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We calculate the total Born cross section of the ete™-pair production by an electron in the field of a nucleus

(trident process) using the modern multiloop methods. For general energies we obtain the cross section in terms
of converging power series. The threshold asymptotics and the high-energy asymptotics are obtained analytically.
In particular, we obtain an additional contribution to the Racah formula due to the identity of the final electrons.
Besides, our result for the leading term of the high-energy asymptotics reveals a typo in an old Racah paper.

1. Introduction

The process of the e™e™-pair production by an electron in the field
of a nucleus e~ Z — e~ ZeTe™ (trident process) is one of the basic pro-
cesses of interaction of high-energy electrons with matter. Theoretical
and experimental studies of this process have a long history [1-6].

First theoretical results for the total Born cross section in the leading
logarithmic approximation were obtained by Landau and Lifshitz [2]
and, independently, by Bhabha [3]. A little bit later the paper by Racah
[1] appeared, where the total Born cross section of this process was
obtained up to power corrections. The Racah result reads
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Here L =In(2y), m and y are the electron mass and its relativistic factor
in the nucleus rest frame. Note that the above formula does not take into
account the identity of the two final electrons. Meanwhile, this account
is expected to modify the coefficients in front of L' and L° terms.

In the present paper we calculate the total Born cross section of the
trident process. We obtain the exact result in terms of convergent power
series with analytic coefficients, which allows us to determine analyt-
ically both the threshold asymptotics and the high-energy asymptotics
of the cross section. In particular, we find that the contribution due to
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the identity of the final electrons indeed modifies the « L! and « L°
terms. We also uncover a typo in the Racah formula which results to
the incorrect coefficient % in front of {3 (the correct one is %).

2. Details of calculation

The total cross section of the trident process is determined by the
three-loop cut diagrams depicted in Fig. 1. These diagrams fall into
three groups:

+ Diagrams containing a cut fermion loop with four photon lines at-
tached.

 Diagrams containing a cut fermion loop with two photon lines at-
tached.

+ Diagrams without fermion loop.

It is natural to call the corresponding contributions C-even, C-odd, and
“twisted” contributions, respectively. The latter contribution appears
due to the particle identity. We will denote these contributions by o,
00, and op, so that

Oc-Z—eZeet =Op t0gtor. (2)

Let py, pp3, and p, denote the momenta of the initial electron, of two
final electrons and of the final positron, respectively. Then the cut gray

E-mail addresses: r.n.lee@inp.nsk.su (R.N. Lee), lyubyakin@inp.nsk.su (A.A. Lyubyakin), smirnov@theory.sinp.msu.ru (V.A. Smirnov).

https://doi.org/10.1016/j.physletb.2023.138408

Received 11 September 2023; Received in revised form 8 December 2023; Accepted 15 December 2023

Available online 19 December 2023

0370-2693/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://orcid.org/0000-0001-5287-4605
mailto:r.n.lee@inp.nsk.su
mailto:lyubyakin@inp.nsk.su
mailto:smirnov@theory.sinp.msu.ru
https://doi.org/10.1016/j.physletb.2023.138408
https://doi.org/10.1016/j.physletb.2023.138408
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2023.138408&domain=pdf
http://creativecommons.org/licenses/by/4.0/

R.N. Lee, A.A. Lyubyakin and V.A. Smirnov

Physics Letters B 848 (2024) 138408

1 1 1 | 1 1
1 1 1 1 1 1
| | | ( 1 P
2% 2% \ \ 2x \ \ \
~— 1 | 1 1 1 1
| | | | | | | |
koo * * * b3 * *
1 X 1 1 1 i 1 ]
l l l l l
| | | | | | | | |
l 1 1 1 |
| | 2x| | 2x | 2x | i : |
1 l 1 1 1 | | 1 |
l | 1 1 1 \ 1 1 1 1
X X X X X X X X X X
] N, s s
| | | | (i
x| | ox I 2x ! ik
1 | 1 ) 1 )
1 1 1 1 1 \ [ 1
X X o e ko ok mok ko mok

Fig. 1. Diagrams corresponding to the total Born cross section Ze+e~ — Ze+e~ +e~ +e*. The two upper left diagrams correspond to the C-even contribution, the
three upper right diagrams correspond to the C-odd contribution, and the remaining ten diagrams correspond to the “twisted” contribution. Each of the 7 framed

diagrams corresponds to a specific LiteRed basis.

line corresponds to the delta-function 6(e; — €, — €3 — €3), expressing

the energy conservation (here ¢; = p? =4/ pi2 + m2).

We perform Dirac algebra using FORM [7] and express the three con-
tributions in terms of scalar three-loop integrals with cut denominators.
Each of the three-loop scalar Feynman integrals appearing in the cal-
culation falls into one of the seven families of integrals corresponding
to the framed diagrams in Fig. 1. We perform an IBP reduction using
LiteRed and FIRE [8,9] and identify 74 unique master integrals. We
introduce the dimensionless parameter x = m?/ e% =1/y? and derive a
differential equation with respect to x.

Using Libra [10] and criterion of Ref. [11], we have checked that
the differential system is irreducible to e-form in a sole 3 x 3 block,
corresponding to the three-particle phase-space integral in the static
field,
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and its first and second derivatives with respect to x. We pass to normal-
ized Fuchsian form and fix the boundary conditions in the asymptotics
x — 1/9, corresponding to the threshold (¢, = 3m). Note that the phys-
ical region corresponds to x € (0,1/9). The only non-zero boundary
constant appears to be the coefficient in the leading asymptotics of ji,
Eq. (3), at the threshold. Then we construct an e-regular basis [12] fol-
lowing the approach described in Ref. [13]. Once we find the ¢-regular
basis we can safely put € = 0 in the differential equations and bound-
ary conditions for it. This is exactly the rationale behind passing to an
e-regular basis. When searching for the e-regular basis, it is convenient
to pass to the new variable z,

2
x=<i;§z) , z= i+é, %<z<l. (€]
Then the matrix on the right-hand side of the resulting system at € =0
has many zeros as demonstrated in Fig. 2. In particular, apart from
the leftmost upper 3 X 3 block, all the diagonal elements are zero. The
non-zero matrix elements are rational functions of z, therefore, we can
express all elements of the regular basis as onefold integrals of polylog-
arithms and the integral j,.

However, the resulting expressions appear to be quite complicated
and we choose instead to use the Frobenius method. In order to apply
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Fig. 2. Plot of the matrix on the right-hand side of the differential system for
the regular basis. Black squares denote nonzero matrix elements.

this method, we pass to the variable = which varies from 0 to oo in the
physical region:
2
= (1= I3V
x=(£). r=T2EL 0<r<l ©)
The point 7 =0 corresponds to the threshold, while 7 =1 corresponds
to the high-energy limit.

Then we construct the generalized power series for the evolution
operator U(z,6) around § =0 and 6 = 1:

No-1
Uz.0)= Y Y U™ + o), 6)
3. n=0
ve(0,5}

2



R.N. Lee, A.A. Lyubyakin and V.A. Smirnov

Ni-1 7
Ur.1) = Z Z U;};;" In* 7+ 0OE™M), @
n=0 k=0

where 7 = 1 — 7 and the coefficients U, (O) and U, 1) . satisfy a finite-order
recurrence relation automatically derlved usmg lera Then the spe-
cific solution reads

J(@)=U(r,00Cy=U(z,1)Cy, 8)

where C and C; are the two columns of boundary constants. Note
that C, is expressed via the threshold asymptotics of the phase-space
integrals j,, which was calculated analytically. Then we can find C,
numerically by matching the two expansions at some point 7, € (0, 1):

C, =U" (15, DU (7,,0)C,. 9

Our goal was to obtain high-precision values for C, in order to recog-
nize their analytic form using PSLQ algorithm [14]. In order to evaluate
U(ry,1) and U(zy,0) with comparable precision, we have to choose N;
and N, so that

700 (L= )™ (10)

Since the expansion of U(z, 1) appears to be much more computation-
ally expensive than that of U(z,0), we choose 7, =9/10, N, = 6700,
N, =307. This choice gives us about 300 digits of C; within about 10
minutes of computation time for each U(z,,1) and U(z,,0). Then we
use PSLQ to obtain the analytic form of C, in terms of alternating mul-
tiple zeta values.

3. Results and conclusion

The results obtained within the described approach are the follow-
ing:

+ Threshold asymptotics with analytic coefficients to arbitrary order
. £1-3m y=3
in the parameter r = -— = =,
e1+m y+1
+ High-energy asymptotics with analytic coefficients to arbitrary or-
der in the parameter m/e; =1/y.

+ High-precision numerical results for arbitrary energies.

The threshold asymptotics of 6, 0y, and o read
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The high-energy asymptotics read
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Finally, the functions 6, 6, oy for arbitrary 7 = % are presented
in Fig. 3. The solid graphs were obtained using deep Frobenius expan-
sions near r =0 and 7 = 1.

We note that the leading terms underlined in Egs. (14) and (15)
were also considered by Racah in Ref. [1]. While we find agreement of
Eq. (14) with the sum of Egs. (59) and (66) of Ref. [1], the underlined
terms in Eq. (15) slightly differ from Eq. (70) of Ref. [1]. Namely, the

coefficient in front of {3 is —% in Ref. [1], which is to be compared

with — % in Eq. (15). Fortunately, it is easy to identify the place where

this typo appeared: simply integrating Eq. (69) of Ref. [1] over dt/t
we recover our result. It turns out that the logarithmically amplified
term in the leading asymptotics of the contribution o, underlined in
Eq. (16) can also be found in old papers. Namely, Kuraev, Lipatov and
Strikman in Ref. [15] considered the effect of electron identity in the
process ete™ — eTetee™. After taking into account the combinatorial
factor 2 due to the appearance of two pairs of identical particles in this
process instead of one pair in e~ Z — ¢~ Ze~e* we find agreement with
Ref. [15].

Finally, we note that the leading high-energy asymptotics of the
cross sections suffice only for rather high energies. In particular, they
provide 5% accuracy at £; 2 200m, to be compared with £; > 50m and
€, 2 17m when one takes into account the 1/y and 1/y? corrections,
respectively.
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Fig. 3. Cross sections oz, 0y, oy as functions of 7. Dashed and dash-dotted curves correspond to the threshold, Egs. (11)-(13) and high-energy, Eqs. (14)-(16),

asymptotics, respectively.
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