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The paper presents a new particle-in-cell model for fully kinetic simulations of plasma confinement regimes with
high relative pressure. These regimes are considered as the most promising ones for fusion reactor proposals
based on field reversed configurations, mirror and multi-cusp magnetic traps. Formation of an equilibrium high-
pressure plasma with a fully excluded or reversed magnetic field cannot be investigated using the simplified
magnetohydrodynamic and gyrokinetic approaches. A correct description of the electron dynamics under close
proximity of zero and strong magnetic field regions can only be achieved within the framework of the kinetic
theory that can be implemented most efficiently by the particle-in-cell method. The full-scale particle-in-cell
simulations of modern fusion experiments require the use of finite-difference schemes in which temporal steps
exceed the period of fastest electron oscillations at the plasma or even cyclotron frequencies and spatial steps do
not have to resolve the Debye radius. This requirement is satisfied by implicit schemes capable of conserving the
total energy of the system. The particle-in-cell model presented in this paper is based on the energy conserving
semi-implicit approach as a predictive step and a new method for suppressing the electrostatic noise inherent
in it as a corrective step. This two-step algorithm provides not only accurate energy conservation, but also the
exact local fulfillment of the Gauss law.

the CAT (Compact Axisymmetric Toroid) facility [10] at the Budker
Institute of Nuclear Physics SB RAS. In these experiments, high-beta
plasma equilibria such as diamagnetic bubble [1] or FRC are planned
to be created using high-power neutral injection [9].

1. Introduction

As is known, the most promising way to rise the energy confine-
ment time in magnetic traps with open field lines is to increase the

relative plasma pressure f. The maximum value of this parameter f = 1
is reached when the plasma completely expels the magnetic field and
is kept in equilibrium by the pressure of this field at the periphery.
Modern proposals to build a fusion reactor using mirror [1-3], multi-
cusp [4,5] and field reversed (FRC) [6-8] magnetic configurations are
based on the transit to these high-f regimes. To simulate them, it is
necessary to create a numerical model that would correctly describe
the main physical processes either facilitating or hindering the estab-
lishment of a high-f# equilibrium configuration in the proposed fusion
schemes. In this paper, proposing such a model, we will focus on the
special set of parameters that is realized in laboratory experiments at
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The main challenge in numerical simulation of fusion plasma de-
vices is a huge dynamic range between the micro- and macroscales
of the processes of interest. The most detailed kinetic description of
plasma provided by Particle-In-Cell (PIC) models requires to resolve
the Larmor rotation of electrons or their fast oscillations at the plasma
frequency throughout the whole duration of the experiment. In addi-
tion, the numerical scheme stability ties the spatial grid step Ax to
the plasma Debye radius, and in electromagnetic codes to the path cAt
traveled by the light in a time step (the Courant-Friedrichs-Lewy (CFL)
condition). For example, in the CAT experiment, the duration of neutral
injection will be several milliseconds, which is 8 orders of magnitude
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longer than the period of electron cyclotron rotation in an unperturbed
magnetic field. Moreover, the Debye radius of the starting plasma turns
out to be 4-5 orders of magnitude smaller than the linear dimensions
of the experimental setup. In the simplest implementation of the PIC
method, based on explicit finite difference schemes [11,12], the parti-
cle coordinates and momenta at a new time step are calculated using the
values of electromagnetic (EM) fields from the previous step. The main
disadvantage of these schemes is the lack of exact energy conservation,
that imposes the above severe restrictions on the size of the space and
time steps (CFL condition) and limits the modeling of long-term ion dy-
namics due to the accumulation of an error in the total energy.

In this regard, the most popular way to model the fusion plasmas is
to use the simplified hybrid approaches when ions are still described by
the PIC method but electrons are simulated using either the magnetohy-
drodynamics [13,14], or gyrokinetics [15]. Such approaches, however,
are incapable of describing the regions with weak or zero magnetic
fields, which must inevitably appear in the FRC or diamagnetic bubble.
Thus, the only way to correctly model the plasma in configurations with
high f is to preserve the kinetic description for both ions and electrons.
This can be implemented in the PIC model only by using implicit finite
difference schemes. Indeed, if the coordinates and velocities of parti-
cles are updated according to the values of EM fields not only from the
past, but also from the future, it becomes possible to accurately con-
serve the total energy of the system. As a result, the numerical scheme
remains stable even at large time steps that do not resolve the plasma
and cyclotron frequencies of electrons. The capability of a time step to
exceed the electron cyclotron period in highly magnetized regions even
by a few times makes the problem of a full-scale description of the CAT
experiment realistic.

In recent years, many implicit schemes for integrating the system
of Vlasov-Maxwell equations have been proposed. They can be di-
vided into two groups: fully implicit [16,17] and semi-implicit schemes
[18-23]. In the former case, the equations of motion for particles and
the Maxwell equations for fields are solved simultaneously using non-
linear Newton-Krylov iterations, and the energy of the system can be
conserved with any predetermined accuracy. In the semi-implicit ap-
proach, the computational cycle is constructed in the same way as in
explicit PIC schemes, and the response of particles to the field in the
future is taken into account in Maxwell’s equations through the lin-
ear current. While in the Direct Implicit Method (DIM) [18,19] and the
Implicit Moment Method (IMM) [20-22] the particles response is only
approximately linear leading to nonconservation of energy, in the En-
ergy Conserving Semi-Implicit Method (ECSIM) [23] the linearity of the
current is not the result of any approximations, which allows energy to
be conserved at discrete time steps exactly. It is worth noting that the
ability to accurately conserve energy is very important for modeling
collisional effects in plasma, since it allows this conservation law to be
preserved when PIC algorithms work together with the Monte Carlo al-
gorithm of Coulomb collisions [24]. Obviously, semi-implicit schemes
turn out to be several times more efficient from a computational point
of view than fully implicit ones because of the absence of nonlinear
iterations.

To simulate plasma confinement in mirror traps, the charge conser-
vation law is also important. Failure to comply with the finite-difference
analog of the Gauss law can lead to an increased level of small-scale
electrostatic fluctuations. This noise may affect the losses of particles
and energy from the trap. It is known that in PIC models the evolution
of EM fields is calculated only on the basis of Maxwell’s rotary equa-
tions, while in order to fulfill the divergent equations at each time step
(divE =47p and divB =0) it is necessary that the current and charge
densities satisfy the continuity equations. The second of these equations
is automatically satisfied if the spatial discretization provides the vec-
tor equality div(rotA) = 0, while the fulfillment of the first equation
depends on how the current is calculated. In PIC codes, this problem
is solved either by correcting the potential part of the electric field by
solving the Poisson equation according to the actual charge density dis-

Computer Physics Communications 295 (2024) 109020

tribution on the grid, or by using the density decomposition method
[25] and calculating the electric current components directly from the
continuity equation. For simultaneous charge and energy conservation
in the ECSIM, recent works have proposed to either correct the posi-
tions of particles at the end of the computational cycle in order to fulfill
the Gauss law [26], or, based on a two-stage predictor-corrector scheme
[27], first predict the fields from the ECSIM linear current, which does
not save charge, and then correct the fields from the new current that
satisfies the continuity equation. It is interesting that, in the framework
of the finite element method used in [27], the correct current has the
similar form as in the ECSIM method, with the only difference that
the trajectory-averaged value <W(Xp(t) - xg)> for each macroparticle is
used instead of its instantaneous shape at the half step W(X;+l/ - X,).
Unfortunately, it remains unclear how much the neglect of the curl part
of the current correction in this model affects the level of electromag-
netic fluctuations and how to correct particle velocities when currents
are created by several particle species.

In this paper, to simulate high-§ regimes in fusion facilities, we
propose to reformulate the predictor-corrector scheme of [27] for the
standard spatial discretization on the Yee grid modifying substantially
the corrective step. In the proposed scheme, the prediction of unknown
quantities at a new time step is based on the energy-saving ECSIM [23]
method, and the charge conservation is ensured by the transition to the
current calculated using the Density Decomposition Method of Esirke-
pov [25] at the corrective step. In contrast to the work of [27], not only
the electric, but also the magnetic field is subjected to correction here.
In this case, the energy conservation law requires that the correction
of the kinetic energy should compensate the change in work done by
the electric field on the particle currents. Since the correct current in
the Esirkepov’s method is calculated separately for each particle, there
is a natural opportunity not only to make a local correction of veloc-
ities (with its own coefficient for each cell, taking into account only
those fields that actually act on the particle), but also to separate the
contributions to this work from different particle species. The latter cir-
cumstance is important for describing experiments in magnetic traps,
when the current is generated by both electrons and a population of
high-energy ions.

2. Description of the model

Our goal is to propose an implicit PIC model that would allow the
use of large steps (At > w;l,Qe‘l) and would be suitable for full-scale
simulations of laboratory experiments, which is possible when the key
laws of energy and charge conservation are fulfilled. Further, we will
construct a PIC algorithm for advancing particles and fields to a new
time step based on the similar predictor-corrector scheme that was pro-
posed in [27]. First, we predict the unknown values of the coordinates
x;“ and the velocities \7;“ of the particles, as well as the values of the

EM fields E7+' and B/*' on the grid at the new step 1, = (n + 1)At
using the semi-implicit ECSIM method [23] that conserves energy but
does not conserve charge. Then, at the corrective step, the current J Z“,
which does not satisfy the continuity equation, is replaced by the cur-
rent JZ“ calculated using the Esirkepov decomposition method [25].
After that, we correct the fields EZ“,EZ“ = EZ“,BZ“ and perform

local renormalization of particle velocities VZ“ - VZ'H in order to re-
store the energy conservation.

At the prediction stage, to move particles, we will use the following
finite-difference scheme:

/2 _ o Af_,

X, =X, + 5 Vi (@D)]
q,At /.

~n+l _ _n 4 n+l1/2 ~n+1/2 n

= (B2 [y xBy] ). @

where the half-step speed \72“/ 2= (VZ + VZH) /2 is half the sum of the

values at the old and new steps, and the EM fields acting on a finite size
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macroparticle with the form-factor W are determined by interpolation
of their grid values
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Here and below, time is measured in units of the reciprocal plasma
frequency of electrons (w, = \4me2ny/m,), particle velocities and coor-
dinates — in the speed of light ¢ and the length of the plasma skin-depth
¢/w,, charge g, and mass m, of particles — in units of charge e and
mass m, of electron, fields are measured in units of m,cw, /e, and parti-
cles density and current — in units of n and enyc. To solve Maxwell’s

equations in finite-difference form

Bl _ /2

By"' =B - At (rotE™1/?) | ©)
B =B - Ayt A (rot B2) )
where B"+1/ 2 = (B} +l§g+1) /2, it is necessary to calculate the density of

the electrlc current created by computational particles at a half step:

jg+]/2 — qu‘~72+l/2w(x;+]/2 _Xg)‘ (7)
P

Using Eq. (2), the intermediate velocity v"+ /2

of the electric field E"+1/ 2, which makes it possible to establish a linear
relationship between the grid values of the current and the electric field
in the future:

is expressed in terms
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Here, §;; and ¢;;,, are understood as the unit and absolutely antisym-
metric tensors (in a three-dimensional Cartesian space, the indices i
and j range over the values x, y,z, and g and g’ run through all nodes
of the spatial grid). It should be noted that, unlike other semi-implicit
schemes [19,21,22], the linear response of particles to EM fields in the
ECSIM method is not a result of any approximations. Substituting the
current (8) into the Maxwell’s equations and also excluding the mag-
netic field from them, we obtain a system of linear algebraic equations
for grid electric fields Eg“ at a new step. Having this system solved,
we then calculate the preliminary velocities for all particles VZ“. Com-
pleting the computational cycle, we determine the particle positions at
the n+ 1 step:

At
Xn+1 :X”‘H/z + —V"+1.

14 P 2 p 12)

Representing the current in the form (7) is convenient for ensuring
the exact conservation of energy, but if we calculate the rate of change
in the charge density from the new particle positions, it turns out that
this value does not satisfy the continuity equation with this current. This
means that the Gauss law is not satisfied in such a scheme, and parasitic
fluctuations of the electric field can grow in the system. The current
that conserves the charge must satisfy the finite-difference continuity
equation
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Ape=q, [W(x;H —x) ~ W - xg)] =—Ar(divI™12) o a3)
p

However, if the new value of the current Jgﬂ/ % is calculated by the
Esirkepov’s method [25] directly from Eq. (13) with the same particle
shape W as at the prediction step, we will face the following diffi-
culty. The fact is that the Esirkepov current from each particle makes
a non-zero contribution to a smaller number of nodes than the current
(7) predicted from the particle shape in the middle of its trajectory. As
will be shown in Sec. 3.3, a large local difference in the current density
leads to the need for a strong local field corrections and excites a nu-
merical instability when trying to introduce these corrections into the
particle energy. The problem is solved if a smoother particle kernel W
is used at the correction stage. For example, the numerical scheme re-
mains stable if the Esirkepov current is calculated using the parabolic
kernel instead of the linear one. In addition, since the particle trajec-
tory at each time step consists of two straight-line segments, in order to
improve accuracy, the calculation of the Esirkepov current consists of
two stages corresponding to each of these segments:

n+1/2

qu [t =x) - o - x,)]

+ 2 4, [W(x"+1/2 xg) = W =x,)] a4

Then, solving the Maxwell equations with a new source current, we
obtain the corrected spatial distribution of EM fields Eg“ and Bg“.
The quantity preserved by the Maxwell’s equations

Z [% <|E§+1|2 _ |Eg|2 + |Bg+1|2 |Bn|2> +AZJH+]/2 "'*‘1/2
g

n+1/2 n+1/2| _
+arv - [E B2 =0 (s)

has the meaning of the energy conservation law if the work of the cor-
rected electric field on the new current is equal to the change in the
kinetic energy of the particles:

YA e = T 2 (- ). ae)
g 14

Since the same equality holds at the prediction stage, the correction for
particle velocities must be determined by the change in work:

m - 1/2n+1/2 1/25n+1/2
Z 7l’ (|V2+1|2 _ |VZ+1|2) :A[Z |:J2+ / E;+ / J"+ / z"' / ]
P g

a7

The simplest way to restore the energy conservation law at the correc-
tive step is to globally correct the particle velocities vﬁ“ = /1\7;*'1 with
the single coefficient

Atz n+1/2 n+1/2 Jn+1/2 g+1/2

P=1+ — : (18)
Xmy V272
p

However, due to the fact that the current in the Esirkepov method
is calculated as the sum of the contributions of individual particles
J;H/ 2= %Jg, the energy correction can be carried out locally in ac-

cordance with the work done on the particles in the given cell C:

ny 1/2
Z 5 (lvn+1|2 |vn+l|2) =At2 |:ZJ§E2+/ _

peC peC Lg€Ep

s

“n+1/2gn+1/2
4V, K,

19)

where the summation is over the particles from the given cell and over
those grid nodes where the particle p creates a nonzero current. Intro-
ducing a local correction factor for each cell
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the new particle velocity can be calculated as vi*' = AcVi+!. By divid-
ing the currents into components from different types of particles, one
can introduce individual correction factors for each type.

3. Testing the model
3.1. Gyrokinetic drifts in stationary fields

Since in equilibrium plasma configurations with high f a transition
layer should be formed between the regions of weak and strong mag-
netic fields with a width of the order of the ion Larmor radius ~ p; in
the vacuum field [28], the grid step should resolve inhomogeneities on
the scale of p;, but can exceed the radius of electron cyclotron rota-
tion p,. In the CAT experiment, the typical velocities of 15 keV ions
and thermal electrons are comparable with each other (v;/c = 0.0056
and v,/c =0.01 — 0.02), but their Larmor radii in the maximum mag-
netic field Q, /o, = 0.4 are significantly different (p; = 25 ¢ /w, and p, =
(0.025-0.05) ¢/w,,). The admissible spatial resolution Ax ~ c/w, makes
it possible to use relatively large time steps At = Ax/(2v,) ~ 25 co;l al-
lowing the particle to pass distance equal to half of the grid spacing. In
the magnetic field of the CAT facility (Q,/w, = 0.2 — 0.4) at the plasma
density of ny = 10'> em~3, such a time step is sufficient to resolve oscil-
lations with the ion cyclotron frequency Q;, but it turns out to be too
large to resolve the cyclotron rotation of electrons (At = (5 — 10)/Q,).
However, as long as the scale of spatial inhomogeneities in highly
magnetized regions of the plasma significantly exceeds the size of the
electron gyro-orbit, one can neglect the deviations of particles from the
trajectories of their Larmor centers and reproduce their dynamics with
the same accuracy as in the drift approximation. Even taking into ac-
count that the explicit Boris algorithm used in our model overestimates

1+Q2A12 /4
[29,30], the drift approximation remains applicable up to the values of
interest to us

the effective Larmor radius for large time steps p.r = p,

_B .~
IVBlp, »p.

Let us make sure that the Boris pusher correctly reproduces the main
drifts of an individual electron in stationary electromagnetic fields even
at large time steps 1 < Q,At < B/(p,|VB]). In the uniform magnetic
field B, = 0.2, the electron starting from the point x, = (0, -0.1,0) with
the velocity v, = (0.02,0,0) should move in a circle with the radius
p. =U,/B, =0.1. Fig. 1 shows that the electron stays on this circular
trajectory even when its Larmor frequency is not well resolved.

If a uniform electric field E, = 0.001 is also applied to a given mag-
netic field, then the electron will begin to experience the E x B-drift,
moving (on average) in the x direction with a velocity of Vi = E, /B, =
0.005. Fig. 2a shows that the electron trajectory at large steps, although
it ceases to look like a spiral, still continues to lie in the same strip that
is swept out on the (x, y) plane by the real trajectory. From Fig. 2b one
can also see that the x-coordinate of a particle follows, on average, the
law of motion of its Larmor center V¢, advancing or lagging behind in
different phases of rotation by less than p,.

A similar behavior is also observed in the inhomogeneous magnetic
field B,(») = 0.2(1 —0.8y). In this case, the drift along x is caused by the
transverse component of the force F = —yV B (where y =m, vi /(2B) is
the magnetic moment of the Larmor circle), which causes the Larmor
center to move in the direction of F X B with the velocity

QAr=5-10< 21)

2
UL aBz

2B2(0) dy

VV B
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Larmor gyration

o
. —e—dt=0.2/Q
0.1 . —e—dt=5/Q,

ZF< N

R\
XS
A'A,!,"’!"\ b

X, c/®,

Fig. 1. Larmor rotation of an electron in the uniform magnetic field B, = 0.2
for different time steps At.

It can be seen from Fig. 3 that, up to deviations by the Larmor radius,
the electron drift trajectory is well reproduced in the model even at
large time steps.

Thus, in weakly magnetized regions of plasma, the proposed PIC
model can provide an accurate kinetic description of both ions and
electrons, and in the strong magnetic field, the same model, while re-
maining kinetic for ions, is able to reproduce the electron dynamics in
the drift approximation.

3.2. Confinement of test particles in a compact cell of the CAT

The main goal of the created model is to study the long-term dy-
namics of plasma during its heating and confinement in mirror traps.
In the CAT experiment, a plasma with a characteristic density ny, = 10'3
em~3 and a high relative pressure § ~ 1 is planned to be created in
a compact mirror cell consisting of two current coils separated by
L =344 ¢/w, ~ 60 cm. Neglecting the thickness of coils with radius
R, the axisymmetric magnetic field in such a system can be calculated
as follows:

2r
z

B,.(r,z)=1IR | dpcos
(r.2) /(p ¢(R2+zz+r2—2chos¢)3/2

0

z—L
+ , (22)
(R?+(z— L) +r%—2Rrcos (p)3/2]
2r

1
(R?2 + 22 4+ 2 —2Rrcos @)3/2

B,(r,z)= IR/d(p(R — rcos @)

1
+ . 23
(R?2+(z—L)?>+r?—2Rrcos (p)3/2] 23

To provide the mirror ratio
B_(0,0)

T B.(O,L/2)
used in the experiment on the axis of the system, the radius of the
coils must be equal to R = L/2.39. The current I =Q,,, R/@8x)(1 +
L?/R?/4)*/? (measured in units of ec/r,) is chosen so that the dimen-
sionless field in the mirror Q,,, = eB,,,./(m,cw,) corresponds to its
experimental value B,,, =04 T.

The longitudinal component of the force F = —uV B leads to the con-
finement between the mirrors of those particles that lie outside the loss

cone vy <v; VR — 1. Since the drift under the action of the transverse

max
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Fig. 2. E X B-drift of an electron with v, =0.02 in uniform crossed fields B, = 0.2 and Ey =0.001 at different time steps. (a) Trajectory on the plane (x,y), (b)
deviation of the x-coordinate of the particle from the gyrokinetic trajectory of the center of the Larmor circle V1.
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Fig. 3. Drift of an electron with v, =0.02 under the action of VB in the inhomogeneous magnetic field B, = 0.2(1 — 0.8y) at different time steps. (a) Trajectory on
the plane (x, y), (b) comparison of the law of particle motion along x with the gyrokinetic trajectory Vg gt.

component of the same force F is correctly reproduced by the model, an
additional check at what conditions and for how long a particle can be
confined between the mirrors seems redundant. However, before mod-
eling the plasma, it needs to make sure that discretization of the external
field on a grid with the relatively large step Ax =1 c¢/w, ~ 1.7 mm as
well as interpolation of the grid field values to a finite-size particle does
not influence on particle losses over the time of the experiment.

Let us investigate how strongly the finite grid effects influence on
the particle trajectories, using the example of an electron and a proton,
whose starting coordinates and velocities are equal to x, = (0,27, L/2),
v, = (0.02,0,0.018), x; = (0,27, L/2), v; = (0.003,0,0.0025). We first
calculate the trajectories of point-shape particles x,(r) and x;(¢) in the
magnetic field given by the formulas (22) and (23) in continuous space.
In Fig. 4a and 4b, these trajectories are shown for the case Ar =25. It
can be seen that the particles perform bounce oscillations along z be-
tween the stopping points located near the mirrors. Due to the small
Larmor radius, the electron is actually tied to the magnetic field line,
drifting weakly in the azimuthal direction (along x), while the proton
trajectory turns out to be more complex and covers the trap axis. Since
the field inhomogeneities can be neglected at the electron gyro-radius,
the conservation of the magnetic moment y = const is well satisfied for
the electron. This means that the magnetic field at its stopping point
is determined by the angle of the velocity vector in the central plane

of the trap B,;/Bi, =1+ (U”/UJ_)Z ~ 1.81, and the radius of its mag-
netic field line varies from the maximum value y,,, =27 in the central
plane to the minimum value y, i, = Yiax V Bmin/ By = 20.07 at the stop-
ping point. Solving the equation B(y,,;,,z) = B,,, one can determine the
z-coordinates of the stopping points (z,,;, = 49.6, z,,,, =294.4). It can
be seen that for the electron the simplification y = const allows to accu-
rately determine the restrictions on the region accessible for its motion.

In the PIC model, a particle with the coordinate x, is actually a
finite-size cloud of charge with the form-factor W (x — X,) =Wi(x -
x, )W (y—y,)W(z - z,), where

1—|x—x,|/Ax, [x—x,|<Ax,
W(x—xp)={0’ | ”) Lthervf/i|se,

(24

and the magnetic field of the mirror cell is defined on a grid with
the step Ax = Ay = Az = 1. Let us carry out similar calculations for
the trajectories of individual particles X,(¢) and X;(¢) in the PIC model,
neglecting the self-fields of these particles (particles do not create cur-
rents). Deviations of these trajectories dx,; = x,;(t) — X, () from the
trajectories of point particles in continuous fields are shown in Figs. 4c
and 4d. It can be seen that during the simulation, the trajectory of the
macro-proton deviates by a value less than the electron Larmor radius,
and the deviation of the z-coordinate of the finite-size electron under
the same conditions grows linearly with time (the faster, the larger the
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Fn+1/2

in the middle of the trajectory, blue crosses indicate nodes with the nonzero Esirkepov current J;'H/ %). (For interpretation of the colors in the figure(s), the reader

is referred to the web version of this article.)

time step) and reaches the grid step. At the same time, at the stopping
points, the dz, deviation passes through zero; therefore, such an er-
ror does not lead to particle losses. However, it should be noted that
the collisionless trajectory of particles should be accurately reproduced
only at times between collisions. For a typical electron temperature of
50 eV, this time is 1.5 - 10° w_!. In this interval, the deviations turn
out to be comparable with the electron gyro-radius, so the choice of the
step Ax = 1 does not greatly impair the accuracy of the trajectory calcu-

lations which do not claim to resolve the Larmor rotation at large time
steps.

3.3. Equilibrium homogeneous plasma
Let us now find out whether the proposed correction algorithm

works correctly in the case of self-consistent dynamics of particles in the
electromagnetic fields. For this purpose, it suffices to consider a homo-



E.A. Berendeev, I.V. Timofeev and V.A. Kurshakov

—=—- Wg in ECSIM+correction
——- We in ECSIM+correction

104
—— W;p in ECSIM
—— We in ECSIM
100 200 300 400
Time, 1/w)

ECSIM B,

8 S
ol e N E
i T
6 | |
-.!.I:,
3 Il..lI-I- [ |
T EEE - |
>;4 | | .-:F -
= =

||
|| .
, a b=l " uqllw-
|| N N = B R
| =
mE m
- =
0 =
0 2 4 6 8
X, Cclwp
EETE R 02020l
-2 0 2

Computer Physics Communications 295 (2024) 109020

@ ECSIM+correction L
4 s
’L ’
2 /0?’,’
e
- M
X >
= 0
[0
£,
mode k=(1,1)
-4
-6
100 200 300 400
Time, 1/wp

ECSIM+correction B,

X, c/wp
-2 0 2
le-2
@ ECSIM+correction E,
8
6
Q
3
=~
)
>:4
2
% 2 4 6 8
X, Clwp
-2 0 2
le-2
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(c) the map of the field B, (x,y) in the ECSIM model in the moment 1= 255, (d) similar B, (x,y) map in the ECSIM model with the correction step, (e) E,(x,y)
field map in the ECSIM model at the same time, (f) similar E, (x, y) map in the ECSIM model with the correction step.

geneous isotropic unmagnetized plasma with the Maxwellian velocity
distribution f, « exp(—(v/ UT)2 /2) for electrons, assuming the ions to
be a stationary compensating background. For the temperature 7' = 100
eV, the thermal velocity equals to vy = 0.014. In this case, the grid
step Ax = 0.3 exceeds the Debye radius by more than 20 times, and the
time step Af = 1.5 = 5Ax significantly exceeds the CFL limit. Periodic
conditions for particles and fields are used at the boundaries, which
corresponds to the case of an infinite plasma.

If at the correction stage the Esirkepov current for individual par-
ticles is calculated using the same linear form-factor W (24) that was
used at the prediction step, then the equilibrium plasma turns out to
be unstable. As can be seen from Fig. 5a, where the history of the
field and particle energies is shown by thick solid lines, the energy of

the electric field Wy grows exponentially, taking energy away from
the particles. Since the energy in this scheme is conserved exactly
(Wi (@) — Wi(0) + Wi + Wp| < 10~13), the exponential growth satu-
rates when half of the kinetic energy is converted into the field energy
Wy = Wi /2. At a later stage, an increase in the magnetic field is also
observed. The same instability, but with the reduced growth rate, de-
velops if particles have a smoother parabolic shape at both steps (thin
solid lines in Fig. 5a). The reason for the development of such a numer-
ical instability is the strong local difference between the predicted and
corrected currents. As is shown for the linear particle shape in Fig. 5b,
the current calculated by the Esirkepov decomposition method (blue
crosses) makes a non-zero contribution to fewer nodes than the current

calculated from the particle shape W(XZ+1/ - X,) in the middle of its
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Fig. 7. Norm D as a function of time for the original ECSIM method and its
corrected analog.

trajectory (red circles). A large local difference in currents requires a
strong local correction of the fields, and hence the excitation of small-
scale fluctuations. The need for precise conservation of energy requires
fields to take energy from particles in response to an increase in the
level of electromagnetic noise, which leads to the development of the
instability.

To solve this problem, we propose to use different kernels for parti-
cles at the predictive and corrective steps. For example, if a particle has
the linear shape at the ECSIM stage, it must have the parabolic shape at
the stage of the Esirkepov current calculations. In this case, the Esirke-
pov current makes a non-zero contribution to the same nodes as the
ECSIM current. The dotted lines in Fig. 5a show a stable level of ther-
mal fluctuations if different form-factors are used at the predictive and
corrective steps for the same macroparticles.

3.4. Weibel instability in a homogeneous anisotropic plasma

Let us check whether the proposed model accurately describes the
known plasma instabilities that grow at low frequencies (w < w,). As an
example, we consider the aperiodic Weibel instability [32] developing
in a uniform plasma with an anisotropic electron temperature (T} > T),).
In the absence of an external magnetic field, the dispersion relation
for aperiodically growing perturbations with the frequency w = iI" and

wavenumber k = 4 /k2 + ki in a plasma with the bi-Maxwellian distri-
bution function f, « exp(—ﬂL(vi + vi) =B vz) has the form [32]:

a

T T
e A 1—i/e-x2dx =0, 25)
1 1 \/;0

where B, | =m,c*/(2T, ), « =T+/B, /k and z is the parallel direc-
tion. The instability develops in a finite range of wavenumbers k €

[0, ATy /T - 1]. For the chosen parameters 7| = 100 eV, 7| = 1 keV,

the instability growth rate reaches its maximum value ', # 0.023 o,
at k= 1.14 w,/c. Note that only magnetic field perturbations appear
unstable in this problem.

Let us now study the development of the Weibel instability in the
3D PIC model, comparing the results obtained both in the framework
of the original ECSIM method and in the case when this method is sup-
plemented with a correction step that guarantees charge conservation.
It can be seen from Fig. 6a that, if the Gauss law is not satisfied, the
energy of the electrostatic noise increases along with the energy of the
magnetic field. The influence of this noise turns out to be very signif-
icant, since it not only slows down the growth of energy in magnetic
field perturbations at the linear stage, but also reduces the level of their
nonlinear saturation. The dashed curves in Fig. 6a show that the in-
clusion of the correction step in the model stabilizes the electric field
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Fig. 8. Layout of the simulation domain in the problem of continuous plasma
injection into a region with an initially uniform vacuum magnetic field.

energy at the level of the initial thermal noise, and also increases the
magnetic field saturation energy by several times.

Since the computational domain in our PIC simulations is cho-
sen to have sizes L, X L, X L, = 30Ax X 30Ax X 5Ax with the grid
step Ax = 0.3 ¢/w,, among the possible set of discrete modes k, ,, =

Vn?+m22zx/L,, the highest growth rate should be achieved by the
mode (1,1) with k; ; =0.99. Fig. 6b shows that the growth rate of this
mode is in good agreement with the maximum theoretical growth rate
calculated from the equation (25). Simulations in both models are car-
ried out with the time step At = 5Ax, and the simultaneous charge and
energy conservation is reached via the global correction of particle ve-
locities (18). The effect of applying the corrective step is most clearly
seen from the comparison between the electric field maps (Fig. 6e and
6f) obtained with and without fulfillment of the Gauss law. To illus-
trate how accurately the continuity equation can be satisfied after the
correction step, we calculate the norm

n+l _ pn 2

P P
D=,y %Hdivjnﬂﬂ)g . (26)
g

Comparison between the models based on the original ECSIM method
and its corrected analog is shown in Fig. 7.

Lastly, we note that the corrective step has a little effect on the
computation time which, in accordance with [31], is mainly spent on
calculating the Lapenta matrix. Calculations on a single core of the Intel
Xeon E5-2630v3 (2.4 GHz) processor show that the slowdown caused
by the corrective step does not exceed 10%.

3.5. High-beta nonuniform plasma

To test high-f regimes, we consider the problem of plasma injec-
tion into the selected region of space with an initially uniform vacuum
magnetic field B = (0,0, B,). This problem is closely related to the CAT
experiment [10] where the high-pressure plasma in a compact mirror
cell is created by the high-power neutral injection into a cold target
plasma. Here, we will study this problem in the simplified formulation
when the Maxwellian plasma is uniformly injected into a finite-width
layer that is not limited in tangential directions. The same problem has
been recently simulated using the explicit 2D3V PIC code [33] based on
the standard Boris (leap-frog) and Yee (FDTD) algorithms. It has been
found that, even if ions are much hotter than electrons, an electric cur-
rent expelling the magnetic field from the injection region is created
by the E x B—drift of electrons rather than by the diamagnetic drift of
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Fig. 10. Dynamics of the magnetic field, ion density and plasma pressure in the center of the injection region.

ions. This current layer has been also shown to be unstable against per-
turbations at the ion-cyclotron frequency harmonics traveling with the
electron drift velocity. In addition, the deepening of the magnetic well
with the growth of plasma pressure has been found to be well described
by a simple theory. The conclusion about instability of high-# plasma
boundaries is very important for the confinement of hot ions in mirror
traps, that is why we should check if the same instability is reproduced
in our semi-implicit PIC model. Our simulations should also reproduce
the same law of magnetic field exclusion from the injection region.

To compare with the results obtained in the paper [33], we simu-
late the problem using the proposed semi-implicit PIC model for the
same physical parameters. Electron-ion pairs with temperatures 7; = 10
keV, T, =2 keV and mass ratio m;/m, = 16 are uniformly thrown
into the injection region occupying the central part of the computa-
tional domain (Fig. 8) so that, by the time = = 1000 co;el, the linearly
growing plasma density should reach the value of ny = 103 ecm™3 we
choose as unity. The initially uniform vacuum magnetic field equals to
B, = /2T;/(m,c?) ~ 0.1978, therefore, by the time ¢ ~ z, the plasma
pressure should become close to the magnetic field pressure (f ~ 1).
To compare with 2D simulations, we minimize 3D effects by reduc-
ing the size of the computational domain along the vacuum magnetic
field to the minimal value L, = 5Az. The time and space steps are cho-
sen to be much greater than in the explicit PIC model (A7 = 0.5 and
Ax=Ay=Az=0.2 instead of Ar=0.025 and Ax = Ay =0.05 in [33]).
The acceptable level of noise is achieved by using 200 computational
particles per cell at the unit density. We use periodic boundary condi-
tions along the y and z directions, and absorbing conditions for both
fields and particles in the x direction.

Let us first make sure that the ion-cyclotron instability observed
in the paper [33] is also developed at the boundaries of our injec-
tion region. Fig. 9 shows the spatial distributions of electric current
J), measured in the moment 7 =6.77/Q; = 0.548 7 in both explicit and
semi-implicit PIC models. One can see that the current layers are un-
stable against flute-like perturbations with the same wavenumbers. The
stage of exponential growth of this instability is clearly seen in Fig. 9¢
where the energy of electric field E, associated with the unstable per-
turbations is shown as a function of time. The growth rate in different
models is found to be close to Q,/2, although it seems to be slightly
underestimated in the explicit model (blue curve) because of a higher
level of noise.

According to the theory proposed in [33], the deepening of the mag-
netic well produced by the plasma in the center of the injection region
slows down as the plasma pressure approaches the limit of § ~ 1. This
theory can be reformulated in a more simple way if the vacuum mag-

netic field is chosen slightly higher (B, = v/2(T; + T,)/(m,c?) instead of

B, =+/2T;/(m,c?)):

C_1=B s VE 3

R eaid LURAR b)(1+b), 27)
n(t):g(l—b3/2)+3<l—\/g>, (28)
p(t)=1-1b% (29)

where b(t) = B(t,0)/ B, is the magnetic field at the center of the injec-
tion region, n(?) is the ion density, and f(¢) is the plasma pressure in
units of the vacuum magnetic field pressure Bg /2, 1=3.125 c/w); is
the half-width of the injection region. Fig. 10 shows good agreement
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of the simulation results obtained in both explicit and semi-implicit PIC
models for the new vacuum field value B, ~ 0.2167 with the theoretical
predictions.

4. Conclusion

To simulate high-beta regimes of plasma confinement in mirror
traps, we propose a new PIC model based on the semi-implicit EC-
SIM method combined with the correction step allowing to satisfy both
the energy and charge conservation laws. The implicit nature of the
scheme makes it possible not to resolve the plasma frequency and the
Debye radius, and for relatively large steps Q,At <« B/(|VB|p,) the
model allows one to reproduce the electron dynamics in the drift ap-
proximation. For simultaneous conservation of both energy and charge,
the proposed PIC model uses a two-stage predictor-corrector scheme,
where, by analogy with the work of [27], the predictive stage is based
on the energy-saving ECSIM method, and the corrective stage provides
a transition to a charge-saving current. In our work, this approach was
implemented for the standard Yee mesh and required a significant mod-
ification of the correction step. The final current is calculated in our
model using the Esirkepov density decomposition method, and not only
the electric but also the magnetic field is corrected. In this case, the
law of energy conservation is achieved by renormalizing the particle
velocities in accordance with the work done on them by the electric
field. Due to the possibility of separating the contributions of individual
particles in the Esirkepov current, such a renormalization can be not
only local (with its own coefficient for each cell), but also individual
for each kind of particles. An important feature of the proposed cor-
rection method is the need to use different form factors for the same
particle at the predictive and corrective steps. The new PIC model is
shown to reproduce not only the well-known Weibel instability of a ho-
mogeneous unmagnetized plasma with temperature anisotropy, but also
the drift ion-cyclotron instability growing at the boundary of a high-#
plasma during plasma injection into the vacuum magnetic field. The
model also correctly describes the deepening of the magnetic well in
time under this continuous plasma injection.
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