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Using a data sample of ð1.0087� 0.0044Þ × 1010 J=ψ events collected with the BESIII detector, the
decays of J=ψ → γπ0ðη; η0Þ → γγγ are studied. Newly measured branching fractions are BðJ=ψ → γπ0Þ ¼
ð3.34� 0.02� 0.09Þ × 10−5, BðJ=ψ → γηÞ ¼ ð1.096� 0.001� 0.019Þ × 10−3, and BðJ=ψ → γη0Þ ¼
ð5.40� 0.01� 0.11Þ × 10−3, where the first uncertainties are statistical and the second are systematic.
These results are consistent with the world average values within two standard deviations. The ratio of
partial widths ΓðJ=ψ → γη0Þ=ΓðJ=ψ → γηÞ is measured to be 4.93� 0.13. The singlet-octet pseudoscalar
mixing angle θP is determined to be θP ¼ −ð22.11� 0.26Þ° or −ð19.34� 0.34Þ° with two different
phenomenological models.

DOI: 10.1103/PhysRevD.108.092002

I. INTRODUCTION

Within the framework of quantum chromodynamics, the
Okubo-Zweig-Iizuka-forbidden radiative decays of J=ψ →
γπ0ðη; η0Þ are expected to proceed predominantly via two
virtual gluons which subsequently convert to light hadrons,
with the photon emitted from the initial charm quarks [1].
These decays provide a clean environment to study the

conversion of gluons into hadrons and to test various
phenomenological mechanisms [2–6]. Of particular interest
is that the study of the radiative decays of J=ψ → γπ0ðη; η0Þ
provide information on the quark composition of the η and
η0 mesons and the mixing between them [7–11].
Within flavor-SU(3) symmetry, the π0, η, and η0 mesons

belong to the same pseudoscalar nonet. The physical states
η and η0 are commonly understood as mixtures of the pure
SU(3)-flavor octet ½η8 ¼ ðuūþ dd̄ − 2ss̄Þ= ffiffiffi

6
p � and singlet

½η1 ¼ ðuūþ dd̄þ ss̄Þ= ffiffiffi
3

p � states,
η ¼ η8 cos θP − η1 sin θP;

η0 ¼ η8 sin θP þ η1 cos θP; ð1Þ
where θP is the pseudoscalar mixing angle [12]. The
determination of this mixing parameter is important
because it allows us to understand the properties of
pseudoscalar mesons in terms of their underlying quark
structure.
The radiative decays of J=ψ → γπ0ðη; η0Þ have been

studied in many experiments [13–15]. The most recent
studies of J=ψ → γπ0, J=ψ → γη, and J=ψ → γη0 were
reported by the BESIII Collaboration in Refs. [16–18].
In this paper, using a data sample of ð1.0087�

0.0044Þ × 1010 J=ψ events [19] collected by the BESIII
detector, the branching fractions of J=ψ → γπ0; J=ψ → γη,
and J=ψ → γη0 decays are measured. The phenomenologi-
cal model-dependent mixing angles and the ratio of partial
widths ΓðJ=ψ → γη0Þ=ΓðJ=ψ → γηÞ are also determined.

II. DETECTOR AND MONTE CARLO
SIMULATION

The BESIII detector [20] records symmetric eþe−
collisions provided by the BEPCII storage ring [21] in
the center-of-mass energy range from 2.0 to 4.95 GeV, with
a peak luminosity of 1 × 1033 cm−2 s−1 achieved atffiffiffi
s

p ¼ 3.77 GeV. BESIII has collected large data samples
in this energy region [22]. The cylindrical core of the
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BESIII detector covers 93% of the full solid angle and
consists of a beam pipe, a helium-based multilayer drift
chamber, a plastic scintillator time-of-flight (TOF) system,
and a CsI(Tl) electromagnetic calorimeter (EMC), which
are all enclosed in a superconducting solenoidal magnet
providing a 1.0 T (0.9 T in 2012) magnetic field. The
solenoid is supported by an octagonal flux-return yoke with
resistive plate counter muon identification modules inter-
leaved with steel. The charged-particle momentum reso-
lution at 1 GeV=c is 0.5%, and the dE=dx resolution is 6%
for electrons from Bhabha scattering. The EMC measures
photon energies with a resolution of 2.5% (5%) at 1 GeV in
the barrel (end cap) region. The time resolution in the TOF
barrel region is 68 ps, while that in the end cap region was
110 ps. The end cap TOF system was upgraded in 2015
using multigap resistive plate chamber technology, provid-
ing a time resolution of 60 ps [23].
Simulated samples produced with the GEANT4-based [24]

simulation software [25], which includes the geometric
description [26] of the BESIII detector and the detector
response [27,28], are used to determine the detection
efficiency and estimate backgrounds. The inclusive
Monte Carlo (MC) sample of 1.0 × 1010 simulated inclu-
sive J=ψ events, used to estimate the background, includes
both the production of the J=ψ resonance and the con-
tinuum processes incorporated in KKMC [29]. The known
decay modes are modeled with EvtGen [30] using branching
fractions taken from the Particle Data Group (PDG) [31],
and the remaining unknown charmonium decays are
modeled with Lundcharm [32]. To estimate the selection
efficiency and to optimize the selection criteria, 2.3 × 106

MC signal events for the J=ψ → γπ0ðη; η0Þ → γγγ channels
are generated, and the decay modes are described with
theoretical models that have been validated in previous
works [16]. The polar angle of the photon in the J=ψ
center-of-mass system is defined as θr, which follows 1þ
cos2 θr function. The analysis is performed in the frame-
work of the BESIII off-line software system [33] which
incorporates the detector calibration, event reconstruction,
and data storage.

III. EVENT SELECTION AND
BACKGROUND ANALYSIS

In this paper, the π0; η, and η0 mesons are all recon-
structed via their two-photon decays. Therefore, signal
events require at least three photons without any charged
track in the final states.
Photon candidates are reconstructed using clusters of

energy deposits in the EMC. The energy deposited in
the nearby TOF system is included to improve the
reconstruction efficiency and energy resolution. To exclude
the background with small energy deposits in the EMC, the
photon candidates are required to have an energy greater
than 80 MeV in both the barrel region ðj cos θj < 0.80Þ and
end cap regions ð0.86 < j cos θj < 0.92Þ. A requirement on

the EMC time difference ΔT from the most energetic
photon, −500 < ΔT < 500 ns, is used to suppress the
electronic noise and energy deposits unrelated to the event.
Events with at least three photon candidates are kept for
further analysis.
A four-constraint (4C) kinematic fit imposing energy and

momentum conservation is performed under the hypothesis
of J=ψ → γγγ. If there is more than one γγγ combination,
the one with the smallest χ24C from the kinematic fit is
retained, and χ24C < 50 is required. To reject backgrounds
from the eþe− → γγ process, similar 4C kinematic fit is
performed on γγ combination, χ24C is required to be less
than the smallest χ24Cð2γÞ. In the case of J=ψ → γπ0 decay,
to suppress the background from J=ψ → γπ0π0 events, in
particular for events with missing low energy photons, χ24C
is required to be less than the smallest χ24Cð4γÞ, where we
require only four photons to improve the efficiency. This
requirement is effective in reducing 29% of J=ψ → γπ0π0

background events, while removing no signal.
After the above requirements, the distribution of the two-

photon invariant mass Mγγ is shown in Fig. 1, where the
photon momenta from the 4C kinematic fit are used to
calculate Mγγ and there are three entries per event, and the
J=ψ → γπ0π0 channel is shown as a peaking background
for J=ψ → γπ0 decay.
To estimate possible backgrounds, the inclusive MC

sample and the 168.30 pb−1 of data taken at
ffiffiffi
s

p ¼
3.08 GeV are used [34,35]. From the inclusive MC sample,
it is found that there is no peaking background for the η and
η0 peaks, but background events from J=ψ → γπ0π0 decay
form a significant peak around the nominal π0 mass. To
estimate its contribution, a dedicated MC sample of J=ψ →
γπ0π0 events is produced in accordance with the partial
wave analysis results [36]. Using the same selection
criteria, and taking into account the number of J=ψ events
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FIG. 1. The Mγγ distributions for data (black dots with error
bars), simulated background of J=ψ → γπ0π0 (pink filled area),
and QED background (brown filled area). The QED background
is estimated from data taken at 3.08 GeV.
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and the branching fractions of J=ψ → γπ0π0 [36] and π0 →
γγ [31], the Mγγ distribution is obtained and shown as a
green line in Fig. 1. The number of peaking background
events in the π0 signal region is 8208� 134, which is
estimated by a fit to theMγγ spectrum of the dedicated MC
sample of J=ψ → γπ0π0, where the π0 signal is modeled
with the sum of Crystal Ball (CB) [37] and Gaussian
functions, while the other nonpeaking background is
described with a second-order Chebyshev function.
For the background events directly from eþe− annihi-

lation, the same analysis is performed on the data taken at
the center-of-mass energy of 3.08 GeV. The selected events
are normalized to the J=ψ data sample, after taking into
account the luminosities and energy-dependent cross sec-
tions of the quantum electrodynamics (QED) processes,
with a factor f

f ≡ N3.097

N3.080
¼ L3.097

L3.080
×
σ3.097
σ3.080

×
ε3.097
ε3.080

; ð2Þ

where N, L, σ, and ε refer to signal yields, integrated
luminosities of data samples, cross sections, and detection
efficiencies at the two center-of-mass energies, respec-
tively. The details on the cross sections can be found
in Ref. [38].
The normalized Mγγ spectrum from eþe− annihilation,

obtained from the data at the center-of-mass energy of
3.080 GeV, is illustrated as the filled area in Fig. 1. Due to
identical event topology, QED background events are
indistinguishable from signal events. No obvious peaking
contribution in the π0, η, and η0 signal regions is observed.
Interference with the resonance amplitude is expected to be
small and is ignored.
The signal yields are obtained from unbinned maximum

likelihood fits to the Mγγ distributions in the π0, η, and η0
mass regions, as shown in Fig. 2. For each fit, the total
probability density function consists of a signal and back-
ground contributions. To properly describe the data, the
π0ðηÞ signal component is modeled using a sum of CB and
Gaussian functions, while the η0 peak is modeled using the
MC-simulated shape convoluted with a Gaussian function
to account for the mass resolution difference between data
and MC simulation. The background components are
(i) the MC-simulated J=ψ → γπ0π0 background; (ii) the
QED background derived from the data taken at the center
of mass of 3.08 GeV; and (iii) the other background events
are parametrized with a second-order Chebyshev function.
The fitted signal yields and the detection efficiencies are
summarized in Table I.

IV. SYSTEMATIC UNCERTAINTIES

The systematic uncertainties of the branching fraction
measurements originate mainly from the photon detection
and kinematic fit efficiencies. Additional uncertainties
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FIG. 2. The fit results of the Mγγ spectra for the decays of
(a) J=ψ → γπ0 → 3γ, (b) J=ψ → γη → 3γ, and (c) J=ψ → γη0 →
3γ. Dots with error bars represent data, the green line represents
signal, the brown filled area represents QED background, the pink
filled area and blue dot-dashed line describe a contribution from
J=ψ → γπ0π0 and other background contributions, respectively.
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associated with the fit method, signal shape, background of
J=ψ → γπ0π0, QED background, branching fractions of
π0ðη; η0Þ → γγ, and number of J=ψ events are also
considered.

A. Fit method

The uncertainty associated with the fit method comes
from two sources: the fit range and background shape. The
uncertainty arising from the fit range is estimated by
adjusting the fit range by �5 MeV. The maximum
differences in the branching fractions with respect to the
baseline values are taken as the systematic uncertainties. To
estimate the uncertainty associated with the background
shape, alternative fits are performed using first- or third-
order Chebyshev functions. The maximum changes of the
fitted signal yields are taken as the systematic uncertainties,
which are summarized in Table II.

B. Signal shape

To evaluate the systematic uncertainty arising from the
signal shape, alternative fits are performed using the MC-
simulated shape to describe the signal component of
J=ψ → γπ0ðηÞ decays and a sum of CB and Gaussian
functions for J=ψ → γη0 decay. The differences between
the results with the baseline and alternative methods are
taken as the corresponding systematic uncertainties.

C. Background of J=ψ → γπ0π0

The background yield of J=ψ → γπ0π0 is fixed in the fit
according to the branching fraction from Ref. [36].
Alternative fits are performed varying the input branching
fraction by 1 standard deviation. The biggest difference of
the fitted signal yield with respect to the baseline result,
0.21%, is taken as a systematic uncertainty.

D. QED background

The QED background is estimated with Eq. (2) using the
data taken at the center-of-mass energy of 3.080 GeV.
Alternative fits are performed varying L3.080 in Eq. (2) by 1
standard deviation. The differences from the nominal fits
are taken as the systematic uncertainties.

E. Photon detection

The systematic uncertainty of the photon detection
efficiency is studied using a control sample of eþe− →
γμþμ− events. The four-momentum of the initial-state-
radiation photon is predicted by the μþμ− pair. The photon
detection efficiency is defined as the fraction of recon-
structed photons with four-momentum matching in the
EMC. The systematic uncertainty is defined as the relative
difference in efficiency between data and MC simulation,
which is estimated using a reweighting technique [39]. The
uncertainties of the photon detection for the J=ψ → γπ0,
J=ψ → γη, and J=ψ → γη0 decays are 0.57%, 0.51%, and
0.47%, respectively.

F. Kinematic fit

The uncertainty of the kinematic fit mainly comes from
the inconsistency of the photon resolution between data and
MC simulation. We adjust the energy resolution in the
reconstructed photon error matrix so that the MC simu-
lation provides a good description of data [40]. The fits are
redone, and the changes with respect to the nominal results
are taken as the systematic uncertainties.

G. Intermediate branching fractions

The branching fractions of intermediate decays are taken
from the PDG [31]. The uncertainties of the branching

TABLE I. The branching fractions and comparison with previous results. The first uncertainty is statistical and the
second is systematic. P represents the pseudoscalar meson π0ðη; η0Þ.

BðJ=ψ → γPÞð×10−4Þ
γP Nobs

J=ψ→γP ε (%) This work BESIII PDG [31]

γπ0 175893� 839 52.90� 0.03 0.334� 0.002� 0.009 0.361� 0.012� 0.016 [16] 0.356� 0.017
γη 2209063� 2592 50.78� 0.03 10.96� 0.01� 0.19 10.67� 0.05� 0.23 [17] 10.85� 0.18
γη0 638206� 1061 50.77� 0.03 54.0� 0.1� 1.1 52.7� 0.3� 0.5 [18] 52.5� 0.7

TABLE II. Systematic sources and corresponding contributions
(%).

Source γπ0 γη γη0

Fit range 0.9 0.8 1.08
Background shape 1.13 1.07 0.39
Signal shape 1.99 0.11 0.49
Background of J=ψ → γπ0π0 0.21 � � � � � �
QED background 1.08 0.15 0.01
Photon detection 0.57 0.51 0.47
4C kinematic fit 0.41 0.80 0.53
Intermediate branching fractions 0.03 0.46 1.43
NJ=ψ 0.44 0.44 0.44

Total 2.82 1.77 2.07
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fractions of π0 → γγ, η → γγ, and η0 → γγ are 0.03%,
0.46%, and 1.43%, respectively.

H. Number of J=ψ events

The number of J=ψ events is determined to be ð1.0087�
0.0044Þ × 1010 using inclusive hadronic J=ψ decays [19].
Its uncertainty, 0.44%, is taken as a systematic uncertainty.
The systematic uncertainties are summarized in Table II.

The total systematic uncertainty is given by the square root
of the quadratic sum of the individual contributions.

V. RESULTS

The branching fraction of J=ψ → γP is calculated as

BðJ=ψ → γPÞ ¼ Nobs

NJ=ψ × BðP → γγÞ × ε
; ð3Þ

where P represents the pseudoscalar meson π0ðη; η0Þ, Nobs
is the number of the observed signal events, NJ=ψ is the
number of J=ψ events, ε is the detection efficiency, and
BðP → γγÞ is the branching fraction of P → γγ [31].
The measured branching fractions using Eq. (3) are

summarized in Table I. They are in agreement with the
previous BESIII results [16–18] and the world average
values [31]. The results allow the study of pseudoscalar
mixing in Eq. (1). Under the assumption of exact SU(3)-
flavor symmetry, the mixing angle can be determined via

R ¼ ΓðJ=ψ → γη0Þ
ΓðJ=ψ → γηÞ ¼

�
pη0

pη

�
3

· cot2 θP; ð4Þ

where pη and pη0 are the momenta of η and η0 in the J=ψ
rest frame, respectively. The systematic uncertainties
caused by the number of J=ψ events and photon detection
efficiency can be eliminated in the ratio calculation.
According to the theoretical calculation [8], the θP value
is negative. Finally, we obtain θP ¼ −ð22.11� 0.26Þ°,
where the uncertainty includes both statistical and system-
atic uncertainties.
The η − η0 mixing approach has been generalized to also

include other states, such as π0 meson. The decay width of
J=ψ → γP is given by [41]

ΓðJ=ψ → γPÞ ¼ 1

3

g2γP
4π

p3

m2
J=ψ

; ð5Þ

where g2γP is the coupling constant defined by the ampli-
tude, as shown in Table III, and p is the magnitude of
momentum of P. In this table, d and f coefficients are free
parameters, derived from a joint set of decay width
equations, which cancel in the calculation, and the details
can be found in the Appendix. The Xηðη0Þ and Yηðη0Þ are
related to the following:

Xη ¼ Yη0 ¼ cos θP=
ffiffiffi
3

p
−

ffiffiffi
2

3

r
sin θP;

Yη ¼ −Xη0 ¼ −
ffiffiffi
2

3

r
cos θP − sin θP=

ffiffiffi
3

p
: ð6Þ

The θP value is determined to be −ð19.34� 0.34Þ°,
where the uncertainty includes both statistical and system-
atic uncertainties.

VI. SUMMARY

Based on ð1.0087� 0.0044Þ × 1010 J=ψ events collected
with theBESIII detector, a study of J=ψ → γπ0ðη; η0Þ decays
is performed. The branching fractions of J=ψ → γπ0,
J=ψ → γη, and J=ψ → γη0 are measured to be ð3.34�
0.02� 0.09Þ × 10−5, ð1.096� 0.001� 0.019Þ × 10−3,
and ð5.40� 0.01� 0.11Þ × 10−3, respectively, which are
consistent with the previous measurements [13,14,16–18]
within 2 standard deviations. As shown in Table I, the
result for BðJ=ψ → γπ0Þ has much better precision com-
pared with the previous BESIII result, while BðJ=ψ → γηÞ
also has better precision. With two phenomenological
models [42], the singlet-octet pseudoscalar mixing angles
of θP are determined to be θP ¼ −ð22.11� 0.26Þ° and
−ð19.34� 0.34Þ°, respectively, which are consistent with
the theoretical calculation of Refs. [8,9].
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APPENDIX: CALCULATION OF θP

The decay width of J=ψ → γP is given by Eq. (5). One
can obtain that

ΓðJ=ψ → γηÞ
ΓðJ=ψ → γπ0Þ ¼

g2γη
g2
γπ0

p3
η

p3
π0
¼ BðJ=ψ → γηÞ

BðJ=ψ → γπ0Þ ; ðA1Þ

ΓðJ=ψ → γη0Þ
ΓðJ=ψ → γπ0Þ ¼

g2γη0

g2
γπ0

p3
η0

p3
π0
¼ BðJ=ψ → γη0Þ

BðJ=ψ → γπ0Þ ; ðA2Þ

where g2γP is the coupling constant defined by the ampli-
tude, as shown in Table III, and p is the magnitude of
momentum of P. Then we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γηÞ
BðJ=ψ → γπ0Þ

p3
π0

p3
η

s
¼ gγη

gγπ0
¼

2ffiffi
6

p ðdþ f
3
ÞXη þ 1ffiffi

3
p ðd − f

3
ÞYη

fffiffi
6

p

¼
2ffiffi
6

p ðdþ f
3
Þ
�
cos θP=

ffiffiffi
3

p
−

ffiffi
2
3

q
sin θP

�
þ 1ffiffi

3
p ðd − f

3
Þ
�
−

ffiffi
2
3

q
cos θP − sin θP=

ffiffiffi
3

p �
fffiffi
6

p

¼ −9
ffiffiffi
2

p
d sin θP þ 4f cos θP −

ffiffiffi
2

p
f sin θP

3
ffiffiffi
3

p
f

; ðA3Þ

3
ffiffiffi
3

p
f cos θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γηÞ
BðJ=ψ → γπ0Þ

p3
π0

p3
η

s
¼ −9

ffiffiffi
2

p
d sin θP cos θP þ 4f cos2 θP −

ffiffiffi
2

p
f sin θP cos θP; ðA4Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γη0Þ
BðJ=ψ → γπ0Þ

p3
π0

p3
η0

s
¼ gγη0

gγπ0
¼

2ffiffi
6

p ðdþ f
3
ÞX0

η þ 1ffiffi
3

p ðd − f
3
ÞY 0

η

fffiffi
6

p

¼
2ffiffi
6

p ðdþ f
3
Þ
�
sin θP=

ffiffiffi
3

p þ
ffiffi
2
3

q
cos θP

�
þ 1ffiffi

3
p ðd − f

3
Þ
�
−

ffiffi
2
3

q
sin θP þ cos θP=

ffiffiffi
3

p �
fffiffi
6

p

¼ 9
ffiffiffi
2

p
d cos θP þ 4f sin θP þ ffiffiffi

2
p

f cos θP
3

ffiffiffi
3

p
f

; ðA5Þ

3
ffiffiffi
3

p
f sin θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γη0Þ
BðJ=ψ → γπ0Þ

p3
π0

p3
η0

s
¼ 9

ffiffiffi
2

p
d sin θP cos θP þ 4f sin2 θP þ

ffiffiffi
2

p
f sin θP cos θP: ðA6Þ
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With Eqs. (A4) and (A6), one can obtain that

3
ffiffiffi
3

p
f cos θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γηÞ
BðJ=ψ → γπ0Þ

p3
π0

p3
η

s
þ 3

ffiffiffi
3

p
f sin θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γη0Þ
BðJ=ψ → γπ0Þ

p3
π0

p3
η0

s
¼ 4fðsin2 θP þ cos2 θPÞ; ðA7Þ

3
ffiffiffi
3

p

4
cos θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γηÞ
BðJ=ψ → γπ0Þ

p3
π0

p3
η

s
þ 3

ffiffiffi
3

p

4
sin θP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ → γη0Þ
BðJ=ψ → γπ0Þ

p3
π0

p3
η0

s
¼ 1: ðA8Þ

Equation (A9) can be written as

X cos θP þ Y sin θP ¼ 1; ðA9Þ

where X ¼ 3
ffiffi
3

p
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ→γηÞ
BðJ=ψ→γπ0Þ

p3

π0

p3
η

r
, Y ¼ 3

ffiffi
3

p
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðJ=ψ→γη0Þ
BðJ=ψ→γπ0Þ

p3

π0

p3

η0

r
. Then,

X sin θP − Y cos θP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 sin2 θP þ Y2 cos2 θP − 2XY sin θP cos θP

q
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 sin2 θP þ Y2 cos2 θP − ½ðX cos θP þ Y sin θPÞ2 − ðX2 cos2 θP þ Y2 sin2 θPÞ�

q
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2ðsin2 θP þ cos2 θPÞ þ Y2ðsin2 θP þ cos2 θPÞ − 1

q
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p
: ðA10Þ

According to Eqs. (A10) and (A11), one can obtain that

�
X cos θP þ Y sin θP ¼ 1

X sin θP − Y cos θP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p
;

ðA11Þ

�YðX cos θP þ Y sin θPÞ ¼ Y

XðX sin θP − Y cos θPÞ ¼ �X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p
;

ðA12Þ

ðX2 þ Y2Þ sin θP ¼ Y � X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p
; ðA13Þ

sin θP ¼ Y � X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p

X2 þ Y2
: ðA14Þ

According to the theoretical calculation of Ref. [8], the
value of θP is negative,

θP ¼ arcsin
�
Y − X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2 − 1

p

X2 þ Y2

�
: ðA15Þ
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