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1 Introduction

At the present time, the entire set of experimental data obtained on man-made physical
devices is fairly well described by the so-called Standard Model (SM) of strong and elec-
troweak interactions (with the inclusion of right-handed neutrinos). It is clear, however,
that the model has a limited range of applicability. It does not meet both the require-
ments of a high theory and the questions of astrophysics and cosmology. Therefore, the
main goal of modern high-energy physics is proclaimed to be the detection of processes
and phenomena that are not described by the Standard Model, i.e. this very New Physics.

The discrepancy of 4.2 standard deviations between the experimentally measured [1, 2]
muon anomalous magnetic moment (MAMM) and its theoretically obtained SM value [3]



is one of the most significant deviations of the experiment from the SM predictions.! A
possible (and currently most discussed) explanation of this discrepancy is the contribution
to the MAMM of New Physics, that is, particles and interactions not represented in the
SM. Often this discrepancy is even considered as undeniable evidence of New Physics.
Under these conditions, the verification of SM predictions and an increase in the accuracy
of these predictions are of particular importance.

The inaccuracy of predictions is mainly due to the fact that the SM contains contribu-
tions to the MAMM, which cannot be obtained “from first principles”. These are hadronic
contributions. They are divided into two types: those coming from the vacuum hadronic
polarization and from the hadronic contribution to the scattering of light by light (to the
amplitude of off-shell photon-photon scattering). The largest of them is the contribution
from the vacuum hadronic polarization (it is almost two orders of magnitude larger than
the contribution from photon-photon scattering). The predictions of this contribution are
not entirely theoretical, since they are obtained using experimental data on the annihilation
of an electron-positron pair into hadrons. But there is no “pure” annihilation into hadrons.
Experimentally measured cross sections contain radiative corrections associated with elec-
tromagnetic interaction. Therefore, the accuracy of “theoretical” calculations of the contri-
bution from the vacuum hadronic polarization depends not only on the accuracy of exper-
iment, but also on the accuracy of calculations of the radiative corrections. Moreover, it is
this contribution that makes the greatest uncertainty in the theoretical value of the MAMM.

The contribution of the vacuum polarization by hadrons is expressed in terms of the
quantity

R(s) = o(ete™ = ~* — hadrons) /o (ete™ — ptu™), (1.1)

i.e. the ratio of the inclusive cross section of the one-photon annihilation of an electron-
positron pair with total energy /s into hadrons (that is, the cross section of the process
in which at least one hadron is observed in the final state) to the total annihilation cross
section into the u™ ™~ pair, calculated in the Born approximation in neglecting the masses
of all particles. It is this quantity that enters in the dispersion representation for the
contribution of hadronic vacuum polarization to the MAMM [5, 6]. The inclusive cross
section can be measured only in the region of relatively large energies /s = 1.8 GeV.
Meanwhile, it is the region of lower energies that dominates the dispersion integral for
the MAMM. In this region the inclusive cross section is obtained as a sum of measured
exclusive cross sections for different channels, which provides a much better accuracy than
the direct measurement of this quantity. Nevertheless, it turns out that the uncertainty
of this contribution in the prediction of the MAMM is the largest (see, for example, the
review [7]). Therefore, the requirements for the accuracy of its extraction from experimental
data should be the most stringent.

A correct assessment of the accuracy of the theoretical prediction for the hadronic
vacuum polarization contribution to the MAMM and its improvement has become even
more important after its recent lattice calculations [8, 9] with declared accuracy of 0.8%.

Wery recently the new experimental result for MAMM was published in ref. [4]. This result agrees with
those of refs. [1, 2], being significantly much more accurate.



The result of these calculations turns out to be much closer to experiment and reduces the
discrepancy between experiment and theory to only 1.5 standard deviations.

And finally, the importance of the correct account for the radiative corrections in-
creased even more after the appearance of the paper [10], in which the measured cross
section of the process eTe™ — 7* — 777~ was used to estimate the contribution 77~
to hadronic part of the MAMM in the energy range 0.6 GeV < /s < 0.88 GeV. The
value based on the CMD-3 data is significantly larger than the estimates based on the
results of previous measurements, and substantially reduces the discrepancy between the
experimental value of the MAMM and its prediction in the Standard Model.

The accuracy of extracting the value of R(s) from the experimental data on electron-
positron annihilation into hadrons depends critically on the accuracy of taking into account
the radiative corrections to the annihilation cross section. Despite the smallness of the
coupling constant a &~ 1/137.036 in quantum electrodynamics (QED), in order to achieve
a high (fraction of a percent) accuracy, the summation of the contributions of several
terms of the perturbation theory is required, since powers of a are followed by powers of
logarithms In(s/m?) and In(E/AE), where m is the electron mass, £ = \/5/2 and AE is
the maximum energy loss for radiation allowed by the experimental conditions.

Currently, there are two types of experiments to measure the cross sections for annihi-
lation of an electron-positron pair into hadrons: energy scan measurements and radiation
return measurements. The second type experiments became possible with the appearance
of high-energy colliders with high luminosity, which makes it possible to collect statis-
tics comparable to those achievable in experiments of the first type when measuring cross
sections suppressed in the fine structure constant. This method is widely used now for
obtaining of the cross section o +.- _padrons i the entire region important for calculation
of the hadronic contribution to a, = (g, — 2)/2.

An efficient method for summing radiative corrections enhanced by In(s/m?) is the
method of parton distributions (also called the method of structure functions), developed
for computing radiative corrections to the single-photon e*e™ annihilation cross section in
ref. [11] by analogy with the calculation of the Drell-Yan process cross section in QCD.?
However, this method provides the best accuracy when calculating radiative corrections to
the inclusive cross section for hadron production in energy scan experiments. When calcu-
lating the radiative corrections to the cross sections for exclusive hadron production, the
accuracy of this method decreases due to the fact that parton distributions are calculated
without taking into account the restrictions imposed on the kinematics of emitted particles
by the event selection criteria. The accuracy is also reduced when applying this method to
experiments with radiative return due to the presence of additional parameters associated
with the emission of a photon that provides this return. All these circumstances make it
extremely desirable to directly calculate the radiative corrections.

Currently, a huge number of works have been published on the radiative corrections to
cross sections measured both by the energy scanning method and by the radiative return

2The analogy with QCD was used earlier for calculation of QED radiative corrections to quasielastic
neutrino scattering in ref. [12].



method. To calculate the corrections due to the initial-state radiation, in the first case,
as a rule, the structure function method was used (see, for example [13]); in the second
case, the calculations were carried out both with this method and by the direct calculation
of the next-to-leading order of perturbation theory (see, for example [14, 15]). Current
status, problems and perspectives of the calculations can be found in [16-18].

In this paper we calculate in the two-loop approximation the cross section of the process
of electron-positron annihilation into a pair of photons, one of which is virtual. Although
the term cross section is not quite correct when applied to a virtual particle, we use it
because the quantity being calculated has all the properties of a cross section. The cross
section of the process ete™ — v+ v* — v + hadrons is obtained from this quantity by
convolution with hadronic tensor, as described below. The results obtained can be used
when processing data in experiments of both types: by the radiation return method and
by the energy scanning method. In the first case it gives directly the cross section of one-
photon hadron production, taking into account two-loop radiative corrections associated
with the interaction of the initial electron-positron pair, differential in angle and energy
of the photon, which ensures the radiative return. In the second case, in order to obtain
the corresponding radiative corrections, the integration over the angles and energies of this
photon should be carried out.

It should be noted here that, in addition to the above mentioned radiative corrections,
the experimentally measured cross sections also include corrections due to the interaction
in the final state and those related to the hadron production mechanisms different from
the one-photon one. In general, these corrections depend on the structure of hadrons, so
their ab initio calculation is hardly possible. Their account requires special consideration
and goes far beyond the scope of the present work. Here we confine ourselves to the
remark that the experimental setup symmetric in the sign of the hadron charge (as in
the measurement of inclusive cross sections) is preferable, since it is less sensitive to the
amplitudes of two-photon production of hadrons, which depend on their structure. As was
shown in ref. [19], taking this structure into account is absolutely important for describing
the experimental data on the charge asymmetry in the process ete™ — 77 ~. However, in
a charge-symmetric setup of the experiment, the interference of one-photon and two-photon
production mechanisms does not contribute, so that the corrections associated with other
than one-photon hadron production mechanisms appear only in two loops (in the order
of alpha squared). Since the corresponding amplitudes do not have collinear singularities,
and infrared singularities are canceled in the inclusive cross section, the relative magnitude
of the corresponding radiative corrections can be estimated as (%)2 It limits the accuracy
of model-independent calculation of radiative corrections. Note that for our present results
this accuracy restriction means that only the terms amplified by large logarithms In(s/m?)
and In(F/AF) are model-independent.

Of course, taking into account the leading corrections due to the final-state radiation
in the single-photon production mechanism is necessary also for a charge-symmetric exper-
imental setup. We can only note here that in this formulation the corrections depend much
less strongly on the hadron structure, and one can hope that the usually used point-particle
approximation works sufficiently well (although this issue requires additional research [20]).



Since these corrections do not contain In(s/m?), but can contain only In(s/m3) (where my,
is the produced hadron mass) or In(E/AFE), then for experiments measuring R in the most
significant for AMMM region these corrections are at the level of the two-loop corrections
due to the initial-state radiation considered here.

The paper is organized as follows. In section 2 we discuss several factorization proper-
ties of the QED amplitudes: factorization of soft and collinear singularities in massless and
massive QED, relation between massless and massive QED amplitudes, and factorization
of soft radiation in inclusive cross section. In section 3 we underline some consequences of
the factorization properties. In particular, we show that all logarithmically amplified terms
in N'LO contribution to the amplitude or cross section are expressed in terms of N*LO
contributions with k < [. Some details of calculation are given in section 4 and the results
are presented in section 5. Section 6 contains the Conclusion.

2 Factorization of QED amplitudes and cross sections

The sources of the logarithms In(s/m?) and In(E/AE) are infrared and collinear singulari-
ties in perturbation theory. It is known that these singularities factorize. The factorization
of the infrared singularities in QED is well known since [21, 22]. The theory of factorization
of collinear singularities, while being in its infancy in early works on QED [23, 24], later
was well developed in quantum chromodynamics (QCD) [25-33].

2.1 Soft-collinear factorization in massless QED

The dimensional regularization and minimum subtraction (MS) renormalization scheme is
the most widely used approach for perturbative calculations in QCD. Within this approach
the infrared and collinear singularities appear as poles in € = (4 — D)/2, where D is the
space-time dimension, taken to be different from the physical value D = 4. The soft-
collinear factorization means that the massless amplitude A can be written as a product of
e-singular factor Z, containing information about infrared and collinear singularities, and
the “hard” amplitude H, finite at ¢ = 0. In QCD both Z and H are matrices in the color
space. In QED, thanks to the absence of color indices, the situation is greatly simplified
and we have

A(in — out) = Z(in — out)H(in — out), (2.1)

where (cf. eq. (2.9) of ref. [30])

Z(in—)out):exp{/oadal[—;Z%(al) (2.2)

alﬁ(eval)

The double sum }, ; in eq. (2.2) runs over all pairs of particles, thus this formula is called
“dipole” in some literature. Note that the corresponding formula in QCD, apart from ac-
quiring obvious modifications — retaining the color indices in ~; and ); and replacing exp



with path-ordered exponent — must be supplemented by contributions of higher “multi-
poles”. These are contributions containing sums over k-tuples of particles with k > 2. The
quadrupole correction first appearing in three loops was calculated relatively recently [34].

In (2.1) and (2.2) we used the following notations: {p} = {p1,...,pn} denotes the set
of momenta of external particles (all momenta are considered as incoming), p is the renor-

malization scale, a = a(u) = ayg(p)/(47), ayg(p) = ei/TS(,u)/(élw) is the MS renormalized
QED coupling constant, [(e,a) = ddanj2 is the beta function in D = 4 — 2¢ dimensions,

vk (a) is the light-like cusp anomalous dimension (defined as a slope of cusp anomalous
dimension at large angle), p; and 7;(a) are the momentum and collinear dimension of i-th
particle, respectively. The sign variable @); equals to 1 for incoming electron or outgoing
positron, to —1 for incoming positron or outgoing electron, and to 0 for photon.

The perturbative expansions of 3, vx, and ~; entering eq. (2.2) have the form

Ble.a) = —c -3 g, @ =3 1Wua), w@=3~"ad. (23
=0 =1 =1

For our purposes we need to know the expansion of eq. (2.2) only up to a*:

(1) 2_ . (1)
—(pi )= —10 1 1 .
an(in%out):&lE Qinfyf(—ln <(p+52j)1>+6>+2§ %e

i<j

] (2.4)

(1) (2) 2 (1) (2)
o A (P Sk —(Pit+p;)”—i0\ 3y Bo Vi
ta ;Ql@j< 262 2 € )ln( 2 4e3 + €2
(1) (2)
1 Vi /60 L _3
+4;< 5+ 6) +0(a?).

The required expansion coefficients can be extracted from the corresponding QCD results
available in the literature [31, 35, 36]. We have

10
7 =2, 7 = —5 (2.5)
1
MO Y 7 = _% +12¢ — 24¢3 + (2370 + 4@) n, (2.6)
4
W=~ = zny, W == =dn; . (2.7)

3
Here and below ny stands for the number of fermions, equal to 1 in our calculations, but
we keep it as a symbolic parameter to trace the contributions from electronic loops.
Now we want to specialize eq. (2.4) to the process of our present interest,

e (p-) +e (pr) = (k) +7"(q). (2.8)

We assume that the summation indices in (2.4) run over the set {e*,e™,~}, not including
the off-shell photon v*. We obtain

2 20,-3 2 —24 4
€ € 3¢ 4e

2 4(2-3L,) 65+ 54(y — 60L,, an% oy .
-5 - L+ t0 2.9
i ( €3 9¢2 + 27e nrt 9¢2 i € + (a ) > (29)




where L, = In[(—s — i0)/u%, s = (p_ + p.)® The underlined terms come from the
contributions o< .

The factorization property means that the amplitude of the process at zero electron
mass, A, (eTe” — v7*), can be represented as

AuleTe™ =) = Z(eTe™ = 7") - HuleTe™ = 7"), (2.10)

where Z is defined in eq. (2.9) and H is finite at € = 0. Although we don’t have any method
of calculating the hard amplitude apart from direct calculation of A,(eTe™ — yv*) and
using eq. (2.10), we shall see soon, that this factorization allows us to express all terms
amplified by In(s/m?) and/or by In(E/AE) in NNLO cross section via one-loop results,
which have a relatively simple form and are available in the literature.

A few remarks should be made here. First, the massless amplitude A, (ete™ — y7*)
is understood as a perturbative expansion defined via diagrams with bare electric charge
eo in all vertices except the vertex, corresponding to the off-shell photon, where we put «,
without any charge at all. We also amputate the external leg, corresponding to v*. We
stress that no additional factors related to the wave function renormalization are included
in A,(efe” — 4v*). The “renormalization” of the amplitude is understood as plainly
expressing all bare couplings g via agg(p) with ag = (“i—fj)e aM—S(u)/Zé\TS, see eq. (A.2)
in appendix.

Note also that the factorization formula (2.1) was derived in QCD, and for on-shell
scattering amplitudes, whereas we want to use it in QED, and for the amplitude A, with
one off-shell external momentum ¢q. Both differences, between asymptotically free QCD and
QED with zero charge problem, and between on-shell and off-shell amplitudes, prompted
us to directly test the validity of the factorization. We have checked, up to two loops,
that pulling out the factor Z, eq. (2.9), from A,, as prescribed by eq. (2.10), we obtain
finite at € = 0 hard amplitude H,. Note that in this check it was essential to use physical
polarization e of the real photon, i.e. the identity e - k = 0, otherwise we observed %
terms in H, both in one- and in two-loop results.

2.2 Relation between massive and massless amplitudes

Another factorization formula based on the soft-collinear effective theory [37, 38] was sug-
gested in ref. [29]. This formula relates massive QED amplitude A(in — out) and the
corresponding massless amplitude A(in — out). The relation can be written in the follow-
ing form

A(in — out) = [zgs]k/ 212,172 S(in = out) A(in — out) + O(m?/Q?). (2.11)

Here k is the number of external photon legs, n is the number of external electron/positron
legs, Z; = Zj(m?) is the so called jet function, depending only on the particle mass, and
S(in — out) is the so called soft function depending in a prescribed way on the kinematics of
the process. Note that in ref. [29] the above factorization formula was used for the case k =

k/2
0, however, the presence of additional factor {Z:?S} for k # 0 seems to be quite obvious.



The soft function appears in massive QED due to the fact that integrals for the con-
tributions of soft photons cease to be scale-free when the vacuum polarization is taken into
account. It has the form

S(in — out) = exp {— Z Q:Q;0S (—(pi +p;)? — 0, mZ)} ’ (2.12)
i<j
where (cf. [29, eq. (3.9)])
4e
55(@2,m2) =a? (;i) ny {31:2 + g — % — %@ +0 (61)] ID(QQ/m2) + 0O (é3> .

(2.13)
The jet function Z; was determined in ref. [29] from the factorization relation written
for the Dirac form factor

F(Q?) = Zy(m?) [1+65(Q% m?)| F(Q*) + O(m?/Q?), (2.14)

where Q% = —¢?, q is the momentum transfer, F'(Q?) and F(Q?) are the Dirac form factors
in massive and massless QED, respectively. Explicit calculation of F(Q?) and F(Q?) up
to two loops allows one to obtain Z; with the corresponding precision. The result can be

written as
2¢ ___
—al* syt [2 1 G 26 2
1nZJ_a(m> (25%) LQ+€+4+§2+ 843 - e+0(&) (2.15)
4e
3 24C, +48¢; 177
+ a2 (“) [ G2 H48G | TT | ooy — 48CyIn2 — 6Cs — 420,
m 4e 8
2 4 90(+209 T6C 4G 3379) ) } _3
I - 58 2907 O 10 .
+< 33 9¢? 27¢ 9o "9 g )Mt ()] +o(@)

The convenience of using In Z; is that in this quantity (but not in Z; itself), we can safely
omit terms vanishing at € — 0. Note that we have kept in the first pair of brackets the €'
term because the factor (Z:)I)VTS)_I =1- %OEL + O(a?) has simple pole, cf. (A.2).

We have checked the relation (2.14) with the jet and soft functions given by (2.15)
and (2.13), respectively, by performing the two-loop calculation of F(Q?) and F(Q?) in
massless and massive QED. The massless form factor F(Q?) was calculated with the con-
ventions described in the first remark after eq. (2.10). The massive form factor F(Q?, m?)
was calculated in the on-shell renormalization scheme, that is, the electron mass and wave
function were renormalized.

Specializing eq. (2.11) to the process of our present interest, we have

— * 1/2 —s—i0,m — *
Aulete” = ") = [Zi?s} Z 723 (=510, 2).A“(e'Fe - 7). (2.16)

2.3 Soft virtual factorization in massive QED

It is well known [22] that in QED amplitude with massive electrons the singularities asso-
ciated with soft virtual photons are factorized according to

A(in — out) = exp { — ZQinV (pi, pj) }H(m — out), (2.17)
1<J



where H (in — out), sometimes called “hard amplitude” in massive QED is finite and

2
e? dPk 1 2p; — k 2p; + k
V (pi,pj) = —— : J : 2.18
(pipj) = =3 /z’(27r)D K240 \ K2 — 2(kpy) 130 K2 1 2(kpy) 1 0 (2.18)

in dimensional regularization, cf. [22, eq. (2.23)]. For our present goal we need the high-
energy asymptotics of V' (p4,p—) which reads

47 €

Vipy,p_) = —a (m%ﬁ)_ (-2@_1) +I2-L-26+2+0 (é)) , (2.19)

where a = =, o= % ~1/137.036, L = In %—21'0. Note that the representation (2.17) is

4

proven in [22] using the on-mass shell renormalization scheme. Eq. (2.17) then specifies as
Aulete” = ") = ev(i”+’p*)Hu(e+6_ — ") (2.20)
On the other hand, the result of two previous subsections is the representation
+ - ¥ 0s) /2
AyleTe —>’y’y):(Z3 ) ZySZHu(ete™ = ) (2.21)
Then the two finite quantities, H,(eTe™ — yv*), and H,(eTe™ — yv*) are related via

1/2
H,(etem = yy*) = e VPep-) (Z:?S) / ZySZH,(eTe” = v%), (2.22)

o5\ /2 . ) _ . .
therefore the factor e~V (Z3 ) ZjSZ is also finite at € = 0. In terms of a its logarithm
reads

1/2 Y~ -
In {e_V(ZL?S) / ZJSZ] =In(e/exgg)+a[L;—3L,+2L—(+6]

a2 A(L3—L3) 38L2 8L,L 14L° SCQ(Eu—E)+346L 4581 4¢; 82¢» | 5107
a — —— 24— n
9 9 3 9 3 27 27 9 9 '162)
48 24(2+3 177 _
%(L L,)— 42(4—6(3—48(211124—22(24—8] +0(@%), (2.23)
where f/u =In —”Eio’ L = In =252 and we have separated the contribution
_1 0S / ,MS _2ng
n (e/eyg) = 5 In (Z3 /Zs ) GT ( ) (2.24)
4 15 _
{9 } L —2nf (L L,+ 4)} +0(@*),

related to the difference between MS and on-shell charge.



2.4 Factorization of soft radiation

As it was already noticed in the previous section, the singularities in the amplitude
A, (ete” — 4y*) come from infrared divergences. They disappear in the inclusive cross-
section do . which accounts for soft photon emission. It is known, [21, 22|, that the cross
section do(™ with emission of n soft photons with energy less than wy each is given by the
product

W™ (wo)

n!

do™ = = 22045(0) (2.25)

where do(®) is the cross-section of elastic (without soft emission) process and W (wyp) is the
probability of soft photon emission with energy less than wg, so that the inclusive cross
section dop.(wp) which includes emission of soft photons with energy less than wy

doine(wo) Z do™ = = exp| W(wo)]da(o) . (2.26)

In dimensional regularization we have the following form?® of W

W{(wo) = W (in — out|wy) = ZQng (pi, pjlwo) 5 (2.27)
1<J
with )
dD_lk D i
W (ps.pi :_2/ N 2.28
Pispiln) ==¢" | iz (kp b-p, 225
w<wg

Using eqs. (4.7)—(4.9) of ref. [29], we obtain the asymptotic form of W (p4, p_|wp):

— € w —2e
5y o [ 0= (g6 3) e

e (1P a- I g)+o(@)],

W(p-i-ap—’w()) =4a

where L = In >; and the restriction |k| < wp in (2.29) is imposed in the center-of-mass
frame. As we note below, the term of order €! in the second line of this formula is irrelevant
and falls out of the final result for inclusive cross section. Apart from this irrelevant term,
eq. (2.27) can also be obtained by taking a large-s asymptotics of the exact result in [39,

eq. (41)].

3 Consequences of factorization
Let us consider the factorization relation of the form

X(e,2) =Fle 2)Y (), (3.1)

3Note that using the charge conservation condition ZQZ = 0 we can identically rewrite egs. (2.27)

and (2.28) as W (in — out|wo) = —e? dDilk (Z (k 22 )

w<wg (2m)P—12w

~10 -



where z is some small parameter and quantities X, Y and F' admit perturbative expansions
o0 [o¢] (o)

X(e,z) = Z X;(e,2)at, Y(e) = Z Yi(e)al, InF(e, z) = Z file,mz)al  (3.2)
1=0 1=0 I=1

with fi(e,In z) being polynomial in Inz. Here a denotes a coupling constant in some
renormalization scheme.

Suppose that X (e, z) is finite at ¢ = 0. Then we have two consequences of the factor-
ization. First, in order to determine X (0, z), we need to know factors fi(e,1n z) only up to
€” terms. Second, the terms in X (0, z) amplified by powers of In z are entirely expressed
via lower-loop results X;(0, z), k < [.

The first statement immediately follows from eq. (3.1) if we take logarithm of both
left- and right-hand sides. The second statement is also simple to understand. Indeed, Y;
enters X; with unit coefficient (i.e., is not amplified by Inz). Therefore, logarithmically
amplified terms in X; depend on Y} with & < [. On the other hand, inverting eq. (3.1) as

Y(e) = X(¢,2)/F(e, z2), (3.3)

we can easily establish that Y; is expressed via X with k < [. In particular, we have the
relations

Xo(e) = Yo(e),
Xi1(e,2) = fi(e,In z) Xo(e) + Yi(e),

Xa(e,2) = | fa(e,Inz) — %f%(e,ln 2)| Xo(€) + fi(e,In2) X1 (e, 2) + Ya(e) . (3.4)

Note that this kind of reasoning is also valid when z denotes a set of several small param-
eters.

Let us now specialize eq. (3.1) to two cases. First, we put z = wy, X = dome,
Y = dog(wp), F = "), Then eq. (3.1) turns into eq. (2.26). Of course, the fact that
In wp-amplified terms in N"LO approximation for do;,. are determined via NF<"LO cross
sections is well known. From the above considerations we conclude also that W (p;, p;|wo)
in eqs. (2.28) and (2.29) is sufficient to know only up to €’ terms.* At first glance, the
terms of order ¢! in eq. (2.29) are needed to keep terms of order €” in the terms ago)W and

a[()o)%WQ, where aj(go) and ago)

are the elastic cross section in the Born and the one-loop
approximation, respectively. However, it is easy to check that the order € part of W (wy)
cancels in these two contributions. We stress that such cancellation takes place not only
in the two loop approximation considered here, but in all orders in «.

Let us define the “cross section” of the process eTe™ — yv* as

_ A
dafy = A (ete” =y )2—5 , (3.5)
where
dd = ﬂ@ ¥0((py +p- — k)2 —¢?) (3.6)
N (27)32w TO\P+ T P 4 '

4Note that W with this precision was calculated in ref. [39] exactly in p; - p; in arbitrary frame.
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and the leptonic tensor A, (ete™ — v7*), corresponding to the amplitude A4, (ete™ —
~vv*) is defined as

Ap(ete =) = iAu(e'%_ — )AL (eTe™ — vy¥). (3.7)

Here Y denotes the sum over the polarizations of the final photon and averaging over the
polarizations of the initial electron and positron. Similarly, do¥ and do™ are defined by
the same formulae with A replaced by H and H. The inclusive cross section is defined as

d<I>
do mc Amc(e e =7y )— 5 (3.8)
s
where
Aps(ete” = yy) = Vel 4, (efe” — )
and W (py,p—|wo) is defined in eq. (2.29). Then we have the relation
Alne = Wper-lw0) 708 | 7,217, . (3.9)

This relation is also a specialization of (3.1) with z = {wy, m2}, X = AL’},C, Y =H,,, and

F = W prr-lw0) 708 | 7,622 As both Afﬁf and #H,, are finite at ¢ = 0, we present the
expression for In F' also at ¢ = 0:

In [ (Per-10) 705| 7, 92 || <In(a/a)+2a[ L2 ~3L,+3L—4(L—1) Lu—3C+4]

) 2 A 48L 2L 164
aQK(HQ)_Sg(L L)(L—l)Lw+§(L—Lu)(lgLM+L)+5 8L, 77 8¢3 164(

27 27 9 9

—i—E);(l)?) f—(48C3—24(2+3)(L#—L)+44C2—12C3—84§4—96C21n2—|—1477} —|—(9(a,3)7 (3.10)
where L, = Re f/u = In(s/p?), L = ReL = In(s/m?), L, = In ‘[ We remind that this
formula corresponds to the cross section (2.26) which includes radlatlon of one and two
photons with the restriction w < wp imposed on energy of each soft photon. If instead it
is imposed on their total energy, then in eq. (3.10) the additional term —a232(L — 1)2(,
appears. Let us note also, that the cross section (2.26) does not include the production of
soft electron-positron pairs. It is precisely this circumstance that determines the presence
of the term —02% in eq. (3.10).

Note that in the context of measuring the hadronic contribution to the MAMM, what
we really need is the cross section of the process in which the virtual photon goes into some
hadronic state h. This cross section is expressed via Afﬁf(e‘%_ — y7*) as

inc - * inc 4ra)? - d&)
do™(eTe” — yy* — vh) = Aj “Clete™ — yy )4|1(_qu2)‘2JﬁJh 25
& dp;

dd = (2m)*(py +p- —k —q) (3.11)

(27)32w ; (2m)32e5

where ¢ = 3 ;py, P(q?) is the polarization operator, Ji' = (h|J*(0)|0) is the matrix
element of the hadronic current (not including the charge e) between vacuum and the
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state h. For example, in the case where the final state is 7_(q_)m1(g+) pair, we have
JET = (g— — q4)"(q— — ¢4+)"|Fx(¢%)|?, where Fy is the m-meson form factor. For the
inclusive production of hadrons this cross section is expressed via R(q?) ratio as

inc

2s M (2m)32w 3¢?

—gh” A d*k  8ra?

do'™(eTe™ — yy* = v + hadrons) = R(¢%). (3.12)

Note that the factor W is included here in R(q?).

4 Details of calculation

As we have seen in two previous sections, the massive amplitude and the inclusive cross
section of the process eTe™ — yv* are expressed in terms of hard amplitude H, and the
corresponding hard leptonic tensor H,, at € = 0. We find these two objects to be the most
convenient and fundamental and present our final results for them.

In order to derive the two-loop approximation for the hard amplitude, we have calcu-
lated the two-loop approximation for the massless amplitude A, (e*e™ — 77*) and used
the factorization formula (2.10). The corresponding diagrams are shown in figure 1.

For the sake of brevity of the following formulas, it is convenient to define the di-
mensionless variables 7' = —t/s and U = —u/s and to put s = 1. The full dependence
of the result on s can then be recovered from dimensional grounds. Here t = (p_ — k)2,
u= (py — k)2, s = (p_ +p;)? are conventional Mandelstam variables. The physical region
is defined by inequalities

T>0U>0 ¢=1-T-U>0. (4.1)

4.1 Tensor structure of amplitudes and leptonic tensors

The amplitude A, (ete™ — y7*) can be represented as

Au(ete” =) = 3 Aat(-p ) TH ulp)e (k). (4.2)

where the tensors ’ﬂ((]f) are constructed of the external vectors and Dirac ~-matrices and
the invariant amplitudes A; are functions of s, ¢, u. In the same way we define invariant
amplitudes H,, and H,:

HuleTe™ =) = Zﬁnﬂ(—m)ﬁ?)uw—)e*"(k) ; (4.3)

Hy(efe™ = y7") = Z Hyu(—p) T/ u(p-)e* (k). (4.4)

In D dimensions there are 7 linearly independent tensors which satisfy all require-
ments: P- and C-even, transverse to ¢, and k, and not vanish upon bracketing with
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Figure 1. Two-loop diagrams for the process eTe™ — yv*.

okvu — ko 5 "
i = % TP+p (T% - 2kp—a) —P-p (U% - 2kp+a) % (Up—o—Tp+o) -

On the other hand, by considering the P and C' transformations of helicity amplitudes,
we understand that in d = 4 there are only 6 independent structures are possible. Indeed,
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using Dirac equation for u(—p4) and u(p_) it can be explicitly shown that

1

u(—p) T, u(p-)e* (k) = Su(=p+) [%a/ﬂuu - VLMACLMU} u(p-)e™ (k) (4.6)

where v denotes the projection of v onto the space orthogonal to (p_,p4) plane. At d =4
this space is two-dimensional and the quantity in square brackets vanishes identically.

The tensor structure of unpolarized leptonic tensors A, = fAuAl’j, H,, = SH uH,
Hyw = S HuH, and AZ}/C can be found in ref. [40]. For completeness, let us present the
corresponding formula for, e.g, the hard leptonic tensor H,,:

~

Hyw = eslom, Hoo + p,pE, Hon + o0, oo + (02,08, + Pty ) Hao

+arm (pi_'u,piy - pi,u,pi_y) HA—l} ) (47)

~ ~
where glfy = Qv — quqy/qz, p,f = pn — (Pn - 0)q/q* and Hppy = Y150 ”H,(n)nal. Note that the
index | can be omitted once we imply subsequent contraction with transverse hadronic
tensor (in particular, it was done so in ref. [40]).

4.2 IBP and DE reduction

Using the standard tensor decomposition approach, the invariant amplitudes Ay in the two-
loop approximation can be written in terms of two-loop four-leg scalar master integrals first
considered in refs. [41, 42] in the cross channel. The results of refs. [41, 42] are expressed
in terms of products of harmonic polylogarithms of argument s/q¢? and Goncharov’s poly-
logarithms of argument ¢/¢?> and with indices in the alphabet {0,1,—s/¢?,1 — s/¢*}. In
principle, the integrals which we need can be obtained by analytical continuation of the
results of [41, 42] as described in ref. [43], see also [44]. However we prefer to derive the ex-
pressions for the master integrals directly applicable to our process.” We use LiteRed [45]
and Libra [46] to perform IBP reduction and reduction of differential equations, respec-
tively. We find 85 master integrals in total among which there are 25 pairs related by
the replacement ¢t <> u. We reduce the differential equations with respect to T and U to
e-form. To fix the boundary constants we make the substitutions T" — z7T and U — a2U
and consider the asymptotics £ — 0. The required terms of this asymptotics are calculated
manually, using the expansion by regions technique and Mellin-Barnes parametrization.

As a result, we obtain the expressions for all required two-loop master integrals in terms
of nT, InU and Goncharov’s polylogarithms G(wy, ..., w,|1) with wy € {0, %, %, TJ%U}
The results for massless two-loop amplitude are expressed in terms of these functions with
transcendental weight n up to 4. We present our results for the master integrals in the
supplementary material.

5 Results

Let us summarize the essential definitions for all quantities that we provide.

5We have selectively checked that our results agree with those of refs. [41, 42].
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e Hard massless amplitude and leptonic tensor:

Hu(eTe™ =7") = ex(wa(=py) | > adHPTE | u(p-)e (k), (5.1)
n,l
Huw(eTe™ =) = e— Z Za H%%TL(L?" , (5.2)

mnéel 1

where I = {00,11,22,12, -1}, T, are defined in eq. (4.5), and
70 = g, T = pt pt,, T2 = pipt,, T = ptpt, + w5,
1Y =i (phpt, — phapty) (5.3)
with g, = g — Gutv /@, Py = Pn — (Pn - @)1/ 4>

e Hard massive amplitude and leptonic tensor:

Hy(ete™ = y7%) —ezalﬁ(”’( —p) T, P ulp-)e* (k). (5.4)
HW(eJ“e = 7" e? Z Za mnTF(Lf,n"), (5.5)
mnel 1

where T,ng) are defined above.

e Inclusive leptonic tensor

AL"C(6+6 — ") =é? Z Za Aine) (5.6)

mnéel 1

Note that the above quantities are finite at ¢ = 0, in contrast to the massless and massive
amplitudes A, and A,. The hard massive and massless amplitudes, Hy(ete™ — 77*)
and H,(eTe™ — 4v*), are related via egs. (2.22)—(2.24). The inclusive leptonic tensor
Alnc(ete” — 47*) and hard massless leptonic tensor H,,(ete” — v7*) are related via
egs. (3.9) and (3.10). Let us also note the relation

Ainc(ete” = ") = exp [W(p4,p—|wo) + 2Re V(ps, p_)| Hu(ete™ —vv*).  (5.7)

We stress that we define perturbative expansion of H, and H,, in terms of MS coupling

. 2 .
constant a = aNfﬁ(u) = eéﬁfr()l;), while that of H,, Hy,,, and A7 in terms of on-shell coupling
constant a = - = ¢ 473) (47)~1/137.036. Below we present our results.

5.1 Results for hard massless invariant amplitudes

For the hard invariant amplitudes HP defined in eq. (5.1) we have

(5.8)

{ﬁgo),...,ﬁgo)}:{o, 0,0,0,2-T-U,U-T, T+U},

TU
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The one-loop results read

(A, AV} ={—2(F - B) (1-T)/T,2(F— F1) (1-U) /U, 2F3, —2F, (5.9)
(1-T)Fs+(1-U)Fs+F3+Fy,(1-T)Fs—(1—-U)F5 — F3+ Fy, F7},

where the functions F}, have the form

Cor1 22(p) @Tin(-%)

_ q
L T—12
o201 2¢%In () ¢Uln (—q%)
T U-1 " T+U U-12
o THDOT)  2(g) (T H20)h (-%) .
5 T T+U T-1 ’
5 (T+U)f(T,U) +21n(q2) B (2T +U)In (—%) o
e U T+U U—1 ’
U
2l (¢?) Tl (-3)
_ _ 2\ q
Fs=fTU)~g (1) = 55 + g

T
Fo = f(U,T) = g (1?) - 2:;n+<q;) + Ul;(_ fQ) :

3In (-4 3In(-Y
F7:f(7;U)+f(%T)_(T+;fg]9(u2)+ 1(_[;)+ 1<_1‘{) (5.10)

We remind that ¢> =1 —T — U. Here

F(T,U) = 2Liy(T + U) — 2Ly <1TU) +2In(~T)In(1 — U) — In(1 - U),

g(1?) = In? (—/f) +31In (—MZ/QQ) —(2+9. (5.11)

In the above formulae we use the convention In(—z) = Inx + im for > 0. The two-loop

hard invariant amplitudes 7—7%2), . ,7—A[$2) can be found in the supplementary material.

5.2 Results for hard massless leptonic tensor

We have

2 2 2 2 2
~(0) 73(0) 55(0) 55(0) 3(0 ¢ +T"+U" 4q 4q
{H(()o)yHg1)77'[§2),7'l§2),7'l(_1} - {_TU,—J_U,—TU,O,O} . (512)
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In the one-loop approximation we have

. ~ T2-T+U?*-U 2(1-U)(2+T 201-T)(2+U
A = 2Reg(uyAY 44T LUy o 2020)@E )ln<;;>—( e )1n<;[2>

TU(1—¢?) (1-T)T (1-U)U
1+¢? ¢ 2—2U+U? ¢ 2-2T+T?
27 2<U2+ T Ref(T,U)—2 =t 70 Ref(UT), (5.13)

o) _ ~(0) , 8q° 2(1—U+U2)_2(1—U)_(1_U)2 )
Hiy =—2Reg(p )H +U2( (1_q2)2 1—¢)T T2 Ing

4(1-U)(1+¢*) 16(1-U-TU) 4q2(2+U)1 T 4q2(2—3T)(1—U)2l U
(I-1)TU  TU1-¢?) 10 “< )‘ “( )

2

2

q (1-T)*T°U q

o 14 UP 02T +(1-U)?

14" Ref(T,U)—4q R CTia Ref(U,T), (5.14)
ﬁéZ) —7'[%1) (T+U), (5.15)
= 24 16(1-TU) 4(2-T) 4(2-U) 8¢* L 201-T0)\
277U TU(T4+U) (1-T)T (1-U)U TU TU S T+U " (T+U)?

4 (2-U)¢? (T)_ 4q® (2-T)¢* (U)

A-0)2 <2+ T2 In 2) aoTe 2+ T2 In 7

_4¢*°(1-T-TU) ?(1-U-TU)

T—UBRef(T,U) U—TRef(UT) (5.16)
~) AP (T-U)(T*U+TU?*+2¢%) = 8¢? B 8¢>
Ho = -T2 T(1-U)0 —|—T2Uln(1 T)— 7TU21n(1 U). (5.17)

The functions f(T,U) and g(u?) are defined in eq. (5.11), so that
T
Re f(T,U) = 2Liy(T + U) — 2Liy <1U> +2InTIn(1 —U) —In?(1 - U),
Reg(u?) = n? (42) + 31 (42/¢*) = 7¢: + 9.

The two-loop results 7?[((]%), ﬁﬁ), 7-A[§22), 7—7%22), 77[(_2% can be found in the supplementary
material.

5.3 Results for inclusive cross section

For reader convenience we present in the supplementary material our results for the co-
efficients AT defined in eq. (5.6). We have checked that our results for Aine©) (Born
approximation) and Alnel) (one-loop approximation) agree with those of refs. [40, 47].9

The general form of the two-loop contributions 2222(2) is the following

Am?) — oty L4caL? 3L+ c4 Ly + s LLy, + e L> Loy + 7 L2 + s LL2 4+ co L2 L2, (5.18)

where the coefficients cg_g are some functions of T'and U and L, = In ‘[ . As we explained
in the introduction, there are contributions to the cross section do(eJr — 7 f) of the

’L?’L(‘ (1)

5The first paper [40] contains incorrect expression for A" . There are also typos in [47, eq. (16)],

which forced us to invert eq. (15) of that paper instead.
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relative magnitude (a/7)2, which can not be calculated ab initio. The contribution of the
term ¢ is of the same order. Remarkably, other terms in eq. (5.18), amplified by large

(0)

logarithms, can be expressed via Aﬂfﬁ and Ai:},i(“, as we explained in section 3. The

specification of last relation in (3.4) to the case X = ﬁmn, Y = Hypp reads

Aine() — { 32(L — 1)2 <Lw — i)Z 116(7—3G) (L —1) (Lw _ 3)

1
215
+ (483 — 24C + 3) L — 120C, — 12G3 — 96G2 In 2 + 128G —
32 3\ 8L T6L* 988L 8G; 164¢ 5107\ ]~
(L -1L (L, -2 — - S L ) [Aine©)
+”f<3( )( 4) 9 "9 T ) 9+81}m"

4 . ~
+ [—8(L -1) (Lw —~ i) — 6+ 14 + 3nfL} Ainel) 4 94(2)

(5.19)

pul=s

The last term 7-77(3“)@ corresponds to the two-loop hard leptonic tensor coefficients taken

"LLQIS
at ;2 = s and does not contain large logarithms.

5.4 Small-g? asymptotics

It is interesting to consider the small-¢? asymptotics of the obtained formulae. This asymp-
totics is important for the experiments on measuring R(s) in the region of relatively small
energy /s by radiative return from the high energy of the collider. Also this asymptotic
allows one to obtain the cross section of the process eTe~ — 4. Comparison of the result
obtained in this way with the expected result of a direct calculation of this cross section
would be a rigorous check of the factorization formulas used here.

On general ground, one would expect the appearance of terms amplified by In ¢?.
Indeed, at first glance the asymptotics of the one-loop hard amplitudes does contain In ¢?:

2(14-U)

7—751) ~—2Ing®+ % {INLQU—FG@] + T f/U—i-2, (5.20)
Y %2lnq2—2U—j; |23+66)] —MJT)ZT—Z (5.21)
A2 _2T51q2 . 2?% N 2(UE1)EU N 12Tg2 Y (5.22)
A ~ 2U;1q2 B 25% B Q(T";l)LT B 1?JC2 Y (5.23)
A~ (470 [S2 0 S 5 Er o (3-0)Eg— () +2 (5.24)
A ~ (1-1U) EU%—Z’QJ (T;g)@ +(3=T)Lr—(3-U)Ly+(T—U)g(y?), (5.25)
AW Lh LY 3L 3Ly g(n?) | 6G (5.26)

T U T U TU TU’

where Ly = In(=T) = InT + im, Ly = In(—=U) = InU + i and we imply that U =1 —T.
We see that the first four invariant amplitudes do contain In 2. However, we have to take
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into account that in the limit ¢ — 0 the following relations hold:
UTS + TTD ~ g, (T — 2kp—5 ) , (5.27)
TT2 +UTD = 4y (Uro — 2hpss) - (5.28)

Therefore, when H,, is multiplied by transverse hadronic current J, ! such that J, - ¢ = 0,
only the combinations T’}-All -U 7—73 and U 7-72 — T’}-A[4 of the first four invariant amplitudes
enter the asymptotics. It is easy to see from egs. (5.20)—(5.26) that the corresponding
combinations of the one-loop invariant amplitudes do not contain In ¢?>. We have checked
that the same is true for the two-loop invariant amplitudes 7-Al£L2).

Let us present also the corresponding expressions for the coefficients 7-7,(7% entering

hard leptonic tensor:

ﬁ(1)w_2(1+T2)L2T_2(1+U2)L2U_2(3—T)LT_2(3—U)LU (1_2TU)2Reg(,u2)_i
00 ™ TU TU T U TU TU’
~1) 4(T-U)? ~1) 4(T-U)? ~1 4T—-U)? ~1

i v—m s Hyps—m Hpe———r, Ao, (5.29)

where Ly = InT, Ly = InU and we imply that U = 1 —T. We see that 7-77(%7)1 do not
contain In ¢2. The same is true for the two-loop coefficients H%ZL
The asymptotic expressions for ?—[22) and 7—[%)1 can be found in the supplementary

material.

5.5 Small-angle asymptotics

Another region important for the applications to measuring R(s) is 7' < 1. This region
corresponds to small angles of the radiated photon. The differential cross section in this
region scales as (InT)! /T, where [ is the number of loops.

(1)

For one-loop coefficients H,n, we have:

N 1 1 4 2(2—-U
’H(%)zT{2 +a [2H1LT—2H2+H§+L§+3H1—3L,,—7<2+9]—(U)}, (5.30)
~ay 1 [4(1-U)(14+U? s1-U
Y = g M [t o ] MO [0 s s,
A1-U)2+U) . 4(1-U)(5-8U).. 12(1-U)
_ 2 L+ U3 H1U2}7 (5'31)
Sy 1 [4(1-U) (14202 81-U
A e (M2 o] ST 1ot 61
4(2-3U) 20-16U(2—-U)* . 4(3—4U)
B . G0 (5.32)
1-U)U? (1-U)U? (1—U)U?
_y 1 (4(1-U) 4(2-U) 4(2U° —8U%*+12U -5
43-U)1-U
4« U)2( )}’ (5.33)
sy 1 [8(1=U) _8}
H—l ~ T{ 72 H; Tl (5.34)
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Here H,, = H,(U) are harmonic polylogarithms [48]. In particular, we have

Hl(U):Lil(U):—ln(l—U), HQ(U):LIQ(U)
The asymptotics of the two-loop coefficients has a form 7—7%% =T Ppn(Lr), where py, ()
are the second-order polylomials with coefficients expressed via

H,(U) = Li,(U) with n = 1,2, 3,4,
1
Hy 1(U) = S15(U) = ~Lig(1 = U) + (s + Lis(1 = U) In(1 = U) + 5 InUn%(1-U),
Hs1(U) = S22(U).

Here S, (U) denotes the Nielsen polylogarithm. The asymptotic expressions for the
invariant amplitudes 7—75{) and for the two-loop coefficients 7—753,)1 can be found in the

supplementary material.

5.6 Soft-photon asymptotics

It is well known that the amplitudes and cross sections of processes with soft photon emis-
sion are given by the products of the accompanying radiation factors and the amplitudes
and cross sections of processes without radiation. According to this, when the real photon
is soft, we should have

Aete s = (s - s ) eWPOm+0W).  (539)
An interesting question is the region of applicability of this relation. For the cross-
channel process e(p1) +7*(q) — e(p2) + (k) with ¢ < 0, Q% = —¢? > m? this question
was discussed in the one-loop approximation in [49]. It was shown there that this region

is defined by the conditions
(kp_) < s, (kpy) < s, (5.36)

that is, it is much wider than not only the region restricted by the conditions
(kp*) < m2 ) (k;er) < m2 ) (537)

which could be expected based on the requirements for the small departure of the radiating
particle from the mass surface, but also a much wider region

(kp—) (kpy)

< m?, (5.38)
S

in which the applicability of the accompanying bremsstrahlung factor in hadron physics
was shown by V.N. Gribov [50].

Since in eq. (5.35) both A, (ete™ — v7*) and F(s) are IR divergent, it is convenient
to compare the finite “hard massive” amplitudes H,(ete™ — y7*) = eV A, (eTe™ — v7%)
and eV F(s), where V is defined in eq. (2.19). We have checked that the relation (5.35),
when multiplied by e¥, indeed holds provided the conditions (5.36) hold. Thus, we have
checked that the statement about a wide range of applicability remains valid in two loops.
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5.7 Description of the supplementary material

As many of our results are too lengthy to present them in the text, we provide the following
ancillary files:

e MIs/

— MIs.def — definition of master integrals in terms of integrand in the momentum
space.

— MIs.graphs.pdf — a picture of all master integrals (blue, green, black, and red
external leg corresponds to incoming p_, py, —k, and —g momentum, respec-

tively).

— MIs2UTs.rules — expression of master integrals via uniform transcendental

basis (canonical master integrals).

— UTs2Gs.rules — expression of uniform transcendental basis via Goncharov’s
polylogarithms G.

e calHn/

— calln.l (1 =0,1,2) — Born, one-loop, and two-loop hard massless invariant
amplitudes Hg), defined in eq. (5.1).
— calHn.smallqq.l (I = 0,1,2) — small-¢?> asymptotics of the corresponding

amplitudes.

— calHn.smallT.1 (1 = 0,1,2) — small-T" asymptotics of the corresponding
amplitudes.

)

e Hn/* — same as calHn/* but for hard massive invariant amplitudes I;D(ll .
e calHmn/

— calHmn.l (1 = 0,1,2) — coefficients 7-77(7?” in hard massless leptonic tensor,
defined in eq. (5.2).

— calHmn.smallqq.l (1 = 0,1,2) — small-¢? asymptotics of the corresponding
coeflicients.

— calHmn.smallT.1 (1 = 0,1,2) — small-T" asymptotics of the corresponding
coefficients.

)

e Hmn/* — same as calHmn/* but for hard massive leptonic tensor PAL(,lm

-~

e incAmn/* — same as calHmn/* but for inclusive leptonic tensor Aigﬁ(l).

6 Conclusion

The main result of the present paper is the cross section of electron-positron annihilation
into two photons, one of which is virtual, taking into account the second-order radiative
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corrections, including the emission of one and two soft photons. This cross section can be
used in many applications, the most important of which is the extraction from experimental
data on electron-positron annihilation into hadrons of the value R(s), which is used for
calculation of hadron contribution to the muon anomalous magnetic moment. The results
obtained can be used when processing data in experiments of both types: by the radiation
return method and by the energy scanning method. In both cases it is necessary to take
into account the restrictions imposed by experimental data selections criteria. Since it is
impossible to give an universal receipt for taking them into account because of variety of
these criteria, we don’t consider this question here.

Te~™ — yy* the contributions from muon loops, as well

In our results for the process e
as from hadron loops and loops of heavier elementary particles, are not taken into account.
These contributions appear in the two-loop approximation and are small in the energy
region of main interest for us (when s < 1GeV), since they do not contain logarithmic
amplification due to infrared and collinear singularities. In this region these contributions
have the same (or smaller, due to the numerical smallness of the loop coefficients) order of

magnitude as the uncontrolled, model-dependent contributions.

It should be noted also that the formulas that relate the massive and massless ampli-
tudes rely on the assumption that only hard, collinear and soft region are relevant in the
effective theory computation [29]. Meanwhile, it is known that other regions, e.g., ultra-
collinear region, do contribute in separate diagrams, vanishing only in the sum. Therefore,
the validity of the massive-massless factorization may, in principle, be questioned and a
direct calculation of the amplitudes and cross sections obtained in the present paper would
be of undoubted value.

Note added. When this work was prepared for publication, a paper [51] was published,
where the massless helicity amplitudes for the process £/ — yv* were evaluated. While the
massless amplitudes are only an intermediate result of the present work, we nevertheless
have undertaken some efforts to perform a comparison. Note that ref. [51] uses ’t
Hooft-Veltman scheme in which external states are in d = 4 dimensions. Meanwhile, the
present work uses conventional dimensional regularization. Besides, the amplitudes of
ref. [51] include the polarization operator insertions in the off-shell leg which nontrivially
interplay with renormalization. Therefore, a straightforward comparison can be made if
we consider the tensors of eq. (4.5) as being defined in d = 4 (in particular, 7;@ =0) and
put ny = 0 in both our result and that of ref. [51]. Then we find an agreement. Besides,
we have checked that the agreement persists if we include also the diagrams containing
the light-by-light block.
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A MS bar and on-shell renormalization schemes

Unfortunately, there are different definitions of relations between bare and renormalized
coupling constants in the literature, despite the canonical papers [52] and [53]. Therefore
we provide here the conventions used in this paper.

First, in D = 4 — 2¢ space-time dimension we keep the bare coupling oy = % dimen-
sional, with dimension (mass)¢, rather than introducing an artificial parameter pg in order
to make o dimensionless.” As before, we prefer to express the following formulae via

ag = Zé; a:%, a:i—l\f, (A.1)
rather than via the corresponding coupling constants.

Then we define the MS renormalized coupling via the relation

Bo _ 51 2

672 - ___ N
a:ao<4Z> Zy%a), Z3B@) =1+ "a+ 5,

+0(a@®), (A.2)

where [y = —4%, B1 = —4nyg, and v = 0.577 ... is the Euler constant.
The on-shell renormalization constant Z9°, which is the ratio of on-shell and bare
coupling constants reads [55]

€ 3 € 12
295 = L 1= e+ (35) o- 425(_1:)(716_ 4‘2)) ra+o(3%) af +ow)
(A.3)
The relations (A.2) and (A.3) should be treated as exact in €. Note that in the literature,
see for example ref. [56], the factor e™7¢ in eq. (A.2) is sometimes replaced with I'(1 + €).

While in the physical space-time dimension D = 4 in the NLO approximation these two
conventions lead to the same results, this is not so in the NNLO approximation. Eliminating
ag, we obtain the exact in € relations between a and a:

(e [, dng (12T e (1605 (2Tt
“= 47 “ 3e m2ee—7e “ 9¢2 m2ee—7¢

g (L4 Te— 46 <M26r<1+6>>2+ 1] 4.0 (o )} (A4)

€(2—¢€)(1—4e) m2ee=7e

(e g (T (e T, Tin} (W T(L+ o) . ’
“= 47 a—i-? m2ee—e 47 a 9¢2 m2ee—ve

| Ang (1476~ 4c) (uQGF(l + 6>>2 B 2”]‘} (67“2> - a®+0 (a*) . (A5)

€(2—¢€)(1—4€?) m2cee € 4

At € = 0 the above relations simplify to

- 4n m? 16n2 m2 2
a=a+ =l (/ﬂ> a’+ <9fh12 (/ﬂ +dnyn ~15ny |a*+0(a'), (A6)

— 4 2 1612 2
:Oa—gfln<,uz>a2+<9f1n2<732>—4nf1n< >+15nf>a3+0(a4). (A7)

"o was introduced, e.g., in refs. [25] and [54].

Ql
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Let us also present for completeness the exact in € expressions for the renormalization
constants Zﬁ?ls) and Zé(l)s) (I =1,2) defined via

F(l + 6) ! 0S
— 709 2009 — 1 ( ) 2199 A8
mo = Moy, ", m +Z>ZI a0(4ﬂ-)—6m26 m,l ( )
l
_ /709 (08) _ I(1+¢) ) (08)
= Zy ) =1 —— )z A9
Yo Y, 2 + — (aO (471')_€m2€ 2,1 ( )
We have
(08) _ 7(09) 3—2¢
N =2y = Al
el e(1—2e) (A.10)
2e3 —5e? —e+42 1)(2e—1) (262 —e—2
Z(OQS): ( € e et )nf+(€+ )(2e )( — ) [3F2 (1,3676533326;1>
m (6—1)63(6—1—1) 2(e—1)et 2 2
+3F2(271726 66+27 ):| 26+1) ny 864—96+3
1-2 63 e+1)(2e—1)  2¢4(2e—1)2
2(e—1) (8¢ — 662 —5e+4)T (% 2¢)T (e l)r(—e)2 \
— 11
4ee(2e —1)2T(3 — 3e) ’ ( )
Z08) _ (08) 4 (4€? —5)nf  (2¢-3) (16¢® +20¢* — e —13)
22 m2 T (e—1)e(2e+3) (1—4€2) 2¢ (1 —4€2)?
2(2¢—3) (8¢ — 662 —9¢+3)T (2 — +3)T(—€)?
+ ( )T (5 —2c)7(c+3) . (A.12)
4o (1—4€? ) I'(2—3¢)
The e-expansion of these formulas
(0s)_2ng+5  Tng+P (69 199
Zm,2 = 2 + c + (2—16C2> nf—30C2—12C3+48C21n2+?

463
+ |: (—80(2 —56¢3+96C2In2+ 4) nfg— 192a4 — 1652 — 132(3 +252(4

677
—96¢2In” 242882 In2 + = —8In’ 2] e+0(&) (A.13)
19n 51
og) 4ny+3 S48l /1139 433
Z5) = ; 2,3 4 +< 5 —32g2>nf 782~ 243 +96¢ 2+~
20275
| 3840y (15262 112G + 192G In2+ =27 ) — 2676, — 2043 45044
) 211 A )
102G 102+ 552G In2 4 T~ 16In*2 e+0 () (A.14)

agree with those presented in ref. [56]. Here aq = Lis(1/2).
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