather
complicated [15, 16]. However, the concept of the momen-
tum flux and the Eq. (35) make it much easier to obtain the
equation of motion for various systems with variable mass.
For example, let us demonstrate this by obtaining the equa-
tion of motion for a leaky tank car [17, 18].

There are two principal aspects in the problem of a leaky
tank car. Firstly, the tank car is a variable mass system with
a non-zero momentum flux, and secondly, there is an internal
horizontal motion of water? in the tank. The Otto-McDonald
model shown in Fig. 3 makes this internal motion explicit.

2 The water can be replaced by a fluidized granule.



Hourglass of constant weight as an illustrative example of a system with a variable mass

Page70f8 9

Fig.3 Otto-McDonald model of internal motion of water into a leaky
tank car

Namely, let us imagine that an off-center drain is con-
nected by a pipe of length D and cross-sectional area S with
a hole in the center of the bottom of the tank. The water in
the pipe moves relative to the tank with the velocity u and
hence with the velocity x + u relative to the fixed inertial
reference frame, in which the coordinate of the center of
mass of the tank car is equal to x.

For an infinitesimally small time interval df, the amount
of water dm = pSudt leaves the tank with the same hori-
zontal speed x (with respect to a fixed inertial frame of
reference) that the tank has at that moment. Therefore, the
amount of horizontal momentum leaving the reservoir in the
time dt is equal to dp = dmx. Since the momentum flux in
(35) is defined as the amount of momentum brought by the
new parts of the system, we conclude that in our case

7w, = —— = —pSux. (46)

On the other hand, the horizontal momentum of the tank
car is

P, =M — pSD)x + pSD(x + u) = Mx + pSDu, 47)

where M is the total mass of the tank car (including water).
External horizontal force on the tank car equals zero.
Therefore, (35) becomes d;; = 7, and substituting (46) and

(47) into this equation, we finally obtain

M3 = —pSDit = DM, (48)

where we have taken into account that M = —pSu. The Eq.
(48), as the equation of motion of a leaky tank car, was first
obtained and investigated in Ref. [17].

9 Concluding remarks

Variable mass systems and systems of variable composition
play an important role in modern technology [19] and astro-
physics [20]. Despite the fact that the dynamics of variable
mass systems has a venerable history and has been an active

area of research for many years [15], this branch of mechan-
ics is usually given little attention in textbooks, and one can
still find in the literature incorrect applications of Newton’s
second law in this context [21].

Textbook treatments of systems with variable mass, as a
rule, are limited to the movement of a rocket and a discus-
sion of the Meshchersky equation and reactive forces. Unfor-
tunately, this does not give the student enough intuition to
solve such interesting variable mass problems as the motion
of a leaky tank car [17, 18, 22] or falling chains [23, 24].

In conclusion, the concept of momentum flux is a use-
ful concept in the study of variable mass systems and it is
desirable that students be familiar with this concept. The
hourglass problem, as we have tried to show in this note,
gives students one more opportunity to practice understand-
ing this useful concept.
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