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A B S T R A C T

The angular distribution of photons emitted at interaction of low-energy electrons with atoms of noble gases
is investigated. The angular asymmetry of the bremsstrahlung cross section is significant and strongly depends
on the electron and photon energies. The effect of polarization radiation is considered. It is shown that this
effect is noticeable even below the electroluminescence threshold, in contrast to the generally accepted point
of view. In the case of argon, the account for the polarization radiation improves the agreement between the
predictions and the available experimental data for the yield of bremsstrahlung photons.
1. Introduction

The investigation of low-energy electron interaction with noble
gases is very important from both experimental and theoretical points
of view. From the theoretical point of view, elastic scattering and
bremsstrahlung are very sensitive to the details of the interaction,
namely, to the static and polarization potentials. Due to the polarization
potential, such an interesting phenomenon as the Ramsauer effect
becomes pronounced in noble gases [1]. This effect leads to a nontrivial
energy dependence of the electron-atom scattering cross section. From
the experimental point of view, the characteristics of photon radiation
due to electron-atom scattering are important for the development of
highly sensitive dark matter detectors [2–6].

In our recent paper [7] we have investigated the spectrum of
radiated photons and clarified many theoretical aspects that were under
discussion during a long time. As a result, in the cases of argon and
xenon atoms, good agreement was achieved between our predictions
and experimental data for the photon yield [2–6]. In addition to the
photon yield, the angular distribution of emitted photons is also very
important, because it gives us an additional possibility to verify our
understanding of the bremsstrahlung physics in noble gases. Therefore,
the results concerning the angular distributions will be very useful to
experimentalists developing dark matter detectors.

In the present paper we investigate the differential cross section
for bremsstrahlung at the interaction of low-energy electrons with
noble gases below the electroluminescence threshold. It is generally
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accepted that below this threshold such an effect as polarization ra-
diation is negligible (see, e.g., Ref. [8]). In this work we have included
the contribution of polarization radiation into consideration and have
shown that this effect is noticeable even below the electroluminescence
threshold. In our paper the amplitude of radiation is a sum of the
amplitude corresponding to photon emission by an incident electron
and the amplitude of photon emission by atomic electrons. The effect
of polarization radiation appears mainly due to the interference of
these two amplitudes. The formalism developed here is applicable for
all noble gases. All numerical results and the comparison with the
experiment are presented for the case of argon.

2. Scattering and radiation of nonrelativistic electrons

For electron wave functions, we use the well known partial wave
expansions (see, e.g., Ref. [9])

𝜓 (±)
𝒑 (𝒓) = 1

2𝑝

∞
∑

𝑙=0
(2𝑙 + 1) 𝑖𝑙𝑒±𝑖𝛿𝑙𝑅𝑙(𝑝, 𝑟)𝑃𝑙(cos 𝜃) , (1)

where 𝑝 =
√

2𝑚𝜀 is the electron momentum, 𝑚 and 𝜀 are the electron
mass and energy, respectively, 𝛿𝑙 are the scattering phases, 𝑃𝑙 are the
Legendre polynomials, 𝜃 is the angle between the momentum 𝒑 and
vector 𝒓, and 𝑅𝑙(𝑝, 𝑟) are the radial wave functions having the following
asymptotics at large distances
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The function 𝜓 (+)(𝒓) contains at large distances the plane wave and a
divergent spherical wave, while 𝜓 (−)(𝒓) contains the plane wave and a
convergent spherical wave.

The differential cross section of the bremsstrahlung process has the
form

𝑑𝜎 = 𝛼
𝑝𝑓
𝑝𝑖

𝜔𝑑𝜔𝑑𝛺𝒑𝑓 𝑑𝛺𝒌

(2𝜋)4
||

2,  = 𝒆 ⋅ 𝑱 , (3)

where 𝛼 is the fine-structure constant, 𝜔 = 𝜀𝑖−𝜀𝑓 is the emitted photon
energy, 𝜀𝑖 and 𝜀𝑓 are the electron energies before and after collision,
𝒆 is the photon polarization vector, 𝛺𝒑𝑓 and 𝛺𝒌 are the solid angles of
the final electron and the photon, respectively, ℏ = 𝑐 = 1. The current
𝑱 can be written as 𝑱 = 𝑱 1 + 𝑱 2, where
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he term 𝑱 1 corresponds to emission of a photon by an incident
lectron, and the term 𝑱 2 describes emission of a photon by atomic
lectrons in the second order of perturbation theory. Here |0⟩ denotes
he ground state of an atom, |𝑠⟩ is an intermediate atomic state, 𝐸0 and
𝑠 are corresponding atomic energies, 𝒓 and 𝒑̂ are the coordinate and

momentum operators of a scattered electron, respectively, and index 𝑎
enotes atomic electrons.

Using the commutation relation
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]
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where 𝑈 (𝑟) is the electron potential energy in an atomic field, we write
𝑱 1 in the form
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here 𝛼𝑗𝑛𝑑 (𝜔) is the polarizability tensor. Due to spherical symmetry of
he atomic potential we have
𝑗𝑛
𝑑 (𝜔) = 𝛼𝑑 (𝜔) 𝑎3𝐵 𝛿

𝑗𝑛 , (8)

here 𝛼𝑑 (𝜔) is the dimensionless dynamic polarizability of an atom,
𝑎𝐵 = 1∕𝑚𝛼 is the Bohr radius. Finally we obtain

𝑱 2 = 𝑖 𝛼𝑑 (𝜔) 𝑎3𝐵𝑚𝜔∫
𝑑3𝒓
𝑟2
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𝑓 (𝒓)𝒏𝜓 (+)

𝑖 (𝒓) . (9)

The term 𝑱 2 corresponds to the contribution of the so-called polariza-
tion radiation (see [10,11]).

As a result, the total current 𝑱 = 𝑱 1 + 𝑱 2 reads

𝑱 = − 𝑖
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The integral in this formula is expressed via the unit vectors 𝝀𝑖 = 𝒑𝑖∕𝑝𝑖
and 𝝀𝑓 = 𝒑𝑓∕𝑝𝑓 , so that

𝜔𝑱 =
𝝀𝑖 + 𝝀𝑓
1 + 𝑥

𝐴 +
𝝀𝑖 − 𝝀𝑓
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𝐵 , 𝑥 = 𝝀𝑖 ⋅ 𝝀𝑓 ,

𝐴 = 1
2
(𝝀𝑖 + 𝝀𝑓 ) ⋅ 𝜔𝑱 , 𝐵 = 1

2
(𝝀𝑖 − 𝝀𝑓 ) ⋅ 𝜔𝑱 , (11)
10
here 𝐴 and 𝐵 are the functions of 𝑥, 𝜀𝑖 and 𝜀𝑓 . The term proportional
o the vector

[
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]

does not contribute to 𝑱 due to parity conserva-
ion. Using the recurrent relation for the Legendre polynomials,
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and the orthogonality relation of the Legendre polynomials, we obtain
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Here the radial matrix elements are defined as
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Summing up Eq. (3) over photon polarizations and integrating over
𝛺𝒌, we obtain the angular distribution of the final electrons

𝑑𝜎𝑒
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To obtain the photon angular distribution, it is convenient to use the
representation

𝜔2
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hen we use the relations for the Legendre polynomials
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which can easily be proven. Finally, integrating Eq. (3) over 𝛺𝒑𝑓 we
obtain the angular distribution of emitted photons
𝑑𝜎𝛾
𝑑𝛺𝒌
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where cos 𝜃𝒌 = 𝝀𝑖 ⋅ 𝒏𝒌, 𝒏𝒌 = 𝒌∕𝑘, and 𝒌 is the photon momentum. For
he coefficients 𝑎 and 𝑏 we have
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In Eq. (18) the angular asymmetry 𝛽 is a function of 𝜀𝑖 and 𝜔. The
remsstrahlung spectrum 𝑑𝜎∕𝑑𝜔 in Eq. (18) coincides with that from
efs. [7,12] when neglecting the contribution of polarization radiation.

It was shown in Ref. [7] that the matrix elements 𝑀𝑙,𝑙+1 in the limit
→ 0 have the form

𝑙,𝑙+1(𝑝, 𝑝) =
2
𝑚

sin
(

𝛿𝑙 − 𝛿𝑙+1
)

. (20)

Therefore, in this limit the bremsstrahlung spectrum reads

𝑑𝜎
𝑑𝜔

= 16𝛼
3𝜔𝑚2

∞
∑

𝑙=0
(𝑙 + 1) sin2

(

𝛿𝑙 − 𝛿𝑙+1
)

. (21)

The angular asymmetry 𝛽 at 𝜔 → 0 is expressed via the scattering
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𝛽(𝜔 ≪ 𝜀𝑖) =
1
4

( ∞
∑

𝑙=0
(𝑙 + 1) sin2

(

𝛿𝑙 − 𝛿𝑙+1
)

)−1

×
∞
∑

𝑙=0
(𝑙 + 1) sin

(

𝛿𝑙 − 𝛿𝑙+1
)

{

3(𝑙 + 2)
2𝑙 + 3

sin
(

𝛿𝑙 + 𝛿𝑙+1 − 2𝛿𝑙+2
)

− 5𝑙 + 4
2𝑙 + 1

sin
(

𝛿𝑙 − 𝛿𝑙+1
)

}

. (22)

3. The influence of polarization radiation

In our recent paper [7] we have analyzed the spectrum of photons
emitted by low-energy electrons at scattering on argon and xenon
without account for polarization radiation. Here we consider the case
of argon and take polarization radiation into account. We show that its
contribution is noticeable, in contrast to the generally accepted opinion
that it is negligibly small below the electroluminescence threshold.

For a quantitative description of the bremsstrahlung spectrum and
the electron scattering cross section, we use the potential energy 𝑈 (𝑟) =
𝑈st (𝑟) + 𝑈pol(𝑟), where 𝑈st (𝑟) is a static potential determined by the
charge distribution in the atom and 𝑈pol(𝑟) is a polarization potential.
In fact, the polarization potential is nothing but the van der Waals
potential for interaction of electron with a neutral atom. For correct
description of electron-atom scattering, it is necessary to take into
account the polarization potential at all distances, but not only at
𝑟 ≫ 𝑎𝐵 . Since the behavior of 𝑈pol(𝑟) at 𝑟 ∼ 𝑎𝐵 is not well known,
various parameterizations are exploited. In Ref. [7] and in the present
work we use the parameterization

𝑈pol(𝑟) = −

[

𝛼𝑑
(

𝜌2 + 𝑑2
)2

+
𝛼𝑞

(

𝜌3 + 𝑑3
)2

]

Ry , 𝜌 = 𝑟
𝑎𝐵

, Ry = 𝑚𝛼2∕2 .

(23)

In Ref. [7] the values of the dimensionless parameters 𝛼𝑑 , 𝛼𝑞 , and 𝑑 of
he polarization potential have been determined by comparison of the
redictions for the total elastic scattering cross section of electron on an
rgon atom with the experimental data [18]. In order to improve theo-
etical predictions, here we also take into account the electron angular
istributions in the elastic scattering of electrons on argon [13–17]. The
est fit is obtained for 𝛼𝑑 = 10.5, 𝛼𝑞 = 200.5, 𝑑 = 2.38. The static poten-
ial 𝑈st (𝑟) was calculated using the Hartree–Fock-Dirac method [19].
he comparison of our predictions for the angular distributions of
lectrons scattered by argon is presented in Fig. 1 for a few electron
11
Fig. 2. The total elastic scattering cross section of an electron on argon. The solid line
corresponds to the predictions obtained with account for polarization potential (23),
and the dashed line represents the cross section calculated without polarization
potential. Experimental data are from Ref. [18].

energies. Some small deviation of our predictions from the experimen-
tal data could be a consequence of the specific parameterization of the
polarization potential (23). It is possible to improve the agreement by
introducing more complicated form of 𝑈pol(𝑟). However, the obtained
accuracy is sufficient for our purposes, because it is comparable with
the accuracy of the experimental data on bremsstrahlung. We remind
that the account for polarization potential is crucially important for
correct description of the scattering cross section (see Fig. 2).

In Ref. [7] we have investigated the bremsstrahlung spectra without
account for the polarization radiation. In order to include the polariza-
tion radiation in our consideration, we should modify Eq. (14) obtained
under the assumption that the polarization radiation is determined by
large distances. In fact, not only distances 𝑟 ≫ 𝑎𝐵 are important for
the corresponding contribution, but also 𝑟 ∼ 𝑎𝐵 . For a qualitative
discussion, we replace 𝑎2𝐵∕𝑟

2 in the polarization contribution in Eq. (14)
by 1∕(𝜌2 + 𝑑2) in the same way as it is done in Eq. (23). Moreover, we
replace the dynamic polarizability 𝛼𝑑 (𝜔) by the static polarizability 𝛼𝑑 .
We have checked that in the energy region under consideration the
replacement 𝛼𝑑 (𝜔) → 𝛼𝑑 does not change qualitatively the obtained
esults. We have also verified that our predictions are not very sensitive
o a modification of polarization term in Eq. (14) at 𝑟 ∼ 𝑎𝐵 . In the
cattering of slow electrons by atoms, there is also an effect related to
he identity of the electrons. This effect is usually taken into account
n the polarization potential, which is described phenomenologically in
ur work. Therefore, we do not consider the effect of electron identity
n the bremsstrahlung cross section. A comparison of our predictions
or the bremsstrahlung spectra with and without polarization radiation
s shown in Fig. 3 for several values of electron energies. The influence
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Fig. 3. The dependence of 𝜔 ⋅ 𝑑𝜎∕𝑑𝜔 on 𝜔 given by Eq. (18) for a few values of electron energy 𝜀. The case of argon is considered. The solid line corresponds to the spectrum
with account for polarization radiation, and the dashed line corresponds to the spectrum without contribution of polarization radiation.
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Fig. 4. The reduced yield of bremsstrahlung photons 𝛾 as a function of the reduced
electric field ∕𝑁 , where  is the electric field and 𝑁 is the concentration of
atoms. Theoretical predictions are obtained by means of Eq. (24). The solid line
corresponds to the spectrum with account for the polarization radiation, and the
dashed line corresponds to the spectrum without contribution of polarization radiation.
Experimental data are from Ref. [4].

of polarization radiation is noticeable for electron energies about a few
electron-volts. Note that the effect of polarization radiation appears
mainly due to the interference of the amplitude corresponding to
photon emission by an incident electron and the amplitude of photon
emission by atomic electrons (see Eq. (14)).

In Ref. [7] we have compared our predictions for the reduced yield
of bremsstrahlung photons 𝛾 with the experimental data obtained in

efs. [2–5] for the case of argon. In these experiments, electrons were
ccelerated in an electric field and scattered on gaseous argon with
mission of photons. The emitted photons in the wavelength region
= 0 ÷ 1000 nm were registered. The reduced yield, which is defined

s the number of bremsstrahlung photons per electron per atomic
oncentration and per drift path, is given by

𝛾 = ∫

𝜆max

𝜆min

𝑑𝜆∫

∞

𝜔
𝑑𝜀

𝑣𝑒
𝑣𝑑

𝑑𝜎
𝑑𝜔

𝑑𝜔
𝑑𝜆

𝑓 (𝜀) , (24)

where 𝑣𝑒 =
√

2𝜀∕𝑚 is the electron velocity, 𝑣𝑑 is the drift velocity,
𝑓 (𝜀) is the electron distribution function. The drift velocity and the
electron distribution function are determined by the magnitude of the
electric field. For these quantities, we use the results obtained by means
of EEDF program [20]. The dependence of 𝛾 on the ratio ∕𝑁 , where
 is the electric field and 𝑁 is the concentration of atoms, is shown
n Fig. 4. For the reduced electric field ∕𝑁 , we use the conventional
nits 1 Td = 10−17V cm2. It is seen that account for polarization
adiation leads to an increase in the predictions for the photon yield 
12

𝛾 I
y about 15%. As a result, this predictions are closer to experimental
ata [4].

In our paper [7] we have also compared our predictions for the
hoton yield 𝛾 , obtained without account for the polarization radia-
ion, with the experimental data for xenon. Good agreement have been
chieved. On the other hand, we have found that the photon yield in the
ase of xenon is rather sensitive to the modification of the polarization
erm in Eq. (14) at 𝑟 ∼ 𝑎𝐵 . Therefore, we do not discuss here the effect

of polarization radiation for the case of low-energy electron scattering
on xenon.

4. Photon angular distributions

Let us discuss now the angular distributions of bremsstrahlung
photons given by Eq. (18). In the case of argon, our predictions for the
asymmetry 𝛽 of these distributions are shown in Fig. 5 for a few elec-
ron energies. The results are obtained with account for the polarization
adiation and without such an account. The account for the polarization
adiation results in noticeable modification of the asymmetry close to
he end of the spectra.

It is seen that the asymmetry is negative for almost all photon and
lectron energies considered. In the limit 𝜔 → 𝜀𝑖 the asymmetry tends
o 𝛽 → −1, which can be explained as follows. The matrix element  of

the process can be written as  = 𝒆⋅𝑱 , where the current 𝑱 is expressed
via the momenta 𝒑𝑖 and 𝒑𝑓 of initial and final electrons (see Eq. (3) and
below). Summation over the photon polarizations 𝒆 gives
∑

||

2 = |𝑱 |2 − |𝒏𝒌 ⋅ 𝑱 |2 , 𝒏𝒌 = 𝒌∕𝑘 , (25)

here 𝒌 is the photon momentum. If 𝜔 = 𝜀𝑖 then 𝒑𝑓 = 0 and 𝑱 ∝ 𝒑𝑖.
herefore, ∑

||

2 ∝ 1 − cos2 𝜃𝒌 (𝜃𝒌 is the angle between 𝒑𝑖 and 𝒌),
hich corresponds to 𝛽 = −1.

In Fig. 6 we show the photon angular distributions 𝑑𝜎𝛾∕𝑑𝜔𝑑𝛺𝒌
see Eq. (18)) in polar coordinates for 𝜀𝑖 = 4 eV and 𝜀𝑖 = 10 eV
nd a few values of 𝜔. It is seen that the angular asymmetry is well
ronounced. Most of the bremsstrahlung photons are emitted in a
irection perpendicular to the initial momentum of the electron.

. Conclusion

We have investigated in detail the differential cross section of
hoton radiation due to interaction of low-energy electrons with atoms.
n the case of argon, we have obtained numerical predictions for the
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Fig. 5. The dependence of the asymmetry 𝛽 on photon energy 𝜔 for bremsstrahlung on argon at a few electron energies. The solid line corresponds to the spectrum with account
for polarization radiation, and the dashed line corresponds to the spectrum without contribution of polarization radiation.
Fig. 6. The angular distributions 𝑑𝜎𝛾∕𝑑𝜔𝑑𝛺𝒌 of emitted photons for a few values of photon energy 𝜔 pointed out in electron-volts. The left figure corresponds to electron energy
𝜀𝑖 = 4 eV and the right figure corresponds to 𝜀𝑖 = 10 eV. The asymmetry 𝛽 is about −0.25 in the left figure and about −0.6 in the right one. The numbers along the vertical axis
orrespond to the values of cross sections in Barns/eV.
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remsstrahlung cross section. The angular asymmetry 𝛽 of this cross
ection (see Eq. (18)) is significant and strongly depends on the electron
nd photon energies. It is shown that 𝛽 → −1 at 𝜔 → 𝜀𝑖 for any value
f initial energy of the electron.

The influence of the polarization radiation below the electrolumi-
escence threshold is studied in detail. We have shown that, in contrast
o the generally accepted point of view, the contribution of polarization
adiation is noticeable even below this threshold. An account for the
olarization radiation has allowed us to achieve better agreement
etween the predictions and the experimental data for the reduced
ield of bremsstrahlung photons (see Fig. 4).
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