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1 Introduction

One of the most intriguing phenomena of strong interaction is the existence of diffrac-
tive processes, which have been revealed experimentally by H1 and ZEUS experiments
at HERA, for the first time in the semi-hard regime in which a hard scale allows one to
describe such processes from first principles, relying on QCD. Besides, due to the para-
metrically large center-of-mass energy, these processes provide an access to the regime of
very high gluon densities [1, 2]. Indeed, HERA showed that almost 10 % of the γ∗p→ X

deep inelastic scattering (DIS) events present a rapidity gap between the proton remnants
and the hadrons coming from the fragmentation region of the initial virtual photon. These
events are called diffractive deep inelastic scattering (DDIS), and look like γ∗p→ X Y [3–
10], where Y is either the outgoing proton or one of its low-mass excited states, and X is
the diffractive final state. Besides inclusive DDIS, one can select specific diffractive states,
like jet(s) production, exclusive meson production, or hadrons.

The existence of a rapidity gap between X and Y leads naturally to describe diffraction
through a Pomeron exchange in the t−channel between these X and Y states.

A QCD factorization theorem was derived [11] in the collinear framework, justified by
the existence of a hard scale, the photon virtuality Q2 of DIS, involving a convolution of
a coefficient function with diffractive parton distributions, describing the partonic content
of the Pomeron.

Besides this collinear treatment, at high energies, it is natural to model the diffractive
events by a direct Pomeron contribution involving the coupling of a Pomeron with the
diffractive state X of invariant mass M. For low values of M2, X can be modeled by a qq̄
pair, while for larger values of M2, the cross section with an additional produced gluon,
i.e. X = qq̄g, is enhanced.

In the present article, we extend the series of works by some of us, devoted to a complete
Next-to-Leading Order (NLO) description of the direct coupling of the Pomeron to several
kinds of diffractiveX states, namely exclusive diffractive dijet production [12–14] and exclu-
sive meson production [15], here for the case of double hadron production at large pT . Such
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a study is strongly motivated by present and future possibilities of accessing gluonic satura-
tion through large-pT dihadron production. In photoproduction and leptoproduction, this
could be studied at the future EIC, in particular on a nucleus target in order to have a satu-
ration scale Qs large enough to be clearly in the perturbative regime, since Q2

s ' (A/x)1/3.

Here, the hard scale is provided by the large virtuality Q2 of the virtual photon and/or the
large pT of the produced hadron. In photoproduction, this could be achieved already now at
the LHC in pA and AA scattering, using Ultra Peripheral Collisions (UPC). Indeed, heavy
ions produce very high (real) photon fluxes, and when scattered off a nucleon or a nucleus
far away in impact parameter, the Coulomb peak dominates over any hadronic exchange,
so that these photons can be used as rather clean probes of the nucleon/nucleus. This
could be studied at the LHC in experiments equipped with detectors for identifying and
reconstructing both large-pT hadrons (when saying large pT , we mean here large enough so
that it provides the required hard scale) and the outgoing proton (ion). Therefore, in view
of future possible phenomenological applications, we will keep in the present work very
general kinematics, meaning both Q2 and pT in principle arbitrary, but such that DGLAP
effects do not dominate, i.e parametrically ln(Q2/µ2

F ), ln(p2
T /µ

2
F ) � ln(1/x), where µF is

the fragmentation-function factorization scale.
The “Pomeron” is presently a color singlet QCD shockwave, either built from Balitsky’s

high energy operator expansion [16–19], or from the color glass condensate formulation [20–
28], which satisfies the Balitsky-Jalilian Marian-Iancu-McLerran-Weigert-Leonidov-Kovner
(B-JIMWLK) evolution equation. The results we derive are obtained in the QCD shock-
wave approach and depend on the total available center-of-mass energy. This framework is
rather general and can have many applications. Restricting to the non saturated regime,
one might describe the t−channel exchanged state in the linear Balitsky-Fadin-Kuraev-
Lipatov (BFKL) regime [29–32], with next-to-leading logarithmic (NLL) precision [33–36]
to be consistent with our computation of impact factor at NLO. At higher energies, i.e.
when the gluonic saturation settles in, the Wilson-line operators, describing the t−channel
exchanged state, evolve with respect to rapidity according to the Balitsky hierarchy. Re-
stricting to the case of a dipole operator, it reduces to the Balitsky-Kovchegov (BK) equa-
tion [16–19, 37, 38] in the large Nc limit.

In the present paper, we calculate the matrix element for the γ(∗) → h1 h2X transition
(h1 and h2 being two identified hadrons) in the shockwave background of the target. It
depends on the target via the matrix elements of two Wilson line operators tr(U1U

†
2) and

tr(U1U
†
3) tr(U3U

†
2) − Nctr(U1U

†
2) between the in and out target states. The Wilson lines

are functions of the rapidity that separates the quantum gluons belonging to the impact
factor and the classical gluons from the Wilson lines. For hadron targets, these matrix
elements are to be described by some models, or can be calculated as solutions of the NLO
BK and the LO double-dipole evolution equations, using initial conditions at the rapidity
of the target. In the linear limit (BFKL) for forward scattering, these solutions are known
analytically with a running coupling [39, 40]. In the low-density regime, the second Wilson
line operator, namely the double-dipole operator, can always be linearized so that the
cross-section can be written in terms of matrix elements of color dipoles only.
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Figure 1. Left: amplitude of the process (2.1) at LO. Right: an example of amplitude contributing
to the process (2.1) at NLO. The grey blob symbolizes the QCD shockwave. The double line
symbolizes the target, which remains intact in the figure, but could just as well break. The quark
and antiquark fragment into the systems (h1X1) and (h2X2). The two tagged hadrons h1 and h2
are drawn in red and blue.

We will particularly focus on the way the various kinds of divergences will compensate
each other since one of the technical difficulties in this framework is to prove explicitly that
the various infrared (IR) and ultraviolet (UV) singularities cancel properly.

First, we will very briefly present the two kinds of factorization we will be dealing
with. Then, we will present the Leading Order (LO) results. Next, we will compute
explicitly the various real and virtual contributions at NLO, and will show how different
types of divergences cancel properly. Finally, we will give our main results, i.e. the finite
cross-sections at NLO for any kind of initial photon polarization.

2 Theoretical framework

2.1 Hybrid collinear/high-energy factorization

The aim of this paper is to perform a full NLO computation of the semi-inclusive diffractive
di-hadron production in the high energy limit:

γ(∗)(pγ) + P (p0)→ h1(ph1) + h2(ph2) +X + P ′(p′0) (2.1)

where P is a nucleon or a nucleus target, generically called proton in the following. The
initial photon plays the role of a probe (also named projectile). Our computation ap-
plies both to the photoproduction case (including ultraperipheral collisions) and to the
electroproduction case (e.g. at EIC). A gap in rapidity is assumed between the outgoing
nucleon/nucleus and the diffractive system (Xh1h2). This is illustrated by figure 1.

We will be working in a combination of collinear factorization and small-x factorization,
more precisely in the shockwave formalism for the latter.

Kinematics. We introduce a light-cone basis composed of n1 and n2, with n1 · n2 = 1
defining the +/− direction. We write the Sudakov decomposition for any vector as

pµ = p+nµ1 + p−nµ2 + pµ⊥ (2.2)

– 3 –
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and the scalar product of two vectors as

p · q = p+q− + p−q+ + p⊥ · q⊥
= p+q− + p−q+ − ~p · ~q .

(2.3)

We work in a reference frame such that the target moves ultra-relativistically and such
that s = (pγ + p0)2 ∼ 2p+

γ p
−
0 � Λ2

QCD, s also being larger than any other scale. Particles
on the projectile side are moving in the n1 (i.e. +) direction while particles on the target
side have a large component along n2 (i.e. − direction).

We will use kinematics such that the photon with virtuality Q is forward, and thus it
does not carry any transverse momentum:1

~pγ = 0, pµγ = p+
γ n

µ
1 +

p2
γ

2p+
γ
nµ2 , −p2

γ ≡ Q2 ≥ 0. (2.4)

We will denote its transverse polarization εT . Its longitudinal polarization vector reads

εαL = 1√
−p2

γ

(
p+
γ n

α
1 −

p2
γ

2p+
γ
nα2

)
, ε+

L =
p+
γ

Q
, ε−L = Q

2p+
γ
. (2.5)

We write the momentum of the produced hadrons as

pµhi = p+
hi
nµ1 +

m2
hi

+ ~p 2
hi

2p+
hi

nµ2 + pµhi⊥ (i = 1, 2) . (2.6)

The momenta of the fragmenting quark of virtuality p2
q reads

pµq = p+
q n

µ
1 +

p2
q + ~p 2

q

2p+
q

nµ2 + pµq⊥ (2.7)

and similarly for an antiquark of virtuality p2
q̄

pµq̄ = p+
q̄ n

µ
1 +

p2
q̄ + ~p 2

q̄

2p+
q̄

nµ2 + pµq̄⊥ . (2.8)

From now, we will use the notation pij = pi − pj .

Collinear factorization. The kinematical region considered here is such that ~p 2
h1
∼

~p 2
h2
� Λ2

QCD. The hadron momenta are the hard scale, making the use of perturbative
QCD and collinear factorization possible. The constraint ~p 2 � ~p 2

h1,2
, with ~p, the relative

transverse momentum of the two hadrons has also been considered. This means that
the two produced hadrons have a large enough separation angle (or in other words a
large enough invariant mass) so that it will not be necessary to consider the di-hadron
unpolarized fragmentation functions: each hadron, typically pion, can be produced by two
well-separated fragmentation cascades. The quark and antiquark in the hard part after

1Any transverse momentum in Euclidean space will be denoted with an arrow, while a ⊥ index will be
used in Minkowski space.
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collinear factorization will be treated as on-shell particles. For further use, we introduce
the longitudinal momentum fraction xq and xq̄ as

p+
q = xqp

+
γ and p+

q̄ = xq̄p
+
γ . (2.9)

Similarly, we denote
p+
hi

= xhip
+
γ . (2.10)

Shockwave approach. Shockwave formalism is an effective approach to deal with glu-
onic saturation. We briefly give here a survey of the required technicalities to be used in
the present paper.

When considering the photon impact factor, the gluonic field A is separated into exter-
nal background fields b (resp. internal fields A) depending on whether their +-momentum
is below (resp. above) the arbitrary rapidity cut-off eηp+

γ , with η < 0. The light-cone gauge
n2 ·A = is used. The external fields, after being highly boosted from the target rest frame
to this frame, take the form

bµ(x) = b−(x⊥)δ(x+)nµ2 . (2.11)

The resummation of all order interactions with those fields leads to a high-energy
Wilson line, that represents the shockwave and is located exactly at x+ = 0:

U~z = P exp
(
ig

∫
dz+b−(z)

)
, (2.12)

where P is the usual path ordering operator.
The small-x factorization applies here and the scattering amplitude is the convolution

of the projectile impact factor and the non-perturbative matrix element of operators from
the Wilson lines operators on the target states. One of such operators is the dipole operator,
which in the fundamental representation of SU(Nc) takes the form:

[
Tr
(
U1U

†
2

)
−Nc

]
(~p1, ~p2) =

∫
dd~z1d

d~z2⊥e
−i~p1·~z1e−i~p2·~z2

[
Tr
(
U~z1U

†
~z2

)
−Nc

]
, (2.13)

where ~z1,2 are the transverse positions of the q, q̄ coming from the photon and ~p1,2 their
respective transverse momentums kicks from the shockwave.

The proton matrix element should be parameterized. This can be done through a
generic function F , following the definition of ref. [13]〈

P ′
(
p′0
) ∣∣∣∣T (Tr

(
U z⊥

2
U †− z⊥2

)
−Nc

)∣∣∣∣P (p0)
〉
≡ 2πδ

(
p−00′

)
Fp0⊥p

′
0⊥

(z⊥)

≡ 2πδ
(
p−00′

)
F (z⊥) (2.14)

and its Fourier Transform (FT) is∫
ddz⊥e

i(z⊥·p⊥)F (z⊥) ≡ F (p⊥) . (2.15)

– 5 –
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Similar definitions exist for the double-dipole operator and its action on proton states,
as can be seen with eqs. (5.3) and (5.6) in [13], with〈

P ′
(
p′0
) ∣∣∣∣(Tr

(
U z⊥

2
U †x⊥

)
Tr
(
Ux⊥U

†
− z⊥2

)
−Nc Tr

(
U z⊥

2
U †− z⊥2

))∣∣∣∣P (p0)
〉

≡ 2πδ
(
p−00′

)
F̃p0⊥p

′
0⊥

(z⊥, x⊥) ≡ 2πδ
(
p−00′

)
F̃ (z⊥, x⊥) (2.16)

and its FT is ∫
ddz⊥d

dx⊥e
i(p⊥·x⊥)+i(z⊥·q⊥)F̃ (z⊥, x⊥) ≡ F̃ (q⊥, p⊥) . (2.17)

Here one remark is in order. We assume that the final state is the proton, i.e. coherent
production. However it can substituted by an excited state in the fragmentation region of
the proton, i.e dissociative contribution. Substitution will change only the hadron matrix
elements (2.14), (2.16), leaving the impact factors intact.

In this paper, dimensional regularization will be used with D = 2+d, where d = 2+2ε
is the transverse dimension.

2.2 LO order

QCD collinear factorization stipulates that the total cross-section, at leading-twist and LO,
reads, see ref [41] (chap. 12) and ref. [42]

dσh1h2
0JI

dxh1dxh2

=
∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
dσ̂JI
dxqdxq̄

+ (h1 ↔ h2) ,

(2.18)
where q specifies the quark flavor types (q = u, d, s, c, b), and J, I = L, T specify the photon
polarization since we deal here with a modulus square amplitude (J labels the photon
polarization in the complex conjugated amplitude and I in the amplitude). Here xq and xq̄
are the longitudinal fractions of the photon momentum carried by the fragmenting partons,
xh1,h2 are the longitudinal fraction of the photon momentum carried by the produced
hadrons, µF is the factorization scale, Dh

q(q̄) denotes the quark (antiquark) Fragmentation
Function (FF) and dσ̂ is the partonic cross-section, i.e. the cross-section for the subprocess

γ(∗)(pγ) + P (p0)→ q(pq) + q̄(pq̄) + P ′(p′0) . (2.19)

The graphical convention used in the present article for any fragmentation function is given
in figure 2.

All detailed computations will be done considering only the first term in (2.18), re-
membering the second term is just simply obtained by doing h1 ↔ h2.

The partonic cross-section (2.19) has been computed in the shockwave framework. The
structure of the result for the whole process 2.1 at LO is illustrated in figure 3.

Collinear factorization means that the produced hadrons should fly collinearly to the
fragmenting partons. This means here that the following constraints should be fulfilled

p+
q = xq

xh1

p+
h1
, ~pq = xq

xh1

~ph1 , (2.20)

p+
q̄ = xq̄

xh2

p+
h2
, ~pq̄ = xq̄

xh2

~ph2 . (2.21)

– 6 –
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≡

h

Figure 2. Graphical convention for the fragmentation function of a parton (here a quark for
illustration) to a hadron h plus spectators. In the rest of this article, we will use the left-hand side
of this drawing.

Figure 3. Diagram of the LO process at cross-section level. The blob is the shockwave (we do not
draw the coupling with the target for clarity) and the squares the FFs, see figure 2. The dashed
line is to represent the integration over phase space.

Since the photon in the initial state can appear with different polarizations, we con-
struct the density matrix

dσJI =
(
dσLL dσLT
dσTL dσTT

)
, dσTL = dσ∗LT . (2.22)

Each element of this matrix has a LO contribution dσ0. This Born order result, see
eq. (5.14) of ref. [13], has the following structure:

dσ0JI =
αemQ

2
q

(2π)4(d−1)Nc

(
p−0

)2

2xqxq̄s2dxqdxq̄d
dpq⊥d

dpq̄⊥δ (1− xq − xq̄)
(
εIβε

∗
Jγ

)
×
∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥δ (pq1⊥ + pq̄2⊥) δ (p11′⊥ + p22′⊥)

×
∑
λq ,λq̄

Φβ
0 (p1⊥, p2⊥) Φγ∗

0 (p1′⊥, p2′⊥) F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
. (2.23)

Using the explicit expressions of the product Φβ
0 Φγ∗

0 , see eq. (5.18-20) of ref. [13], as well
as eq. (2.18) the LO cross-sections are obtained and read for LL:

dσh1h2
0LL

dxh1dxh2d
dph1⊥d

dph2⊥
= 4αemQ

2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(2.24)

×δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
FLL + (h1 ↔ h2) ,

– 7 –
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where

FLL =

∣∣∣∣∣∣∣
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2

∣∣∣∣∣∣∣
2

. (2.25)

This LO cross-section can be written differently, using transverse momentum conser-
vation, see eq. (2.23)

dσh1h2
0LL

dxh1dxh2d
dph1⊥d

dph2⊥
= 4αemQ

2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(2.26)

×δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
F̃LL + (h1 ↔ h2) ,

where

F̃LL =

∣∣∣∣∣∣∣
∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2

∣∣∣∣∣∣∣
2

. (2.27)

Both forms can be used interchangeably in NLO cross-sections that are proportional to
the LO cross-sections, i.e when dealing with the soft, virtual, and counter-term contribution
to the NLO cross-sections. For the collinear quark-gluon contribution, eq. (2.24) will be
used while for the collinear anti-quark-gluon contribution, eq. (2.26) will be used.

Similarly, the non-diagonal interference term TL can be written in the two equivalent
forms

dσh1h2
0TL

dxh1dxh2d
dph1⊥d

dph2⊥
= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(2.28)

×(xq̄ − xq)δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
FTL + (h1 ↔ h2) ,

where

FTL =
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2

×

∫ ddp2′⊥
F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q2

(
xq̄
xh2

~ph2 − ~p2′

)
· ~εT


∗ (2.29)

and

dσh1h2
0TL

dxh1dxh2d
dph1⊥d

dph2⊥
= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d( xq̄
xh2

)d
(2.30)

×(xq̄−xq)δ(1−xq−xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
F̃TL+(h1↔h2),
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where

F̃TL =
∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2

×

∫ ddp1′⊥
F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1′⊥
))

(
xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2

(
xq
xh1

ph1 − p1′

)
· εT


∗

.

(2.31)

The most complicated contribution TT reads

dσh1h2
0TT

dxh1dxh2d
dph1⊥d

dph2⊥
= αem

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(2.32)

×δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
FTT + (h1 ↔ h2) ,

where

FTT =
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]
×
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2

(
xq̄
xh2

ph2 − p2

)
r

εT i

×

∫ ddp2′⊥
F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q2

(
xq̄
xh2

ph2 − p2′

)
l

εTk


∗

(2.33)

or equivalently

dσh1h2
0TT

dxh1dxh2d
dph1⊥d

dph2⊥
= αem

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(2.34)

×δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq

)
Dh2
q̄

(
xh2

xq̄

)
F̃TT + (h1 ↔ h2) ,

where

F̃TT =
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]
×
∫
ddp1⊥

F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1⊥
))

(
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2

(
xq
xh1

ph1 − p1

)
r

εT i

×

∫ ddp1′⊥
F
(
−
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p1′⊥
))

(
xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2

(
xq
xh1

ph1 − p1′

)
l

εTk


∗

.

(2.35)

Compared to the LL cross-section, the TL cross-section has the same form up to a
factor of 1

Q

xq̄ − xq
2xq̄xq

(
xq̄
xh2

~ph2 − ~p2′

)
· ~ε ∗T

– 9 –
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or
1
Q

xq̄ − xq
2xq̄xq

(
xq
xh1

ph1 − p1′

)
· ε ∗T .

The TT cross-section differs from the LL cross-section by a factor of

1
Q2

1
4x2

qx
2
q̄

[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

] ( xq
xh1

ph1 − p1

)
r

εT i

(
xq
xh1

ph1 − p1′

)
l

ε ∗Tk

or

1
Q2

1
4x2

qx
2
q̄

[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

] ( xq̄
xh2

ph2 − p2

)
r

εT i

(
xq̄
xh2

ph2 − p2′

)
l

ε ∗Tk .

The factors of 1/Q and 1/Q2 come from the photon polarization while the other modifi-
cations come from the expression of the squared of the impact factors. Those modifications
and additional factors between TL and TT cross-section w.r.t. LL will remain true when
going to NLO, for what concerns the extraction of divergences. This means that no addi-
tional detailed calculations are needed for those cases.

2.3 NLO computations in a nutshell

Different types of contributions in the dipole picture. At NLO, since we rely on
the shockwave approach, it is convenient to separate the various contributions from the
dipole point of view, as illustrated in figure 4. In this figure, we exhibit a few examples of
diagrams, either virtual or real, as a representative of each 5 classes of diagrams. There are
indeed 5 classes of contributions from the dipole point of view, namely dσiJI (i = 1, · · · 5),
so that the NLO density matrix can be written as

dσJI = dσ0JI + dσ1JI + dσ2JI + dσ3JI + dσ4JI + dσ5JI . (2.36)

Now, we will shortly discuss each of these 5 NLO corrections.
For the virtual diagrams, there are two classes of diagrams: the diagrams in which

the virtual gluon does not cross the shockwave, thus contributing to dσ1IJ , purely made of
dipole × dipole terms; the diagrams in which the virtual gluon does cross the shockwave,
contributing both to dσ1IJ , made of dipole × dipole terms as well as to dσ2IJ , made of
double-dipole × dipole (and dipole × double-dipole) terms.

For the real diagrams, there are three classes of diagrams: the diagrams in which the
real gluon does not cross the shockwave, thus contributing to dσ3IJ , purely made of dipole
× dipole terms; the diagrams in which the real gluon crosses exactly once the shockwave,
contributing both to dσ3IJ , made of dipole × dipole terms as well as to dσ4IJ , made of
double-dipole × dipole (and dipole × double-dipole) terms; the diagrams in which the real
gluon crosses exactly twice the shockwave, contributing to dσ3IJ , made of dipole × dipole
terms, to dσ4IJ , made of double-dipole × dipole (and dipole × double-dipole) terms, and
to dσ5IJ , made of double-dipole × double-dipole terms.
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virtual contributions

dσ1IJ dipole × dipole

dσ2IJ double-dipole × dipole

real contributions

dσ3IJ dipole × dipole

dσ4IJ double-dipole × dipole

dσ5IJ double-dipole × double-dipole

Figure 4. Illustration of the 5 kinds of contributions to the NLO cross-section from the dipole point
of view. Arrows show to which combination of dipole structures each type of diagrams contributes.

Overview of cancellation of divergences. Before providing technical details, let us
sketch the way the computation will be done, putting emphasis on the infrared (IR) sector.

When generically decomposing any on-shell parton momentum in the Sudakov basis
as2

pµ = zp+nµ1 + ~p 2

2zp+n
µ
2 + pµ⊥ , (2.37)

2Here p+ is a large fixed momentum, eg p+
γ in our present case.
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in the IR sector, we face three kinds of divergences:

• Rapidity: z goes to 0 and p⊥ arbitrary.

• Soft: any component of the gluon momentum goes linearly to 0 (obtained with both
z and p⊥ = zp̃⊥ ∼ z going to 0).

• Collinear: parton’s p⊥ goes to zero, z being arbitrary.

Technically, since the z integration is regulated through a lower cut-off (named α), one
should be careful with the fact that the appearance of lnα may have originated from both
rapidity or soft divergences.

The calculation goes as follows. First, the rapidity divergences, appearing only in the
virtual corrections in the present computation, are taken care of at the amplitude level by
absorbing them in the shockwave through one step of B-JIMWLK evolution. This removes
part of terms with lnα related to pure rapidity divergences.

Next, at the level of cross-section, we separate the soft divergent contribution from the
non-soft divergent terms. Combining real and virtual contributions, these soft divergent
terms will disappear as guaranteed by the Kinoshita-Lee-Nauenberg theorem.

Finally, the remaining type of divergences, which are of purely collinear nature, will
be absorbed into the fragmentation functions through one step of the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equation [43–46].

Different fragmentation contributions to the NLO cross-section. At NLO, we
have to deal with 5 kinds of contributions to the cross-section, illustrated in figure 5:

(a) γ∗ + P → h1 + h2 +X + P cross-section at one-loop (i.e. virtual contributions),

(b) γ∗ + P → h1 + h2 + g +X + P cross-section at Born level (i.e. real contributions),

(c) γ∗ + P → h1 + h2 + q̄ +X + P cross-section at Born level (i.e. real contributions),

(d) γ∗ + P → h1 + h2 + q +X + P cross-section at Born level (i.e. real contributions),

(e) FFs counterterms,

where X denotes the remnants of the fragmentation.
Contributions (a) and (e) are easy to treat since (a) is simply the convolution of a

known one-loop result with fragmentation functions, while (e) is obtained from the Born
result when one renormalizes the fragmentation functions. We just split them into finite
and divergent parts.

For the real contributions (b), (c), (d), the treatment is less straightforward even if
the partonic real corrections are also already known.

Contribution (b) is the most complicated one, it contains both soft and collinear diver-
gences. When we square the amplitude contributing to (b), see figure 6, there is a series of
finite contributions plus one, represented by the sum of contributions (1), (2), (3), (4) of fig-
ure 6, that contains all divergences, and that belongs only to the dipole-dipole contribution.
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NLO

=

1-loop

+ c.c

(a)

+ +

(b) (c)

+ +

(
+ q ↔ q̄

)
(d) (e)

Figure 5. The 5 kinds of contributions to the NLO cross-section.

We add and subtract to the latter its soft limit to obtain the following structure

σ̃(b)div =
∑

λq ,λg ,λq̄

|Aqq̄,sing−dipole|2div = σ̃(b)div,1 + σ̃(b)div,2 + σ̃(b)div,3 + σ̃(b)div,4

= σ̃soft
(b)div + (σ̃(b)div,1 − σ̃soft

(b)div,1) + (σ̃(b)div,2 − σ̃soft
(b)div,2) + (σ̃(b)div,3 − σ̃soft

(b)div,3)
+(σ̃(b)div,4 − σ̃soft

(b)div,4) (2.38)

with the meaning that each of these four contributions is in one-to-one correspondence
to the four diagrams (1), (2), (3), (4) in figure 6. Among these various terms, the
terms (σ̃(b)div,1− σ̃soft

(b)div,1) and (σ̃(b)div,3− σ̃soft
(b)div,3) are collinearly divergent while the terms

(σ̃(b)div,2 − σ̃soft
(b)div,2) and (σ̃(b)div,4 − σ̃soft

(b)div,4) are finite.
In figure 7, the contribution with fragmentation from quark and gluon is considered.
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(b)

= +

(1) (2)

+ +

(3) (4)

+ finite contributions

Figure 6. NLO cross-section in the case of fragmentation from the quark and the antiquark.
We explicitly isolate the diagrams which contain divergences. Diagram (1) contains a collinear
divergence between the fragmenting quark and the gluon as well as a soft gluon divergence. Diagram
(2) contains a soft gluon divergence. Diagram (3) contains a collinear divergence between the
fragmenting antiquark and the gluon as well as a soft gluon divergence. Diagram (4) contains a
soft gluon divergence. By “finite terms”, here, we mean all diagrams in which the gluon crosses the
shockwave at least once.
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=

+ finite contributions.

(c) (3)

Figure 7. NLO cross-section in the case of fragmentation from the gluon and the quark. We
explicitly isolate the diagram which contains divergences, namely a collinear divergence between
the fragmenting gluon and the antiquark.

=

+ finite contributions.

(d) (1)

Figure 8. NLO cross-section in the case of fragmentation from the gluon and the antiquark. We
explicitly isolate the diagram which contains divergences, namely a collinear divergence between
the fragmenting gluon and the quark.

Again, we have
σ̃(c)div =

∑
λq ,λg ,λq̄

|Aqg,sing−dipole|2div = σ̃(c)div,3 . (2.39)

Here, one does not encounter any soft divergence. The only divergence comes from the
contribution σ̃(c)div,3 which has a collinear divergence when the fragmenting gluon and the
antiquark are collinear.

The discussion for the fourth case, see figure 8, involving the fragmentation from anti-
quark and gluon goes along the same line: the only divergence comes from the contribution
σ̃(d)div,1 which has a collinear divergence when the fragmenting gluon and the quark are
collinear.

3 Counterterms from FFs renormalization and evolution

The renormalization and evolution equations of FFs express the bare FFs in terms of dressed
ones. In MS scheme, at factorization scale µF , they take the form, following notations of
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ref. [47]

Dh
q (x)=Dh

q (x,µF )−αs2π

(
1
ε̂

+lnµ
2
F

µ2

)∫ 1

x

dz

z

[
Dh
q

(
x

z
,µF

)
Pqq(z)+Dh

g

(
x

z
,µF

)
Pgq(z)

]
, (3.1)

Dh
g (x)=Dh

g (x,µF )−αs2π

(
1
ε̂

+lnµ
2
F

µ2

)∫ 1

x

dz

z

∑
q,q̄

Dh
q

(
x

z
,µF

)
Pqg(z)+Dh

g

(
x

z
,µF

)
Pgg(z)

,
where 1

ε̂ = Γ(1−ε)
ε(4π)ε ∼

1
ε + γE − ln(4π) and µ is an arbitrary parameter introduced by

dimensional regularization. The LO splitting functions are given by

Pqq(z) = CF

[
1 + z2

(1− z)+
+ 3

2δ(1− z)
]
, (3.2)

Pgq(z) = CF
1 + (1− z)2

z
, (3.3)

Pqg(z) = TR
[
z2 + (1− z)2

]
with TR = 1

2 , (3.4)

Pgg(z) = 2CA
[ 1

(1− z)+
+ 1
z
− 2 + z(1− z)

]
+
(11

6 CA −
nf
3

)
δ(1− z) , (3.5)

where the + prescription is defined as∫ 1

a
dβ

F (β)
(1− β)+

=
∫ 1

a
dβ
F (β)− F (1)

(1− β) −
∫ a

0
dβ

F (1)
1− β . (3.6)

The collinear counterterms due to the renormalization of the bare FFs are calculated by
inserting eq. (3.1) in the contributions (2.24), (2.28), (2.32) to the LO cross-section. This
corresponds to the contribution (e) in figure 5.

For LL cross-section, this counterterm takes the form

dσqq̄→h1h2
LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d( xq̄
xh2

)d
δ(1− xq − xq̄)

×FLL
(
−αs2π

)(1
ε̂

+ ln µ
2
F

µ2

)
Q2
q


∫ 1
xh1
xq

dβ1
β1

[
Pqq(β1)Dh1

q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+Pgq(β1)Dh1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]

+
∫ 1
xh2
xq̄

dβ2
β2

[
Pqq(β2)Dh1

q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

+Pgq(β2)Dh1
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)]}
+ (h1 ↔ h2)

= dσh1h2
LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+ dσh1h2
LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

. (3.7)
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We stress here that, for any separate term in the curly bracket, one can indifferently use
FLL or F̃LL. In particular, for the first two terms we can use FLL and for the last two
F̃LL. This simple observation is useful when observing the cancellation of divergences at
the level of integrands. The same remark applies also for other transitions.

For cross-sections involving other combinations of polarizations, we have

dσqq̄→h1h2
TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d( xq̄
xh2

)d
(xq̄ − xq) δ(1− xq − xq̄)

×FTL
(
−αs2π

)(1
ε̂

+ ln µ
2
F

µ2

)
Q2
q


∫ 1
xh1
xq

dβ1
β1

[
Pqq(β1)Dh1

q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+Pgq(β1)Dh1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]

+
∫ 1
xh2
xq̄

dβ2
β2

[
Pqq(β2)Dh1

q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

+Pgq(β2)Dh1
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)]}
+ (h1 ↔ h2)

= dσh1h2
TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+ dσh1h2
TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

, (3.8)

and

dσqq̄→h1h2
TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d( xq̄
xh2

)d
δ(1− xq − xq̄)

×FTT
(
−αs2π

)(1
ε̂

+ ln µ
2
F

µ2

)
Q2
q


∫ 1
xh1
xq

dβ1
β1

[
Pqq(β1)Dh1

q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+Pgq(β1)Dh1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]

+
∫ 1
xh2
xq̄

dβ2
β2

[
Pqq(β2)Dh1

q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

+Pgq(β2)Dh1
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)]}
+ (h1 ↔ h2)

= dσh1h2
TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct div

+ dσh1h2
TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
ct fin

. (3.9)

The divergent parts are the ones containing 1/ε̂ and the finite terms are the ones with
ln(µ2

F /µ
2). The dependence on the arbitrary parameter µ disappears at the end when all

finite terms are put together.
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4 NLO cross-section: virtual corrections

Here, we compute 1-loop virtual corrections to the leading order cross-section. For sake of
comprehension, we report the dipole-dipole virtual corrections to the γ∗ → qq̄ cross-section,
as presented in (5.24) of [13], which we refer to as our partonic cross section. Adapting to
our notation, we have

dσ̂1LL = αs
2π

Γ(1−ε)
(4π)ε CF

(
SV +S∗V

2

)
dσ̂0LL

+ αsQ
2

4π

(
N2
c −1
Nc

)
αemQ

2
q

(2π)4Nc
dxqdxq̄d

2pq⊥d
2pq̄⊥δ(1−xq−xq̄)

×
∫
d2p1⊥d

2p2⊥d
2p′1⊥d

2p′2⊥δ (pq1⊥+pq̄2⊥) δ (p11′⊥+p22′⊥)
~p2
q1′+xqxq̄Q2 F

(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)

×

 6x2
qx

2
q̄

~p2
q1 +xqxq̄Q2 ln

 x2
qx

2
q̄µ

4Q2

(xq~pq̄−xq̄~pq)2
(
~p2
q1 +xqxq̄Q2

)2


+

(
p−0

)2

s2p+
γ

tr
((
C4
‖+C5

1‖+C6
1‖

)
p̂q̄γ

+p̂q
)+h.c. (4.1)

in which the divergences are inside the contribution

SV +S∗V
2 = 1

ε

[
−4ε ln(α) ln

(
x2
qx

2
q̄µ

2

(xq~pq̄−xq̄~pq)2

)
+4ln(α)+4ε ln2(α)−2ln(xqxq̄)+3 (4.2)

+2ε ln
(

xqxq̄µ
2

(xq~pq̄−xq̄~pq)2

)
ln(xqxq̄)+ε ln2(xqxq̄)−3ε ln

(
xqxq̄µ

2

(xq~pq̄−xq̄~pq)2

)
− π

2

3 ε+6ε
]
,

where α is an infra-red cut-off imposed on the longitudinal fraction of gluon momenta in
order to regularize rapidity divergences.

In eq. (4.1) the C functions have been parametrized using (5.25) and (5.26) in ref. [13]
as

(p−0 )2

s2p+
γ
tr(C4

||p̂q̄γ
+p̂q) =

∫ x

0
dz [(φ4)LL]+ + (q ↔ q̄) , (4.3)

and

(p−0 )2

s2p+
γ
tr(Cn1||p̂q̄γ+p̂q) =

∫ x

0
dz [(φn)LL]+ |~p3=~0 + (q ↔ q̄) , (4.4)

where n = 5 or 6, and (q ↔ q̄) stands for pq ↔ pq̄, p
(′)
1 ↔ p

(′)
2 , xq ↔ xq̄. The expressions

for (φn)LL are given in appendix B.
By using a factorization formula analogous to eq. (2.18) and the expression (4.1),

as well as the collinear constraints (2.20) and (2.21), we obtain the dipole-dipole virtual
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corrections to the full cross-section. We split it into divergent part,

dσqq̄→h1h2
1LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL

× αs
2πCF

1
ε̂

−4ε ln(α) ln

 µ2(
~ph2
xh2
− ~ph1

xh1

)2

+ 4 ln(α)

+ 4ε ln2(α)− 2 ln(xqxq̄) + 3
]

+ (h1 ↔ h2)

(4.5)

and finite part,

dσqq̄→h1h2
1LL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL

× αs
2πCF

1
ε̂

2ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1

xh1

)2

 ln(xqxq̄)

+ε ln2(xqxq̄)− 3ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1

xh1

)2

− π2

3 ε+ 6ε


+ αsQ

2

4π

(
N2
c − 1
Nc

)
αem

(2π)4Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)

×
(
xq
xh1

)d ( xq̄
xh2

)d
Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫
ddp2⊥

F
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥
)

(
xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2

∫
ddp2′⊥

F∗
(

xq
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥
)

(
xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q2

×

6x2
qx

2
q̄ ln

 µ4Q2(
~ph2
xh2
− ~ph1

xh1

)2 (( xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2
)2

+
(∫ xq

0
dz [(φ4)LL]+

+
∑
n=5,6

[(φn)LL]+
∣∣∣∣
~p3=~0

+ (q ↔ q̄)

(( xq̄
xh2

~ph2 − ~p2

)2
+ xqxq̄Q

2
)+ (h1 ↔ h2) . (4.6)
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For the dσTL element of the matrix (2.22), we get from (5.28) of [13]

dσqq̄→h1h2
1TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(xq̄ − xq)

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTL

× αs
2πCF

1
ε̂

−4ε ln(α) ln

 µ2(
~ph2
xh2
− ~ph1

xh1

)2

+ 4 ln(α)

+4ε ln2(α)− 2 ln(xqxq̄) + 3
]

+ (h1 ↔ h2) , (4.7)

and

dσqq̄→h1h2
1TL

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(xq̄ − xq)

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTL

× αs
2πCF

1
ε̂

2ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1

xh1

)2

 ln(xqxq̄) + ε ln2(xqxq̄)

−3ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1

xh1

)2

− π2

3 ε+ 6ε


+ αsQ

4π

(
N2
c − 1
Nc

)
αem

(2π)4Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq

δ(1− xq − xq̄)

×
(
xq
xh1

)d ( xq̄
xh2

)d
Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh1

xq
, µF

)

×
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥

)
×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1′⊥ + xq̄
xh2

ph2⊥ − p2′⊥

)
ε∗T i

×

 1(
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2

∫ xq

0

[
(φi4)TL

]
+

+
∑
n=5,6

∫ xq

0

[
(φin)TL

]
+

∣∣∣∣
~p3=~0

+ (q ↔ q̄)

†

+
3xqxq̄(xq̄ − xq)

(
xq
xh1

ph1⊥ − p1′⊥
)i

((
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2
)
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×

ln

 Q2µ8
(
~ph2
xh2
− ~ph1

xh1

)−4

xqxq̄

((
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2
)


− xqxq̄Q
2(

xq
xh1

~ph1 − ~p1′
)2 ln

 xqxq̄Q
2(

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2


+ 1

2xqxq̄
((

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2
)

×

∫ xq

0

[
(φi4)LT

]
+

+
∑
n=5,6

∫ xq

0

[
(φin)LT

]
+

∣∣∣∣
~p3=~0

+ (q ↔ q̄)

+ (h1 ↔ h2) . (4.8)

In the case of the TT transition, the result was obtained in ref. [13] eq. (5.35) and the
divergent part is

dσqq̄→h1h2
1TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
div

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTT

× αs
2πCF

1
ε̂

−4ε ln(α) ln

 µ2(
~ph2
xh2
− ~ph1

xh1

)2

+ 4 ln(α)

+ 4ε ln2(α)− 2 ln(xqxq̄) + 3

+ (h1 ↔ h2) (4.9)

while the finite part reads

dσqq̄→h1h2
1TT

dxh1dh2d
dph1⊥d

dph2⊥

∣∣∣∣
fin

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d( xq̄
xh2

)d
δ(1−xq−xq̄)

×Q2
qD

h1
q

(
xh1

xq
,µF

)
Dh2
q̄

(
xh2

xq̄
,µF

)
FTT

× αs2πCF
1
ε̂

2ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1
xh1

)2

 ln(xqxq̄)+ε ln2(xqxq̄)

−3ε ln

 µ2

xqxq̄
(
~ph2
xh2
− ~ph1
xh1

)2

− π2

3 ε+6ε


+ αs

4π

(
N2
c −1
Nc

)
αem

(2π)4Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

h2

dxq̄
xq̄

δ(1−xq−xq̄)
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×
(
xq
xh1

)d( xq̄
xh2

)d
Q2
qD

h1
q

(
xh1

xq
,µF

)
Dh2
q̄

(
xh2

xq̄
,µF

)

×
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
δ

(
xq
xh1

ph1⊥−p1⊥+ xq̄
xh2

ph2⊥−p2⊥

)
×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥−p1′⊥+ xq̄
xh2

ph2⊥−p2′⊥

)

×εT iε∗Tk


3
2

(
xq
xh1

ph1⊥−p1⊥
)
r

(
xq
xh1

ph1⊥−p1′⊥
)
l((

xq
xh1

~ph1−~p1
)2

+xqxq̄Q2
)((

xq
xh1

~ph1−~p1′
)2

+xqxq̄Q2
)

×
[
(xq̄−xq)2gri⊥g

lk
⊥ −grk⊥ gli⊥+grl⊥g

ik
⊥

]

×

ln

 µ4

xqxq̄
(
~ph2
xh2
− ~ph1
xh1

)2(( xq
xh1

~ph1−~p1
)2

+xqxq̄Q2
)


− xqxq̄Q
2(

xq
xh1

~ph1−~p1
)2 ln

 xqxq̄Q
2(

xq
xh1

~ph1−~p1
)2

+xqxq̄Q2


+ 1((

xq
xh1

~ph1−~p1′
)2

+xqxq̄Q2
)
xqxq̄

×

∫ xq

0

[
(φ4)ikTT

]
+

+
∑
n=5,6

∫ xq

0

[
(φn)ijTT

]
+

∣∣∣∣
~p3=~0

+(q↔ q̄)

+h.c.
∣∣∣∣
1↔1′,i↔k

}

+(h1↔h2) . (4.10)

5 NLO cross-section: real corrections

In this section, we will discuss the real corrections. Since, as explained above, the calcula-
tion is almost completely identical in the LL, TL, and TT cases (apart from factors that
do not affect the general strategy), we will show the details of the LL case only. For the
others, we will just report the final results.

The dipole-dipole partonic cross-section is given by eq. (6.6) of ref. [13]:

dσ̂3JI = αs
µ2ε

(
N2
c − 1
Nc

)
αemQ

2
q

(2π)4(d−1)Nc

(p−0 )2

s2x′qx
′
q̄

εIαε
∗
Jβdx

′
qdx
′
q̄δ(1− x′q − x′q̄ − xg)ddpq⊥ddpq̄⊥

× dxgd
dpg⊥

xg(2π)d
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
δ(pq1⊥ + pq̄2⊥ + pg⊥)

×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ(pq1′⊥ + pq̄2′⊥ + pg⊥)

× Φα
3 (p1⊥, p2⊥)Φβ∗

3 (p1′⊥, p2′⊥) . (5.1)

where we introduce shorthand notation by suppressing summation over helicities of partons

Φα
3 (p1⊥, p2⊥)Φβ∗

3 (p1′⊥, p2′⊥) ≡
∑

λq ,λg ,λq̄

Φα
3 (p1⊥, p2⊥)Φβ∗

3 (p1′⊥, p2′⊥) . (5.2)

– 22 –



J
H
E
P
0
3
(
2
0
2
3
)
1
5
9

The impact factor has the form Φα
3 = Φα

4 |~p3=0 + Φ̃α
3 . Only the square of Φ̃α

3 provides
divergences in the cross-section and it is given by (B.3) in ref. [13]. The LL contribution
reads

Φ̃+
3 (~p1, ~p2)Φ̃+∗

3 (~p1′ , ~p2′)

=
8x′qx′q̄(p+

γ )4
(
dx2

g + 4x′q(x′q + xg)
)

(
Q2 + ~p 2

q̄2
x′q̄(1−x′q̄)

)(
Q2 +

~p 2
q̄2′

x′q̄(1−x′q̄)

)
(x′q~pg − xg~pq)2

−
8x′qx′q̄(p+

γ )4
(
2xg − dx2

g + 4x′qx′q̄
) (
x′q~pg − xg~pq

)
·
(
x′q̄~pg − xg~pq̄

)
(
Q2 +

~p 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 + ~p 2

q1
x′q(1−x′q)

)(
x′q~pg − xg~pq

)2 (
x′q̄~pg − xg~pq̄

)2

+
8x′qx′q̄(p+

γ )4
(
dx2

g + 4x′q̄(x′q̄ + xg)
)

(
Q2 + ~p 2

q1
x′q(1−x′q)

)(
Q2 +

~p 2
q1′

x′q(1−x′q)

)
(x′q̄~pg − xg~pq̄)2

−
8x′qx′q̄(p+

γ )4
(
2xg − dx2

g + 4x′qx′q̄
) (
x′q~pg − xg~pq

)
·
(
x′q̄~pg − xg~pq̄

)
(
Q2 +

~p 2
q1′

x′q(1−x′q)

)(
Q2 + ~p 2

q̄2
x′q̄(1−x′q̄)

)(
x′q~pg − xg~pq

)2 (
x′q̄~pg − xg~pq̄

)2 .

(5.3)

The TL contribution is

Φ̃+
3 (~p1, ~p2)Φ̃i∗

3 (~p1′ , ~p2′)

=
4x′q

(
p+
γ

)3

(
x′q + xg

)(
Q2 +

~p 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 + ~p 2

q1
x′q(1−x′q)

)

(
x′qpg⊥ − xgpq⊥

)
µ

(
x′q̄pg⊥ − xgpq̄⊥

)
ν(

x′q~pg − xg~pq
)2 (

x′q̄~pg − xg~pq̄
)2


×
[
xg
(
4x′q̄ + xgd− 2

) (
pµq̄2′⊥g

iν
⊥ − pνq̄2′⊥g

µi
⊥

)
−
(
2x′q̄ − 1

) (
4x′qx′q̄ + xg (2− xgd)

)
gµν⊥ p

i
q̄2′⊥

]
−

4x′q
(
p+
γ

)3 (
2x′q̄ − 1

) (
x2
gd+ 4x′q

(
x′q + xg

))
piq̄2′⊥(

x′q + xg
)(

Q2 +
~p 2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 + ~p 2

q̄2
x′q̄(1−x′q̄)

)(
x′q~pg − xg~pq

)2 + (q ↔ q̄) , (5.4)

and finally, the TT contribution reads

Φ̃i
3(~p1, ~p2)Φ̃k∗

3 (~p1′ , ~p2′)

=
−2
(
p+
γ

)2

(
x′q+xg

)(
x′q̄+xg

)(
Q2 + ~p2

q̄2
x′q̄(1−x′q̄)

)(
Q2 +

~p2
q1′

x′q(1−x′q)

)

×


(
x′qpg⊥−xgpq⊥

)
µ

(
x′q̄pg⊥−xgpq̄⊥

)
ν(

x′q~pg−xg~pq
)2(

x′q̄~pg−xg~pq̄
)2

{xg((d−4))xg−2)
[
pνq1′⊥

(
pµq̄2⊥g

ik
⊥ +pkq̄2⊥g

µi
⊥

)
+gµν⊥

((
~pq1′ ·~pq̄2

)
gik⊥ +piq1′⊥p

k
q̄2⊥

)
−gνk⊥ piq1′⊥p

µ
q̄2⊥−g

µi
⊥ g

νk
⊥
(
~pq1′ ·~pq̄2

)]
−gµν⊥

×
[(

2x′q−1
)(

2x′q̄−1
)
pkq1′⊥p

i
q̄2⊥

(
4x′qx′q̄+xg(2−xgd)

)
+4x′qx′q̄((~pq1′ ·~pq̄2)gik⊥ +piq1′⊥p

k
q̄2⊥)

]
+
(
pµq1′⊥p

ν
q̄2⊥g

ik
⊥ −p

µ
q1′⊥p

k
q̄2⊥g

νi
⊥ −piq1′⊥pνq̄2⊥g

µk
⊥ −g

µk
⊥ g

νi
⊥ (~pq1′ ·~pq̄2)

)
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×xg((d−4)xg+2)+xg(2x′q̄−1)(xgd+4x′q−2)
(
gµk⊥ p

ν
q1′⊥−gνk⊥ p

µ
q1′⊥

)
piq̄2⊥

+xg(2x′q−1)pkq1′⊥(4x′q̄+xgd−2)
(
gνi⊥ p

µ
q̄2⊥−g

µi
⊥ p

ν
q̄2⊥

)}
−

2x′q(p+
γ )2(x2

gd+4x′q(x′q+xg))
(
(~pq̄2 ·~pq̄2′)gik⊥ −(1−2x′q̄)2piq̄2⊥p

k
q̄2′⊥+piq̄2′⊥p

k
q̄2⊥

)
x′q̄(x′q+xg)2

(
Q2 + ~p2

q̄2
x′q̄(1−x′q̄)

)(
Q2 +

~p2
q̄2′

x′q̄(1−x′q̄)

)(
x′q~pg−xg~pq

)2

+(q↔ q̄) . (5.5)

The divergent part of the LL partonic cross-section from real emission is given by

dσ̂3LL|div = 4αemQ
2

(2π)4(d−1)Nc
Q2
qdx
′
qdx
′
q̄δ(1−x′q−x′q̄−xg)ddpq⊥ddpq̄⊥

αsCF
µ2ε

dxg
xg

ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ(pq1⊥+pq̄2⊥+pg⊥) F
(
p12⊥

2

)
×
∫
ddp1′⊥d

dp2′⊥δ(pq1′⊥+pq̄2′⊥+pg⊥) F∗
(
p1′2′⊥

2

)

×


dx2

g+4x′q(x′q+xg)(
Q2 + ~p2

q̄2
x′q̄(1−x′q̄)

)(
Q2 +

~p2
q̄2′

x′q̄(1−x′q̄)

)
(x′q~pg−xg~pq)2

−

(
2xg−dx2

g+4x′qx′q̄
)(
x′q~pg−xg~pq

)
·
(
x′q̄~pg−xg~pq̄

)
(
Q2 +

~p2
q̄2′

x′q̄(1−x′q̄)

)(
Q2 + ~p2

q1
x′q(1−x′q)

)(
x′q~pg−xg~pq

)2(
x′q̄~pg−xg~pq̄

)2

+
dx2

g+4x′q̄(x′q̄+xg)(
Q2 + ~p2

q1
x′q(1−x′q)

)(
Q2 +

~p2
q1′

x′q(1−x′q)

)
(x′q̄~pg−xg~pq̄)2

−

(
2xg−dx2

g+4x′qx′q̄
)(
x′q~pg−xg~pq

)
·
(
x′q̄~pg−xg~pq̄

)
(
Q2 +

~p2
q1′

x′q(1−x′q)

)(
Q2 + ~p2

q̄2
x′q̄(1−x′q̄)

)(
x′q~pg−xg~pq

)2(
x′q̄~pg−xg~pq̄

)2

 . (5.6)

When two partons labeled i and j become collinear, the variable

~Aij = xi~pj − xj~pi (5.7)

vanishes. In the present case, the first term in the bracket of eq. (5.6) gives the collinear
divergences ( ~A2

qg → 0, i.e. quark-gluon channel) and the third ( ~A2
q̄g → 0, i.e. antiquark-

gluon channel).
For LT , the relevant divergent squared impact factor is (5.4) and for TT , it is (5.5).

5.1 Fragmentation from quark and anti-quark

As explained above, there are several contributions to the final cross-section that contain
divergences. In this section, we deal with extracting the soft and collinear divergences
associated with the contribution (b) in figure 5. This contribution corresponds to the
situation in which the quark and the anti-quark fragment and there is an additional emission
of a gluon with respect to the LO case. Below,
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xq, ~pq + ~pg
x′q = β1xq, ~pq

xg = (1− β1)xq, ~pg

xq̄, ~pq̄

Figure 9. Kinematics for the q− g splitting contribution. We indicate the longitudinal fraction of
momentum carried by the partons as well as their transverse momenta.

• We compute the collinear divergence of the diagram (1) of figure 6 and show that it
is removed by the + prescription part of the first term of eq. (3.7).

• Similarly, we calculate the collinear divergence of the diagram (3) of figure 6 and
show that it is removed by the + prescription part of the third term of eq. (3.7).

• We extract the soft divergences of diagrams (1), (2), (3), (4) of figure 6 and discuss
the complete cancellation of divergences of this contribution.

The calculations of the collinear divergences is done by Fourier transforming the F(p12⊥
2 ),

as defined in (2.15), and by using the identity (see eg ref. [48]):

1
µ2ε

∫
d2+2ε~q

e−i~q·~r

~q 2 = π

( 4π
µ2~r 2

)ε
Γ(ε) . (5.8)

We also have to change variables from the usual fraction of longitudinal photon momentum
of the partons (x′i, xg) with i = q, q̄, in the spirit of the definition (2.9), as used in eq. (5.6),
to the variable of the fraction of longitudinal photon momentum of the parent parton xi
and longitudinal fraction β with respect to the parent parton and not with respect to the
photon anymore:

(x′i, xg)→ (xi, β) with x′i = βxi . (5.9)

Changing variables is necessary to be able to compare with (3.7), (3.8), and (3.9). Note
that to make notations lighter, we will remove the ’ when one particle is a spectator, see
figures 9 and 10.

The Fourier transform of F
(p12⊥

2
)
is necessary in order to be able to integrate over the

transverse momentum of the spectator parton, as it allows for the complete factorization
of this momentum from this non-perturbative function.

– 25 –



J
H
E
P
0
3
(
2
0
2
3
)
1
5
9

5.1.1 Collinear contributions: q-g splitting

We use the kinematics illustrated in figure 9. The term in (5.3) considered for this collinear
contribution is the first one in the bracket.

dσqq̄→h1h2
3LL |coll. qg

= dxh1dxh2
4αemQ

2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg
xg

δ(1− x′q − xq̄ − xg)

×Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
ddpq⊥d

dpq̄⊥
αs
µ2εCF

ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ(pq1⊥ + pq̄2⊥ + pg⊥) F
(
p12⊥

2

)
×
∫
ddp1′⊥d

dp2′⊥δ(pq1′⊥ + pq̄2′⊥ + pg⊥) F∗
(
p1′2′⊥

2

)
×

(dx2
g + 4x′q(x′q + xg))x2

q̄(1− xq̄)2(
xq̄(1− xq̄)Q2 + ~p 2

q̄2

) (
xq̄(1− xq̄)Q2 + ~p 2

q̄2′
)

(x′q~pg − xg~pq)2
+ (h1 ↔ h2)

= dxh1dxh2d
dph1⊥d

dph2⊥
4αemQ

2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ 1

xh2

dxq̄
xq̄

δ(1− x′q − xq̄ − xg)

×
(
x′q
xh1

)d (
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αs
µ2εCF

ddpg⊥
(2π)d

×
∫
ddp1⊥d

dp2⊥δ

(
x′q
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + pg⊥

)
F
(
p12⊥

2

)

×
∫
ddp1′⊥d

dp2′⊥δ

(
x′q
xh1

ph1⊥ − p1′⊥ + xq̄
xh2

ph2⊥ − p2′⊥ + pg⊥

)
F∗
(
p1′2′⊥

2

)

×
(dx2

g + 4x′q(x′q + xg))x2
q̄(1− xq̄)2(

xq̄(1− xq̄)Q2+
(
xq̄
xh2

~ph2 − ~p2
)2
)(

xq̄(1− xq̄)Q2+
(
xq̄
xh2

~ph2 − ~p2′
)2
)(

x′q~pg − xg
x′q
xh1

~ph1

)2

+ (h1 ↔ h2)

= dxh1dxh2d
dph1⊥d

dph2⊥
4αemQ

2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ 1

xh2

dxq̄
xq̄

δ(1− x′q − xq̄ − xg)

×
(
x′q
xh1

)d (
xq̄
xh2

)d
Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αs
µ2εCF

ddpg⊥
(2π)d

×
∫
ddp2⊥ F

(
x′q

2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥ + pg⊥
2

)

×
∫
ddp2′⊥ F∗

(
x′q

2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥ + pg⊥
2

)

×
(dx2

g + 4x′q(x′q + xg))x2
q̄(1− xq̄)2(

xq̄(1− xq̄)Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2
)(
xq̄(1− xq̄)Q2+

(
xq̄
xh2

~ph2 − ~p2′
)2
)(
x′q~pg − xg

x′q
xh1

~ph1

)2

+ (h1 ↔ h2) .
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After performing the change of variable

x′q = β1xq

xg = (1− β1)xq (5.10)

and using the Jacobian dx′qdxg = xq dxqdβ1 we can rewrite the longitudinal integration in
the symbolic form

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg
xg

δ(1− x′q − xq̄ − xg)

=
∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

∫ +∞

−∞

dxq̄
xq̄

θ(xq̄ − xh2)θ(1− xq̄)δ(1− x′q − xq̄ − xg)

=
∫ 1

xh1

dx′q
x′q

∫ 1

α

dxg
xg

θ(1− x′q − xg − xh2)θ(x′q + xg)
1

1− x′q − xg

=
∫ 1−xh2

xh1

dxq
xq

1
1− xq

∫ 1− α
xq

xh1
xq

dβ1
β1(1− β1) . (5.11)

After this manipulation, we obtain

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh2

xh1

dxqxq(1− xq)
(
xq
xh1

)d (1− xq
xh2

)d

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
β1xq
2xh1

ph1⊥+ 1−xq
2xh2

ph2⊥−p2⊥

)
F (z1⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
β1xq
2xh1

ph1⊥+ 1−xq
2xh2

ph2⊥−p2′⊥

)
F ∗(z2⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

~ph2 − ~p2′
)2

× 2(1 + β2
1) + 2ε(1− β1)2 + 4ε(1 + β2

1) ln β1
1− β1

× e
i
( z1⊥−z2⊥

2

)
· (1−β1)xq

xh1
ph1⊥ αs

µ2εCF

∫
dd~pg
(2π)d

e
−i
(
~z1−~z2

2

)
·~pg

(~pg)2 + (h1 ↔ h2). (5.12)
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The integral over pg⊥ gives, using eq. (5.8),

µ−2ε
∫

dd~pg
(2π)d

e
−i
(
~z1−~z2

2

)
·~pg

(~pg)2 = 1
(2π)dπµ

−2ε


(
~z1−~z2

2

)2

4π


−ε

Γ(ε)

= 1
4π

1
ε̂

+ ln

 c2
0(

~z1−~z2
2

)2
µ2


+O(ε)

= 1
4π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

+O(ε) (5.13)

where c0 = 2e−γE . This leads to

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg.

(5.14)

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ 1−xq

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ 1−xq

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xq(1− xq)Q2 +
(

1−xq
xh2

~ph2 − ~p2′
)2

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
1

1− β1
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)

+ (h1 ↔ h2).

Here in eq. (5.14) we have put back the integral in xq̄ using∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ δ(1− xq − xq̄) =
∫ 1

xh1

dxq

∫ +∞

−∞
dxq̄ δ(1− xq − xq̄)θ(1− xq̄)θ(xq̄ − xh2)

=
∫ 1−xh2

xh1

dxq (5.15)

in order to have the same form as in the LO cross-section (2.24).
Now, to separate the collinear and soft contribution we introduce the plus prescription,

as defined in eq. (3.6), and after, we expand the factor 1
ε

 c20(
~z1−~z2

2

)2
µ2


ε

within accuracy
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of order ε0, only in those terms whose integrand is safe in the limit β1 → 1.

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg.

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

×


∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αsCF

2π
1
ε̂

1 + β2
1

(1− β1)+

+
∫ 1− α

xq

xh1
xq

dβ1Q
2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αsCF

2π
1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

2
1− β1

−Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αsCF

2π
1
ε̂

2 ln
(

1− xh1

xq

)

+
∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αsCF

2π

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
1

(1− β1)+

+(1− β1)2 + 2(1 + β2
1) ln β1

(1− β1)

]
−Q2

qD
h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×αsCF2π 2 ln
(

1− xh1

xq

)
ln

 c2
0(

~z1−~z2
2

)2
µ2


+ (h1 ↔ h2)

= dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

, (5.16)

where the term denoted by the label “coll. qg div” corresponds to the sum of the first three
terms in the curly bracket, whereas the remaining terms in the curly bracket contribute to
the term denoted “coll. qg fin”.

This gives the following expression for the divergent part:

dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2
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×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

× αs
2π

1
ε̂
Q2
q

∫ 1
xh1
xq

dβ1
β1

CF
1 + β2

1
(1− β1)+

Dh1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+
∫ 1− α

xq

xh1
xq

dβ1CF
2

1− β1

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh1

xq

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) . (5.17)

The first term in the bracket cancels part of the first term in the bracket in eq. (3.7), i.e.
the part involving the + prescription in the spitting function Pqq, and the remaining part
of the Pqq term is cancelled by an analogous contribution in the virtual part. The second
term in eq. (5.17) has to be removed to avoid double counting as it corresponds to the soft
contribution and will be taken into account later in the paper. The third and last term, in
eq. (5.17), will compensate an analogous term in the soft contribution.

The finite part for the LL contribution takes the form

dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

(5.18)

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

× αsCF
2π


∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
1

(1− β1)+
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)


−2 ln

(
1− xh1

xq

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) .
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Similarly, one gets for the TL case

dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

~ph2 − ~p2′

)
· ~ε ∗T

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
1

1− β1
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)

+ (h1 ↔ h2)

= dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

, (5.19)

where

dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)
(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

~ph2 − ~p2′

)
· ~ε ∗T

× αs
2π

1
ε̂
Q2
q

∫ 1
xh1
xq

dβ1
β1

CF
1 + β2

1
(1− β1)+

Dh1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+
∫ 1− α

xq

xh1
xq

dβ1CF
2

1− β1

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh1

xq

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) ,
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and
dσqq̄→h1h2

3TL
dxh1dxh2dph1⊥d

dph2⊥

∣∣∣∣
coll. qg fin

(5.20)

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

~ph2 − ~p2′

)
· ~ε ∗T

× αsCF
2π


∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
1

(1− β1)+
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)


−2 ln

(
1− xh1

xq

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) ,

and finally, one obtains for the TT case

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d
×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xq(1− xq)Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

(
xq̄
xh2

ph2 − p2

)
r

εT i

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

ph2 − p2′

)
l

ε∗Tk

×
∫ 1− α

xq

xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
1

1− β1
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)

+ (h1 ↔ h2)

= dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

, (5.21)
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where

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

(
xq̄
xh2

ph2 − p2

)
r

εT i

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

ph2 − p2′

)
l

ε∗Tk

× αs
2π

1
ε̂
Q2
q

∫ 1
xh1
xq

dβ1
β1

CF
1 + β2

1
(1− β1)+

Dh1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

+
∫ 1− α

xq

xh1
xq

dβ1CF
2

1− β1

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh1

xq

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) ,

and

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

(5.22)

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d
×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2

(
xq̄
xh2

ph2 − p2

)
r

εT i

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
xq

2xh1
ph1⊥+ xq̄

2xh2
ph2⊥−p2′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2

(
xq̄
xh2

ph2 − p2′

)
l

ε∗Tk

× αsCF
2π


∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
q

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
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xq̄, ~pq̄ + ~pg

xq, ~pq

xg = (1− β2)xq̄, ~pg

x′q̄ = β2xq̄, ~pq̄

Figure 10. Kinematics for the q̄ − g splitting contribution. We indicate the longitudinal fraction
of momentum carried by the partons as well as their transverse momenta.

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
1

(1− β1)+
+ (1− β1)2 + 2(1 + β2

1) ln β1
(1− β1)


−2 ln

(
1− xh1

xq

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) .

5.1.2 Collinear contributions: q̄-g splitting

Here the term in (5.3) to consider is the third one. The calculation proceeds in the same
way as for the quark-gluon collinear contribution but this time the integration is performed
over p2⊥ and p2′⊥. To observe the cancellation of these collinear divergences, one has to
use the different representations we gave for the LO cross-section, as explained before, see
eqs. (2.26), (2.27) with respect to eqs. (2.24), (2.25).

This time, the change of variable to be done is

x′q̄ = β2xq̄,

xg = (1− β2)xq̄ . (5.23)

This kinematics is illustrated in figure 10. The boundaries of integration for (xq̄, β2) are
calculated in the same spirit as in eq (5.11).

Thus, after changes of variable and integrations, the third term in (5.3) takes the form

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣
coll. q̄g

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2
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×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

×
∫ 1− α

xq̄

xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
2

1− β2
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)

+ (h1 ↔ h2)

= dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (5.24)

Adding the + prescription and expanding up to ε0, just like for the collinear qg con-
tribution, one gets the finite and divergent part of (5.24).

The divergent part is

dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

× αs
2π

1
ε̂
Q2
q

∫ 1
xh2
xq̄

dβ2
β2

CF
1 + β2

2
(1− β2)+

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

+
∫ 1− α

xq

xh2
xq̄

dβ2CF
2

1− β2

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh2

xq̄

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) . (5.25)

The first term cancels with the + prescription term in the second Pqq in (3.7). We
have to remove the second term to avoid double counting with the soft contribution. The
third term is to be removed by the soft contribution.
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The finite part is

dσqq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

(5.26)

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

× αsCF
2π


∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
2

(1− β2)+
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)+


−2 ln

(
1− xh2

xq̄

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) .

For the TL transition,

dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
· ε∗T

×
∫ 1− α

xq̄

xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
2

1− β2
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)

+ (h1 ↔ h2)

= dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

(5.27)
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where

dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄(xq̄ − xq)
(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
· ε∗T

× αs
2π

1
ε̂
Q2
q

∫ 1
xh2
xq̄

dβ2
β2

CF
1 + β2

2
(1− β2)+

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

+
∫ 1− α

xq̄

xh2
xq̄

dβ2CF
2

1− β2

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh2

xq̄

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) , (5.28)

and

dσqq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
· ε∗T

× αsCF
2π


∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
2

(1− β2)+
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)+


−2 ln

(
1− xh2

xq̄

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) .
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For the TT case, we get

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d
×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

(
xq
xh1

ph1 − p1

)
r

εT i

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
l

ε∗Tk

×
∫ 1− α

xq̄

xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

× αsCF
2π

1
ε̂

 c2
0(

~z1−~z2
2

)2
µ2


ε

1 + β2
2

1− β2
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)

+ (h1 ↔ h2)

= dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

, (5.29)

where

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

(
xq
xh1

ph1 − p1

)
r

εT i

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
l

ε∗Tk

× αs
2π

1
ε̂
Q2
q

∫ 1
xh2
xq̄

dβ2
β2

CF
1 + β2

2
(1− β2)+

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)
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+
∫ 1− α

xq̄

xh2
xq̄

dβ2CF
2

1− β2

 c2
0(

~z1−~z2
2

)2
µ2


ε

Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

−2CF ln
(

1− xh2

xq̄

)
Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)]
+ (h1 ↔ h2) , (5.30)

and

dσqq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

(5.31)

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d
×
[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1⊥

)
F (z1⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1
)2

(
xq
xh1

ph1 − p1

)
r

εT i

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq

2xh1
ph1⊥−

xq̄
2xh2

ph2⊥+p1′⊥

)
F ∗(z2⊥)

xqxq̄Q2 +
(
xq
xh1

~ph1 − ~p1′
)2

(
xq
xh1

ph1 − p1′

)
l

ε∗Tk

× αsCF
2π


∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

β2xq̄
, µF

)

×

ln

 c2
0(

~z1−~z2
2

)2
µ2

 1 + β2
2

(1− β2)+
+ (1− β2)2 + 2(1 + β2

2) ln β2
(1− β2)+


−2 ln

(
1− xh2

xq̄

)
ln

 c2
0(

~z1−~z2
2

)2
µ2

Dh1
q

(
xh1

xq
, µF

)
D
hq
q̄

(
xh2

xq̄
, µF

)+ (h1 ↔ h2) .

5.1.3 Soft contribution

To calculate the soft contribution of the divergent part of the real emission cross-section,
the soft limit of (5.6) is taken by setting ~pg = xg~u, where |~u| ∼ |~ph|, which extracts the
divergence on xg.

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dx′q̄
x′q̄

Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

x′q̄
, µF

)

×
(
x′q
xh1

)d(
x′q̄
xh2

)d ∫ 1

α

dxg

x3−d
g

δ(1− x′q − x′q̄ − xg)
αsCF
µ2ε

∫
dd~u

(2π)d

×
∫
ddp1⊥d

dp2⊥ F
(
p12⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1⊥ +
x′q̄
xh2

ph2⊥ − p2⊥ + xgu⊥

)
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×
∫
ddp1′⊥d

dp2′⊥ F∗
(
p1′2′⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
x′q̄
xh2

ph2⊥ − p2′⊥ + xgu⊥

)

×



dx2
g + 4x′q(x′q + xg)Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q̄)x′q̄

x′2q (~u− ~ph1
xh1

)2

+
dx2

g + 4x′q̄(x′q̄ + xg)Q2 +

(
x′
q̄

xh2
~ph2−~p2+xg~u

)2

(1−x′q)x′q


Q2 +

(
x′
q̄

xh2
~ph2−~p2′+xg~u

)2

(1−x′q)x′q

x′2q̄ (~u− ~ph2
xh2

)2

−
[2xg − dx2

g + 4x′qx′q̄]
(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2+xg~u

)2

(1−x′q)x′q

x′qx′q̄ (~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2

−
[2xg − dx2

g + 4x′qx′q̄]
(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2′+xg~u

)2

(1−x′q)x′q

x′qx′q̄ (~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2


+ (h1 ↔ h2) .

The limit xg → 0 in the F function and impact factor can be taken safely in the non-
divergent terms of the cross-section, as x′q and x′q̄ are limited from below by xh1 , xh2 and
so cannot be arbitrary small (ie of order xg). The cross-section in the soft limit becomes:

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dx′q̄
x′q̄

Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

x′q̄
, µF

)

×
(
x′q
xh1

)d(
x′q̄
xh2

)d ∫ 1

α

dxg

x3−d
g

δ(1− x′q − x′q̄ − xg)
αsCF
µ2ε

∫
dd~u

(2π)d

×
∫
ddp1⊥d

dp2⊥ F
(
p12⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1⊥ +
x′q̄
xh2

ph2⊥ − p2⊥

)

×
∫
ddp1′⊥d

dp2′⊥ F∗
(
p1′2′⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
x′q̄
xh2

ph2⊥ − p2′⊥

)
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×



4Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q̄)x′q̄

(~u− ~ph1
xh1

)2

+ 4Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q)x′q


Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q)x′q

(~u− ~ph2
xh2

)2

−
4
(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q)x′q

(~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2

−
4
(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p

′
2

)2

(1−x′q)x′q

(~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2


+ (h1 ↔ h2)

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dx′q
x′q

∫ 1

xh2

dx′q̄
x′q̄

Q2
qD

h1
q

(
xh1

x′q
, µF

)
Dh2
q̄

(
xh2

x′q̄
, µF

)

×
(
x′q
xh1

)d(
x′q̄
xh2

)d ∫ 1

α

dxg

x3−d
g

δ(1− x′q − x′q̄ − xg)
αsCF
µ2ε

∫
dd~u

(2π)d

×
∫
ddp1⊥d

dp2⊥ F
(
p12⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1⊥ +
x′q̄
xh2

ph2⊥ − p2⊥

)

×
∫
ddp1′⊥d

dp2′⊥ F∗
(
p1′2′⊥

2

)
δ

(
x′q
xh1

ph1⊥ − p1′⊥ +
x′q̄
xh2

ph2⊥ − p2′⊥

)

× 4Q2 +

(
x′
q̄

xh2
~ph2−~p2

)2

(1−x′q̄)x′q̄


Q2 +

(
x′
q̄

xh2
~ph2−~p2′

)2

(1−x′q̄)x′q̄



 1(
~u− ~ph1

xh

)2 + 1(
~u− ~ph2

xh2

)2

−
2
(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

+ (h1 ↔ h2) .
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Then, the cross-section is divided into two parts in order to do two different changes
of variables, which are the same changes as in eqs. (5.10), (5.23), in each part:

x′q = β1xq , xg = (1− β1)xq , (5.32)
x′q̄ = β2xq̄ , xg = (1− β2)xq̄ , (5.33)

where the integration boundaries are calculated following the steps in eq. (5.11). This
division and changes of variable respect the symmetry between diagrams (1) + (2) on one
side, and (3) + (4) on the other side in figure 6. The limits β1,2 → 1, corresponding to
xg → 0 are then taken. The choice of splitting the cross-section in this way, comes from
the will to observe the cancellation of divergences at integrand level. The first term, after
the transformation (5.32) and after taking the limit, gives

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β1

(5.34)

= 2αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh2

xh1

dxq
xq

1
1− xq

(
xq
xh1

)d (1− xq
xh2

)d

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥ F

(
xq

2xh1

ph1⊥ + 1− xq
2xh2

ph2⊥ − p2⊥

)
×
∫
ddp2′⊥ F∗

(
xq

2xh1

ph1⊥ + 1− xq
2xh2

ph2⊥ − p2′⊥

)
×
∫ 1− α

xq

xh1
xq

dβ1

(1− β1)1−2εx1−2ε
q

xq

×
4(1− xq)2x2

q(
(1− xq)xqQ2 +

(
1−xq
xh2

~ph2 − ~p2
)2
)(

(1− xq)xqQ2 +
(

1−xq
xh2

~ph2 − ~p2′
)2
)

× αsCF
µ2ε

∫
dd~u

(2π)d

 1(
~u− ~ph1

xh1

)2 + 1(
~u− ~ph2

xh2

)2 − 2

(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

+ (h1 ↔ h2) .

In a similar fashion, the transformation (5.33) leads to second contribution, which reads

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β2

(5.35)

= 2αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh1

xh2

dxq̄
xq̄

1
1− xq̄

(
xq̄
xh2

)d (1− xq̄
xh1

)d

×Q2
qD

h1
q

(
xh1

1− xq̄
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫
ddp2⊥ F

(1− xq̄
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2⊥

)
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×
∫
ddp2′⊥ F∗

(1− xq̄
2xh1

ph1⊥ + xq̄
2xh2

ph2⊥ − p2′⊥

)
×
∫ 1− α

xq̄

xh2
xq̄

dβ2

(1− β2)1−2εx1−2ε
q̄

xq̄

×
4(1− xq̄)2x2

q̄(
(1− xq̄)xq̄Q2 +

(
xq̄
xh2

~ph2 − ~p2
)2
)(

(1− xq̄)xq̄Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2
)

× αsCF
µ2ε

∫
dd~u

(2π)d

 1(
~u− ~ph1

xh1

)2 + 1(
~u− ~ph2

xh2

)2 − 2

(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

+ (h1 ↔ h2) .

Next, we integrate over ~u, which gives

Iu = αsCF
µ2ε

∫
dd~u

(2π)d

 1(
~u− ~ph1

xh

)2 + 1(
~u− ~ph2

xh2

)2 − 2

(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2


= αsCF

µ2ε

(
~ph1

xh1

− ~ph2

xh2

)2 ∫ dd~u

(2π)d
1(

~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2

= αsCF
µ2ε

(
~ph1

xh1

− ~ph2

xh2

)2 ∫ dd~u

(2π)d
1

~u2
(
~u−

(
~ph1
xh1
− ~ph2

xh2

))2

= αsCF
µ2ε

(
~ph1

xh1

− ~ph2

xh2

)2 1
(2π)dπ

1+εΓ(1− ε)β(ε, ε)
[(

~ph1

xh1

− ~ph2

xh2

)2]ε−1

= αs
2πCF

1
ε̂

1 + ε ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2


 . (5.36)

Finally, the integral over β leads to

∫ 1−α
x

xh
x

dβ

(1− β)3−d =
∫ 1−α

x

xh
x

dβ

1− β [1 + 2ε ln(1− β)]

= − ln
(
α

x

)
+ ln

(
1− xh

x

)
− ε ln2

(
α

x

)
+ ε ln2

(
1− xh

x

)
= − lnα+ ln x+ ln

(
1− xh

x

)
− ε

[
ln2 α− 2 lnα ln x+ ln2 x

]
+ ε ln2

(
1− xh

x

)
. (5.37)

Combining both integrals over β (5.37) and over ~u (5.36) and keeping only the divergent
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terms, eqs. (5.34) and (5.35) become respectively

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β1

= 2αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL

αSCF
2π

4
ε̂

[
− lnα+ ln xq + ln

(
1− xh1

xq

)

−ε ln2 α− ε lnα ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ε ln xq
(

ln xq + 2 ln
(

1− xh1

xq

)

+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2


+ ε ln

(
1− xh1

xq

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh1

xq

)


+ (h1 ↔ h2) ,

and

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft β2

= 2αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL

αSCF
2π

4
ε̂

[
− lnα+ ln xq̄ + ln

(
1− xh2

xq̄

)

−ε ln2 α− ε lnα ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ε ln xq̄
(

ln xq̄ + 2 ln
(

1− xh2

xq̄

)

+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2


+ ε ln

(
1− xh2

xq̄

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh2

xq̄

)


+ (h1 ↔ h2) .

As said above, the total soft contribution expression is found by summing the two
above equations. As usual, we split the final result into divergent and finite part. In the
LL case, we obtain

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft div

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL
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× αsCF
2π

1
ε̂

[
−4 lnα+ 2 ln xq + 2 ln

(
1− xh1

xq

)
− 4ε ln2 α

−4ε lnα ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ 2 ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ (h1 ↔ h2) . (5.38)

and

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft fin

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FLL

× αsCF
π

ln xq

ln xq + 2 ln
(

1− xh1

xq

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh1

xq

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh1

xq

)

+ ln xq̄
(

ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh2

xq̄

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh2

xq̄

)


+ (h1 ↔ h2) . (5.39)

For the TL and TT case, the calculation leads respectively to

dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft div

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄(xq̄ − xq)
(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTL

× αsCF
2π

1
ε̂

[
−4 lnα+ 2 ln xq + 2 ln

(
1− xh1

xq

)
− 4ε ln2 α

−4ε lnα ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ 2 ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ (h1 ↔ h2) , (5.40)
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dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft fin

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄(xq̄ − xq)
(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTL

× αsCF
π

ln xq

ln xq + 2 ln
(

1− xh1

xq

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh1

xq

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh1

xq

)

+ ln xq̄
(

ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh2

xq̄

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh2

xq̄

)


+ (h1 ↔ h2) . (5.41)

and

dσqq̄→h1h2
3TT

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft div

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTT

× αsCF
2π

1
ε̂

[
−4 lnα+ 2 ln xq + 2 ln

(
1− xh1

xq

)
− 4ε ln2 α

−4ε lnα ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ 2 ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ (h1 ↔ h2) , (5.42)

dσqq̄→h1h2
3TT

dxh1dxh2d
dph1⊥dph2⊥

∣∣∣∣∣
soft fin

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
FTT

× αsCF
π

ln xq

ln xq + 2 ln
(

1− xh1

xq

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh1

xq

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh1

xq

)
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+ ln xq̄
(

ln xq̄ + 2 ln
(

1− xh2

xq̄

)
+ ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2




+ ln
(

1− xh2

xq̄

)ln


(
~ph1
xh1
− ~ph2

xh2

)2

µ2

+ ln
(

1− xh2

xq̄

)


+ (h1 ↔ h2) . (5.43)

At this level, we are already able to observe the full cancellation of soft divergences
(and hence the disappearance of lnα-terms). Consider, for instance, the longitudinal
cross-section. Combining the divergent soft contribution, coming from the real part, see
eq. (5.38), with the virtual contribution (4.5) we see the complete cancellation of these
lnα-terms and also of 1

ε ln(xqxq̄)-term. Moreover, surviving 1
ε divergent terms cancel in

combination with:

• Terms proportional to 3
2δ(1− βi) appearing inside the splitting functions in (3.7)

• Term proportional to ln
(
1− xh1

xq

)
in eq. (5.17)

• Term proportional to ln
(
1− xh2

xq̄

)
in (5.25)

Now, we are only left with collinearly divergent contributions related to the case of frag-
mentation from quark and gluon or from anti-quark and gluon. These should cancel the
only two divergent contributions left in eq. (3.7), i.e., the ones proportional to Pgq(βi).

5.2 Fragmentation from anti-quark and gluon

In this section, we deal with extracting the collinear divergences associated with the con-
tribution (d) in figure 5. This contribution corresponds to the situation in which the
anti-quark and the gluon fragment, while the quark plays the role of “spectator” emitted
particle. This case is much simpler than before. We do not have to deal with any soft di-
vergence and the only IR divergence that appears is when the fragmenting gluon is emitted
by the quark line after the shockwave and the emitted quark and gluon become collinear.
Hence, we can directly compute the contribution due to the first term of eq. (5.6).

We emphasize the difference with the contribution calculated in section 5.1.2. Although
at the level of hard computation the term that generates the present divergence is the same
as the one that generates the collinear divergence in section 5.1.2, the situation is completely
different. In the present case, we integrate out the quark kinematic variables and remain dif-
ferential in the variable of the emitted gluon, while, in section 5.1.2 it is exactly the opposite.
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5.2.1 Collinear contribution: q-g splitting

According to the above discussion, we should focus on the first term of eq. (5.3), which
exhibits a collinear pole, namely

dσgq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
coll qg

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxg
x2
g

∫ 1

0
dx′q

∫ 1

xh2

dxq̄
xq̄

δ(1− x′q − xq̄ − xg)

×
(
xg
xh1

)d ( xq̄
xh2

)d
Q2
qD

h1
g

(
xh1

xg
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
αs
µ2εCF

∫
ddpq⊥
(2π)d

×
∫
ddp2⊥F

(
pq⊥
2 + xq̄

2xh2

ph2⊥ − p2⊥ + xg
2xh1

ph1⊥

)
×
∫
ddp2′⊥F∗

(
pq⊥
2 + xq̄

2xh2

ph2⊥ − p2′⊥ + xg
2xh1

ph1⊥

)
× 1(

xq̄(1− xq̄)Q2 +
(
xq̄
xh2

~ph2 − ~p2
)2
)(

xq̄(1− xq̄)Q2 +
(
xq̄
xh2

~ph2 − ~p2′
)2
)

×
(dx2

g + 4x′q(x′q + xg))x2
q̄(1− xq̄)2(

x′q
xg
xh1

~ph1 − xg~pq
)2 + (h1 ↔ h2) .

Using a change of variable similar to (5.10), here

xg = β1xq

x′q = (1− β1)xq

with the Jacobian dx′qdxg = dxqdβ1xq and treating the integration over longitudinal frac-
tions as follows

∫ 1

xh1

dxg
x2
g

∫ 1

xh2

dxq̄
xq̄

∫ 1

0
dx′qδ(1− x′q − xq̄ − xg)

=
∫ 1

xh1

dxg
x2
g

∫ 1

0
dx′q

∫ +∞

−∞

dxq̄
xq̄

θ(xq̄ − xh2)θ(1− xq̄)δ(1− x′q − xq̄ − xg)

=
∫ 1−xh2

xh1

dxq
1

xq(1− xq)

∫ 1
xh1
xq

dβ1
β2

1
,
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we get

dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh2

xh1

dxq

∫ 1
xh1
xq

dβ1
β1

xq(1− xq)
(
xq
xh1

)d (1− xq
xh2

)d

×Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ β1xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ β1xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)

× 2((1− β1)2 + 1) + 2εβ2
1

β1
βd−2

1
αs
µ2εCF

∫
ddpq⊥
(2π)d

ei
( z1⊥−z2⊥

2

)
·pq⊥(

(1−β1)xq
xh1

~ph1 − ~pq
)2

+ (h1 ↔ h2) . (5.44)

Using eq. (5.8) in eq. (5.44) to perform the integration over quark transverse momenta, we
obtain

dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh2

xh1

dxq

∫ 1
xh1
xq

dβ1
β1

xq(1− xq)
(
xq
xh1

)d

×
(1− xq

xh2

)d
Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ β1xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ β1xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)

× 2((1− β1)2 + 1) + 2εβ2
1 + 4ε((1− β1)2 + 1) ln β1
β1

× e
i
( z1⊥−z2⊥

2

)
· (1−β1)xq

xh1
ph1⊥ αsCF

4π

1
ε̂

+ ln

 c2
0(

~z1−~z2
2

)2
µ2


+ (h1 ↔ h2)

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1−xh2

xh1

dxq

∫ 1
xh1
xq

dβ1
β1

xq(1− xq)
(
xq
xh1

)d
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×
(1− xq

xh2

)d
Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)

× αs
2πCF

[
1
ε̂

1 + (1− β1)2

β1
+ β1 + 2(1 + (1− β)2) ln β1

β1

+ 1 + (1− β1)2

β1
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll.qg fin

, (5.45)

where the term labeled with “div” contains the first term of the square bracket.
Putting back xq̄ using eq. (5.15), this divergent term takes the form:

dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg div

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1
xh2
xq

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
× δ(1− xq − xq̄)FLL

αs
2π

1
ε̂

∫ 1
xh1
xq

dβ1
β1

×Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)
CF

1 + (1− β1)2

β1
+ (h1 ↔ h2) . (5.46)

This is the term needed to cancel the divergent term proportional to Pgq(β1) in (3.7).
Instead, the finite part in eq. (5.45) reads

dσgq̄→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg fin

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1
xh2
xq

dxq̄ xqxq̄

(
xq
xh1

)d ( xq̄
xh2

)d

× δ(1− xq − xq̄)
∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

1− xq
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)
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×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)

× αs
2πCF

[
β1 + 2(1 + (1− β)2) ln β1

β1

+ 1 + (1− β1)2

β1
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2) . (5.47)

In a similar way, in the TL case, we get

dσgq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄

(
xq
xh1

)d ( xq̄
xh2

)d
(xq̄ − xq)

× δ(1− xq − xq̄)
∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)
(
xq̄
xh2

~ph2 − ~p2′

)
· ~ε ∗T

× αs
2πCF

[
1
ε̂

1 + (1− β1)2

β1
+ β1 + 2(1 + (1− β)2) ln β1

β1

+ 1 + (1− β1)2

β1
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσgq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσgq̄→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

. (5.48)

Finally, in the TT case, we have

dσgq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. qg

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(
xq
xh1

)d ( xq̄
xh2

)d
δ(1− xq − xq̄)

×
∫ 1
xh1
xq

dβ1
β1

Q2
qD

h1
g

(
xh1

β1xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]
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×
∫
ddp2⊥

∫
ddz1⊥

e
iz1⊥·

(
1−xq
2xh2

ph2⊥−p2⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2
)2F (z1⊥)

(
xq̄
xh2

ph2 − p2

)
r

εT i

×
∫
ddp2′⊥

∫
ddz2⊥

e
−iz2⊥·

(
1−xq
2xh2

ph2⊥−p2′⊥+ xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
1−xq
xh2

~ph2 − ~p2′
)2F

∗(z2⊥)
(
xq̄
xh2

ph2 − p2′

)
l

ε∗Tk

× αs
2πCF

[
1
ε̂

1 + (1− β1)2

β1
+ β1 + 2(1 + (1− β)2) ln β1

β1

+ 1 + (1− β1)2

β1
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσgq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg div

+ dσgq̄→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. qg fin

. (5.49)

These results conclude the discussion of divergences in the case of fragmentation from
antiquark and gluon.

5.3 Fragmentation from quark and gluon

In this section, we deal with extracting the collinear divergences associated with the contri-
bution (c) in figure 5. This contribution corresponds to the situation in which the quark and
the gluon fragment, while the anti-quark plays the role of the “spectator” emitted particle.

5.3.1 Collinear contribution: q̄-g splitting

The term in eq. (5.3) to consider is the third one. The calculation proceeds in the same
way as for the anti-quark and gluon fragmentation, but this time the integration is over
p2,2′⊥ in the F function.

For the LL case, we get

dσqg→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g

= 4αemQ
2

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h2
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq̄

2xh2
ph2⊥+p1⊥−

xq
2xh1

ph1⊥

)
xqxq̄Q2 +

(
xq
xh1

~ph1 − ~p1
)2 F (z1⊥)

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq̄

2xh2
ph2⊥−p1′⊥−

xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
xq
xh1

~ph1 − ~p1′
)2 F

∗(z2⊥)
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× αs
2πCF

[
1
ε̂

1 + (1− β2)2

β2
+ β2 + 2(1 + (1− β2)2) ln β2

β2

+ 1 + (1− β2)2

β2
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσqg→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqg→h1h2
3LL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (5.50)

This term cancels the divergent term proportional to Pgq(β2) in (3.7). This is the last
remaining cancellation of divergences, the rest of the cross-section is now completely finite.

For the TL case, we get

dσqg→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g

= 2αemQ

(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ (xq̄ − xq)δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h2
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)

×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq̄

2xh2
ph2⊥+p1⊥−

xq
2xh1

ph1⊥

)
xqxq̄Q2 +

(
xq
xh1

~ph1 − ~p1
)2 F (z1⊥)

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq̄

2xh2
ph2⊥−p1′⊥−

xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
xq
xh1

~ph1 − ~p1′
)2 F

∗(z2⊥)
(
xq
xh1

ph1 − p1′

)
· ε∗T

× αs
2πCF

[
1
ε̂

1 + (1− β2)2

β2
+ β2 + 2 ln β2(1 + (1− β2)2)

β2

+ 1 + (1− β2)2

β2
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσqg→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqg→h1h2
3TL

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (5.51)

Finally, for the TT case, we get

dσqg→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣∣
coll. q̄g

= αem
(2π)4(d−1)Nc

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

δ(1− xq − xq̄)
(
xq
xh1

)d ( xq̄
xh2

)d

×
∫ 1
xh2
xq̄

dβ2
β2

Q2
qD

h2
q

(
xh1

xq
, µF

)
Dh2
g

(
xh2

β2xq̄
, µF

)[
(xq̄ − xq)2gri⊥g

lk
⊥ − grk⊥ gli⊥ + grl⊥g

ik
⊥

]
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×
∫
ddp1⊥

∫
ddz1⊥

e
iz1⊥·

(
− xq̄

2xh2
ph2⊥+p1⊥−

xq
2xh1

ph1⊥

)
xqxq̄Q2 +

(
xq
xh1

~ph1 − ~p1
)2 F (z1⊥)

(
xq
xh1

ph1 − p1

)
r

εT i

×
∫
ddp1′⊥

∫
ddz2⊥

e
−iz2⊥·

(
− xq̄

2xh2
ph2⊥−p1′⊥−

xq
2xh1

ph1⊥

)
xq(1− xq)Q2 +

(
xq
xh1

~ph1 − ~p1′
)2 F

∗(z2⊥)
(
xq
xh1

ph1 − p1′

)
l

ε∗Tk

× αs
2πCF

[
1
ε̂

1 + (1− β2)2

β2
+ β2 + 2 ln β2(1 + (1− β2)2)

β2

+ 1 + (1− β2)2

β2
ln

 c2
0(

~z1−~z2
2

)2
µ2

]+ (h1 ↔ h2)

= dσqg→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g div

+ dσqg→h1h2
3TT

dxh1dxh2dph1⊥d
dph2⊥

∣∣∣∣
coll. q̄g fin

. (5.52)

6 Additional finite terms

Some of the finite terms of our calculation are presented in previous sections. They come
as a result of the extraction of divergences. There are many other terms, completely
disconnected from divergences, which however contribute to the final result. We proceed
to list them, also emphasizing again what their nature is.

6.1 Virtual corrections: dipole × double-dipole contribution

The 1-loop correction to the γ∗ → qq̄ contains a dipole and double-dipole terms. The first
one receives a contribution from all diagrams, while the second one gets contributions only
from diagrams where the virtual gluon crosses the shockwave. At the cross-section level
there will therefore be two contributions:

• The one due to the interference between the dipole correction and the Born amplitude.
This contains divergences and it is the one that we have completely computed in
section 4.

• The one due to the interference between the double-dipole correction and the Born
amplitude. Any rapidity divergence present in this term is completely reabsorbed
into the renormalized Wilson operator, at the amplitude level, with the help of the
B-JIMWLK evolution. After this operation, this contribution is finite and can be
taken in convolution with FFs without any additional manipulation.
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Starting from eq. (5.34) of [13], we get

dσqq̄→h1h2
2LL

dxh1d
2ph1⊥dxh2d

2ph2⊥

= αemαsQ
2

(2π)5Ncx2
h1
x2
h2

∑
q

Q2
q

2

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄ δ(1− xq − xq̄)Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫
d2p1⊥d

2p2⊥d
2p1′⊥d

2p2′⊥

∫
d2p3⊥
(2π)2

F̃
(p12⊥

2 , p3⊥
)
F∗
(p1′2′⊥

2
)(

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2

× δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ − p3⊥

)
δ(p11′⊥ + p22′⊥ + p3⊥)

×

4xqxq̄

 xqxq̄

(
~p2

3 −
(
xq̄
xh2

~ph2 − ~p2
)2
−
(
xq
xh1

~ph1 − ~p1
)2
− 2xqxq̄Q2

)
((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2
)
− xqxq̄Q2~p2

3

× ln
(
xqxq̄
e2η

)
ln


((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q
2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q
2
)

xqxq̄Q2~p2
3


−

 2xqxq̄
Q2xqxq̄ +

(
xq
xh1

~ph1 − ~p1
)2 ln

(
xq
eη

)
ln
(
~p2

3
µ2

)
+ (q ↔ q̄)




+
[
Q2
∫ xq

0
dz [(φ5 + φ6)LL]+ + (q ↔ q̄)

]}
+ h.c.+ (h1 ↔ h2) . (6.1)

Concerning other transitions, we have

dσqq̄→h1h2
2TL

dxh1d
2ph1⊥dxh2d

2ph2⊥

= αemαsQ

(2π)5Ncx2
h1
x2
h2

∑
q

Q2
q

2

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄ δ(1− xq − xq̄)

×Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)∫
d2p1⊥d

2p2⊥d
2p1′⊥d

2p2′⊥
d2p3⊥d

2p3′⊥
(2π)2 ε∗T i

× δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ − p3⊥

)
δ (p11′⊥ + p22′⊥ + p33′⊥)

×

δ(p3′⊥)
F̃
(p12⊥

2 , p3⊥
)
F∗
(p1′2′⊥

2
)(

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2

{
2(xq̄ − xq)

(
xq
xh1

ph1 − p1′

)i

×

 xqxq̄

(
~p2

3 −
(
xq̄
xh2

~ph2 − ~p2
)2
−
(
xq
xh1

~ph1 − ~p1
)2
− 2xqxq̄Q2

)
((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2
)
− xqxq̄Q2~p2

3

ln
(
xqxq̄
e2η

)
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× ln


((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q
2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q
2
)

xqxq̄Q2~p2
3


−

 2xqxq̄
Q2xqxq̄ +

(
xq
xh1

~ph1 − ~p1
)2 ln

(
xq
eη

)
ln
(
~p2

3
µ2

)
+ (q ↔ q̄)




+
[

1
2xqxq̄

∫ xq

0
dz
[(
φi5 + φi6

)
TL

]
+

+ (q ↔ q̄)
]}

+ δ(p3⊥)
F
(p12⊥

2
)
F̃∗
(p1′2′⊥

2 , p3′⊥
)(

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2

{[
2xqxq̄(xq̄ − xq)

(
xq
xh1

ph1 − p1′

)i

×

 −2

Q2xqxq̄ +
(
xq
xh1

~ph1 − ~p1′
)2 ln

(
x

eη

)
ln
(
~p2

3′

µ2

)

− ln
(
xqxq̄
e2η

) (
xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q
2((

xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2
)
− xqxq̄Q2~p2

3′

× ln


((

xq̄
xh2

~ph2 − ~p2′
)2

+ xqxq̄Q
2
)((

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q
2
)

xqxq̄Q2~p2
3′


+ 1(

xq
xh1

~ph1 − ~p1′
)2 ln

(
xqxq̄
e2η

)
ln


(
xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q
2

xqxq̄Q2


+ (q ↔ q̄)


+
[∫ xq

0
dz
[(
φi∗5 + φi∗6

)
LT

]
+

+ (q ↔ q̄)
] }}

+ (h1 ↔ h2) , (6.2)

and

dσqq̄→h1h2
2TT

dxh1d
2ph1⊥dxh2d

2ph2⊥

= αemαs
(2π)5Ncx2

h1
x2
h2

∑
q

Q2
q

2

∫ 1

xh1

dxq

∫ 1

xh2

dxq̄ xqxq̄ δ(1− xq − xq̄)Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫
d2p1⊥d

2p2⊥

∫
d2p3⊥
(2π)2

∫
d2p1′⊥d

2p2′⊥
εT iε

∗
Tj(

xq
xh1

~ph1 − ~p1′
)2

+ xqxq̄Q2

×
[
δ

(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ − p3⊥

)
δ

(
xq
xh1

ph1⊥ − p1′⊥ + xq̄
xh2

ph2⊥ − p2′⊥

)

× F̃
(
p12⊥

2 , p3⊥

)
F∗
(
p1′2′⊥

2

){[(
xq
xh1

ph1 − p1′

)
l

(
xq
xh1

ph1 − p1

)
k
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×
(
(xq̄ − xq)2gki⊥ g

lj
⊥ − g

kj
⊥ g

li
⊥ + gkl⊥g

ij
⊥

) −2

Q2xqxq̄ +
(
xq
xh1

~ph1 − ~p1
)2 ln

(
xq
eη

)
ln
(
~p2

3
µ2

)

+ 1(
xq
xh1

~ph1 − ~p1
)2 ln

(
xqxq̄
e2η

)
ln


(
xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q
2

xqxq̄Q2



− ln
(
xqxq̄
e2η

) (
xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q
2((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q2
)
− xqxq̄Q2~p2

3

× ln


((

xq̄
xh2

~ph2 − ~p2
)2

+ xqxq̄Q
2
)((

xq
xh1

~ph1 − ~p1
)2

+ xqxq̄Q
2
)

xqxq̄Q2~p2
3


+ (q ↔ q̄)


+ 1
xqxq̄

[∫ xq

0
dz
[(
φij5 + φij6

)
TT

]
+
dz + (q ↔ q̄)

]}
+ h.c

∣∣
(p1,p3↔p1′ ,p3′ ),(i↔j)

]
+ (h1 ↔ h2) . (6.3)

The φ function are defined in appendix B.

6.2 Real corrections: fragmentation from quark and anti-quark

In this case, we refer to the finite terms related to the contribution (b) of figure 5. In order
to better understand what these contributions are, referring to ref. [12], we recall that the
impact factor for the transition γ∗ → qq̄g has a double-dipole contribution (Φ(+,i)

4 ) and a
single dipole (Φ(+,i)

3 ) contribution. The finite contributions which we obtain are

• Finite terms related to the dipole × dipole contribution.

• Dipole × double-dipole contribution.

• double-dipole × double-dipole contribution.

6.2.1 Finite part of dipole × dipole contribution

When we square the dipole contribution, using shorthand notation introduced in (5.2), we
obtain the following structure:

Φα
3 (~p1, ~p2)Φβ∗

3 (~p1′ , ~p2′) = Φ̃α
3 (~p1, ~p2)Φ̃β∗

3 (~p1′ , ~p2′)

+
(
Φ̃α

3 (~p1, ~p2)Φβ∗
4 (~p1′ , ~p2′ ,~0) + Φα

4 (~p1, ~p2,~0)Φβ∗
3 (~p1′ , ~p2′)

)
+ Φα

4 (~p1, ~p2,~0)Φβ∗
4 (~p1′ , ~p2′ ,~0) . (6.4)

The first term in the r.h.s. is the one containing divergences that we have considered in pre-
vious sections. After isolating soft and collinear divergences, finite terms remain. The finite
contributions for σ̃(b)div,1 and σ̃(b)div,3 have been computed respectively in sections 5.1.1
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and 5.1.2, see eqs. (5.18), (5.20), (5.22) and (5.26) (5.29) (5.31). Besides, the terms
(σ̃(b)div,2− σ̃soft

(b)div,2) and (σ̃(b)div,4− σ̃soft
(b)div,4) in eq. (2.38) are finite. Their contribution read

dσqq̄→h1h2
3LL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
finite, (b) 2,4

= αsCF
µ2ε

4αemQ
2

(2π)4(d−1)Nc xdh1
xdh2

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg

x3−d
g

(xqxq̄)d−1 δ(1− xq − xq̄ − xg)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)∫
dd~u

(2π)d
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ (p11′⊥ + p22′⊥)

×


8xqxq̄ δ

(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥
)

Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

−
(2xg − dx2

g + 4xqxq̄)δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + xgu⊥
)

Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

−
(2xg − dx2

g + 4xqxq̄)δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + xgu⊥
)

Q2 +

(
xq̄
xh2

~ph2−~p2

)2

xq̄(1−xq̄)


Q2 +

(
xq
xh1

~ph1−~p1′

)2

xq(1−xq)


×

(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

+ (h1 ↔ h2) , (6.5)

in the LL case. The same contribution in the TL and TT cases is, respectively,

dσqq̄→h1h2
3TL

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
finite, (b) 2,4

= αsCF
µ2ε

2αemQ

(2π)4(d−1)Ncxdh1
xdh2

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

xq̄
xq̄

∫ 1

α

dxg

x3−d
g

(xqxq̄)d−1δ(1− xq − xq̄ − xg)

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)∫
dd~u

(2π)d
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ (p11′⊥ + p22′⊥) ε∗T i

– 58 –



J
H
E
P
0
3
(
2
0
2
3
)
1
5
9

×


δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + xgu⊥
)

Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)



(
u⊥ −

ph1⊥
xh1

)
µ

(
u⊥ −

ph2⊥
xh2

)
ν(

~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2

× 1
xq̄(xq + xg)

[
xg(4xq̄ + dxg − 2)

((
xq̄
xh2

ph2⊥ − p2′⊥

)µ
giν⊥ −

(
xq̄
xh2

ph2⊥ − p2′⊥

)ν
giµ⊥

)

−(2xq̄ − 1)(4xq̄xq + xg(2− xgd))gµν⊥
(
xq̄
xh2

ph2⊥ − p2′⊥

)i]

+
δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + xgu⊥
)

Q2 +

(
xq
xh1

~ph1−~p1′

)2

xq(1−xq)


Q2 +

(
xq̄
xh2

~ph2−~p2

)2

xq̄(1−xq̄)



(
u⊥ −

ph2⊥
xh2

)
µ

(
u⊥ −

ph1⊥
xh1

)
ν(

~u− ~ph1
xh1

)2 (
~u− ~ph2

xh2

)2

× 1
xq(xq̄ + xg)

[
xg(4xq + dxg − 2)

((
xq
xh1

ph1⊥ − p1′⊥

)µ
giν⊥ −

(
xq
xh1

ph1⊥ − p1′⊥

)ν
giµ⊥

)

−(2xq − 1)(4xq̄xq + xg(2− xgd))gµν⊥
(
xq
xh2

ph1⊥ − p1′⊥

)i]

−
8 δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥
)

Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


(
~u− ~ph1

xh1

)
·
(
~u− ~ph2

xh2

)
(
~u− ~ph1

xh1

)2 (
~u− ~ph2

xh2

)2

×
(
xq̄
xh2

ph2⊥ − p2′⊥

)i
(xq̄ − xq)

}
+ (h1 ↔ h2) ,

and

dσqq̄→h1h2
3TT

dxh1dxh2d
dph1⊥d

dph2⊥

∣∣∣∣∣
finite, (b) 2,4

= αsCF
µ2ε

αem
(2π)4(d−1)Ncxdh1

xdh2

∑
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

∫ 1

α

dxg

x3−d
g

δ(1− xq − xq̄ − xg)(xqxq̄)d−1

×Q2
qD

h1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)∫
dd~u

(2π)d
∫
ddp1⊥d

dp2⊥F
(
p12⊥

2

)
×
∫
ddp1′⊥d

dp2′⊥F∗
(
p1′2′⊥

2

)
δ(p11′⊥ + p22′⊥)εT iε∗Tk

×



− δ (pq1⊥ + pq̄2⊥ + xgu⊥)(

Q2 + ~p2
q̄2

xq̄(1−xq̄)

)(
Q2 +

~p2
q1′

xq(1−xq)

)
(
u⊥ −

pq⊥
xq

)
µ

(
u⊥ −

pq̄⊥
xq̄

)
ν(

~u− ~pq
xq

)2 (
~u− pq̄

xq̄

)2

× 1
(xq + xg)(xq̄ + xg)xqxq̄

{
xg((d− 4))xg − 2)

[
pνq1′⊥

(
pµq̄2⊥g

ik
⊥ + pkq̄2⊥g

µi
⊥

)
+gµν⊥

((
~pq1′ · ~pq̄2

)
gik⊥ + piq1′⊥p

k
q̄2⊥

)
− gνk⊥ piq1′⊥p

µ
q̄2⊥ − g

µi
⊥ g

νk
⊥
(
~pq1′ · ~pq̄2

)]
− gµν⊥
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×
[
(2xq − 1) (2xq̄ − 1) pkq1′⊥piq̄2⊥ (4xqxq̄ + xg(2− xgd)) + 4xqxq̄((~pq1′ · ~pq̄2)gik⊥ + piq1′⊥p

k
q̄2⊥)

]
+
(
pµq1′⊥p

ν
q̄2⊥g

ik
⊥ − p

µ
q1′⊥p

k
q̄2⊥g

νi
⊥ − piq1′⊥pνq̄2⊥g

µk
⊥ − g

µk
⊥ g

νi
⊥ (~pq1′ · ~pq̄2)

)
× xg((d− 4)xg + 2) + xg(2xq̄ − 1)(xgd+ 4xq − 2)

(
gµk⊥ p

ν
q1′⊥ − gνk⊥ p

µ
q1′⊥

)
piq̄2⊥

+ xg(2xq − 1)pkq1′⊥(4xq̄ + xgd− 2)
(
gνi⊥ p

µ
q̄2⊥ − g

νk
⊥ p

ν
q1′⊥

)})
+ (q ↔ q̄)

]
+ 8 δ(pq1⊥ + pq̄2⊥)(

Q2 + ~p2
q̄2

xq̄(1−xq̄)

)(
Q2 +

~p2
q1′

xq(1−xq)

)
(
~u− ~pq

xq

)
·
(
~u− ~pq̄

xq̄

)
(
~u− ~pq

xq

)2 (
~u− ~pq̄

xq̄

)2

× 1
xqxq̄

[
−(xq̄ − xq)2gri⊥g

kl
⊥ + gil⊥g

rk
⊥ − grl⊥gik⊥

]
pq̄2⊥rpq1′⊥l

}
+ (h1 ↔ h2) .

In the above expression, the following replacement needs to be done:

pq⊥ = xq
xh1

ph1⊥ , pq̄⊥ = xq̄
xh2

ph2⊥ . (6.6)

The remaining term in eq. (6.4), for arbitrary polarization, is

dσqq̄→h1h2
3JI

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + pg⊥

)
δ(p11′⊥ + p22′⊥)

× εIα ε∗Jβ
[
Φα

3 (p1⊥, p2⊥)Φβ∗
3 (p1′⊥, p2′⊥)− Φ̃α

3 (p1⊥, p2⊥)Φ̃β∗
3 (p1′⊥, p2′⊥)

]
+ (h1 ↔ h2) . (6.7)

6.2.2 Dipole × double-dipole contribution and double-dipole × double-dipole
contribution

The dipole × double-dipole contribution, for arbitrary polarization, is given by

dσqq̄→h1h2
4JI

dxh1dxh2d
dph1⊥d

dph2⊥

= αsαem
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)d−1Dh1
q

(
xh1

xq
, µF

)
Dh2
q̄

(
xh2

xq̄
, µF

)

×
∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥
ddp3⊥d

dp′3⊥
(2π)d

× δ
(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + pg3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)(εIαε∗Jβ)

×
[
Φα

3 (p1⊥, p2⊥)Φβ∗
4 (p′1⊥, p′2⊥, p′3⊥)F

(
p12⊥

2

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
δ(p3⊥) (6.8)

+ Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

3 (p1′⊥, p2′⊥) F̃
(
p12⊥

2 , p3⊥

)
F∗
(
p1′2′⊥

2

)
δ(p′3⊥)

]
+ (h1 ↔ h2) .
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The double-dipole × double-dipole contribution, for arbitrary polarization, is given by

dσqq̄→h1h2
5JI

dxh1dxh2d
dph1d

dph2

=
αsαem(εIαε∗Jβ)

µ2ε(2π)4(d−1)(N2
c − 1)

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxq̄
xq̄

(xqxq̄)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxg
xg

∫
ddpg⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

×
∫
ddp3⊥d

dp′3⊥
(2π)2d δ

(
xq
xh1

ph1⊥ − p1⊥ + xq̄
xh2

ph2⊥ − p2⊥ + pg3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

4 (p′1⊥, p′2⊥, p′3⊥)F̃
(
p12⊥

2 , p3⊥

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
+ (h1 ↔ h2) . (6.9)

Expression for the squared impact factors can be found in appendix C. They are written
in terms of pq, pq̄, pg, z and the following identification should be done:

pq⊥ = xq
xh1

ph1⊥ , pq̄⊥ = xq̄
xh2

ph2⊥ , z = xg . (6.10)

6.3 Real corrections: fragmentation from anti-quark and gluon

6.3.1 Finite part of dipole × dipole contribution

When squaring the dipole contribution, we have also finite terms. This time we write
separately for each polarization transition. In the LL case, we have

dσgq̄→h1h2
3LL

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)d−1Dh1
g

(
xh1

xg
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
pq1⊥ + xq̄

xh2

ph2⊥ − p2⊥ + xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥) Q2

(p+
γ )2

×


Φ+

3 (p1⊥, p2⊥)Φ+∗
3 (p1′⊥, p2′⊥)−

8xqxq̄(p+
γ )4

(
dx2

g + 4xq(xq + xg)
)

Q2 +

(
xq̄
xh2

~ph2−~p2

)2

xq̄(1−xq̄)


Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


× 1(

xq
xg
xh1

~ph1 − xg~pq
)2

+ (h1 ↔ h2) . (6.11)

– 61 –



J
H
E
P
0
3
(
2
0
2
3
)
1
5
9

For TL case, we have

dσgq̄→h1h2
3TL

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)d−1Dh1
g

(
xh1

xg
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
pq1⊥ + xq̄

xh2

ph2⊥ − p2⊥ + xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥)ε∗T i

Q

p+
γ

×


Φ+

3 (p1⊥, p2⊥)Φi∗
3 (p1′⊥, p2′⊥) +

4xq
(
p+
γ

)3
(2xq̄ − 1)

(
x2
gd+ 4xq (xq + xg)

)
Q2 +

(
xq̄
xh2

~ph2−~p2

)2

xq̄(1−xq̄)


Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


×

(
xq̄
xh2

ph2⊥ − p2′⊥
)i

(xq + xg)
(
xq

xg
xh1

~ph1 − xg~pq
)2

+ (h1 ↔ h2) . (6.12)

Finally, for TT case, we obtain

dσgq̄→h1h2
3TT

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)d−1Dh1
g

(
xh1

xg
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥

∫
ddp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
pq1⊥ + xq̄

xh2

ph2 − p2⊥ + xg
xh1

ph1⊥

)
δ(p11′⊥ + p22′⊥)εT i ε∗Tk

×


Φi

3(p1⊥, p2⊥)Φk∗
3 (p1′⊥, p2′⊥)−

2xq(p+
γ )2(x2

gd+ 4xq(xq + xg))Q2 +

(
xq̄
xh2

~ph2−~p2

)2

xq̄(1−xq̄)


Q2 +

(
xq̄
xh2

~ph2−~p2′

)2

xq̄(1−xq̄)


×

(
(1− 2xq̄)2gri⊥g

lk
⊥ − gli⊥grk⊥ + grl⊥g

ik
⊥

) (
xq̄
xh2

ph2 − p2
)
r

(
xq̄
xh2

ph2 − p2′
)
l

xq̄(xq + xg)2
(
xq

xg
xh1

~ph1 − xg~pq
)2


+ (h1 ↔ h2) . (6.13)
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6.3.2 Dipole × double-dipole contribution and double-dipole × double-dipole
contribution

The dipole × double-dipole contribution, for arbitrary polarization, is given by

dσgq̄→h1h2
4JI

dxh1dxh2d
dph1⊥d

dph2⊥

= αsαem
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)d−1Dh1
g

(
xh1

xg
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

× ddp3⊥d
dp′3⊥

(2π)d
δ

(
pq1⊥ + xq̄

xh2

ph2⊥ − p2⊥ + xg
xh1

ph1⊥ − p3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× (εIαε∗Jβ)
[
Φα

3 (p1⊥, p2⊥)Φβ∗
4 (p′1⊥, p′2⊥, p′3⊥)F

(
p12⊥

2

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
δ(p3⊥) (6.14)

+ Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

3 (p1′⊥, p2′⊥) F̃
(
p12⊥

2 , p3⊥

)
F∗
(
p1′2′⊥

2

)
δ(p′3⊥)

]
+ (h1 ↔ h2) .

The double-dipole × double-dipole contribution, for arbitrary polarization, is given by

dσgq̄→h1h2
5JI

dxh1dxh2d
dph1d

dph2

= αsαem
µ2ε(2π)4(d−1)(N2

c − 1)
(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxg
xg

∫ 1

xh2

dxq̄
xq̄

(xgxq̄)d−1Dh1
g

(
xh1

xq
, µF

)

×Dh2
q̄

(
xh2

xq̄
, µF

)∫ 1

0

dxq
xq

∫
ddpq⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

×
∫
ddp3⊥d

dp′3⊥
(2π)2d δ

(
pq1⊥ + xq̄

xh2

ph2⊥ − p2⊥ + xg
xh1

ph1⊥ − p3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× (εIαε∗Jβ)Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

4 (p′1⊥, p′2⊥, p′3⊥)F̃
(
p12⊥

2 , p3⊥

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
+ (h1 ↔ h2) . (6.15)

Expression for the squared impact factors can be found in appendix C. They are written
in terms of pq, pq̄, pg, z and the following identification should be done:

pg⊥ = xg
xh1

ph1⊥ , pq̄⊥ = xq̄
xh2

ph2⊥ , z = xg . (6.16)
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6.4 Real corrections: fragmentation from quark and gluon

6.4.1 Finite part of dipole × dipole contribution

When squaring the dipole contribution, one also gets finite terms. This time we write
separately for each polarization transition. In the LL case, we have

dσqg→h1h2
3LL

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxg
xg

(xqxg)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
g

(
xh2

xq̄
, µF

)∫ 1

0

dxq̄
xq̄

∫
ddpq̄⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥

∫
ddp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ + pq̄2⊥ + xg
xh2

ph2⊥

)
δ(p11′⊥ + p22′⊥) Q2

(p+
γ )2

×


Φ+

3 (p1⊥, p2⊥)Φ+∗
3 (p1′⊥, p2′⊥)−

8xqxq̄(p+
γ )4

(
dx2

g + 4xq̄(xq̄ + xg)
)

Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


Q2 +

(
xq
xh1

~ph1−~p1′

)2

xq(1−xq)


× 1(

xq̄
xg
xh2

~ph2 − xg~pq̄
)2

+ (h1 ↔ h2) . (6.17)

For TL case, we have

dσqg→h1h2
3TL

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxg
xg

(xqxg)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
g

(
xh2

xg
, µF

)∫ 1

0

dxq̄
xq̄

∫
ddpq̄⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ + pq̄2⊥ + xg
xh2

ph2⊥

)
δ(p11′⊥ + p22′⊥)ε∗T i

Q

p+
γ

×


Φ+

3 (p1⊥, p2⊥)Φi∗
3 (p1′⊥, p2′⊥) +

4xq̄
(
p+
γ

)3
(2xq − 1)

(
x2
gd+ 4xq̄ (xq̄ + xg)

)
Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


Q2 +

(
xq
xh1

~ph1−~p1′

)2

xq(1−xq)


×

(
xq
xh1

ph1 − p1′
)i

(xq̄ + xg)
(
xq̄

xg
xh2

~ph2 − xg~pq̄
)2

+ (h1 ↔ h2) . (6.18)
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Finally, for TT case, we obtain

dσqg→h1h2
3TT

dxh1dxh2d
dph1d

dph2

= 2αsαemCF
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxg
xg

(xqxg)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
g

(
xh2

xg
, µF

)∫ 1

0

dxq̄
xq̄

∫
ddpq̄⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥

∫
ddp1′⊥d

dp2′⊥

× F
(
p12⊥

2

)
F∗
(
p1′2′⊥

2

)
δ

(
xq
xh1

ph1⊥ − p1⊥ + pq̄2⊥ + xg
xh2

ph2⊥

)
δ(p11′⊥ + p22′⊥)εT i ε∗Tk

×


Φi

3(p1⊥, p2⊥)Φk∗
3 (p1′⊥, p2′⊥)−

2xq̄(p+
γ )2(x2

gd+ 4xq̄(xq̄ + xg))Q2 +

(
xq
xh1

~ph1−~p1

)2

xq(1−xq)


Q2 +

(
xq
xh1

~ph1−~p1′

)2

xq(1−xq)


×

(
(1− 2xq)2gir⊥g

lk
⊥ − gil⊥grl⊥ + gik⊥ g

lr
⊥

) (
xq
xh1

ph1 − p1
)
r

(
xq
xh1

ph1 − p1′
)
l

xq(xq̄ + xg)2
(
xq̄

xg
xh2

~ph2 − xg~pq̄
)2


+ (h1 ↔ h2) . (6.19)

6.4.2 Dipole × double-dipole contribution and double-dipole × double-dipole
contribution

The dipole × double-dipole contribution is given, for arbitrary polarization, by

dσqq̄→h1h2
4JI

dxh1dxh2d
dph1⊥d

dph2⊥

= αsαem
µ2ε(2π)4(d−1)Nc

(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxg
xg

(xqxg)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
g

(
xh2

xg
, µF

)∫ 1

0

dxq̄
xq̄

∫
ddpq̄⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

× ddp3⊥d
dp′3⊥

(2π)d
δ

(
xq
xh1

ph1⊥ − p1⊥ + pq̄2⊥ + xg
xh2

ph2⊥ − p3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× (εIαε∗Jβ)
[
Φα

3 (p1⊥, p2⊥)Φβ∗
4 (p′1⊥, p′2⊥, p′3⊥)F

(
p12⊥

2

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
δ(p3⊥) (6.20)

+ Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

3 (p1′⊥, p2′⊥) F̃
(
p12⊥

2 , p3⊥

)
F∗
(
p1′2′⊥

2

)
δ(p′3⊥)

]
+ (h1 ↔ h2) .
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The double-dipole × double-dipole contribution is given, for arbitrary polarization, by

dσqq̄→h1h2
5JI

dxh1dxh2d
dph1d

dph2

= αsαem
µ2ε(2π)4(d−1)(N2

c − 1)
(p−0 )2

s2xdh1
xdh2

∑
q

Q2
q

∫ 1

xh1

dxq
xq

∫ 1

xh2

dxg
xg

(xqxg)d−1Dh1
q

(
xh1

xq
, µF

)

×Dh2
g

(
xh2

xg
, µF

)∫ 1

0

dxq̄
xq̄

∫
ddpq̄⊥
(2π)d δ(1− xq − xq̄ − xg)

∫
ddp1⊥d

dp2⊥d
dp′1⊥d

dp′2⊥

×
∫
ddp3⊥d

dp′3⊥
(2π)2d δ

(
xq
xh1

ph1⊥ − p1⊥ + pq̄2⊥ + xg
xh2

ph2⊥ − p3⊥

)
δ(p11′⊥ + p22′⊥ + p33′⊥)

× (εIαε∗Jβ)Φα
4 (p1⊥, p2⊥, p3⊥)Φβ∗

4 (p′1⊥, p′2⊥, p′3⊥)F̃
(
p12⊥

2 , p3⊥

)
F̃∗
(
p1′2′⊥

2 , p′3⊥

)
+ (h1 ↔ h2) . (6.21)

Expression for the squared impact factors can be found in appendix C. They are written
in terms of pq, pq̄, pg, z and the following identification should be done:

pq⊥ = xq
xh1

ph1⊥ , pg⊥ = xg
xh2

ph2⊥ , z = xg . (6.22)

7 Summary and conclusion

In this work, we have considered, for the first time at NLO, the diffractive production
of a pair of hadrons at large pT , in γ(∗) nucleon/nucleus scattering, in the most general
kinematics in the eikonal approximation.

This new class of processes provides an access to precision physics of gluon saturation
dynamics, with very promising future phenomenological studies both at the LHC in UPC
(in photoproduction) and at the future EIC (both in photoproduction and leptoproduc-
tion). Our main result is the explicit finite result for the cross-section at NLO, obtained
after showing explicitly the cancellation of rapidity divergences (through the B-JIMWLK
equation), soft divergences and collinear divergences between real, virtual contributions,
and DGLAP evolution equation governing fragmentation functions. Finite contributions
and purely divergent contributions have been separated and the sum of the latter has been
shown to be zero. Hence, the collection of all terms labeled with “fin” in sections 3, 4, 5,
plus all the formulas in section 6 give the final and main result of this paper.

This NLO result adds a new piece in the list of processes which are very promising
to probe gluonic saturation in nucleons and nuclei at NLO, including inclusive DIS [49],
photon-dijet production in DIS [50], dijets in DIS [51, 52], single hadron [53] and dihadrons
production in DIS [54, 55], diffractive exclusive dijets [12–14] and exclusive light meson
production [15, 56], exclusive quarkonium production [57, 58], and inclusive DDIS [59].
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A LO impact factor squared

The impact factors in the LL, TL and TT cases are respectively given by

∑
λq ,λq̄

Φ+
0 (~p1, ~p2)Φ+∗

0 (~p1′ , ~p2′) =
32(p+

γ )4x3
qx

3
q̄(

~p2
q1 +xqxq̄Q2

)(
~p2
q1′+xqxq̄Q2

) , (A.1)

∑
λq ,λq̄

Φ+
0 (~p1, ~p2)Φi∗

0 (~p1′ , ~p2′) =
16(p+

γ )3x2
qx

2
q̄p
i
q1⊥(1−2xq)(

~p2
q1 +xqxq̄Q2

)(
~p2
q1′+xqxq̄Q2

) , (A.2)

∑
λq ,λq̄

Φi
0(~p1, ~p2)Φk∗

0 (~p1′ , ~p2′) =
8(p+

γ )2xqxq̄
[
(1−2xq)2gri⊥g

lk
⊥ −grk⊥ gli⊥+grl⊥g

rl
⊥g

ik
⊥

]
pq1⊥rpq1′⊥l(

~p2
q1 +xqxq̄Q2

)(
~p2
q1′+xqxq̄Q2

) .

(A.3)

The LT case is immediately obtained from TL by complex conjugation and 1, 2 ↔ 1′, 2′
substitution.

B Finite parts of virtual corrections

B.1 Building blocks integrals

Ik1 (~q1, ~q2, ∆1, ∆2) ≡ 1
π

∫ dd~l
(
lk⊥

)
[
(~l − ~q1)2 + ∆1

] [
(~l − ~q2)2 + ∆2

]
~l 2
, (B.1)

I2(~q1, ~q2, ∆1, ∆2) ≡ 1
π

∫
dd~l[

(~l − ~q1)2 + ∆1
] [

(~l − ~q2)2 + ∆2
] , (B.2)

Ik3 (~q1, ~q2, ∆1, ∆2) ≡ 1
π

∫ dd~l
(
lk⊥

)
[
(~l − ~q1)2 + ∆1

] [
(~l − ~q2)2 + ∆2

] , (B.3)

Ijk(~q1, ~q2, ∆1, ∆2) ≡ 1
π

∫ dd~l
(
lj⊥l

k
⊥

)
[
(~l − ~q1)2 + ∆1

] [
(~l − ~q2)2 + ∆2

]
~l 2

. (B.4)

The arguments of these integrals will be different for each diagram so we will write them
explicitly before giving the expression of each diagram, but we will omit them in the
equations for the reader’s convenience.
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Explicit results for the first 3 integrals in (B.1)–(B.4) are obtained by a straightforward
Feynman parameter integration. We will express them using the following variables:

ρ1 ≡
(
~q 2

12 + ∆12
)
−
√(

~q 2
12 + ∆12

)2 + 4~q 2
12∆2

2~q 2
12

, (B.5)

ρ2 ≡
(
~q 2

12 + ∆12
)

+
√(

~q 2
12 + ∆12

)2 + 4~q 2
12∆2

2~q 2
12

, (B.6)

where ∆ij = ∆i −∆j .
One gets:

Ik1 = qk1⊥
2
[
~q 2

12
(
~q 2

1 + ∆1
) (
~q 2

2 + ∆2
)
−
(
~q 2

1 − ~q 2
2 + ∆12

) (
~q 2

1 ∆2 − ~q 2
2 ∆1

)] (B.7)

×
{(
~q 2

2 + ∆2
)
~q 2

12 + ~q 2
2 (∆1 + ∆2) + ∆2

(
∆21 − 2~q 2

1
)

(ρ1 − ρ2) ~q 2
12

ln
[( −ρ1

1− ρ1

)(1− ρ2
−ρ2

)]

×
(
~q 2

2 + ∆2
)

ln
[

∆2
(
~q 2

1 + ∆1
)2

∆1
(
~q 2

2 + ∆2
)2
]

+ (1↔ 2)
}
,

I2 = 1
~q 2

12 (ρ1 − ρ2) ln
[( −ρ1

1− ρ1

)(1− ρ2
−ρ2

)]
, (B.8)

and

Ik3 =
(
~q 2

12 + ∆12
)
qk1 +

(
~q 2

21 + ∆21
)
qk2

2 (ρ1 − ρ2) (~q 2
12)2 ln

[( −ρ1
1− ρ1

)(1− ρ2
−ρ2

)]
− qk12

2~q 2
12

ln
(∆1

∆2

)
. (B.9)

Please note that in some cases the real part of ∆1 or ∆2 will be negative so the previous
results can acquire an imaginary part from the imaginary part ± i0 of the arguments.

The last integral in (B.4) can be expressed in terms of the other ones by writing

Ijk = I11
(
qj1⊥q

k
1⊥

)
+ I12

(
qj1⊥q

k
2⊥ + qj2⊥q

k
1⊥

)
+ I22

(
qj2⊥q

k
2⊥

)
, (B.10)
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with

I11 =−1
2

[
~q 2

2 q1⊥k−(~q1 ·~q2)q2⊥k
][

~q 2
1 ~q

2
2 −(~q1 ·~q2)2

]2 (B.11)

×
[(

~q1 ·~q2
~q 2

1

)
ln
(
~q 2

1 +∆1
∆1

)
qk1⊥+(~q2 ·~q21)Ik3 +

{
~q 2

2 (~q1 ·~q12)+∆1~q
2
2 −∆2 (~q1 ·~q2)

}
Ik1

]

I12 = −1
4
[
~q 2

1 ~q
2
2 −(~q1 ·~q2)2

] ln
(
~q 2

1 +∆1
∆1

)

+ ~q 2
2 (~q1 ·~q2)

2
[
~q 2

1 ~q
2
2 −(~q1 ·~q2)2

]2 [(~q 2
1 +∆1

)(
q1⊥kI

k
1

)
+
(
q1⊥kI

k
3

)]

−
(
~q 2

1 ~q
2
2
)
+(~q1 ·~q2)2

4
[
~q 2

1 ~q
2
2 −(~q1 ·~q2)2

]2 [(~q 2
2 +∆2

)(
q1⊥kI

k
1

)
+
(
q1⊥kI

k
3

)]
+(1↔ 2), (B.12)

I22 = I11|1↔2 . (B.13)

In what follows, for the φ function, x = xq, x̄ = xq̄.

B.2 φ4

The arguments in the integrals of B.1 are

~q1 = ~p1 −
(
x− z
x

)
~pq, ~q2 =

(
x− z
x

)
(x~pq̄ − x̄~pq) , (B.14)

∆1 = (x− z) (x̄+ z)Q2, ∆2 = −x (x̄+ z)
x̄ (x− z)~q

2 − i0 . (B.15)

Let us write the impact factors in terms of these variables.
They read: (longitudinal NLO) × (longitudinal LO) contribution:

(φ4)LL = −4(x− z)(x̄+ z)
z

[−x̄(x− z)(z + 1)I2 + q2⊥k(2x2 − (2x− z)(z + 1))Ik1 ] , (B.16)

(longitudinal NLO) × (transverse LO) contribution:

(φ4)jLT = (1−2x)pq1′j⊥ (φ4)LL−4(x−z)(x̄+z)(1−2x+z)[(~q·~pq1′)gj⊥k+qj2⊥pq1′⊥k]I
k
1 , (B.17)

(transverse NLO) × (longitudinal LO) contribution:

(φ4)iTL = 2{[(x− x̄− z)qi2⊥q1⊥k + (−8xx̄− 6xz + 2z2 + 3z + 1)qj1⊥q2⊥k]Ik1
− 2[4x2 − x(3z + 5) + (z + 1)2]q2⊥kI

ik + (x− x̄− z) (~q2 · ~q1) Ii

+ I2[(x− x̄− z)qi2⊥ + x̄(2(x− z)2 − 5x+ 3z + 1)qi1⊥]
− x̄[2(x− z)2 − 5x+ 3z + 1]Ii3

+ xx̄(1− 2x)
z

[2q2⊥kI
ik + Ii3 − qi1⊥(2q2⊥kI

k
1 + I2)]} , (B.18)
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(transverse NLO) × (transverse LO) contribution:

(φ4)ijTT =
[
(x− x̄−2z)(x− x̄−z)(~q2 ·~pq1′)qi1⊥+(z+1)((~q1 ·~q2)piq1′⊥−(~q1 ·~pq1′)qi2⊥)

]
Ij1

+2x̄[q2⊥k−(x−z)q1⊥k](piq1′⊥Ijk−g
ij
⊥pq1′⊥lI

kl)
+2(x−z)[(2x̄+z)(~q2 ·~pq1′)− x̄(~q1 ·~pq1′)]Iij

+[(1−z)((~q1 ·~pq1′)qj2⊥−(~q2 ·~pq1′)qj1⊥)−(1−2x)(x̄−x+z)(~q1 ·~q2)pjq1′⊥]Ii1
−2
[
(x−z)(x̄qj1⊥−(2x̄+z)qj2⊥)pq1′⊥k

+ (1−2x)
(
4x2−(3z+5)x+(z+1)2

)
q2⊥kpq1′

j
⊥

]
Iik

−x̄(x̄−x)
(
2(x−z)2−5x+3z+1

)
pjq1′⊥I

i
3

+x̄(x̄+z)(piq1′⊥I
j
3−g

ij
⊥pq1′⊥kI

k
3 )

+I2
[
gij⊥
(
(1−z)(~q2 ·~pq1′)− x̄(1+x−z)(~q1 ·~pq1′)

)
+ ((1−z)qj2⊥− x̄(1+x−z)qj1⊥)pq1′ i⊥
− (x̄−x)

(
(x̄−x+z)qi2⊥− x̄

(
2(x−z)2−5x+3z+1

)
qi1⊥

)
pq1′

j
⊥

]
+Ik1

[
gij⊥
(
(x− x̄+z)(~q1 ·~pq1′)q2⊥k+(1−z)(~q2 ·~pq1′)q1⊥k−(z+1)(~q1 ·~q2)pq1′⊥k

)
+qj1⊥((x− x̄+z)q2⊥kp

i
q1′⊥−(z+1)qi2⊥pq1′⊥k)

+qj2⊥((x− x̄−2z)(x− x̄−z)qi1⊥pq1′⊥k+(1−z)q1⊥kpq1′
i
⊥)

− (1−2x)((1−2x+z)qi2⊥q1⊥k−(2z2 +3z−x(8x̄+6z)+1)qi1⊥q2⊥k)pq1′j⊥
]

+xx̄

z

[
(x− x̄)2pjq1′⊥(2q2⊥kI

ik+Ii3−qi1⊥(I2 +2q2⊥kI
k
1 ))

+piq1′⊥(qj1⊥(I2 +2q2⊥kI
k
1 )−2q2⊥kI

jk−Ij3)

+ gij⊥((~q1 ·~pq1′)(I2 +2q2⊥kI
k
1 )+pq1′⊥k(2q2⊥lI

kl+Ik3 ))
]
. (B.19)

B.3 φ5

Here the integrals from B.1 will have the following arguments:

~q1 =
(
x− z
x

)
~p3 −

z

x
~p1, ~q2 = ~pq1 −

z

x
~pq , (B.20)

∆1 = z(x− z)
x2x̄

(~p 2
q̄2 + xx̄Q2), ∆2 = (x− z)(x̄+ z)Q2 , (B.21)

With such variables, it is easy to see that the argument in the square roots in (B.6) are
full squares. In terms of the variables in (B.20), the impact factors read:

(longitudinal NLO) × (longitudinal LO):

(φ5)LL = 4(x− z)(−2x(x̄+ z) + z2 + z)
xz

[
x̄(x− z)I2 − (zq1⊥k − x (x̄+ z) q2⊥k) Ik1

]
,

(B.22)
(longitudinal NLO) × (transverse LO):

(φ5)jLT = (x̄− x)pjq1′⊥ (φ5)LL (B.23)

+ 4(x− z)(x− x̄− z)
x

(
zqk1⊥ − x(x̄+ z)qk2⊥

)
pq1′⊥l

(
gj⊥kI

l
1 + Ij1

)
,
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(transverse NLO) × (longitudinal LO):

(φ5)iTL = 2
[
(x− x̄− z) (~q1 · ~q2)− x̄(x− z)2Q2 + ( z

x
− x)~q 2

1

]
Ii1

+ 2
x

[
xq2⊥k(−8xx̄− 6xz + 2z2 + 3z + 1) + 2q1⊥k(2xz − 2x2 + x− z2)

]
qi1⊥I

k
1

+ 2qi2⊥q1⊥k(x− x̄− z)Ik1 + 2 x̄
x

(x(8x− 3)− 6xz + 2z2 + z)Ii1

+ 2
x

[
xqi2⊥(x− x̄− z) + qi1⊥(8x3 − 6x2(z + 2) + x(z + 3)(2z + 1)− 2z2)

]
I2

− 4
x

[
(x− z)(x̄+ z)q1⊥k + x(4x2 − x(3z + 5) + (z + 1)2)q2⊥k

]
Iik

− 4
z
xx̄(x− x̄)

[
q2⊥kI

ik + Ii3 − qi1⊥
(
q2⊥kI

k
1 + I2

)]
, (B.24)

(transverse NLO) × (transverse LO):

(φ5)ijTT = −2(x− z)
[
z

x
(~q1 · ~pq1′)− (2x̄+ z)(~q2 · ~pq1′)

]
Iij

+
[
−x̄(x− z)2Q2piq1′⊥ + (x̄− x+ 2z)(x̄− x+ z)(~q2 · ~pq1′)qi1⊥

− (~q1 · ~pq1′)((z + 1)qi2⊥ − 2 z
x

(2x− z)qi1⊥)

+ ((z + 1) (~q1 · ~q2)−
(
x+ z

x

)
~r 2)piq1′⊥

]
Ij1

− 2 x̄
x

(xq2⊥k + (x− z)q1⊥k)
(
gij⊥pq1′⊥lI

kl − pq1′ i⊥Ijk
)

+
[
x̄ (x− x̄) (x− z)2Q2pjq1′⊥ − (z − 1)(~q1 · ~pq1′)qj2⊥

+ (z − 1)(~q2 · ~pq1′)qj1⊥ + x− x̄
x

(
(x2 − z)~q 2

1 + x(x̄− x+ z)(~q1 · ~q2)
)
pkq1′⊥

]
Ii1

+ 2
[
x− x̄
x

(
x(4x2 − (3z + 5)x+ (z + 1)2)q2⊥k + (x− z)(x̄+ z)q1⊥k

)
pjq1′⊥

− x− z
x

(
x(2x− z − 2)qj2⊥ + zqj1⊥

)
pq1′⊥k

]
Iik

+ x̄ (x̄− x)
x

(
2z2 − 6xz + z + x(8x− 3)

)
pjq1′⊥I

i
3

+
[
(x− x̄)

(
(x̄− x+ z)qi2⊥ +

(
6(z + 2)x− 8x2 − (z + 3)(2z + 1) + 2z

2

x

)
qi1⊥r

i
⊥

)
pjq1′⊥

+ (1− z)(gij⊥(~q2 · ~pq1′) + qk2⊥p
i
q1′⊥) + (2x+ z − 3)(gik⊥ (~q1 · ~pq1′) + qk1⊥p

i
q1′⊥)

]
I2

+
(

3x̄+ z − z

x

)
piq1′⊥I

k
3 −

x̄

x
(3x− z)gij⊥pq1′⊥kI

k
3

+
[
(x− x̄)pjq1′⊥

{
(x̄− x+ z)qi2⊥q1⊥k − (2z2 − 6xz + 3z − 8xx̄+ 1)q2⊥kq

i
1⊥

− 2(x̄− x+ 2z − z2

x
)q1⊥kq

i
1⊥

}
+ x̄(x− z)2Q2gij⊥pq1′⊥k

+ (1− z)q1⊥k(gij⊥(~q2 · ~pq1′) + qj2⊥p
i
q1′⊥)

+ ((x− x̄+ z)q2⊥k − 2q1⊥k) (gij⊥(~q1 · ~pq1′) + qj1⊥p
i
q1′⊥)
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+ gij⊥

((
x+ z

x

)
~q 2

1 − (z + 1)(~q1 · ~q2)
)
pq1′⊥k

+
(

(x− x̄− 2z)(x− x̄− z)qi1⊥q
j
2⊥ − (z + 1)qi2⊥q

j
1⊥ + 2(2x− z) z

x
qi1⊥q

j
1⊥

)
pq1′⊥k

]
Ik1

+ 2xx̄
z

[
(x− x̄)2pjq1′⊥(q2⊥kI

ik + Ii3)− piq1′⊥(q2⊥kI
jk + Ik3 ) + gij⊥pq1′⊥k(q2⊥lI

kl + Ik3 )

+ (I2 + q2⊥kI
k
1 )
(
gij⊥(~q1 · ~pq1′) + qj1⊥p

i
q1′⊥ − (1− 2x)2qi1⊥p

j
q1′⊥

)]
. (B.25)

B.4 φ6

We will use the variable

~q =
(
x− z
x

)
~p3 −

z

x
~p1 . (B.26)

(longitudinal NLO) × (longitudinal NLO):

(φ6)LL = −4xx̄2J0 , (B.27)

(longitudinal NLO) × (transverse NLO):

(φ6)jLT = (1− 2x)pjq1′⊥(φ6)LL , (B.28)

(transverse NLO) × (longitudinal NLO):

(φ6)iTL = 2x̄
[
(1− 2x)piq̄2⊥J0 − J i1⊥

]
, (B.29)

(transverse NLO) × (transverse NLO):

(φ6)ijTT = x̄
[
(x− x̄)2piq̄2⊥p

j
q1′⊥ − g

ij
⊥(~pq̄2 · ~pq1′)− piq1′⊥p

j
q̄2⊥

]
J0

+ x̄
[
(x− x̄)pjq1′⊥g

i
⊥k − pq1′⊥kg

ij
⊥ + piq1′⊥g

j
⊥k

]
Jk1⊥ . (B.30)

We introduced

Jk1⊥ = (x− z)2

x2
qk⊥
~q 2 ln

 ~p 2
q̄2 + xx̄Q2

~p 2
q̄2 + xx̄Q2 + x2x̄

z(x−z)~q
2

 , (B.31)

and

J0 = z

x(~p 2
q̄2 + xx̄Q2) −

2x(x− z) + z2

xz(~p 2
q̄2 + xx̄Q2) ln

(
x2x̄µ2

z(x− z)(~p 2
q̄2 + xx̄Q2) + x2x̄~q 2

)
. (B.32)
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C Finite part of the squared impact factors for real corrections

C.1 LL transition

The double-dipole × double-dipole contribution is

Φ+
4 (p1⊥, p2⊥, p3⊥)Φ+∗

4 (p′1⊥, p′2⊥, p′3⊥) =
8p+
γ

4

z2
(

~p 2
q̄2′

xq̄(1−xq̄) +Q2
)(

Q2 +
~p 2
q1′
xq

+
~p 2
q̄2′
xq̄

+
~p 2
g3′
z

)

×

 xq̄
(
dz2 + 4xq (xq + z)

) (
xq~pg3 − z~pq1)(xq~pg3′ − z~pq1′

)
xq (xq + z)2

(
(~pg3+~pq1)2

xq̄(xq+z) +Q2
)(

(~pg3+~pq1)2

xq̄
+ ~p 2

g3
z + ~p 2

q1
xq

+Q2
)

−
(4xqxq̄ + 2z − dz2)(xq̄~pg3 − z~pq̄2)(xq~pg3′ − z~pq1′)

(xq̄ + z) (xq + z)
(

(~pq̄2+~pg3)2

xq(xq̄+z) +Q2
)(

(~pq̄2+~pg3)2

xq
+ ~p 2

g3
z + ~p 2

q̄2
xq̄

+Q2
)
+ (q ↔ q̄). (C.1)

The interference term in the dipole × dipole contribution reads

(
Φ̃+

3 (~p1, ~p2)Φ+∗
4 (~p1′ , ~p2′ ,~0) + Φ+

4 (~p1, ~p2,~0)Φ̃+∗
3 (~p1′ , ~p2′)

)

=

 8p+
γ

4

z (xq + z)
(

~p 2
q̄2′

xq̄(xq+z) +Q2
)(

~p 2
q1′
xq

+
~p 2
q̄2′
xq̄

+ ~pg2

z +Q2
)

×


(4xqxq̄ + z(2− dz)) (~pg − z

xq̄
~pq̄)(xq~pg − z~pq1′)

(~pg − z~pq̄
xq̄

)2
(

~p 2
q1′

xq(xq̄+z) +Q2
)

−
xq̄
(
dz2 + 4xq (xq + z)

)
(~pg − z

xq
~pq)(~pg − z

xq
~pq1′)

(~pg − z~pq
xq

)2
(

~p 2
q̄2

xq̄(xq+z) +Q2
)

+ (q ↔ q̄)


+ (1↔ 1′, 2↔ 2′). (C.2)

The double-dipole × dipole contribution has the form

Φ+
4 (~p1, ~p2, ~p3) Φ+∗

3 (~p1′ , ~p2′) = Φ+
4 (~p1, ~p2, ~p3)Φ+∗

4 (~p1′ , ~p2′ ,~0) + Φ+
4 (~p1, ~p2, ~p3)Φ̃+∗

3 (~p1′ , ~p2′),
(C.3)
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where

Φ+
4 (~p1, ~p2, ~p3)Φ̃+∗

3 (~p1′ , ~p2′) =
8p+
γ

4

z (xq + z)
(

~p 2
q̄2

xq̄(xq+z) +Q2
)(

~p 2
q1
xq

+ ~p 2
q̄2
xq̄

+ ~p 2
g3
z +Q2

)

×


(4xqxq̄ + z(2− dz)) (~pg − z

xq̄
~pq̄)(xq~pg3 − z~pq1)

(~pg − z~pq̄
xq̄

)2
(

~p 2
q1′

xq(xq̄+z) +Q2
)

−
xq̄
(
dz2 + 4xq (xq + z)

)
(~pg − z

xq
~pq)(~pg3 − z

xq
~pq1)

(~pg − z~pq
xq

)2
(

~p 2
q̄2′

xq̄(xq+z) +Q2
)

+ (q ↔ q̄). (C.4)

For the dipole × double-dipole contribution, one just has to complex conjugate (C.4) and
also invert the name of the momenta i.e. 1′, 2′ ↔ 1, 2.

C.2 LT/TL transition

The double-dipole × double-dipole contribution is

Φi
4(p1⊥, p2⊥, p3⊥)Φ+∗

4 (p′1⊥, p′2⊥, p′3⊥)

=
−4p+

γ
3(

Q2 + ~p 2
g3
z + ~p 2

q1
xq

+ ~p 2
q̄2
xq̄

)(
Q2 +

~p 2
g3′
z +

~p 2
q1′
xq

+
~p 2
q̄2′
xq̄

)

×

z
(
(~P ·~pq1)Gi⊥−( ~G·~pq1)P i⊥

)
(dz + 4xq − 4)− ( ~G · ~P )piq1⊥ (2xq − 1)

(
4 (xq − 1)xq̄ − dz2)

z2xq̄ (z + xq̄) 3
(
Q2 + ~p 2

q1
xq(z+xq̄)

)(
Q2 +

~p 2
q1′

xq(z+xq̄)

)

+
z
(
(~P ·~pq1)H i

⊥− ( ~H · ~pq1)P i⊥
)

(dz + 4xq − 2)− ( ~H · ~P )piq1⊥ (2xq − 1) (z(2− dz) + 4xqxq̄)

z2xq (z + xq) (z + xq̄) 2
(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)(
Q2 + ~p 2

q1
xq(z+xq̄)

)

+ H i
⊥ (z(zd+ d− 2) + xq (2− 4xq̄))xq̄

z (z + xq) 2 (z + xq̄)
(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)
+ (q ↔ q̄). (C.5)

Here,

Gi⊥ = xq̄p
i
g3′⊥ − zpiq̄2′⊥, H i

⊥ = xqp
i
g3′⊥ − zpiq1′⊥, P i⊥ = xq̄p

i
g3⊥ − zpiq̄2⊥. (C.6)
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The interference term in the dipole × dipole contribution reads

(
Φi

4(~p1,~p2,~0)Φ̃+∗
3 (~p1′ ,~p2′)+Φ̃i

3(~p1,~p2)Φ+∗
4 (~p1′ ,~p2′ ,~0)

)

=4p+
γ

3

 ∆q
i
⊥xqxq̄

(
dz2+dz−2z+2xq−4xqxq̄

)
~∆2
q(z+xq)2(z+xq̄)

(
Q2+ ~p2

g

z + ~p2
q1
xq

+ ~p2
q̄2
xq̄

)(
Q2+

~p2
q̄2′

(z+xq)xq̄

)

−
( ~J ·~∆q)piq̄2⊥

(
dz2+4xq(z+xq)

)
(1−2xq̄)+z

(
( ~J ·~pq̄2)∆i

q⊥−(~pq̄2·~∆q)J i⊥
)
(dz+4xq̄−4)

z(z+xq)3~∆2
q

(
Q2+ ~p2

g

z +
~p2
q1′
xq

+
~p2
q̄2′
xq̄

)(
Q2+ ~p2

q̄2
(z+xq)xq̄

)(
Q2+

~p2
q̄2′

(z+xq)xq̄

)

−
xq
(
z
(
( ~K·~pq̄2)∆i

q⊥−(~pq̄2·~∆q)Ki
⊥

)
(dz+4xq̄−2)+( ~K·~∆q)piq̄2⊥(1−2xq̄)(z(dz−2)−4xqxq̄)

)
z(z+xq)2xq̄(z+xq̄)~∆2

q

(
Q2+ ~p2

g

z +
~p2
q1′
xq

+
~p2
q̄2′
xq̄

)(
Q2+ ~p2

q̄2
(z+xq)xq̄

)(
Q2+

~p2
q1′

xq(z+xq̄)

)

−
z
(
(~pq1·~∆q)Xi

⊥−( ~X·~pq1)∆i
q⊥
)
(dz+4xq−2)+( ~X·~∆q)piq1⊥(1−2xq)(z(dz−2)−4xqxq̄)

z~∆2
q(z+xq)(z+xq̄)2

(
Q2+ ~p2

g

z + ~p2
q1
xq

+ ~p2
q̄2
xq̄

)(
Q2+

~p2
q̄2′

(z+xq)xq̄

)(
Q2+ ~p2

q1
xq(z+xq̄)

)

+
z
(
( ~X·~pq1)∆i

q̄⊥−(~pq1·~∆q̄)Xi
⊥

)
(dz+4xq−4)−( ~X·~∆q̄)piq1⊥(2xq−1)

(
4(xq−1)xq̄−dz2)

z(z+xq̄)3~∆2
q̄

(
Q2+ ~p2

g

z + ~p2
q1
xq

+ ~p2
q̄2
xq̄

)(
Q2+ ~p2

q1
xq(z+xq̄)

)(
Q2+

~p2
q1′

xq(z+xq̄)

)


+(q↔q̄), (C.7)

where

~∆q = xq~pg − xg~pq
xq + xg

~∆q̄ = xq̄~pg − xg~pq̄
xq + xg

(C.8)

Xi
⊥ = xq̄p

i
g⊥ − zpiq̄2⊥ = P i⊥|p3=0, J i⊥ = xqp

i
g⊥ − zpiq1′⊥ = H i

⊥|p′3=0,

Ki
⊥ = xq̄p

i
g⊥ − zpiq̄2′⊥ = Gi⊥|p′3=0. (C.9)

The TL transition is obtained from above by complex conjugation and inverting the naming
of the different momenta in (C.7) and (C.5).

The double-dipole × dipole have, respectively, the form

Φi
4(~p1,~p2,~p3)Φ+∗

3 (~p1′ ,~p2′)=Φi
4(~p1,~p2,~p3)Φ+∗

4 (~p1′ ,~p2′ ,0)+Φi
4(~p1,~p2,~p3)Φ̃+∗

3 (~p1′ ,~p2′), (C.10)
Φ+

4 (~p1,~p2,~p3)Φi∗
3 (~p1′ ,~p2′)=Φ+

4 (~p1,~p2,~p3)Φi∗
4 (~p1′ ,~p2′ ,~0)+Φ+

4 (~p1,~p2,~p3)Φ̃i∗
3 (~p1′ ,~p2′), (C.11)
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where

Φi
4(~p1, ~p2, ~p3)Φ̃+∗

3 (~p1′ , ~p2′) =
4p+
γ

3

(xq + z) ~∆2
q

(
~p 2
q̄2′

xq̄(xq+z) +Q2
)(

~p 2
q1
xq

+ ~p 2
q̄2
xq̄

+ ~p 2
g3
z +Q2

)

×


xqxq̄∆i

q (dz(z + 1)− 2 (1− 2xq) (xq + z))
(xq + z) (xq̄ + z) +

(dz + 4xq − 2)
(
∆i
q
~P · ~pq1 − P i~pq1 · ~∆q

)
(xq̄ + z) 2

(
~p 2
q1

xq(xq̄+z) +Q2
)

+
(2xq − 1) piq1 ~P · ~∆q (z(dz − 2)− 4xqxq̄)

z (xq̄ + z) 2
(

~p 2
q1

xq(xq̄+z) +Q2
) −

((d− 4)z − 4xq)
(
W i~pq̄2 · ~∆q −∆i

q
~W · ~pq̄2

)
(xq + z) 2

(
~p 2
q̄2

xq̄(xq+z) +Q2
)

+
(2xq̄ − 1)

(
dz2 + 4xq (xq + z)

)
piq̄2

~W · ~∆q

z (xq + z) 2
(

~p 2
q̄2

xq̄(xq+z) +Q2
)

+ (q ↔ q̄) , (C.12)

and

Φ+
4 (~p1, ~p2, ~p3)Φ̃i∗

3 (~p1′ , ~p2′) =
4p+
γ

3

z~∆2
q (xq + z) 2

(
Q2 + ~p 2

g3
z + ~p 2

q1
xq

+ ~p 2
q̄2
xq̄

)(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)

×

xqz ((d− 4)z − 4xq + 2)
(
P i
(
~pq̄2′ · ~∆q

)
−∆i

q

(
~P · ~pq̄2′

))
xq̄ (xq̄ + z)

(
~p 2
q1

xq(xq̄+z) +Q2
)

−
xq (xq − xq̄ + z) piq̄2′

(
~P · ~∆q

)
(z(dz − 2)− 4xqxq̄)

xq̄ (xq̄ + z)
(

~p 2
q1

xq(xq̄+z) +Q2
)

−
(xq − xq̄ + z)

(
dz2 + 4xq (xq + z)

)
piq̄2′

(
~W · ~∆q

)
(xq + z)

(
~p 2
q̄2

xq̄(xq+z) +Q2
)

−
z ((d− 4)z − 4xq)

(
∆i
q

(
~W · ~pq̄2′

)
−W i

(
~pq̄2′ · ~∆q

))
(xq + z)

(
~p 2
q̄2

xq̄(xq+z) +Q2
)

+ (q ↔ q̄). (C.13)

Here, we introduced

W i
⊥ = xqp

i
g3⊥ − zpiq1⊥. (C.14)
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C.3 TT transition

The double-dipole × double-dipole contribution is

Φi
4(p1⊥,p2⊥,p3⊥)Φk

4(p′1⊥,p′2⊥,p′3⊥)∗=

 p+
γ

2(
Q2 + ~p 2

g3
z + ~p 2

q1
xq

+ ~p 2
q̄2
xq̄

)(
Q2 +

~p 2
g3′
z +

~p 2
q1′
xq

+
~p 2
q̄2′
xq̄

)

×

−gik⊥xqxq̄ (zd+d−2+2xq̄)
(z+xq)2 (z+xq̄)

−
2P k⊥piq1⊥ (1−2xq)

z (z+xq̄)2
(
Q2 + ~p 2

q1
xq(z+xq̄)

) ((d−2)z−2xq̄
z+xq̄

+ dz+2xq̄
z+xq

)

−
2
(
gik⊥ (~P ·~pq1)+P i⊥pq1⊥

k
)

z (z+xq̄)2
(
Q2 + ~p 2

q1
xq(z+xq̄)

) ((d−4)z−2xq̄
z+xq

+ (d−2)z−2xq̄
z+xq̄

)

− 1

z2xq (z+xq)2xq̄ (z+xq̄)2
(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)(
Q2 + ~p 2

q1
xq(z+xq̄)

) {( ~H · ~P )
[
piq1⊥p

k
q̄2′⊥ (1−2xq)

× (1−2xq̄)(z(2−dz)+4xqxq̄)+(gik⊥ (~pq1 ·~pq̄2′)+pkq1⊥p
i
q̄2′⊥)(z(2−(d−4)z)+4xqxq̄)

]
+((d−4)z−2)

[
z( ~H ·~pq̄2′)(gik⊥ (~P ·~pq1)+P i⊥p

k
q1⊥)+zHk

⊥

(
(~P ·~pq1)piq̄2′⊥−(~pq1 ·~pq̄2′)P i⊥

)]
+((d−4)z+2)

[
zH i

(
(~P ·~pq̄2′)pkq1⊥−(~pq1 ·~pq̄2′)P k⊥

)
+z( ~H ·~pq1)(gik⊥ (~P ·~pq̄2′)+P k⊥p

i
q̄2′⊥)

]
+ 2z

(
( ~H ·~pq̄2′)P k⊥−(~P ·~pq̄2′)Hk

⊥

)
pq1⊥

i (1−2xq)(dz+4xq̄−2)
}

− 1

z2xqxq̄ (z+xq̄)4
(
Q2 + ~p 2

q1
xq(z+xq̄)

)(
Q2 +

~p 2
q1′

xq(z+xq̄)

) {z ((d−4)z−4xq̄)

×
[
gik⊥

(
( ~G ·~pq1′)(~P ·~pq1)−( ~G ·~pq1)(~P ·~pq1′)

)
+(~pq1 ·~pq1′)

(
Gi⊥P

k
⊥−Gk⊥P i⊥

)
+ 2( ~G ·~pq1′)

(
P i⊥p

k
q1⊥+P k⊥p

i
q1⊥ (1−2xq)

)
−2( ~G ·~pq1)

(
P k⊥p

i
q1′⊥+P i⊥p

k
q1′⊥ (1−2xq)

)]
+ ( ~G · ~P )

[
pkq1⊥p

i
q1′⊥−piq1⊥pkq1′⊥ (1−2xq)2 +gik⊥

(
~pq1 ·~pq1′

)](
dz2 +4xq̄ (z+xq̄)

)}]
+ (1↔ 1′,2↔ 2′,3↔ 3′, i↔ k)

)
+(q↔ q̄). (C.15)

The interference term in the dipole × dipole contribution reads(
Φ̃i

3(~p1, ~p2)Φk∗
4 (~p1′ , ~p2′ ,~0) + Φi

4(~p1, ~p2,~0)Φ̃k∗
3 (~p1′ , ~p2′)

)

=

 2p+
γ

2

~∆2
q

(
Q2 + ~p 2

g

z + ~p 2
q1
xq

+ ~p 2
q̄2
xq̄

)(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)
×
[

((d− 2)z − 2xq)xq
(z + xq) 3

(
gik⊥ (~pq̄2′ · ~∆q) + pq̄2′

i
⊥∆k

q⊥ + pkq̄2′⊥∆i
q⊥ (1− 2xq̄)

)

+
xq
(
((d− 4)z − 2xq)

(
gik⊥ (~pq̄2′ · ~∆q) + piq̄2′⊥∆k

q⊥

)
+ pkq̄2′⊥∆i

q⊥ (dz + 2xq) (1− 2xq̄)
)

(z + xq) 2 (z + xq̄)
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− 1

z (z + xq) 2xq̄ (z + xq̄) 2
(
Q2 + ~p 2

q1
xq(z+xq̄)

) {z((d− 4)z + 2)

×
[
pq1

i
⊥

(
(~pq̄2′ · ~∆q)Xk

⊥ − ( ~X · ~pq̄2′)∆k
q⊥

)
(2xq − 1)− ( ~X · ~pq̄2′)

(
gik⊥ (~pq1 · ~∆q) + pkq1⊥∆i

q⊥

)
−Xk
⊥

(
(~pq1 · ~∆q)piq̄2′⊥− (~pq1 · ~pq̄2′)∆q

i
⊥

)]
+4xqz (1−2xq) piq1⊥

(
(~pq̄2′ · ~∆q)Xk

⊥−( ~X · ~pq̄2′)∆k
q⊥

)
+ z (1− 2xq̄) (dz + 4xq − 2) pkq̄2′⊥

(
(~pq1 · ~∆q)Xi

⊥ − ( ~X · ~pq1)∆i
q⊥

)
− z((d− 4)z − 2)

×
[(
gik⊥ ( ~X · ~pq1) +Xi

⊥p
k
q1⊥

)
(~pq̄2′ · ~∆q) +

(
( ~X~pq1)pq̄2′ i⊥ − (~pq1~pq̄2′)Xi

⊥

)
∆k
q⊥

]
+ ( ~X · ~∆q)piq1⊥pkq̄2′⊥ (1− 2xq) (1− 2xq̄) (z(dz − 2)− 4xqxq̄)

− ( ~X · ~∆q)
(
gik⊥ (~pq1 · ~pq̄2′) + pkq1⊥p

i
q̄2′⊥

)
(z(2− (d− 4)z) + 4xqxq̄)

}
− 1

z (z + xq) 4
(
Q2 + ~p 2

q̄2
(z+xq)xq̄

)
xq̄

{
z (dz + 4xq̄ − 4)

[
(1− 2xq̄)

×
(
pkq̄2′⊥

(
(~pq̄2 · ~∆q)V i

⊥ − (~V · ~pq̄2)∆i
q⊥

)
+ piq̄2⊥

(
(~V ~pq̄2′)∆k

q⊥ − (~pq̄2′ · ~∆q)V k
⊥

))
+ V k

⊥

(
(~pq̄2 · ~∆q)piq̄2′⊥ − (~pq̄2 · ~pq̄2′)∆i

q⊥

)
+
(
(~pq̄2 · ~pq̄2′)V i

⊥ − (~V · ~pq̄2)piq̄2′⊥
)

∆k
q⊥

+ gik⊥

(
(~V · ~pq̄2′)(~pq̄2 · ~∆q)− (~V · ~pq̄2)(~pq̄2′ · ~∆q)

)
+ pkq̄2⊥

(
(~V · ~pq̄2′)∆i

q⊥ − (~pq̄2′ · ~∆q)V i
⊥

)]
+ (~V · ~∆q)

(
piq̄2⊥p

k
q̄2′⊥ (1− 2xq̄)2 − gik⊥ (~pq̄2 · ~pq̄2′)− pkq̄2⊥piq̄2′⊥

) (
dz2 − 4xq (xq̄ − 1)

)} ]
+ (1↔ 1′, 2↔ 2′, i↔ k)

)
+ (q ↔ q̄). (C.16)

Here,
V i
⊥ = xqp

i
g⊥ − zpiq1⊥. (C.17)

The double-dipole × dipole contribution has the form

Φi
4(~p1, ~p2, ~p3) Φk∗

3 (~p1′ , ~p2′) = Φi
4(~p1, ~p2, ~p3)Φk∗

4 (~p1′ , ~p2′ ,~0) + Φi
4(~p1, ~p2, ~p3)Φ̃k∗

3 (~p1′ , ~p2′),
(C.18)

where

Φi
4(~p1, ~p2, ~p3)Φ̃k∗

3 (~p1′ , ~p2′)

=
2p+
γ

2

~∆2
q

(
Q2 + ~p 2

g3
z + ~p 2

q1
xq

+ ~p 2
q̄2
xq̄

)(
Q2 +

~p 2
q̄2′

(z+xq)xq̄

)
×
[

((d− 2)z − 2xq)xq
(z + xq) 3

(
gik⊥ (~pq̄2′ ~∆q) + pq̄2′

i
⊥∆q⊥

k + pq̄2′⊥
k∆q⊥

i (1− 2xq̄)
)

+
xq
(
((d− 4)z − 2xq)

(
gik⊥ (~pq̄2′ ~∆q) + piq̄2′⊥∆k

q⊥

)
+ pkq̄2′⊥∆i

q⊥ (dz + 2xq) (1− 2xq̄)
)

(z + xq) 2 (z + xq̄)

− 1

z (z + xq) 2xq̄ (z + xq̄) 2
(
Q2 + ~p 2

q1
xq(z+xq̄)

) {z((d− 4)z + 2)

×
[
pq1

i
⊥

(
(~pq̄2′ ~∆q)P k⊥ − (~P~pq̄2′)∆q

k
⊥

)
(2xq − 1)− (~P~pq̄2′)

(
gik⊥ (~pq1~∆q) + pq1

k
⊥∆q

i
⊥

)
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−P k⊥
(
(~pq1~∆q)pq̄2′ i⊥−(~pq1~pq̄2′)∆q

i
⊥

)]
+ 4xqz (1− 2xq) pq1i⊥

(
(~pq̄2′ ~∆q)P k⊥ − (~P~pq̄2′)∆q

k
⊥

)
+ z (1− 2xq̄) (dz + 4xq − 2) pq̄2′k⊥

(
(~pq1~∆q)P i⊥ − (~P~pq1)∆q

i
⊥

)
− z((d− 4)z − 2)

×
[(
gik⊥ (~P~pq1) + P i⊥pq1

k
⊥

)
(~pq̄2′ ~∆q) +

(
(~P~pq1)pq̄2′ i⊥ − (~pq1~pq̄2′)P i⊥

)
∆q

k
⊥

]
+ (~P ~∆q)pq1i⊥pq̄2′k⊥ (1− 2xq) (1− 2xq̄) (z(dz − 2)− 4xqxq̄)

− (~P ~∆q)
(
gik⊥ (~pq1~pq̄2′) + pq1

k
⊥pq̄2′

i
⊥

)
(z(2− (d− 4)z) + 4xqxq̄)

}
. (C.19)

As above, the dipole × double-dipole contribution is obtained by complex conjugation and
changing the momenta.
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