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Calculation results for the HQET ¯eld anomalous dimension and the QCD cusp anomalous
dimension, as well as their properties, are reviewed. The HQET ¯eld anomalous dimension �h
is known up to four loops. The cusp anomalous dimension �ð’Þ is known up to three loops, and

its small-angle and large-angle asymptotics up to four loops. Some (but not all) color struc-

tures at four loops are known with the full ’-dependence. Some simple contributions are
known at higher loops. For the ’! 1 asymptotics of �ð’Þ (the light-like cusp anomalous

dimension) and the ’2-term of the small-’ expansion (the Bremsstrahlung function), the

N ¼ 4 SYM results are equal to the highest-weight parts of the QCD results. There is an
interesting conjecture about the structure of �ð’Þ which holds up to three loops; at four loops

it holds for some color structures and breaks down for other ones. In the cases when it holds, it

related highly nontrivial functions of ’, and it cannot be accidental; however, the reasons of

this conjecture and its failures are not understood. The cusp anomalous dimension at the
Euclidean angle �! � is related to the static quark{antiquark potential due to conformal

symmetry; in QCD, this relation is broken by an anomalous term proportional to the

�-function.

Some new results are also presented. Using the recent four-loop result for �h, here we obtain
analytical expressions for some terms in the four-loop on-shell renormalization constant of the

massive quark ¯eld Z os
Q which were previously known only numerically. We also present two

new contributions to �h, �ð’Þ at ¯ve loops and to the quark{antiquark potential at four loops.

Keywords: Wilson lines; multiloop calculations; HQET.

PACS numbers: 11.15.�q, 12.38.�t, 12.38.Bx

1. Introduction

A Wilson line in a gauge theory is the phase factor for a classical pointlike

charged particle (in some representation R of the gauge group) moving along a
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worldline C,

W0 ¼ Pexp ig0

Z
C

dx�A
a�
0 ðxÞtaR

� �� �
¼ ZW ð�sð�Þ; að�ÞÞWð�Þ; ð1:1Þ

where g0 and A0 are the bare coupling and gauge ¯eld, taR are the generators of the

representation R, Wð�Þ is the renormalized Wilson line (we use the MS scheme,

d ¼ 4� 2") and að�Þ is the renormalized gauge parameter. We use the covariant

gauge,

The renormalized gauge parameter að�Þ is related to the bare one a0 by the gluon

¯eld renormalization constant: a0 ¼ ZAð�sð�Þ; að�ÞÞað�Þ. Wilson lines are widely

used in gauge theories, see e.g. the textbook.1 Renormalization of Wilson lines is

considered in Refs. 2{4, see Ref. 5 for review and more references. The MS renor-

malization constant ZW accumulates ultraviolet (UV) divergences of the bare Wilson

line, and is determined only by singular points of the line ��� its ends and cusps (we

consider only lines without self-intersections); smooth segments don't contribute.

Infrared (IR) properties of scattering amplitudes in gauge theories are closely

related to Wilson lines,6{10 see Ref. 11 for review and more references. IR diver-

gences of a scattering amplitude can be found in the eikonal approximation. It

turns the amplitude into a product of straight semi-in¯nite Wilson lines along its

external momenta. However, it introduces UV divergences which were absent in

the original amplitude. These UV divergences are equal to the IR divergences of the

amplitude with the opposite sign, because eikonal diagrams contain no dimen-

sionful parameters.

2. Wilson Lines and HQET

Wilson lines are nonlocal objects. It is easier to understand their properties in the

language of heavy quark e®ective theory (HQET). HQET is a usual local quantum

¯eld theory, and renormalization properties of Wilson lines can be obtained from

renormalization of local operators in HQET. Renormalization theory of local

operators is discussed in many quantum ¯eld theory textbooks.

Suppose we have QCD with nf °avors plus a single heavy colored particle (in

some representation R of the gauge group). The momentum of this particle can be

decomposed as P ¼ Mvþ p, where M is its on-shell mass, v is a reference velocity

(v2 ¼ 1) and p is called the residual momentum of this heavy particle. If the char-

acteristic residual momentum p, characteristic momenta of light particles pi and light

particle massesmi are all small (p � M , pi � M andmi � M), then the system can

be described by the HQET Lagrangian (see e.g. Refs. 12{14). This heavy particle can

be, for example, a heavy quark (its °avor is not counted in nf). At the leading order
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in 1=M , the heavy-particle spin does not interact with gluons and can be freely

rotated (heavy quark symmetry). Moreover, it can be switched o® (super°avor

symmetry15).

The HQET Lagrangian is

L ¼ h�
v0iD � vhv0 þ LQCD; D�hv0 ¼ ð@� � ig0A

�a
0 taRÞhv0 ð2:1Þ

(we can include several HQET ¯elds with several velocities if we need:P
ih

�
vi0
iD � vihvi0). The heavy (static) particle is described by the scalar ¯eld hv in the

color representation R,

hv0 ¼ Z
1=2
h ð�sð�Þ; að�ÞÞhvð�Þ; ð2:2Þ

where hvð�Þ is the MS-renormalized ¯eld. The momentum-space propagator of the

¯eld hv0 depends only on the residual energy ! ¼ p � v,

(the unit color matrix 1R is assumed). The h�
vhvA vertex is

If we denote the sum of one-particle-irreducible (1PI) self-energy diagrams by

�i�hð!Þ, then the full propagator (i.e. the sum of all propagator diagrams) is

The renormalization factor Zh is given by

log
Shð!Þ
Sh0ð!Þ

¼ logZh þOð"0Þ; ð2:6Þ

where Shð!Þ is expressed via the renormalized quantities �sð�Þ, að�Þ. The HQET

¯eld hvð�Þ anomalous dimension is

�hð�sð�ÞÞ ¼
d logZhð�sð�Þ; að�ÞÞ

d log�
: ð2:7Þ

We can also use the coordinate space,

In the v-rest frame, the free propagator is �ðxÞSh0ðx0Þ, iSh0ðtÞ ¼ 	ðtÞ. The full

propagator

QCD cusp anomalous dimension: Current status
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where the integral is taken along the straight line from x to y. In the v-rest frame

ShðtÞ ¼ Sh0ðtÞWðtÞ, where

WðtÞ ¼ Pexp ig0

Z t

0

dt v�A
a�
0 ðvtÞta

� �� �
ð2:10Þ

is the straight Wilson line along v of length t. Assuming t > 0, we have

logWðtÞ ¼ logZh þOð"0Þ: ð2:11Þ

So, the factor Zh describes renormalization of a ¯nite-length Wilson line. In other

words, Z
1=2
h describes renormalization of an end of a Wilson line.

Transition of a heavy particle with a velocity v into a heavy particle with a

velocity v0 (e.g. decay of a heavy quark into another heavy quark plus colorless

particles) in HQET framework is described by the current

J0 ¼ h�
v00hv0 ¼ ZJð�sð�Þ; ’ÞJð�Þ ð2:12Þ

[Jð�Þ is the MS-renormalized current, cosh’ ¼ v � v0]. Its anomalous dimension

�ð�sð�Þ; ’Þ ¼
d logZJð�sð�Þ; ’Þ

d log�
ð2:13Þ

is called the cusp anomalous dimension. The current J is colorless, and hence ZJ and

� are gauge-invariant. Dependence of the Isgur{Wise function on � is determined16

by �ð�s; ’Þ. The 1=" IR divergence of massive QCD form factors is given by it.

Let V ð!; !0; ’Þ ¼ 1þ �ð!; !0; ’Þ be the sum of 1PI vertex diagrams of J0 (1 is the

tree-level diagram; ! and !0 are the incoming residual energy and the outgoing one).

From each diagram for �h we can get a set of diagrams for � by inserting the

J0-vertex into each internal HQET line in turn. The correlator of J0, h
�
v, hv0 is

V ð!; !0; ’Þ � iShð!Þ � iShð!0Þ; on the other hand, it is ZhZJ times the ¯nite correlator

of the three renormalized operators. Recalling the fact that Shð!Þ is Zh times the

¯nite renormalized propagator, we have

logV ð!; !0; ’Þ ¼ logZJð’Þ � logZh þOð"0Þ: ð2:14Þ
It is su±cient to calculate a single-scale vertex function V ð!; !; ’Þ in order to obtain

ZJ . At ’ ¼ 0, we have the HQET Ward identities

�ð!; !0; 0Þ ¼ � �hð!Þ � �hð!0Þ
!� !0 or V ð!; !0; 0Þ ¼ S�1

h ð!Þ � S�1
h ð!0Þ

!� !0 : ð2:15Þ

Therefore, log V ð!; !0; 0Þ ¼ � logZh þOð"0Þ, ZJð�s; 0Þ ¼ 1 and

�ð�s; 0Þ ¼ 0: ð2:16Þ
In coordinate space, the Green's function hhv00ðx0ÞJ0ð0Þh�

v0ðxÞi (x0 < 0 < x00) is

equal to the obvious �-functions times the Wilson line Wðt; t0; ’Þ: the straight seg-

ment along v of length t, the angle ’ and the straight segment along v0 of length t0.
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The corresponding renormalized Green's function is ¯nite, and so

logWðt; t0; ’Þ ¼ logZJð’Þ þ logZh þOð"0Þ: ð2:17Þ
At ’ ¼ 0 the Wilson line is straight: Wðt; t0; 0Þ ¼ Wðtþ t0Þ, and we again obtain

ZJð0Þ ¼ 1.

At ’! 0 the cusp anomalous dimension is a regular Taylor series in ’2,

�ð�s; ’Þ ¼
X1
n¼1

Bnð�sÞ’2n; ð2:18Þ

B1ð�sÞ is usually called the Bremsstrahlung function. If our Wilson line interacts

with QED with nf ¼ 0 (i.e. the free electromagnetic ¯eld), and we have a classical

pointlike charge which is at rest in some reference frame at both t ! �1, then the

energy of the emitted radiation is

�E ¼ 2�B1ð�Þ
Z þ1

�1
dtð�a2ðtÞÞ; ð2:19Þ

where a� is the acceleration. In this theory B1ð�Þ ¼ �=ð3�Þ exactly, and (2.19) is just

the classical dipole radiation formula. The theory is conformally invariant, � does

not run. The formula (2.19) is also valid17 in N ¼ 4 supersymmetric Yang{Mills

(SYM), which is also conformally invariant. It cannot be generalized to other the-

ories, because in them B1ð�sð�ÞÞ depends on �.
At ’! 1,18

�ð�s; ’Þ ¼ Kð�sÞ’þOð’0Þ; ð2:20Þ
where K is called the light-like cusp anomalous dimension. It is related19 to renor-

malization properties of Wilson lines with light-like segments. The coe±cients of

1=ð1� xÞþ in DGLAP kernels [as well as those of 1=ðx� yÞþ in ERBL kernels] are

determined20,21 by the light-like cusp anomalous dimension. IR 1="2 divergences of

form factor of massless particles are also determined by Kð�sÞ.
If a worldline of ¯nite length consists of straight segments with angles ’i between

them, its renormalization factor is Zh

Q
ZJð’iÞ [two ends contribute Z

1=2
h each, each

cusp contributes ZJð’iÞ]. The same is true if the segments are not straight but just

some smooth curves. We can approximate a smooth curve of length t by a broken line

with N ! 1 segments of length �t ¼ t=N each. Cusp angles are �’i � 1=N , so the

contributions to logZJ are � 1=N2 each; there are N such contributions. Such

Wilson lines can be described by the HQET ¯eld h which lives on the worldline. The

HQET Lagrangian was actually used as a technical device for investigating Wilson

lines22,23 (see Ref. 5 for review).

We can also understand this fact from another point of view. UV divergences

come from small distances, where any smooth line is straight. The only possible

UV divergence is the residual mass �hð0Þ. This is a linear UV divergence. In di-

mensional regularization it is discarded: the residual mass �hð0Þ has dimensionality

of mass, and we cannot construct any nonzero result for it by dimensions counting

QCD cusp anomalous dimension: Current status
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(in regularizations based on momentum cuto® �UV, the UV-divergent residual mass

is /�UV).

3. Exponentiation

A Wilson line (of any shape) interacting with the free electromagnetic ¯eld (QED

with nf ¼ 0) is given by the simple exponentiation formula. Let

be the one-loop contribution to WðtÞ. Here we use diagrams for Wilson lines, not for

HQET propagators, so that the factors 	ðx � vÞ�ðx?Þ are not included. This diagram
is an integral in t1, t2 such that 0 < t1 < t2 < t. Let's calculate w2. It is an integral in

t1, t2, t
0
1, t

0
2 such that 0 < t1 < t2 < t, 0 < t 01 < t 02 < t. This integration region can be

subdivided into six subregions corresponding to six diagrams,

This is twice the two-loop contribution toWðtÞ. Continuing this drawing exercise we

see that the three-loop contribution is w3=3!, etc. The exact expression for the full

Wilson line is24

So, we have w ¼ logZh þOð"0Þ, logZh is exactly one-loop,

�hð�Þ ¼ 2ða� 3Þ �
4�
: ð3:4Þ

There are no higher-loop corrections. The same is true for �ð�; ’Þ because expo-

nentiation works for Wilson lines of any shapes, including those with cusps [this

exact � is given below in (4.1)].

In QED with nf > 0, the situation is more complicated: we don't know the exact

results, just perturbative series. However, these series have a simple structure,

A. Grozin
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where the shaded blobs are the sums of connected diagrams with 2; 4; . . . external

photon lines (odd numbers of lines are forbidden by C-conservation),

and so on (the shaded blobs here are not necessarily one-particle-irreducible). Dia-

grams in (3.6) and (3.7) are called c-webs (connected webs).

We have, for example,

and these diagrams (containing two c-webs each) are already accounted for in the

expansion of the exponent (3.5).

The sums of connected diagrams with 2n external (o®-shell) photon legs at each

order are gauge-invariant due to the QED Ward identity, except the free photon

propagator. Hence all c-webs are gauge-invariant except the ¯rst one in (3.6). This

one-loop c-web is linear in e2
0a0; but e2

0a0 ¼ e2ð�Það�Þ because Z� ¼ Z�1
A in QED.

Therefore, the only gauge-dependent term in �h is the one-loop term given by (3.4);

all higher-loop corrections are gauge-invariant.

In non-Abelian theories,25,26

W ¼ exp
X

�Ciwi

h i
; ð3:8Þ

where wi are webs, and �Ci are color-connected parts of their color factors Ci. Let's

draw all gluon lines in a diagram forW on a single side of its HQET line. If we remove

this HQET line, we obtain a diagram with gluon external lines which can be con-

nected (c-web) or not. When this diagram is connected if we count the line crossings

as connections, the diagram is called a web. For example,

If color factors of each web were the same as for the diagram where all its c-webs

are separated, the contributions of webs would be accounted for in the exponent of

the sum of c-webs. This is true in QED. In non-Abelian theories color factors are

more complicated. For example, let's consider the ¯rst diagram in (3.9). It is a web

QCD cusp anomalous dimension: Current status
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but not a c-web: it contains two c-webs. Its color factor C is given by the color

diagram which looks the same as this diagram in (3.9). It is not equal to C1C2, the

product of the color factors of these two c-webs taken separately. Let's pull these two

c-webs apart, interchanging the vertices on the HQET line belonging to di®erent c-

webs according to the obvious commutator identity

This color factor C becomes

The ¯rst term consists of two separate c-webs, it is C1C2; this contribution has

already been accounted for in the expansion of the exponent. The second term is a

connected color diagram, the connected part �C of the color factor C. This contri-

bution is not yet accounted for. Therefore, we add this web with the color factor �C to

the exponent in (3.8).

Let's de¯ne

Tr taRt
b
R ¼ TR�

ab; taRt
a
R ¼ CR1R; NR ¼ Tr 1R;

dRR0 ¼ dabcd
R dabcd

R0

NR

; dabcd
R ¼ Tr t

ða
R t

b
Rt

c
Rt

dÞ
R ;

ð3:11Þ

where brackets mean symmetrization (note that Tr taRt
a
R ¼ CRNR ¼ TRNA, and

hence CR ¼ TRNA=NR; in particular, CA ¼ TA). For SUðNcÞ gauge group with the

standard normalization TF ¼ 1
2, they are

CF ¼ N 2
c � 1

2Nc

; CA ¼ Nc; dFF ¼ ðN 2
c � 1ÞðN 4

c � 6N 2
c þ 18Þ

96N 3
c

;

dAF ¼ Nc

N 2
c � 1

dFA ¼ NcðN 2
c þ 6Þ
48

; dAA ¼ N 2
c ðN 2

c þ 36Þ
24

:

ð3:12Þ

In QED TF ¼ 1, CR ¼ Z2, CF ¼ 1, CA ¼ 0, dRF ¼ Z4 and dRA ¼ 0, where Z is the

charge of the in¯nitely heavy particle (in units of e).

The possible color structures of �h and � without nf are, due to the non-Abelian

exponentiation, CR at one loop; CRCA at two loops; CRC
2
A at three loops; CRC

3
A and

dRA at four loops. Color structures containing CF are forbidden. As soon as there is at

least one quark loop in the diagram (i.e. at least one power of nf in the color

structure), all possible color factors are allowed: gluons attached to quark loops are

not restricted by exponentiation. Up to three loops, all color structures are propor-

tional to CR. The R-dependence of �h and � is given by the factor CR ��� Casimir

scaling. At four loops, the quartic Casimirs dRA, dRF appear. They are not propor-

tional to CR, and Casimir scaling breaks down.
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4. History and the Current Status of Calculations

The one-loop cusp anomalous dimension follows from classical electrodynamics.

When an in¯nitely heavy charged particle instantly changes its velocity, it either

remains itself (probability jF j2) or emits one or more photons. Up to the order �,

In classical electrodynamics, the spectrum of the emitted radiation is27,28

dE ¼ e2

2�2
ð’ coth’� 1Þd!;

and hence the probability of photon emission is dE=!. In dimensional regularization,

by dimensions counting, this probability becomes Cð"ÞdE=!1þ2" with Cð0Þ ¼ 1.

Hence the form factor is

F ¼ 1� Cð"Þ
2

Z 1




e2

2�2
ð’ coth’� 1Þ d!

!1þ2"
¼ 1� 2

�

4�"
ð’ coth’� 1þOð"ÞÞ

(where 
 is an IR cuto®), and the cusp anomalous dimension is

� ¼ 4
�

4�
ð’ coth’� 1Þ: ð4:1Þ

The one-loop cusp anomalous dimension should be included in The Guinness

Book of Records as the anomalous dimension known for the longest time

(probably > 100 years). In QCD, it includes the obvious extra factor CR. Of

course, there are very many ways to obtain (4.1), using momentum or coordinate

space.

After a wrong calculation,29 the two-loop �h (with nf ¼ 0) has been calculated

in Ref. 30. The full result (with nf) has been obtained in Ref. 31 as a by-product of

a two-loop calculation of the on-shell renormalization constant Z os
Q of the ¯eld

of a massive quark, essentially from the requirement that the renormalized

QCD/HQET matching constant (5.4) is ¯nite (though this was not explicitly

stated in the article), and reproduced32,33 by direct HQET calculations. At three

loops, it has been calculated in Ref. 34, again as a by-product of the Z os
Q calcu-

lation, now at three loops; the result has been con¯rmed35 by a direct HQET

calculation.

The ¯rst attempt30 to calculate the cusp anomalous dimension at two loops (at

nf ¼ 0) was unsuccessful: the authors were unable to eliminate complicated double

and triple integrals. A usable result (at nf ¼ 0) has been obtained in Refs. 7, 6 and

18. It contains three single integrals [two of them were calculated14 in terms of Li2
and Li3, the formula (7.15)]. The (rather simple) nf -term was added in Ref. 20. The

calculation6,7,18 was repeated several times.36,37 The most nice form of the result

QCD cusp anomalous dimension: Current status
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(no integrals, just Li2 and Li3) is
37

� ¼ 4CR

�s

4�
’ coth’� 1þ �s

4�
CA

2

3
�2 � 49

9
þ 2’2

���

þ coth’ 2Li2ðe�2’Þ � 4’ logð1� e�2’Þ � �2

3
� 2

3
�2’þ 67

9
’� 2’2 � 2

3
’3

� �

þ coth2’ 2Li3ðe�2’Þ þ 2’Li2ðe�2’Þ � 2�3 þ
�2

3
’þ 2

3
’3

� ��

� 20

9
TFnfð’ coth’� 1Þ

�
þOð�2

sÞ
	

¼ 4CR

�s

4�
’ coth’� 1þ �s

4�
CA 2 1þ 2

3
’2

� �
� 1

3
ð’ coth’� 1Þ

���

� 2�2 � 67

3
þ 2’2

� �
þ coth’ð’ coth’þ 1ÞðLi2ð1� e2’Þ � Li2ð1� e�2’ÞÞ

� 2coth2’ðLi3ð1� e2’Þ þ Li3ð1� e�2’ÞÞ
�

� 20

9
TFnfð’ coth’� 1Þ

�
þOð�2

sÞ
	

ð4:2Þ

(the last form is explicitly even in ’).

Table 1. Four-loop contributions to �h, � and its limiting cases.

Color Example �h ’� 1 �ð’Þ 1L ’	 1

CRðTFnfÞ3 Ref. 44 Ref. 14 Ref. 14 X Refs. 45 and 46

CRCF ðTFnfÞ2 Refs. 39 and 47 Refs. 39 and 47 Refs. 39 and 47 X Refs. 39, 47 and 48

CRCAðTFnfÞ2 Refs. 49 and 50 Ref. 50 Ref. 50 Refs. 48, 51 and 52

CRC
2
FTFnf Ref. 53 Ref. 53 Ref. 53 X Ref. 53

CRCFCATFnf Ref. 50 Ref. 50 Ref. 50 Refs. 50 and 55

CRC
2
ATFnf Ref. 50 Ref. 50 Refs. 54 and 55

dRFnf Ref. 56 Refs. 56 and 50 Ref. 57 Refs. 58 and 59

n1
f , Nc ! 1 Ref. 50 Ref. 50 Refs. 51, 60 and 61

CRC
3
A Ref. 62 Ref. 62 Refs. 54 and 55

dRA Ref. 62 Ref. 62 Refs. 54 and 55

n0
f , Nc ! 1 Ref. 62 Ref. 62 Refs. 60 and 61

A. Grozin
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At three loops, the cusp anomalous dimension has been obtained in Refs. 38

and 39 (the results are given in Sec. 8 below). Results for supersymmetric QCD

extensions have been also obtained.39

The light-like cusp anomalous dimension (2.20) at three loops has been obtained

in the course of calculating the three-loop DGLAP evolution kernels40 (recently

con¯rmed in Ref. 41) and con¯rmed in massless form-factor calculations.42,43

The status of four-loop calculations is summarized in Table 1. The column 1L

shows the color structures which have the simple one-loop ’-dependence

’ coth’� 1. For several color structures the exact angle dependence is not known.

A simple interpolation formula [in terms of the variable � ¼ tanhð’=2Þ] for the four-
loop cusp anomalous dimension has been proposed.63 It is based on the known

asymptotics � ! 0 and � ! 1. Such approximate formulas give a good precision at

two and three loops,37,64 so it seems reasonable to hope that it also works well at

four loops.

Some simple classes of contributions are also known at higher loops (Secs. 10{14).

5. HQET Field Anomalous Dimension

It is convenient to calculate the HQET self-energy �hð!Þ at ! < 0, below the mass

shell, where the result is analytical. The power of ð�2!Þ in each term of the

Fig. 1. Families of four-loop HQET self-energy Feynman integrals. Double lines are HQET ones, solid

lines are massless.

QCD cusp anomalous dimension: Current status
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Fig. 2. Master integrals for four-loop HQET self-energy diagrams.
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perturbative expansion is ¯xed by dimensions counting, so we can set ! ¼ � 1
2 during

the calculation. Many diagrams have linear dependent HQET denominators which

can be killed by partial fractioning. At three loops, all four families of integrals

reduce65 to eight master integrals: ¯ve trivial, two are expressed65{67 via the

hypergeometric functions 3F2 of unit argument and for the last one, several terms of

"-expansion are known68 (see Ref. 69 for review). At four loops, we are left with 19

families (Fig. 1). The families 10{12 were considered in Ref. 56, the family 1 (and one

subfamily, i.e. a family with a contracted line) in Ref. 50. There are 54 master

integrals (Fig. 2): 13 recursively one-loop (expressible via �-functions); 10 can be

calculated using the formulas from Refs. 65{67 (in one case, the hypergeometric

function happens to be expressible via �-functions); and for two integrals, several

terms of "-expansions are known from Ref. 68. The "-expansions of all master

integrals up to weight 12 have been obtained70 using the DRA method.71

The complete result for the HQET ¯eld anomalous dimension up to four

loops is62

�h ¼ 2CRða� 3Þ �s

4�
þ CR

�s

4�


 �
2
CA

a2

2
þ 4a� 179

6

� �
þ 32

3
TFnf

� �

þ CR

�s

4�


 �
3

C 2
A

5

8
a3 þ 3

4
�3 þ

13

4

� �
a2 þ 6�3 �

4

45
�4 þ 271

16

� �
a

��

� 123

4
�3 �

4

15
�4 � 23815

216

�
þ CATFnf � 17

2
aþ 96�3 þ

782

27

� �

� 6CFTFnfð16�3 � 17Þ þ 160

27
ðTFnfÞ2

	
þ �s

4�


 �
4

CRC
3
A

5

3
�5 þ

�3
6
þ 19

2

� ���

� a4

16
þ 21�3 �

�4

30
þ 149

3

� �
a3

16
� 169

4
�5 �

13

3
�2�3 �

653

4
�3 þ

121

90
�4 � �2

�

� 6707

48

�
a2

12
� 272

9
�5 �

11

4
� 23 �

164

27
�2�3 �

3839

48
�3 �

472

8505
�6 þ 9109

4320
�4

�

þ 2

9
�2 � 1690475

15552

�
aþ 3859

12
�5 þ

451

4
� 23 �

709

36
�2�3 �

212237

288
�3

þ 850

1701
�6 � 10501

2160
�4 þ 781

36
�2 � 471001

648

�
þ dRA ð5�5 � 7�3Þ

a4

4
� 3�3a

3

�

� 3

2
ð25�5 � �3Þa2 þ 540�5 þ 24� 23 �

128

3
�2�3 � 11�3 �

884

2835
�6 þ 16

3
�2

� �
a

� 4815

4
�5 � 384� 23 þ

320

3
�2�3 þ

569

4
�3 þ

224

405
�6 þ 128

15
�4 � 16

3
�2
�

þ CRC
2
ATFnf � 7

3
�3 þ

�4

180
� 109

36

� �
a2 þ 4

9
�5 �

16

27
�2�3 � 82�3

��

þ �4

15
� 37957

1944

�
a� 1534

3
�5 � 96� 23 þ

104

9
�2�3 þ

5506

3
�3 �

3097

540
�4
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� 16

3
�2 þ 30617

81

�
þ CRCFCATFnf 88�3 þ

4

15
�4 � 767

6

� �
a� 480�5

�

�928�3 þ
88

15
�4 þ 21703

27

�
þ 16CRC

2
FTFnf 60�5 � 37�3 �

35

3

� �

þ 64dRFnf �5�5 þ
8

3
�2�3 þ 4�3 �

8

3
�2

� �
þ 2CRCAðTFnfÞ2

� 4

3
4�3 �

269

81

� �
a� 192�3 þ

16

15
�4 � 1027

81

� �
þ 32CRCF ðTFnfÞ2

� 12�3 �
�4

15
� 103

27

� �
� 256

27
CRðTFnfÞ3ð3�3 � 1Þ

	
þ � � � :

ð5:1Þ
The terms up to �3

s agree with Refs. 34 and 35. Some color structures of the �4
s

contribution were known earlier, see Table 1. In QED, the only gauge-dependent

term is the one-loop one; if nf ¼ 0, all contributions but the one-loop one vanish

(Sec. 3).

Curiously, the di®erence of �h (with R ¼ F ) and �q is gauge-invariant up to two

loops, linear in a at �3
s and quadratic in a at �4

s,

�h � �q ¼ �6CF

�s

4�
þ CF

�s

4�


 �
2

3CF � 127

3
CA þ 44

3
TFnf

� �

þ CF

�s

4�


 �
3

C 2
A

9

2
�3 �

4

45
�4 þ 1

2

� �
a� 27

2
�3 �

4

15
�4 � 6410

27

� ��

� CFCA 24�3 �
143

2

� �
� 3C 2

F þ 8CATFnf 12�3 þ
313

27

� �

� 96CFTFnfð�3 � 1Þ þ 40

27
ðTFnfÞ2

	
þ �s

4�


 �
4

CFC
3
A

7

4
�5 þ

13

9
�2�3

���

þ 43

6
�3 �

191

540
�4 þ �2

3
þ 5

3

�
a2

4
þ 637

36
�5 þ

11

4
� 23 þ

164

27
�2�3 þ

139

6
�3

�

þ 472

8505
�6 � 4409

2160
�4 � 2

9
�2 þ 433

72

�
aþ 27871

48
�5 þ

451

4
� 23 �

709

36
�2�3

� 39089

72
�3 þ

850

1701
�6 � 6389

1080
�4 þ 781

36
�2 � 1233089

648

�

� C 2
FC

2
A ð10�5 � 7�3 þ 6Þaþ 1570�5 � 421�3 �

22

15
�4 � 23885

18

� �

þ C 3
FCA 2880�5 � 1696�3 �

5131

6

� �
� C 4

F 1280�5 � 800�3 �
1027

4

� �

þ 2dRA �2ð5�5 þ �3Þa2 þ 325�5 þ 12� 23 �
64

3
�2�3 � 56�3 �

442

2835
�6

��

þ 8

3
�2 � 1

�
a� 495�5 � 192� 23 þ

160

3
�2�3 � 68�3 þ

112

405
�6 þ 64

15
�4
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� 8

3
�2 þ 67

�
þ CFC

2
ATFnf

4

9
�5 �

16

27
�2�3 � 8�3 þ

11

45
�4 � 4

9

� �
a

�

� 1054

3
�5 � 96� 23 þ

104

9
�2�3 þ

5515

3
�3 �

289

54
�4 � 16

3
�2 þ 85730

81

�

� 2C 2
FCATFnf 400�5 þ 464�3 �

8

3
�4 � 10931

27

� �
þ 8C 3

FTFnf

� 120�5 � 58�3 �
89

3

� �
� 64dFFnf 5�5 �

8

3
�2�3 � 4�3 þ

8

3
�2 þ 4

� �

� 32CFCAðTFnfÞ2 14�3 �
�4

15
þ 229

81

� �
þ 32C 2

F ðTFnfÞ2

� 14�3 �
�4

15
� 160

27

� �
� 16

9
CF ðTFnfÞ3 16�3 �

13

9

� �	
þ � � �

ð5:2Þ
(see Refs. 72 and 73 for �q). In QED, the only gauge-dependent term in �h is the one-

loop one, the same is true for �q (see Ref. 74), and �h � �q is gauge-invariant to all

orders. The on-shell renormalization constant of a heavy quark ¯eld Z os
Q has the same

pattern of a-dependence.

As a check of calculations, the hhg vertex at pg ¼ 0 has also been calculated in

Ref. 62. It has a single structure �ð!Þv�taR. Infrared divergences are absent, therefore

log �ð!Þ ¼ logZ�ð�s; aÞ þOð"0Þ, where Z� contains ultraviolet divergences. We

have Z�ð�sÞ ¼ Z�1
A ð�s; aÞðZ�ð�s; aÞZhð�s; aÞÞ�2, and hence

�ð�sÞ ¼
1

2

d logZ�ð�sÞ
d log�

¼
X1
L¼1

�L�1

�s

4�


 �
L

¼ ���ð�s; aÞ � �hð�s; aÞ �
1

2
�Að�s; aÞ: ð5:3Þ

The well-known result for the four-loop �-function75,76 is reproduced using the four-

loop �A
75,76. This is a strong check of the calculation62 of �h.

If we consider QCD with nf light °avors and one heavy °avor Q, then, in

situations accessible for the HQET approach, the QCD heavy quark ¯eld Q can be

expressed via the HQET ¯eld hv via the matching relation74,77

Qð�Þ ¼ zð�Þhvð�Þ þO 1

M

� �
: ð5:4Þ

The matching coe±cient zð�Þ can be obtained from the on-shell renormalization

constant of the ¯eld Q in the ðnf þ 1Þ-°avor QCD

Z os
Q ¼ 1þ

X1
L¼1

4
g2
0M

�2"

ð4�Þd=2" e
��"

� �L

ZL; ZL ¼
X1
n¼0

ZL;nð�Þ"n; ð5:5Þ
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where g0 ¼ g
ðnfþ1Þ
0 , � ¼ 1� a

ðnfþ1Þ
0 and M is the on-shell mass of Q. The renorma-

lized matching coe±cient zð�Þ must be ¯nite. This requirement was used77 to obtain

analytical expressions for Z4;n with n < 4, see Tables I and II. However, analytical

expressions for the color structures CFC
3
A and dFA in Z4;3 remained unknown

(Table II), because the corresponding terms in �h were not known. Now we are in a

position to complete Table II of Ref. 77:

Z4;3 ¼ CFC
3
A

1

16

2387

3
a4 þ

2387

72
a 4
1 þ

2849

36
�2a2

1 �
15907

72
�2a1 �

102349

384
�5

��

þ 231

256
� 23 þ

44671

576
�2�3 þ

5389931

6912
�3 þ

787

181440
�6 � 5659447

414720
�4 � 275029

10368
�2

� 155786381

124416

�
þ �

256

1757

192
�5 �

11

32
� 23 þ

169

48
�2�3 �

3389

96
�3 �

59

8505
�6

�

þ 34433

51840
�4 � 353

144
�2 � 6629

576

�
� �2

8192

203

12
�5 þ

17

3
�2�3 �

355

6
�3 þ

59

60
�4

�

� 13

3
�2 � 19

��
� dFA

1

16

45

16
�5 þ

45

16
� 23 �

�2

2
�3 þ

63

32
�3 �

19

10080
�6

��

� �4

15
� 33

32

�
þ �

16

305

64
�5 þ

3

16
� 23 �

�2

3
�3 �

15

16
�3 �

221

90720
�6 þ �2

24
� 1

64

� �

þ �2

512
ð5�5 þ �3Þ

�
þ � � �

¼ CFC
3
Að�123:3401041þ 0:1197511751� � 0:005818521661�2Þ

þ dFAð0:3701524967þ 0:1134626128� � 0:01247401500�2Þ þ � � � ; ð5:6Þ

where an ¼ Linð12Þ (in particular, a1 ¼ log 2), and dots mean other color structures

(Table II in Ref. 77). The corresponding numerical results from Tables V{VII of

Ref. 49 are

Z4;3 ¼ CFC
3
A½�123:354� 0:086þ ð0:11976� 0:00013Þ� � ð0:005817� 0:000025Þ�2


þ dFA½0:40� 0:21þ ð0:1135� 0:0025Þ� � ð0:01250� 0:00061Þ�2
 þ � � � :

Our analytical results (5.6) agree with them within the stated uncertainties. This is a

good check of the new62 CRC
3
A- and dRA-terms in (5.1).

6. Cusp Anomalous Dimension at Small Angles

When calculating V ð!; !; ’Þ, we write

v0 ¼ vþ �v; �v ¼ vðcosh’� 1Þ þ n sinh’; v � n ¼ 0; n2 ¼ �1: ð6:1Þ
We expand the integrands in �v and average over direction of n in the ðd� 1Þ-
dimensional subspace orthogonal to v (this method of calculating the small-angle

cusp anomalous dimension was ¯rst used at two loops78).

A. Grozin

2330004-16

In
t. 

J.
 M

od
. P

hy
s.

 A
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

T
A

T
E

 P
U

B
L

IC
 L

IB
R

A
R

Y
 F

O
R

 S
C

IE
N

C
E

 A
N

D
 T

E
C

H
N

O
L

O
G

Y
 O

F 
SI

B
E

R
IA

N
 B

R
A

N
C

H
 R

A
S 

on
 0

4/
18

/2
3.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



The complete result for the ¯rst two terms of the small-angle expansion (2.18) of

the cusp anomalous dimension up to four loops is62

�ð�s; ’Þ ¼ 4
�s

4�
ð’ coth’� 1Þ CR � 2

3
CR

�s

4�
CA �2 � 47

3

� �
þ 10

3
TFnf

� ��

þ CR

�s

4�


 �
2 C 2

A

3
10�3 þ 2�4 � 340

9
�2 þ 473

2

� �
� 2

3
CATFnf

�

� 28�3 �
40

9
�2 þ 389

9

� �
þ CFTFnf 16�3 �

55

3

� �
� 16

27
ðTFnfÞ2

�

þ �s

4�


 �
3 � CRC

3
A

3
310�5 þ

64

3
�2�3 �

4756

9
�3 þ

20

9
�6 � 4841

90
�4

��

þ 35906

81
�2 � 89011

54

�
� 16

3
dRA�

2 34�3 �
2

15
�4 � 8

3
�2 þ 1

3

� �

þ CRC
2
ATFnf

3
440�5 þ

224

3
�2�3 �

14444

9
�3 �

88

9
�4 þ 14768

81
�2

�

� 48161

54

�
þ CRCFCATFnf 80�5 �

64

3
�2�3 þ

2720

9
�3 �

44

45
�4

�

þ 220

9
�2 � 25943

81

�
� 2CRC

2
FTFnf 80�5 �

148

3
�3 �

143

9

� �

þ 16

3
dRFnf�

2 16�3 �
5

3
�2 � 10

3

� �
þ CRCAðTFnfÞ2

27

� 2240�3 �
56

5
�4 � 608

9
�2 þ 1835

3

� �
� 8

9
CRCF ðTFnfÞ2

� 80�3 �
2

5
�4 � 299

9

� �
þ 64

27
CRðTFnfÞ3 2�3 �

1

3

� ��	
þ ’4 �s

4�


 �
2

� 4

135
CRCA � 16

3
CRCA

�s

4�
CA

23

25
�3 �

�2

27
� 1531

2025

� �
þ 2

81
TFnf

� ��

þ 4

9

�s

4�


 �
2 CRC

3
A

15
2816�5 þ

1864

15
�2�3 �

1194292

225
�3 �

907

225
�4

��

� 16858

405
�2 þ 5696611

2025

�
� 16dRA 14�5 �

268

75
�2�3 �

566

45
�3 þ

53

225
�4

�

þ 848

405
�2 � 8

27

�
þ 2

15
CRC

2
ATFnf 32�5 �

64

15
�2�3 þ

39368

75
�3 �

514

225
�4

�

þ 361

135
�2 � 874967

2025

�
þ 2

3
CRCFCATFnf

16

5
�3 �

11

3

� �

� 16dRFnf 16�5 �
16

75
�2�3 �

284

25
�3 �

8

75
�4 þ 23

25
�2 þ 23

25

� �

þ 304

1215
CRCAðTFnfÞ2

�	
þOð’6; �5

sÞ: ð6:2Þ
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The terms up to �3
s agree with the results38,39 expanded in ’2 [see (8.12)]. Some color

structures of the �4
s contribution were known earlier, see Table 1. For some of them,

the full ’-dependence is known; for some, one more term in the ’2-expansion is

known50 in addition to the terms presented in (6.2). In the Abelian case dRFnf�
4 is

the only term which does not have the simple one-loop angle dependence53 [note that

there is a typo in the formula (4.2) in this paper].

In the ¯rst curly bracket in (6.2), the highest weight of constants in the �L
s -term is

2ðL� 1Þ. In the second curly bracket terms with this highest weight are absent.

In N ¼ 4 SYM, supersymmetric Wilson lines are usually discussed. They interact

not only with gluons but also with scalars. A cusp on a supersymmetric Wilson line is

characterized by the geometric angle ’ and the internal angle # (we'll consider the

case # ¼ 0). In the case of SUðNcÞ gauge group in the large-Nc limit, the Brems-

strahlung function (the ’2-term) is known exactly in coupling.17 The full ’-depen-

dence is known up to four loops.79 The result has the structure

� ¼
X1
L¼1

�L

Nc�s

2�

� �
L

; �L ¼
XL
n¼1

�Lntanh
n ’

2
:

Up to three loops, the large-Nc results are su±cient for reconstructing the com-

plete results for the arbitrary gauge groups via Casimirs. However, at four loops

dRA=ðCRC
3
AÞ ¼ 1=24þOð1=N 2

c Þ (the 1=N 2
c -term depends on R), and we know only

a certain linear combination of the coe±cients of CRC
3
A and dRA. The Bremsstrah-

lung function is known for an arbitrary gauge group via Casimirs up to (in principle)

an arbitrarily high order.80 Expanding the results of Ref. 79 up to ’4 and replacing

the ’2-term by the result of Ref. 80, we have

� ¼ �s

2�
’ tanh

’

2
CR � 1

6
CRCA��s þ

1

24
CRC

2
Að��sÞ2 �

5

24
CRC

3
A � dRA

5

� ��

� ð��sÞ3
18

�
þ Nc�s’

4

2�

1

6
� 3

2
�3

Nc�s

2�
þ 45

4
�5 þ

2

3
�2�3 �

2

45
�4

� �
Nc�s

2�

� �
2

� �
þOð’6; �5

sÞ: ð6:3Þ

The Oð’Þ-terms in �L1 contain only maximum-weight contributions, and produce

the ¯rst bracket in (6.3); it is homogeneous in weight. The Oð’3Þ-terms in �L1 and

the Oð’2Þ-terms in �L2 contain only lower-weight contributions, and produce the

second square bracket in (6.3); it is not homogeneous and only known in theNc ! 1
limit. If we keep only maximum-weight terms, this second bracket vanishes, just like

the second curly bracket in the QCD result (6.2). If we keep only the maximum-

weight terms in the ¯rst curly bracket in (6.2), we obtain exactly the ¯rst square

bracket in the supersymmetric result (6.3). So, the principle of maximal transcen-

dentality81,82 works for the Bremsstrahlung function up to four loops.

The HQET ¯eld anomalous dimension �h (5.1) has the same pattern of weights as

the ¯rst curly bracket in (6.2). If we retain only the highest weights 2ðL� 1Þ in
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�h (5.1), we get

2CF ða� 3Þ �s

4�
� 4

15

a

3
þ 1


 �
�4

�s

4�


 �
3

þ �s

4�


 �
4

CRC
3
A

11

4
� 23 þ

472

8505
�6

� �
aþ 451

4
� 23 þ

850

1701
�6

� ��

þ 4dRA 6� 23 �
221

2835
�6

� �
a� 8 12� 23 �

7

405
�6

� �� �
� 96� 23CRCATFnf

	
þ � � �

(the �2
s-term is absent because the corresponding term in �h contains no �2). All

terms are linear in a here. It would be interesting to understand whether this ex-

pression is somehow related to the anomalous dimension of an end of Wilson line in

the N ¼ 4 SYM. The term with nf does not look encouraging in this respect.

7. Light-Like Cusp Anomalous Dimension

The full result up to four loops has been obtained in Ref. 54 and con¯rmed in Ref. 55

from form factor calculations,

Kð�sÞ ¼ 4
�s

4�
CR � CR

�s

4�

CA

3
�2 � 67

3

� �
þ 20

9
TFnf

� �
þ CR

�s

4�


 �
2

�

� C 2
A

3
22�3 þ

11

15
�4 � 134

9
�2 þ 245

2

� �
� 2

3
CATFnf 28�3 �

20

9
�2

��

þ 209

9

�
þ CFTFnf 16�3 �

55

3

� �
� 16

27
ðTFnfÞ2

�
þ �s

4�


 �
3

� �CRC
3
A

902

9
�5 þ 4� 23 þ

44

9
�2�3 �

5236

27
�3 þ

626

2835
�6 � 451

90
�4

��

þ 11050

243
�2 � 42139

162

�
þ 8dRA

110

3
�5 � 12� 23 þ

4

3
�3 �

31

945
�6 � 2

3
�2

� �

þ CRC
2
ATFnf

9
1048�5 þ 112�2�3 �

11552

3
�3 �

44

15
�4 þ 5080

27
�2 � 24137

18

� �

þ CRCFCATFnf 80�5 �
32

3
�2�3 þ

1856

9
�3 �

44

45
�4 þ 110

9
�2 � 17033

81

� �

� 2CRC
2
FTFnf 80�5 �

148

3
�3 �

143

9

� �
� 32

3
dRFnf 10�5 þ 2�3 � �2

� 
þ CRCAðTFnfÞ2

27
2240�3 �

56

5
�4 � 304

9
�2 þ 923

3

� �
� 8

9
CRCF ðTFnfÞ2

� 80�3 �
2

5
�4 � 299

9

� �
þ 64

27
CRðTFnfÞ3 2�3 �

1

3

� ��
þOð�4

sÞ
	
: ð7:1Þ

The terms up to �3
s agree with Ref. 40. Some color structures of the �4

s-contribution

were known earlier, see Table 1. The four-loop CRCFCATFnf -term in Ref. 54 was
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derived from a conjecture, see Sec. 8 for details; in Ref. 55 it was con¯rmed by a direct

calculation. In QED with nf ¼ 0 only the one-loop term remains.

In N ¼ 4 SYM with SUðNcÞ gauge group in the large-Nc limit, the light-like

anomalous dimension is known83 exactly in g2Nc; results up to four loops were de-

rived in Refs. 84, 85 and 79. Up to three loops, these results are su±cient for

reconstructing the full result for an arbitrary gauge group expressed via Casimirs. At

four loops, there are two di®erent Casimirs; the full analytical result has been

obtained in Refs. 54 and 86,

Kð�sÞ ¼ 4
�s

4�
CR � �2

3
CRCA

�s

4�
þ 11

45
�4CRC

2
A

�s

4�


 �
2 � �s

4�


 �
3

�

� 2CRC
3
A 2� 23 þ

313

2835
�6

� �
þ 8dRA 12� 23 þ

31

945
�6

� �� �
þOð�4

sÞ
	
: ð7:2Þ

If we keep only the maximum-weight terms in the QCD result (7.1), we obtain

exactly the SYM result (7.2). So, the principle of maximal transcendentality81,82

works for the light-like cusp anomalous dimension up to four loops.

8. A Conjecture Which Sometimes Works

An interesting property of � up to three loops has been noticed in Refs. 38 and 39.

Let's introduce a new coupling A instead of �s=ð4�Þ,

Kð�sÞ ¼ 4CRA; A ¼ �s

4�
1þK2

�s

4�
þK3

�s

4�


 �
2 þ � � �

h i
;

K2 ¼ CAKA þ TFnfKf ;

K3 ¼ C 2
AKAA þ CATFnfKAf þ CFTFnfKFf þ ðTFnfÞ2Kff ; . . . ;

ð8:1Þ

where Kð�sÞ is the light-like cusp anomalous dimension [see (7.1)], and re-express

�ð�s; ’Þ via it,

�ð�s; ’Þ ¼ �ðA; ’Þ ¼ CR½�1ð’ÞAþ �2ð’ÞA2 þ �3ð’ÞA3 þ � � �
: ð8:2Þ
Then the function � does not depend on nf , i.e. on the number of matter spinor ¯elds

in fundamental representation. Moreover, it remains the same in a generic gauge

theory with any numbers of fermions and scalars (including supersymmetric QCD

extensions). It contains only the adjoint-representation color structures,

�2ð’Þ ¼ CA�Að’Þ; �3ð’Þ ¼ C 2
A�AAð’Þ; . . . : ð8:3Þ

If we write �ð�s; ’Þ as

�ð�s; ’Þ ¼ CR

�s

4�
�1ð’Þ þ �2ð’Þ

�s

4�
þ �3ð’Þ

�s

4�


 �
2 þ � � �

h i
;

�2ð’Þ ¼ CA�Að’Þ þ TFnf�fð’Þ;
�3ð’Þ ¼ C 2

A�AAð’Þ þ CATFnf�Afð’Þ þ CFTFnf�Ffð’Þ
þ ðTFnfÞ2�ffð’Þ; . . . ;
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then

�1ð’Þ ¼ �1ð’Þ; �Að’Þ ¼ �Að’Þ þKA�1ð’Þ; ð8:4Þ
�AAð’Þ ¼ �AAð’Þ þ 2KA�Að’Þ þKAA�1ð’Þ; ð8:5Þ
�fð’Þ ¼ Kf�1ð’Þ; �Ffð’Þ ¼ KFf�1ð’Þ; �ffð’Þ ¼ Kff�1ð’Þ; ð8:6Þ
�Afð’Þ ¼ 2Kf�Að’Þ þKAf�1ð’Þ: ð8:7Þ

For purely gluonic structures �X (X ¼ 1, A, AA), using (8.4){(8.5) we can express

�X via �X and lower-loop results. For the Abelian structures X ¼ 1, f, Ff, ff, the

terms �X are given by diagrams with a single two-leg c-webs (see Sec. 10), and hence

have the pure one-loop angle dependence �1ð’Þ ¼ 4ð’ coth’� 1Þ. In these cases, the

coe±cient of �1 is ¯xed by the ’! 1 limit to be KX; the relations (8.6) hold by

construction, and contain no interesting information. The relation (8.7) is the only

interesting one. It expresses the contribution of highly nontrivial three-loop diagrams

to � via lower-loop contributions. The ’-dependence of �Af is very nontrivial; it

seems absolutely impossible that the relation (8.7) holds accidentally, it must have

some explanation (which is not yet known).

The result of the calculation38,39 is

�1 ¼ 4 ~A1; �A ¼ 8 ~A3 þ ~A2 þ
�2

6
~A1

� �
;

�AA ¼ 16 ~A5 þ ~A4 � ~A2 þ ~B5 þ ~B3 þ
�2

3
ð ~A3 þ ~A2Þ �

�4

180
~A1

� �
;

ð8:8Þ

where ~Ai ¼ AiðxÞ � Aið1Þ, ~Bi ¼ BiðxÞ �Bið1Þ, x ¼ e�’,

A1ðxÞ ¼
�

2
H1ðyÞ;

A2ðxÞ ¼
1

2
H1;1ðyÞ þ

�2

3
� � H0;1ðyÞ þ

1

2
H1;1ðyÞ

� �
;

A3ðxÞ ¼ �� 1

4
H1;1;1ðyÞ þ

�2

6
H1ðyÞ

� �
þ �2

1

2
H1;0;1ðyÞ þ

1

4
H1;1;1ðyÞ

� �
;

A4ðxÞ ¼ �1

4
H1;1;1;1ðyÞ �

�2

6
H1;1ðyÞ þ � 2H1;1;0;1ðyÞ þ

3

2
H0;1;1;1ðyÞ þ

7

4
H1;1;1;1ðyÞ

�

þ �2

3
H0;1ðyÞ þ

�2

6
H1;1ðyÞ þ 3�3H1ðyÞ

�
� �2 2H1;0;0;1ðyÞ þ 2H0;1;0;1ðyÞ

�
þ2H1;1;0;1ðyÞ þH1;0;1;1ðyÞ þH0;1;1;1ðyÞ þ

3

2
H1;1;1;1ðyÞ

�
;
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A5ðxÞ ¼ �
5

8
H1;1;1;1;1ðyÞ þ

�2

4
H1;1;1ðyÞ þ

�4

12
H1ðyÞ

� �
� �2 H1;1;1;0;1ðyÞ

�
þ 3

4
H1;0;1;1;1ðyÞ þH0;1;1;1;1ðyÞ þ

11

8
H1;1;1;1;1ðyÞ þ

�2

6
H1;0;1ðyÞ

þ �2

3
H0;1;1ðyÞ þ

�2

4
H1;1;1ðyÞ þ

3

2
�3H1;1ðyÞ

�
þ �3 H1;1;0;0;1ðyÞ

�
þH1;0;1;0;1ðyÞ þH1;1;1;0;1ðyÞ þ

1

2
H1;1;0;1;1ðyÞ þ

1

2
H1;0;1;1;1ðyÞ

þ 3

4
H1;1;1;1;1ðyÞ

�
;

B3ðxÞ ¼ �H1;0;1ðyÞ þ
1

2
H0;1;1ðyÞ �

1

4
H1;1;1ðyÞ

þ � 2H0;0;1ðyÞ þH1;0;1ðyÞ þH0;1;1ðyÞ þ
1

4
H1;1;1ðyÞ

� �
;

B5ðxÞ ¼
x

1� x2
�4H�1;0;�1;0;0ðxÞ þ 4H�1;0;1;0;0ðxÞ � 4H1;0;�1;0;0ðxÞ
�

þ 4H1;0;1;0;0ðxÞ þ 4H�1;0;0;0;0ðxÞ þ 4H1;0;0;0;0ðxÞ

þ 2�3H�1;0ðxÞ þ 2�3H1;0ðxÞ �
�4

60
H�1ðxÞ �

�4

60
H1ðxÞ

�
;

� ¼ ð1þ x2Þ=ð1� x2Þ, y ¼ 1� x2. Here, H...ðxÞ are harmonic polylogarithms.87

Symbolic manipulations and numerical evaluation of these functions are available in

Mathematica88,89 and Maple.90 Numerical evaluation of multiple polylogarithms

(including harmonic ones) was implemented91 in C++ and used in GiNaC92 (https://

ginac.de/). Numerical evaluation of harmonic polylogarithms was implemented in

Fortran up to weight 493,94 and then up to weight 8.95

At large ’, we have

A1 ¼ ’þ � � � ; A2 ¼
�2

6
þ � � � ; A3 ¼ � �2

6
’� �3 þ � � � ; A4 ¼

19

180
�4 þ � � � ;

A5 ¼
11

180
�4’þ 9

2
�5 �

�2

5
�3 þ � � � ; B3 ¼

7

2
�3 þ � � � ; B5 ¼ 0þ � � � ;

ð8:9Þ
where dots mean exponentially suppressed terms. Subtracting Ai, Bi at ’ ¼ 0

[see (8.11)] to obtain ~Ai, ~Bi, we get

�1 ¼ 4ð’� 1Þ þ � � � ; �A ¼ 8ð1� �3Þ þ � � � ;
�AA ¼ 8ð9�5 � �2�3 � 2�3 þ �2 � 4Þ þ � � � : ð8:10Þ

By construction, only the one-loop term �1 contains the linearly growing contribu-

tion ’, all higher terms are Oð’0Þ. Using the formulas (8.4){(8.7), it is easy to

reconstruct the Oð’0Þ-terms in the large-’ asymptotics (2.20) up to three loops.

A. Grozin
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At small ’, we have

A1 ¼ 1þ ’2

3
� ’4

45
þ 2

945
’6 � ’8

4725
þ 2

93555
’10 þOð’12Þ;

A2 ¼
�2

3
� 2þ ’2

9
� 14

675
’4 þ 304

99225
’6 � 22

55125
’8 þ 26104

540280125
’10 þOð’12Þ;

A3 ¼ � �2

3
þ 1� �2 � 7

2

� �
’2

9
þ �2

3
� 2

5

� �
’4

45
� 2

2835
�2 þ 19

35

� �
’6

þ �2 þ 67

35

� �
’8

14175
� 2

93555

�2

3
þ 1949

1925

� �
’10 þOð’12Þ;

A4 ¼ 2 3�3 þ
�2

3
� 3

� �
þ 2�3 �

�2

27
� 91

54

� �
’2 � 2�3 �

14

135
�2 � 1789

1350

� �
’4

15

þ 4�3 �
304

945
�2 � 250121

66150

� �
’6

315
� 2�3 �

22

105
�2 � 296647

99225

� �
’8

1575

þ 4�3 �
26104

51975
�2 � 352666739

40020750

� �
’10

31185
þOð’12Þ;

A5 ¼ �3�3 þ
�4

6
� 2

3
�2 þ 2� 2�3 �

�4

18
þ 5

27
�2 � 65

54

� �
’2

� �3 þ
�4

54
� 41

405
�2 � 1649

2025

� �
’4

5
þ 2�3 þ

�4

45
� 349

1575
�2 � 6401

18375

� �
’6

63

� �3 þ
�4

126
� 32

245
�2 þ 38959

138915

� �
’8

225

þ 2�3 þ
�4

81
� 5683

18711
�2 þ 232902262

180093375

� �
’10

3465
þOð’12Þ;

B3 ¼ 4þ 5

54
’2 � 889

40500
’4 þ 80299

20837250
’6 � 357533

625117500
’8 þ 10632271

138671898750
’10

þOð’12Þ;

B5 ¼
3

2
�3 � �3 þ

1

6

� �
’2

3
þ 11�3 þ

31

12

� �
’4

225
� 202�3 þ

143

3

� �
’6

33075

þ 13�3 þ
7739

2916

� �
’8

18375
� 2026

7
�3 þ

1261

27

� �
’10

3675375
þOð’12Þ;

ð8:11Þ
and hence

�1 ¼ 4
’2

3
� ’4

45
þ 2

945
’6 � ’8

4725
þ 2

93555
’10

� �
þOð’12Þ;

�A ¼ 4 � �2

9
� 1

� �
’2 þ ð�2 � 8Þ ’

4

135
� 2

2835
�2 � 38

5

� �
’6 þ �2 � 262

35

� ��

� ’8

14175
� 2

280665
�2 � 262

35

� �
’10

�
þOð’12Þ;
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�AA ¼ 4 � 4�3 �
�4

5
þ 2

3
�2 þ 20

3

� �
’2

3
� 256

5
�3 þ

�4

5
� 28

9
�2 � 706

15

� �
’4

45

�

þ 2

945

2536

35
�3 þ

�4

5
� 62

9
�2 � 10826

315

� �
’6

� 368

49
�3 þ

�4

63
� 76

81
�2 � 33398

35721

� �
’8

375

þ 2

467775

32248

55
�3 þ �4 � 3994

45
�2 þ 36182402

363825

� �
’10

�
þOð’12Þ:

ð8:12Þ
It is easy to reconstruct small-’ expansions of all color structures of � up to three

loops up to ’10 (more terms can be added if desired).

If has been conjectured38,39 that this structure holds at higher orders. At four

loops, we have

K4 ¼ C 3
AKAAA þ dRA

CR

KdRA

þ C 2
ATFnfKAAf þ CFCATFnfKFAf þ C 2

FTFnfKFFf þ
dRF

CR

nfKdRF

þ CAðTFnfÞ2KAff þ CF ðTFnfÞ2KFff þ ðTFnfÞ3Kfff :

The quartic-Casimir terms here do not look nice because the \universal" coupling A

depends on R. We should, probably, suppose

�4ð’Þ ¼ C 3
A�AAAð’Þ þ

dRA

CR

�dRAð’Þ

(it is also R-dependent). Then for

�4 ¼ C 3
A�AAA þ dRA

CR

�dRA

þ C 2
ATFnf�AAf þ CFCATFnf�FAf þ C 2

FTFnf�FFf þ
dRF

CR

nf�dRF

þ CAðTFnfÞ2�Aff þ CF ðTFnfÞ2�Fff þ ðTFnfÞ3�fff

the conjecture results in

�AAA ¼ �AAA þ 3KA�AA þ ð2KAA þK 2
AÞ�A þKAAA�1;

�dRA ¼ �dRA þKdRA�1;
ð8:13Þ

�FFf ¼ KFFf�1; �Fff ¼ KFff�1; �fff ¼ Kfff�1; ð8:14Þ
�AAf ¼ 3Kf�AA þ 2ðKAf þKAKfÞ�A þKAAF�1;

�dRF ¼ KRF�1;
ð8:15Þ

�FAf ¼ 2KFf�A þKFAf�1;

�Aff ¼ ð2Kff þK 2
fÞ�A þKAff�1:

ð8:16Þ

A. Grozin
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The Abelian terms �FFf , �Fff and �fff are given by the diagrams containing a single

two-leg c-web, and hence have the one-loop ’-dependence �1ð’Þ (see Sec. 10). So, the
relations (8.14) hold by construction.

The ¯rst two terms of the small-’ expansion of �dRF have been obtained in

Ref. 56. It has been proved that the relation (8.15) for �dRF does not hold. Later,

the third term of this expansion50, the large-’ limit58,59 and, ¯nally, the full

’-dependence57 have been obtained. The ’-dependence is extremely complicated,

and certainly does not satisfy the relation in (8.15). The relation (8.15) for �AAf is

also wrong, as demonstrated in Ref. 50 by the calculation of two terms in the small-’

expansion. These two structures get contributions from diagrams containing a light-

quark box. Maybe, such diagrams are the reason for breaking the conjecture.

However, the two remaining structures, �FAf and �Aff , pass all existing tests, and

seem to agree50 with the relations (8.16). For �Aff , three terms of the small-’ ex-

pansion50 and the large-’ limit48,51,52 are known, so that there are three analytical

checks of the corresponding relation in (8.16). For �FAf , two terms of the small-’

expansion are known50; the large-’ limit KFAf was only known numerically at the

moment.61 So, there was only one analytical and one numerical check. The analytical

form of KFAf has been predicted50 on the basis of the conjecture, and later con-

¯rmed55 by a direct calculation. It seems that there can be little doubt that the

relations (8.16) for the full ’-dependence of �FAf and �Aff are valid. If we believe in

this statement, we can get many terms of small-’ expansions of these structures

using (8.12), and their large-’ asymptotics including the Oð’0Þ-terms using (8.10).

9. Euclidean Angle Near �

In a paper,96 the authors have noticed that the two-loop cusp anomalous dimension �

at Euclidean angle �! � is related to the one-loop static quark{antiquark

potential V ðrÞ,

�ð�� �Þ ¼ rV ðrÞ
�

: ð9:1Þ

The proof of these relations to all orders given in this paper is incorrect: we shall see

that it breaks down for the three-loop �.

In fact, this relation follows from conformal symmetry38,39 (which is broken in

QCD by the conformal anomaly). Let's consider the Euclidean space with the metric

ds2 ¼ dx2
0 þ dx2:

In spherical coordinates,

x0 ¼ r cos �; x ¼ rn sin �; ds2 ¼ dr2 þ r2ðd�2 þ sin2� dn2Þ:
We assume � � 1 and introduce the new coordinates y by

r ¼ ey0 ; y ¼ �n; ds2 ¼ e2y0ðdy 2
0 þ dy2Þ:

This metric is conformally °at.

QCD cusp anomalous dimension: Current status
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Let's consider a Wilson line in x-space having the shape of a small angle � (the

x0-axis is directed upward). We introduce a UV cuto® xUV
0 close to the angle and an

IR cuto® xUV
0 far from it. Then

logW ¼ � log
x IR
0

xUV
0

: ð9:2Þ

In y-space, it looks like a pair of antiparallel lines at a distance y from each other:

and

logW ¼ V ðyÞðy IR
0 � yUV

0 Þ: ð9:3Þ
If our theory is conformally invariant, these Wilson lines coincide, and

�ð�� �Þ ¼ yV ðyÞ
�

; ð9:4Þ

where y ¼ jyj. Due to conformal symmetry, V ðyÞ ¼ const=y. We can also re-write

this relation in momentum space,

�ð�� �Þ ¼ q2V ðqÞ
4��

ð9:5Þ

[the momentum-space potential is V ðqÞ ¼ const=q2]. In N ¼ 4 SYM (which is

conformally symmetric), the three-loop �ð�� �Þ38,39 agrees with the two-loop V .97

Let's introduce the conformal anomaly �ð�sÞ by

4��ð�sðjqjÞÞ ¼ ½��ð�sðjqjÞ; �� �Þ
�!0 �
q2V ð�sðjqjÞ;qÞ

4�
: ð9:6Þ

In QCD at three loops � can be obtained from the general result (8.8) using the

asymptotics � ¼ �� �, � ! 0 of Ai, Bi [see (A.13) in Ref. 50]. The result is39

�ð�sÞ ¼
4

27
�0CRð47CA � 28TFnfÞ

�s

4�


 �
3 þOð�4

sÞ: ð9:7Þ

It vanishes when �0 ¼ 0. In QCD (as well as in QED and many other gauge theories)

conformal symmetry is anomalous, broken by the �-function. Therefore, it seems

reasonable to assume39 that, similarly to the Crewther relation,98{100 the conformal

anomaly has the form

�ð�sÞ ¼ �ð�sÞCð�sÞ: ð9:8Þ
In addition to the �2

s-term (9.7) of C, several color structures of the �3
s-term are

known50 [the three-loop V ðqÞ101{103 is used],

Cð�sÞ ¼
4

27
CRð47CA � 28TFnfÞ

�s

4�


 �
2
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þ 4CR xAAC
2
A � 5�3 þ

�4

6
� 79

648

� �
CATFnf þ

2

3
19�3 þ

�4

10
� 1711

48

� ��

�CFTFnf þ
8

9
�3 þ

58

27

� �
ðTFnfÞ2

�
�s

4�


 �
3 þOð�4

sÞ;
ð9:9Þ

where xAA is unknown (and, in fact, ill-de¯ned, see Sec. 9.1).

The coe±cient of CF in the �2
s-term of C, as well as that of C 2

F in the �3
s-term of

C, vanishes; this follows from a more general result (Sec. 13). The coe±cient of

ðTFnfÞ2 in the �3
s-term of C follows from �fff which is known (Sec. 11); the fac-

torized form (9.8) requires a de¯nite result for �Aff in the limit � ! 0 which agrees

with the conjecture (8.16). This is one more con¯rmation of this conjecture for �Aff

[if we believe in (9.8)]. The coe±cient of CFTFnf in the �3
s-term of C follows from

�Fff which is known (Sec. 12); the factorized form (9.8) requires a de¯nite result for

�FAf in the limit � ! 0 which agrees with the conjecture (8.16). This is one more

con¯rmation of this conjecture for �FAf [if we believe in (9.8)]. The coe±cient of

CATFnf in the �3
s-term of C follows from the conjectured (8.16) result for �Aff in the

limit � ! 0. If we believe in (9.8), there is no dRFnf -term in �ð�sÞ at four loops; the
full ’-dependence of this structure is known57, but it is extremely complicated, and

this conjecture has not been explicitly checked yet.

In a recent paper,104 it was proposed to represent Cð�sÞ in the form

Cð�sÞ ¼
X1
n¼0

Cnð�sÞ½�ð�sÞ
n; ð9:10Þ

where Cnð�sÞ are series in �s whose coe±cients don't contain TFnf . In fact, an

arbitrary series

Cð�sÞ ¼
X1
n¼1

PnðTFnfÞ
�s

4�


 �
nþ1 ð9:11Þ

[where PnðxÞ is a polynomial of degree n] can be reduced to the form (9.10) by a

simple algorithm. In P1, we express TFnf via

�ð�sÞ �
X1
n¼1

�n
�s

4�


 �
nþ1

(note that �n�1 is a polynomial in TFnf of degree n) and update P�2ðTFnfÞ by

incorporating this sum. Then we repeat the same step for P2, and so on. At the Nth

step, three kinds of terms appear:

. ½�ð�sÞ
m with coe±cients not containing ��1 (m 2 ½0;N
); these terms become a

part of the ¯nal result.

. ½�ð�sÞ
m times some series having the form (9.11) (m 2 ½1;N � 1
); for these series,
we call the algorithm recursively.

. Terms without �ð�sÞ containing ��1; they are absorbed into P�Nþ1ðTFnfÞ.
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As a result, we get the desired form (9.10), and this representation is unique. This is

not a physical statement, but a simple algebraic fact. Let's stress that here we

discuss the dependence on TFnf only; nf can appear in other contexts, such as

dabcd
F nf (light-by-light).

9.1. CRC
3
A®

4
s logðð�ÞÞ/�-term

At four loops, a CRC
3
A�

4
s logð�Þ=�-term appears105 in �ð�� �Þ. It is similar to the

three-loop logð�rÞ-term in the potential.106,107

Let's consider a cusped Wilson line in Minkowski space [Fig. 3(a)]. It is formed by

the static quark and antiquark worldlines r ¼ 0 and r ¼ ut, where u is a small

relative velocity (u ¼ juj � 1). At the end of the calculation, we'll analytically

continue the result to Euclidean space (u ¼ i�). We neglect all terms suppressed by

powers of u. It is convenient to use Coulomb gauge. The static quark and antiquark

interact by exchanging instantaneous Coulomb gluons,

V ðqÞ ¼ �CF

g2
0

q2
; V ðrÞ ¼ �CF0

g2
0

4�

1

r1�2"
ð9:12Þ

(the power of r is obvious from dimensions counting). Here and below, i ¼ 1þOð"Þ
are some normalization factors (we don't need their exact form).

Transverse gluons interact only with Coulomb ones, but not with the static

quarks. The ¯rst transverse-gluon contribution is shown in Fig. 3(b). Here T is an

infrared cuto®. We use the method of regions to analyze this contribution. In the

ultrasoft region t1 � t2 � t2 � t1; Coulomb-gluon characteristic momentum is

q � 1=ðut1;2Þ, and the transverse-gluon characteristic momentum is k � 1=t1;2 � q.

In the soft region t2 � t1 � ut1;2, and k � 1=ðt2 � t1Þ � q. To determine the coe±-

cient of the logarithm in the 1=�-term in �ð�� �Þ, it turns out to be su±cient to

consider the ultrasoft region. Neglecting k in the three-gluon vertex, we obtain in

momentum and coordinate spaces

Fig. 3. (a) The Wilson line describing production of a heavy quark{antiquark pair with a small relative

velocity u. (b) The ¯rst transverse-gluon contribution.
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The ratio of the Wilson line [Fig. 3(b)] to the one without the transverse-gluon

correction is 1þRus þRsoft. The ultrasoft contribution is

Rus ¼
Z T

0

dt2

Z t2

0

dt1Kðt1; t2Þ; ð9:14Þ

where

Kðt1; t2Þ ¼
1

4
CFC

2
A

2
0

g6
0

ð4�Þ2
r i1

r1�2"
1

rj2
r1�2"
2

Dijðvðt2 � t1ÞÞexp �i

Z t2

t1

dt�V ðutÞ
" #

ð9:15Þ

[v ¼ ð1;0Þ is the four-velocity of our small dipole]. During the time interval between t1
and t2, the static quark{antiquark pair is in the adjoint color state instead of the

singlet one, and their leading-order interaction potential VoðrÞ is obtained from the

expression for the singlet potential V ðrÞ (9.12) by replacing the color factor CF with

CF � CA=2. Therefore, we get the integral of �V ðrÞ ¼ VoðrÞ � V ðrÞ. The character-

istic sizes of the regions of the transverse-gluon emission and absorption are� ut1;2; we

neglect them, so that this gluon propagates between the points vt1 and vt2:

DijðvtÞ ¼ 8ði=2Þ2" �ð2� "Þ
3� 2"

t�2þ2"

ð4�Þ2�" �
ij: ð9:16Þ

We obtain

Kðt1; t2Þ ¼
2

3
CFC

2
A1

g6
0

ð4�Þ4 u
4"t2"1 t2"2 ðt2 � t1Þ�2þ2"exp � i

4
CA0

g2
0

4�

t2"2 � t2"1
"u1�2"

� �
:

ð9:17Þ
Now we consider just a single Coulomb-gluon exchange between t1 and t2,

Kð1Þðt1; t2Þ ¼ � i

6
CFC

3
A2

g8
0

ð4�Þ5
t2"1 t2"2 ðt2"2 � t2"1 Þðt2 � t1Þ�2þ2"

"u1�6"
: ð9:18Þ

Calculating the integral (9.14) by the substitutions t1 ¼ xt2, we obtainZ 1

0

dxx2"ð1� x2"Þð1� xÞ�2þ2" ¼ �ð1þ 2"Þ
1� 2"

3
�ð1þ 4"Þ
�ð1þ 6"Þ � 2

�ð1þ 2"Þ
�ð1þ 4"Þ

� �
¼ 1þOð"Þ;

ð9:19Þ
and therefore

R ð1Þ
us ¼ � i

48
CFC

3
A3

g8
0

ð4�Þ5
T 8"

"2u1�6"
: ð9:20Þ

The soft contribution is nearly local in time (t2 � t1 � ut1;2 � t1;2), and can be

described by a soft potential. For a single Coulomb exchange between t1 and t2, it is

V
ð1Þ
softðrÞ ¼ cCFC

3
A

g8
0

r1�8"
ð9:21Þ

by counting dimensions, so that

R
ð1Þ
soft ¼ �i

Z T

0

dtV
ð1Þ
softðutÞ ¼ �icCFC

3
A

g8
0T

8"

8"u1�8"
: ð9:22Þ
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The double pole 1="2 should cancel in Rð1Þ ¼ R
ð1Þ
us þR

ð1Þ
soft; this ¯xes the 1="-term in c,

and we obtain

Rð1Þ ¼ � i

48
CFC

3
A

g8
0T

8"

ð4�Þ5
3u

6" � 4u
8"

"2u

¼ i

24
CFC

3
A

�4
sð�Þð�T Þ8"

4�

loguþ const

"u
: ð9:23Þ

This leads to the following contribution to �:

�� ¼ � i

3
CFC

3
A

�4
s

4�

loguþ const

u
: ð9:24Þ

Finally, analytically continuing it to Euclidean space (’E ¼ �þ i’M , ’M ¼ u) and

replacing CF ! CR, we obtain105

��ð�� �Þ ¼ � 1

3
CFC

3
A

�4
s

4�

log � þ const

�
: ð9:25Þ

This contribution does not allow us to take the limit � ! 0 in (9.6). Higher orders

in �s will contain higher powers of log �. Hopefully, summing terms with the leading

powers of log � to all orders will produce a ¯nite result for ��ð�� �Þ, in which log�s

will appear in place of log �.

10. Higher-Loop Abelian Results: Two-Leg c-Webs

In general, logW is given by the sum of webs (3.8). For some families of Abelian color

structures, only two-leg c-webs (3.6) contribute. We can work in QED. The full

photon propagator is

(only the zero-order propagator is gauge-dependent; here and below, we use Landau

gauge). The photon self-energy is the sum of 1PI diagrams,

The MS charge renormalization is

A0 ¼ �2"
�ð�Þ
4�

Z�ð�ð�ÞÞ: ð10:3Þ
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We can select a subset S of Abelian color structures of the gluon propagator which

satis¯es two conditions:

(1) the contributions of the color structures CR � S to bare logW are given by two-

leg c-webs only [see (3.5)];

(2) no color factor C 62 S being multiplied by a color factor in Z� can produce a color

factor C0 2 S.

The contribution of the color structures S to the gluon propagator is

D��
S ðkÞ ¼

X1
L¼0

d
ðLÞ
S D��

L ðkÞAL
0 ;

D��
L ðkÞ ¼ 1

ð�k2Þ1þL"
g�� þ k�k�

�k2

� �
;

ð10:4Þ

where d
ðLÞ
S are products of some color structures of �L0 . In coordinate space,

D��
L�1ðxÞ ¼

i

ð4�Þd=2
�ð1� uÞ

�ð2þ u� "Þ

� 21�2u

ð�x2Þ1�u
ð1þ 2ðu� "ÞÞg�� � 2ð1� uÞ x

�x�

�x2

� �
: ð10:5Þ

Here and below

u ¼ L": ð10:6Þ

10.1. HQET ¯eld anomalous dimension

For a straight Wilson line in Euclidean time (t ¼ �i�),

A ¯nite t provides an IR cuto®; the region t2 � t1 ! 0 gives a UV divergence. Re-

expressing wSð�Þ via �sð�Þ using (10.3) [say, with � ¼ ð2=�Þe��] and using wSð�Þ ¼
ðlogZhÞS þOð"0Þ (2.11), we obtain ðlogZhÞS (it does not depend on �) and hence ð�hÞS .

Alternatively, we can work in momentum space. The Fourier image of

wSðtÞ (10.7) is
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This result can be derived in momentum space using14

1

i�d=2

Z
ddk

½�2ðk � vþ !Þ
n1ð�k2Þn2
¼ Iðn1;n2Þð�2!Þd�n1�2n2 ;

Iðn1;n2Þ ¼
�ðn1 þ 2n2 � dÞ� d

2 � n2

� 
�ðn1Þ�ðn2Þ

;

ð10:9Þ

or by Fourier transforming (10.7). Now a nonzero ! provides an IR cuto®; the region

k ! 1 gives a UV divergence which coincides with that of (10.7). Re-expressing ~wSð�Þ
via �sð�Þ using (10.3) (say, with � ¼ �2!) and using ~wSð!Þ ¼ ðlogZhÞS þOð"0Þ, we
obtain ðlogZhÞS (it does not depend on !) and hence ð�hÞS.

The renormalization constant can be written as

ðlogZhÞS ¼
X1
n¼1

zhn
"n

; zhn ¼ Oð�n
s Þ: ð10:10Þ

Only zh1 is needed in order to obtain

�hð�sÞ ¼ �2
dzh1ð�sÞ
d log�s

; ð10:11Þ

higher zhn contain no new information, and are uniquely reconstructed from zh1 using

self-consistency conditions.

10.2. Cusp anomalous dimension

For a cusped Wilson line, we have (�t < 0 < t0)

and
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Let's denote (�t < �t1 < 0 < t2 < t0)

When expressed via the renormalized quantities, VSðt; t0; ’Þ ¼ ðlogZJð’ÞÞSþ
ðlogZhÞS þOð"0Þ. Therefore, �V Sðt; t0; ’Þ ¼ VSðt; t0; ’Þ � VSðt; t0; 0Þ ¼ ðlogZJð’ÞÞSþ
Oð"0Þ, where ðlogZJð’ÞÞS does not depend on t and t0 and is gauge-invariant.

Note that

VSðt; t0; 0Þ ¼ wSðtþ t0Þ � wSðtÞ � wSðt0Þ ¼ �ðlogZhÞS þOð"0Þ: ð10:15Þ
For calculating the anomalous dimension we need ¯nite � , � 0 as IR regulators. We

may set � 0 ¼ � in order to have a simpler single-scale problem,53

VLð1; ’Þ ¼ �2e�ð"�2uÞ �ð1� uÞ
�ð2þ u� "Þ ½I1ðu; ’Þð2þ u� 2"Þ cosh’þ I2ðu; ’Þð1� uÞ
;

ð10:16Þ

I1ðu; ’Þ ¼
Z 1

0

dt1

Z 1

0

dt2ðe’=2t1 þ e�’=2t2Þ�1þuðe�’=2t1 þ e’=2t2Þ�1þu

¼ e�2u’

4u2 sinh’
ðg1ðu; ’Þ � g2ðu; ’ÞÞ;

I2ðu; ’Þ ¼
Z 1

0

dt1

Z 1

0

dt2ðe’=2t1 þ e�’=2t2Þuðe�’=2t1 þ e’=2t2Þ�2þu

¼ 1

2uð1� uÞ 1þ e�2u’

2 sinh’
ðe�’g1ðu; ’Þ � e’g2ðu; ’ÞÞ

� �
;

I1ðu; 0Þ ¼ I2ðu; 0Þ ¼
2� 22u

2uð1� 2uÞ ;
g1ðu; ’Þ ¼ ðe’ þ 1Þ2uf1ðu; 1� e’Þ � f1ðu; 1� e2’Þ;
g2ðu; ’Þ ¼ ðe’ þ 1Þ2uf2ðu; 1� e’Þ � f2ðu; 1� e2’Þ;
f1ðu;xÞ ¼ 2F1

�2u;�u

1� 2u

����x
� �

¼ 1þ 2Li2ðxÞu2 þOðu3Þ;

f2ðu;xÞ ¼ 2F1

�2u; 1� u

1� 2u

����x
� �

¼ 1þ 2 logð1� xÞu
þ ðlog2ð1� xÞ � 2Li2ðxÞÞu2 þOðu3Þ:

ð10:17Þ

Using (10.17) we get the equality (10.15). The UV divergence (u ¼ L", "! 0) of

VLð1; ’Þ (10.16) is

VLð1; ’Þ ¼ � 2’ coth’þ 1

u
þOð1Þ: ð10:18Þ
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Alternatively, we can work in momentum space. The Fourier image of

VSðt; t0; ’Þ (10.14) is

We have ~�V Sð!; !0; ’Þ ¼ ~V Sð!; !0; ’Þ � ~V Sð!; !0; 0Þ ¼ ðlogZJð’ÞÞS þOð"0Þ, where

ðlogZJð’ÞÞS does not depend on ! and !0 and is gauge-invariant. Note that

~V Sð!; !0; 0Þ ¼ � ! ~wSð!Þ � !0 ~wSð!0Þ
!� !0 ¼ �ðlogZhÞS þOð"0Þ ð10:20Þ

[this result can be derived by separating partial fractions in the loop integrand or by

Fourier transforming (10.15)].

The scalar Feynman integrals in ~VLðy; ’Þ can be reduced108 to three master

integrals, among which two are trivial (10.9) and one nontrivial,

~VLðy; ’Þ ¼ � 2e�"

ð1þ u� "Þð2 cosh’� y� y�1Þ f2½ð1� "Þð2 cosh’� y� y�1Þ cosh’
þuðcosh’� yÞðcosh’� y�1Þ
IðyÞ þ ½ðcosh’� yÞy�u

þðcosh’� y�1Þyu
Ið2; 1þ u� "Þg;

IðyÞ ¼ ð4!!0Þu
i�d=2

Z
ddk

½�2ðk � vþ !Þ
½�2ðk � v0 þ !0Þ
ð�k2Þ1þu�" :

ð10:21Þ
In anomalous dimension calculations, nonzero !, !0 are needed only as IR regulators,

and we may set !0 ¼ ! in order to have a simpler single-scale problem. The master

integral Ið1Þ (10.21) is then expressed108 via a hypergeometric function, and the

result is47

~VLð1; ’Þ ¼ �2e�"
Ið2; 1þ u� "Þ

1þ u� "
f½ð2þ u� 2"Þ cosh’� u
Fðu; ’Þ þ 1g;

Fðu; ’Þ ¼ 2F1

1; 1� u
3
2

 ����� 1� cosh’

2

!
; F ð0; ’Þ ¼ ’

sinh’
:

ð10:22Þ

At ’ ¼ 0 [F ðu; ’Þ ¼ 1] we get (10.20) (at !0 ¼ ! it becomes a derivative). The UV

divergence of ~VLð1; ’Þ (10.22) is the same as that of VLð1; ’Þ (10.18).
The hypergeometric function Fðu; ’Þ (10.22) has been expanded109 in u to all

orders,a the coe±cients are expressed via Nielsen polylogarithms SnmðxÞ. The re-

sult109 is written for the case of a Euclidean angle, its analytical continuation to

Minkowski angles is111

aThere is a typo in this formula. It has been corrected in Ref. 110 and in v4 of the arXiv preprint.
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F ðu; ’Þ ¼ 1

sinh’ð2 coshð’=2ÞÞ2u
sinhð’uÞ

u

�

� e�’u
X1
n¼1

un
Xn
m¼1

ð�2Þn�mSm;n�mþ1ð�e’Þ

þ e’u
X1
n¼1

un
Xn
m¼1

ð�2Þn�mSm;n�mþ1ð�e�’Þ
#
: ð10:23Þ

It is possible to re-express this expansion in terms of Nielsen polylogarithms

of just one argument (see Ref. 112 or http://functions.wolfram.com/Zeta-

FunctionsandPolylogarithms/PolyLog3/17/01/), but then the symmetry ’! �’
will not be explicit.

10.3. Potential

We shall need also some formulas for the static quark{antiquark potential in order to

discuss the conformal anomaly �ð�sÞ. The Wilson loop in Fig. 4(a) described the

following sequence of events: a static (HQET) particle in a color representation R

and its antiparticle are created at a distance r at the moment t ¼ 0; they stay at

these positions for a time T 	 r; and ¯nally, they are annihilated at the moment T .

This pair has the energy V ðrÞ, and for large T we have

logW ¼ �iV ðrÞT : ð10:24Þ

Due to exponentiation (Sec. 3), logW is equal to the sum of webs. Here, we shall

consider Abelian color structures for which only two-leg webs [Figs. 4(b) and 4(c)]

contribute. We are not interested in contributions where the gluon is attached to the

lower horizontal Wilson line or to the upper one ��� such contributions don't scale

as T . The diagram in Fig. 4(b) describes not a quark{antiquark potential but the

Fig. 4. The Wilson loop determining the quark{antiquark potential.
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residual mass term of an HQET particle; it vanishes in dimensional regularization.

The ¯rst contribution of a four-leg web is shown in Fig. 4(d).

It is convenient to use the Coulomb gauge. The full Coulomb photon

propagator is

DðqÞ ¼ 1

1� �ðq2Þ
1

q2
: ð10:25Þ

The photon self-energy �ðq2Þ is gauge-invariant in QED, so we may use the same

�ðq2Þ (10.2) as in covariant gauges. Integration in one of the two times in Fig. 4(c)

gives T ; integration in the other time gives

V ðrÞ ¼ �e2
0

Z þ1

�1
dtDðt; rÞ ¼

Z
dd�1q

ð2�Þd�1
eiq�rV ðqÞ; ð10:26Þ

where the momentum-space potential is

V ðqÞ ¼ �e2
0DðqÞ; q ¼ ð0;qÞ: ð10:27Þ

It is ¯nite, because in QED Z� ¼ Z�1
A . The contribution of a subset S of color

structures is

VSðqÞ ¼ �ð4�Þd=2e�"
X1
L¼1

d
ðL�1Þ
S

ðq2Þ1þðL�1Þ" A
L
0 : ð10:28Þ

11. Leading Large-�0 Order

Let's consider terms with the leading powers of nf to all orders in �s:

S ¼ fðTFnfÞL;L � 0g. It is su±cient to consider QED: CF ¼ TF ¼ 1, CA ¼ 0 and

�0 ¼ � 4
3 nf . Let's introduce

b ¼ �0
�

4�
: ð11:1Þ

We assume b � 1 and take into account all powers of b; 1=�0 � 1 is our small

parameter, and we consider only a few terms in expansions in 1=�0. This large-�0
limit is reviewed in Chap. 8 of Ref. 14.

The photon self-energy �0ðk2Þ at the leading large-�0 (L�0) order is � 1,

The charge renormalization in the MS scheme (10.3) is

�0A0 ¼ bZ�ðbÞ�2": ð11:3Þ
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At the L�0 order, we can solve the RG equation (the �-function is b)

d logZ�ðbÞ
d log b

¼ � b

"þ b

and obtain

Z�ðbÞ ¼
1

1þ b="
: ð11:4Þ

11.1. HQET ¯eld anomalous dimension

The diagrams for wS and VS include only �0-insertions in the photon propagator

(Fig. 5): d
ðLÞ
S ¼ �L

0 . We can write the two-leg web ~wð!Þ in the form

~wð!Þ ¼ 1

�0

X1
L¼1

~f ð";L"Þ
L

½�0ðk2Þ
L þO 1

� 2
0

� �
ðk2 ¼ ð�2!Þ2Þ; ð11:5Þ

~f ð";uÞ ¼ u ~wL

Dð"Þ ¼
3 1� 2

3 "
� 

2�ð2� 2"Þ�ð1� uÞ�ð1þ 2uÞ
ð1� "Þð1� 2uÞ�2ð1� "Þ�ð1þ "Þ�ð2þ u� "Þ : ð11:6Þ

Expressing it via �ð�Þ using (11.3) with � ¼ ð�2!ÞDð"Þ�1=ð2"Þ ! ð�2!Þe�5=6

using (11.4), we have

~wð!Þ ¼ 1

�0

X1
L¼1

~f ð";L"Þ
L

b

"þ b

� �
L

þO 1

� 2
0

� �
: ð11:7Þ

The function ~f ð";uÞ (11.6) is regular at " ¼ u ¼ 0,

~f ð";uÞ ¼
X1
n¼0

X1
m¼0

~fnm"
num: ð11:8Þ

We also expand ½b=ð"þ bÞ
L in b and get a quadruple series for ~wð!Þ. When selecting

"�1-terms in order to obtain zh1, all coe±cients but ~fn0 cancel,

zh1ðbÞ ¼ � 1

�0

X1
n¼0

~fn0

nþ 1
ð�bÞnþ1 þO 1

� 2
0

� �
;

so that

�hðbÞ ¼ �2
b

�0
~f ð�b; 0Þ þO 1

� 2
0

� �
: ð11:9Þ

Fig. 5. Typical diagrams for �h and �ð’Þ at L�0 order.
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Finally, we obtain44

�hðbÞ ¼ �6
b

�0
�0ðbÞ þO 1

� 2
0

� �
; ð11:10Þ

�0ðbÞ ¼
ð1þ 2

3 bÞ2�ð2þ 2bÞ
ð1þ bÞ2�3ð1þ bÞ�ð1� bÞ ¼ 1þ 4

3
b� 5

9
b2 � 2 �3 �

1

3

� �
b3

þ �4

10
� 8�3 �

7

3

� �
b4

3
� 2 3�5 �

�4

45
� 5

9
�3 �

4

9

� �
b5

þ 2� 23 þ
2

189
�6 � 8�5 �

�4

54
� 4

3
�3 � 1

� �
b6 þOðb7Þ: ð11:11Þ

It is absolutely trivial to extend this expansion to any desired order. This is the

Landau-gauge result; in order to obtain the result in an arbitrary covariant gauge, one

should add the trivial one-loop term proportional to a. Restoring the color factors

�h ¼ �6CR

�s

4�
�0ðbÞ þ � � � ; b ¼ � 4

3
TFnf ; ð11:12Þ

we reproduce the corresponding terms in (5.1).

Alternatively, we can work in coordinate space,

wð�Þ ¼ 1

�0

X1
L¼1

fð";L"Þ
L

½�0ðk2Þe�"
L þO 1

� 2
0

� �
ðk2 ¼ ð2=�Þ2Þ;

fð";uÞ ¼ uwL

Dð"Þ ¼
3ð1� 2

3 "Þ2�ð2� 2"Þ�ð1þ uÞ
ð1� "Þð1� 2uÞ�2ð1� "Þ�ð1þ "Þ�ð2þ u� "Þ ;

see (10.7). Choosing � ¼ ð2=�Þe��Dð"Þ1=ð2"Þ ! ð2=�Þe���5=6, we obtain

wð�Þ ¼ 1

�0

X1
L¼1

fð";L"Þ
L

b

"þ b

� �
L

þO 1

� 2
0

� �
;

fð�b; 0Þ ¼ ~f ð�b; 0Þ, so we get the result (11.11) again.

11.2. Cusp anomalous dimension

We can write ~�V ð!; !; ’Þ in the form [ ~�V ð’Þ ¼ ~V ð1; ’Þ � ~V ð1; 0Þ]

~�V ð!; !; ’Þ ¼ 1

�0

X1
L¼1

~f ð";L"; ’Þ
L

½�0ðk2Þ
L þO 1

� 2
0

� �
ðk2 ¼ ð�2!Þ2Þ;

~f ð";u; ’Þ ¼ u ~�V ð’Þ
Dð"Þ ¼ � ð1� 2

3 "Þ�ð2� 2"Þ�ð1� uÞ�ð1þ 2uÞ
ð1� "Þ�2ð1� "Þ�ð1þ "Þ�ð2þ u� "Þ

� ½ðð2þ u� 2"Þ cosh’� uÞF ðu; ’Þ � 2ð1� "Þ
;

ð11:13Þ

see (10.22). We re-express the result via the renormalized b,

~�V ð!; !; ’Þ ¼ 1

�0

X1
L¼1

~f ð";L"; ’Þ
L

b

"þ b

� �
L

þO 1

� 2
0

� �
;
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expand ~f ð";u; ’Þ in " and u and ½b=ð"þ bÞ
L in b. When selecting "�1-terms in order

to obtain zJ1, all coe±cients but ~fn0ð’Þ cancel,

zJ1ðb; ’Þ ¼ � 1

�0

X1
n¼0

~fn0ð’Þ
nþ 1

ð�bÞnþ1 þO 1

� 2
0

� �
;

~f ð"; 0; ’Þ ¼
X1
n¼0

~fn0ð’Þ"n ¼ �2ð’ coth’� 1Þf̂ ð"Þ;

f̂ ð"Þ ¼
X1
n¼0

f̂ n"
n; ~fn0ð’Þ ¼ �2ð’ coth’� 1Þf̂ n:

Therefore, at L�0 order, we obtain45,46

�ðb; ’Þ ¼ 4ð’ coth’� 1Þ b

�0
�0ðbÞ þO 1

� 2
0

� �
;

�0ðbÞ ¼ f̂ ð�bÞ ¼ ð1þ 2
3 bÞ�ð2þ 2bÞ

ð1þ bÞ�3ð1þ bÞ�ð1� bÞ ¼ 1þ 5

3
b� b2

3
� 2�3 �

1

3

� �
b3

þ �4

10
� 10�3 � 1

� �
b4

3
� 6�5 �

�4

18
� 2

3
�3 �

1

3

� �
b5

þ 2� 23 þ
2

189
�6 � 10�5 �

�4

90
� 2

3
�3 �

1

3

� �
b6 þOðb7Þ:

ð11:14Þ
It is absolutely trivial to extend this expansion to any desired order. Restoring the

color factors (11.12), we reproduce the corresponding terms in (6.2).

Alternatively, we can work in coordinate space [ �V ð�; �; ’Þ ¼ V ð�; �; ’Þ�
V ð�; �; 0Þ],

�V ð�; �; ’Þ ¼ 1

�0

X1
L¼1

fð";L"; ’Þ
L

½�0ðk2Þe�"
L þO 1

� 2
0

� �
ðk2 ¼ ð2=�Þ2Þ;

fð";uÞ ¼ uwL

Dð"Þ ¼ e�ð"�2uÞ 3ð1� 2
3 "Þ2�ð2� 2"Þ�ð1þ uÞ

ð1� "Þð1� 2uÞ�2ð1� "Þ�ð1þ "Þ�ð2þ u� "Þ ;

see (10.7). Choosing � ¼ ð2=�Þe��Dð"Þ1=ð2"Þ ! ð2=�Þe���5=6, we obtain

�V ð�; �; ’Þ ¼ 1

�0

X1
L¼1

fð";L"Þ
L

b

"þ b

� �
L

þO 1

� 2
0

� �
;

fð�b; 0; ’Þ ¼ ~f ð�b; 0; ’Þ, therefore we get the result (11.14) again.

11.3. Potential and conformal anomaly

Now we consider the potential V ðqÞ at the L�0 order. Choosing � ¼ jqj we

have (10.28)

V ðqÞ ¼ � ð4�Þd=2e�"
�0Dð"Þðq2Þ1�" "

X1
L¼1

Dð"Þ b

"þ b

� �
L

þO 1

� 2
0

� �
:
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The sum here can be written asX1
L¼1

gð";L"Þ b

"þ b

� �
L

; gð";uÞ ¼ Dð"Þu=" ¼
X1
n;m¼0

gnm"
num:

This sum is equal to

b

"

X1
n¼0

n! g0nb
n þOð"0Þ

[1="n-terms with n > 1 vanish, so that V ðqÞ is automatically ¯nite], where

gð0;uÞ ¼ e
5
3u; g0n ¼ 1

n!

5

3

� �
n

: ð11:15Þ

Therefore

V ðqÞ ¼ � ð4�Þ2
q 2

b

�0
V0ðbÞ þO 1

� 2
0

� �
; V0ðbÞ ¼

1

1� 5
3 b
: ð11:16Þ

The conformal anomaly (9.8) at the L�0 order is

C ¼ b2

�0
C0ðbÞ þO 1

� 2
0

� �
;

C0ðbÞ ¼
V0ðbÞ � �0ðbÞ

b2
¼ 28

9
þ 2 �3 þ

58

27

� �
b� �4

10
� 10�3 �

652

27

� �
b2

3

þ 6�5 �
�4

18
� 2

3
�3 þ

3044

243

� �
b3 � 2� 23 þ

2

189
�6 � 10�5 �

�4

90

�

� 2

3
�3 �

15868

729

�
b4 þ � � � :

ð11:17Þ

It is absolutely trivial to extend this expansion to any desired order. Restoring

the color factors (11.12), we reproduce the CRTFnf�
2
s- and CRðTFnfÞ2�3

s-terms

in (9.9).

12. Next-To-Leading Large-�0 Order

Now let's add to S the Abelian terms with next-to-leading powers of nf :

fCF ðTFnfÞL�1;L � 2g. It is su±cient to consider QED in the large-�0 limit, but now

we add the ¯rst 1=�0-correction.

To obtain the photon propagator with the next-to-leading large-�0 (NL�0) ac-

curacy, we need the photon self-energy up to 1=�0,
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where the photon propagators in �1 are taken at the L�0 order. The NL�0 contri-

bution can be written in the form113,114

�1ðk2Þ ¼ 3"
X1
L¼2

Fð";L"Þ
L

�0ðk2ÞL: ð12:2Þ

Using integration by parts, one can reduce it to

Fð";uÞ ¼ 2ð1� 2"Þ2ð3� 2"Þ�2ð1� 2"Þ
9ð1� "Þð1� uÞð2� uÞ�2ð1� "Þ�2ð1þ "Þ
� �u

2� 3"� "2 þ "ð2þ "Þu� "u2

�2ð1� "Þ Ið1þ u� 2"Þ
�

þ 2
2ð1þ "Þð3� 2"Þ � ð4þ 11"� 7"2Þuþ "ð8� 3"Þu2 � "u3

ð1� uÞð2� uÞð1� u� "Þð2� u� "Þ

� �ð1þ uÞ�ð1� uþ "Þ
�ð1� u� "Þ�ð1þ u� 2"Þ

�
¼
X1
n;m¼0

Fnm"
num; ð12:3Þ

where the integral

(Euclidean, p2 ¼ 1) can be expressed via a 3F2-function of unit argument115,116 (see

the review117 for more references). The 3F2-function can be expanded up to any

desired order using known algorithms, the coe±cients are expressed via multiple

�-values; therefore, the coe±cients Fnm can be calculated to any desired order.

The function F ð";uÞ simpli¯es in some cases. In particular,113

Fð"; 0Þ ¼ ð1þ "Þð1� 2"Þ2ð1� 2
3 "Þ2�ð1� 2"Þ

ð1� "Þ2ð1� 1
2 "Þ�ð1þ "Þ�3ð1� "Þ ; ð12:4Þ

so that Fn0 contain no multiple �-values, only �n. Also114

Fð0;uÞ ¼ 2

3

 0 2� u
2

� �  0 1þ u
2

� �  0 3�u
2

� þ  0 1þu
2

� 
ð1� uÞð2� uÞ ; ð12:5Þ

so that F0m contains114 only �2nþ1,

F0m ¼ �32

3

X½ðmþ1Þ=2


s¼1

sð1� 2�2sÞð1� 22s�m�2Þ�2sþ1

þ 4

3
ðmþ 1Þðmþ ðmþ 6Þ2�m�3Þ: ð12:6Þ

QCD cusp anomalous dimension: Current status
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The two-loop case is, of course, trivial,

F ð"; 2"Þ ¼ 2

9"2
3� 2"

1� "
2
ð1� 2"Þ2ð2� 2"þ "2Þ

ð1� 3"Þð2� 3"Þ
�

� �ð1þ 2"Þ�2ð1� 2"Þ
�2ð1þ "Þ�ð1� "Þ�ð1� 3"Þ � 2þ "� 2"2

�
:

Let's write the charge renormalization constant Z� with the NL�0 accuracy as

Z�ðbÞ ¼
1

1þ b="
1þ Z�1ðbÞ

�0
þO 1

� 2
0

� �� �
;

Z�1ðbÞ ¼
Z�11ðbÞ

"
þ Z�12ðbÞ

"2
þ � � � ; Z�1n ¼ Oðbnþ1Þ:

ð12:7Þ

In the Abelian theory, logð1� �Þ expressed via renormalized b using (11.3) should be

equal to logZ� þOð"0Þ. Equating the coe±cients of "�1 in the 1=�0-terms in this

relation, we see that Z�11 (12.7) is given by the coe±cient of "�1 in

� 1þ b

"

� �
�1:

It is convenient to choose �2 ¼ ð�k2ÞDð"Þ�1=" ! ð�k2Þe�5=3, then

�1 ¼ 3"
X1
L¼2

Fð";L"Þ
L

b

"þ b

� �
L

:

We expand in b and expand F ð";uÞ in " and u; selecting the "�1-terms, we ¯nd that

all coe±cients but Fn0 cancel,

Z�11 ¼ �3
X1
n¼0

Fn0ð�bÞnþ2

ðnþ 1Þðnþ 2Þ : ð12:8Þ

The �-function with NL�0 accuracy is

�ðbÞ ¼ bþ b2

�0
B1ðbÞ þO 1

� 2
0

� �
; ð12:9Þ

where113,114

b2B1ðbÞ ¼ � dZ�11ðbÞ
d log b

; ð12:10Þ

B1ðbÞ ¼ 3
X1
n¼0

Fn0ð�bÞn
nþ 1

¼ 3þ 11

4
b� 77

36
b2 � 3�3 þ

107

48

� �
b3

2
þ �4

10
� 11�3 þ

251

48

� �
b4

5
þ � � � ð12:11Þ

[the coe±cients Fn0 follow from F ð"; 0Þ (12.4)]. The corresponding terms in the ¯ve-

loop QED �-function118 are reproduced. We shall need the full Z�1, not just Z�11;
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integrating the RG equation with the 1=�0-accuracy, we obtain

Z�1ðbÞ ¼ �"
Z b

0

bB1ðbÞ db
ð"þ bÞ2

¼ � 3

2

b2

"
þ 1

2
ð4þ F10"Þ

b3

"2
� 1

4
ð9þ 3F10"þ F20"

2Þ b
4

"3
þ � � � :

12.1. HQET ¯eld anomalous dimension

At the NL�0 order, we should expand the photon propagator ð1��0 � �1=�0Þ�1 up

to 1=�0 (Fig. 6). The photon propagator contains a single �1-insertion and any

number of �0-insertions; the photon propagator inside �1 contains any number of

�0-insertions. The two-leg web ~wð!Þ becomes

~wð!Þ ¼ 1

�0

X1
L¼1

~f ð";L"Þ
L

b

"þ b

� �
L

� 1þ L
Z�1
�0

þ 3"

�0

XL�1

L0¼2

L� L0

L0 F ð";L0"Þ
" #

þO 1

� 3
0

� �
; ð12:12Þ

where L0 is the number of loops in the �1-insertion, and the 1=�0-correction Z�1 to

the charge renormalization (12.7) is taken into account. We expand in b and sub-

stitute the expansions (12.3) and (11.8); in zh1, the coe±cient of "�1, all ~fnm except
~fn0 cancel. We obtain47

�hðbÞ ¼ �6
b

�0
�0ðbÞ �

b3

� 2
0

�1ðbÞ
� �

þO 1

� 3
0

� �
;

�1ðbÞ ¼ � 3

2
½F10 þ 2F01 � 2 ~f 10
 þ ½2F20 þ 3ðF11 þ F02Þ þ 3F01

~f 10 � 6 ~f 20
b

� 3

4
ð3F30 þ 4ðF21 þ F12 þ F03ÞÞ þ ðF20 þ 3ðF11 þ F02ÞÞ ~f 10

�

� 3

2
ðF10 � 2F01Þ ~f 20 � 9 ~f 30

�
b2 þ � � �

Fig. 6. Typical diagrams for �h and �ð’Þ at NL�0 order.
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¼ 3 4�3 �
17

4

� �
þ � �4

5
þ 36�3 �

103

9

� �
bþ 24�5 �

3

5
�4 þ 59

2
�3

�

þ 14579

864

�
b2 þ �48� 33 �

2

63
�6 þ 72�5 �

44

75
�4 þ 3229

45
�3 �

5191

540

� �
b3

þ 36�7 þ
8

5
�4�3 � 144� 23 �

2

21
�6 þ 107�5 �

946

675
�4 þ 9601

180
�3 þ

22859

8640

� �
b4

þ �240�3�5 �
4

225
�8 þ 108�7 þ

24

5
�4�3 �

664

7
� 23 �

272

1323
�6

�

þ 18574

63
�5 �

119

135
�4 � 6263

63
�3 þ

16103

1296

�
b5 þ � � � :

ð12:13Þ
This expansion can be extended to higher loops, but the complexity of expanding

Fð";uÞ in ", u to obtain Fnm quickly grows with nþm, so this extension is not quite

trivial. Note that the last (eight-loop) term here contains Fnm with nþm ¼ 6,

n > 0, m > 0, each of them contains �5;3; but they enter as the combination F51 þ
F42 þ F33 þ F24 þ F15 in which this �5;3 cancels. Restoring the color factors, we re-

produce the corresponding terms in (5.1).

12.2. Cusp anomalous dimension

The two-leg web ~�V ð!; !; ’Þ is given by a formula similar to (12.12). The cusp

anomalous dimension at NL�0 order is determined by the same coe±cients f̂ n as at

L�0 order, plus the coe±cients Fnm. We obtain47

�ðb; ’Þ ¼ 4ð’ cot’� 1Þ b

�0
�0ðbÞ �

b3

� 2
0

�1ðbÞ
� �

þO 1

� 3
0

� �
;

�1ðbÞ ¼ 12�3 �
55

4
þ � �4

5
þ 40�3 �

299

18

� �
b

þ 24�5 �
2

3
�4 þ 233

6
�3 þ

15211

864

� �
b2

þ �48� 23 �
2

63
�6 þ 80�5 �

167

225
�4 þ 1168

15
�3 �

971

240

� �
b3

þ 36�7 þ
8

5
�4�3 � 160� 23 �

20

189
�6 þ 377

3
�5 �

23

15
�4 þ 929

12
�3 �

8017

1728

� �
b4

þ �240�3�5 �
4

225
�8 þ 120�7 þ

16

3
�4�3 �

2776

21
� 23 �

914

3969
�6

�

þ 6826

21
�5 �

1793

1350
�4 � 31693

315
�3 þ

79433

4320

�
b5 þ � � � :

ð12:14Þ
This expansion also can be extended to higher loops, but the complexity of calcu-

lations quickly grows. At eight loops, the same combination of Fnm with nþm ¼ 6
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appears, so that �5;3 cancels here, too. Restoring the color factors, we reproduce the

corresponding terms in (6.2).

12.3. Potential and conformal anomaly

The static potential at the NL�0 level is

V ðqÞ ¼ � ð4�Þ2
�0q2

"
X1
L¼1

gð";L"Þ b

"þ b

� �
L

1þ L
Z�1
�0

�

þ 3"

�0

XL�1

L0¼2

L� L0

L0 Fð";L0"Þ
#
þO 1

� 3
0

� �

¼ � ð4�Þ2
q2

b

�0
V0ðbÞ �

b3

� 2
0

V1ðbÞ
� �

þO 1

� 3
0

� �
;

ð12:15Þ

where

V1ðbÞ ¼ �3

2
½F10 þ 2F01 þ 2g01
 þ

1

2
½F20 � 6F02 � 6ðF10 þ 3F01Þg01 � 30g02
b

� 1

4
½F30 þ 24F03 � 4ðF20 þ 12F02Þg01 þ 36ðF10 þ 4F01Þg02 þ 312g03
b2

þ � � �
contains only the same coe±cients g0n (11.15) as the L�0 result, and only Fn0 and

F0m are involved [see (12.4){(12.6)]. We obtain47

V1ðbÞ ¼ 12�3 �
55

4
þ 78�3 �

7001

72

� �
bþ 60�5 þ

723

2
�3 �

147851

288

� �
b2

þ 770�5 þ
�4

200
þ 276901

180
�3 �

70418923

25920

� �
b3 þ 1134�7 þ

32297

5
�5

�

þ 41

1800
�4 þ 402479

60
�3 �

1249510621

77760

�
b4 þ 21735�7 þ

� 23
7

þ �6

1323

�

þ 5911849

126
�5 þ

41

720
�4 þ 48558187

1512
�3 �

10255708489

93312

�
b5 þ � � � : ð12:16Þ

Thus, we have reproduced the CF ðTFnfÞ2�3
s- and C 2

FTFnf�
3
s-terms in the two-loop

potential,119 as well as the CF ðTFnfÞ3�4
s- and C 2

F ðTFnfÞ2�4
s-terms in the three-loop

one.120 This expansion can be easily extended to any order; it contains only �n
because only Fn0 (12.4) and F0m (12.6) are present. Note the pattern of the highest

weights in (12.16): 3, 3, 5, 5, 7, 7, whereas one would expect 3, 4, 5, 6, 7, 8, as

in (12.14) and (12.13).

Constructing �ð�sÞ (9.6) from �ð’Þ (12.14) and V ðqÞ (12.15) and dividing by

�ð�sÞ (12.9), we obtain Cð�sÞ (9.8),

C ¼ b2

�0
C0ðbÞ �

b3

� 2
0

C1ðbÞ þO 1

� 3
0

� �
;

QCD cusp anomalous dimension: Current status
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C1ðbÞ ¼
�4

5
þ 38�3 �

1711

24
þ 36�5 þ

2

3
�4 þ 986

3
�3 �

110059

216

� �
b

þ 48� 23 þ
2

63
�6 þ 690�5 þ

233

360
�4 þ 53135

36
�3 �

13910875

5184

� �
b2

þ 1098�7 �
8

5
�4�3 þ 160� 23 þ

20

189
�6 þ 95276

15
�5 þ

292

225
�4 þ 596591

90
�3

�

� 51895439

3240

�
b3 þ 240�3�5 þ

4

225
�8 þ 21615�7 �

16

3
�4�3 þ

370

3
� 23

�

þ 113

567
�6 þ 419768

9
�5 þ

1679

1200
�4 þ 23179201

720
�3 �

51249331081

466560

�
b4 þ � � � :

ð12:17Þ
The ¯rst term in C1 reproduces the CRCFTFnf�

3
s-term in (9.9).

13. Abelian Terms with ððTFnfÞÞ1

Finally, we consider Abelian color structures linear in TFnf : S ¼ f1g[
fCL�1

L TFnf ;L � 1g. We can work in QED. Writing the L-loop photon self-energy as

�L�1 ¼ ~�L�1nf þ ðn>1
f -termsÞ;

we have the photon propagator

D��ðkÞ ¼ D
��
0 ðkÞ þ nf

X1
L¼1

~�L�1D
��
L ðkÞAL

0 þ ðn>1
f -termsÞ: ð13:1Þ

In QED logð1� �ðk2ÞÞ ¼ logZ� þOð"0Þ; writing the L-loop �-function co-

e±cient as �L�1 ¼ ��L�1nf þ ðn>1
f -termsÞ, we see that 1="-terms in ~�L�1 are re-

lated to ��L�1,

~�L�1 ¼
��L�1

L"
þ ��L�1 þOð"Þ: ð13:2Þ

Here, the �-function coe±cients are121

��0 ¼ � 4

3
; ��1 ¼ �4; ��2 ¼ 2; ��3 ¼ 46; ð13:3Þ

and122

��0 ¼ � 20

9
; ��1 ¼ 16�3 �

55

3
; ��2 ¼ �2 80�5 �

148

3
�3 �

143

9

� �
;

��3 ¼ 2240�7 � 1960�5 � 104�3 þ
31

3
:

ð13:4Þ
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13.1. HQET ¯eld anomalous dimension

The web ~wð!Þ (10.8) is

~wð!Þ ¼ ~w1A0ð�2!Þ�2" þ nf

X1
L¼2

~�L�2 ~wL½A0ð�2!Þ�2"
L

þ ðn>1
f -termsÞ þ ðw>2 legs-termsÞ; ð13:5Þ

where (10.8)

~wL ¼ 3

L"
þ 1

L
þ 3þOð"Þ: ð13:6Þ

We re-express ~wð!Þ via �ð�2!Þ using (10.3),

Z� ¼ 1� nf

"

X1
L¼1

��L�1

L

�

4�


 �
L þ ðn>1

f -termsÞ

(it is su±cient to include Z� in the ~w1-term). Collecting the "�1-terms, we have

zh1 ¼ 3
�

4�
þ nf

X1
L¼2

3��L�2 � ��L�2

L

�

4�


 �
L

þ ðn>1
f -termsÞ þ ðw>2 legs-termsÞ:

Restoring the color factors, we ¯nally obtain53

�h ¼ �2CR

�s

4�
3þ TFnf

�s

4�

X1
L¼0

ð3��L � ��LÞ CF

�s

4�


 �
L

" #
þ � � �

¼ �2CR

�s

4�
3þ TFnf

�s

4�
� 16

3
þ 3ð16�3 � 17ÞCF

�s

4�

��

� 8 60�5 � 37�3 �
35

3

� �
CF

�s

4�


 �
2

þ 3ð2240�7 � 1960�5 � 104�3 � 5Þ CF

�s

4�


 �
3 þOð�4

sÞ
�	

þ � � � ; ð13:7Þ

where dots mean other color structures. The corresponding terms from (5.1) are

reproduced. This expansion cannot be extended without a highly nontrivial calcu-

lation of higher ��L and ��L.

This result can also be obtained in coordinate space: wL (10.7) has the structure

identical to (13.6), and if we express wð�Þ via �ðð2=�Þe��Þ, the calculation is exactly

the same as above.

13.2. Cusp anomalous dimension

The web ~�V ð’Þ (10.19) is
~�V ð’Þ ¼ �2

’ coth’� 1

L"
þ V ð’Þ þOð"Þ; ð13:8Þ
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where V ð’Þ ¼ V ð�’Þ does not depend on L and hence ��L�2 cancels in the calcula-

tion of zJ1 [in contrast to zh1 where the corresponding term in (13.6) contains 1=L,

and ��L�2 does not cancel],

zJ1 ¼ �2ð’ coth’� 1Þ �
4�

1þ nf

�

4�

X1
L¼0

��L

L

�

4�


 �
L

" #

þ ðn>1
f -termsÞ þ ðw>2 legs-termsÞ:

Restoring color factors, we obtain53

�ð’Þ ¼ 4CRð’ coth’� 1Þ �s

4�
1þ TFnf

�s

4�

X1
L¼0

��L CF

�s

4�


 �
L

" #
þ � � �

¼ 4CRð’ coth’� 1Þ �s

4�
1þ TFnf

�s

4�
� 20

9
þ 16�3 �

55

3

� �
CF

�s

4�

��

� 2 80�5 �
148

3
�3 �

143

9

� �
CF

�s

4�


 �
2 þ 2240�7 � 1960�5 � 104�3 þ

31

3

� �

� CF

�s

4�


 �
3 þOð�4

sÞ
io

þ � � � ; ð13:9Þ

where dots mean other color structures. The corresponding terms from (6.2) are

reproduced. This expansion cannot be extended without a highly nontrivial calcu-

lation of higher ��L and ��L.

This result can also be obtained in coordinate space: �V ð’Þ (10.16) has the

structure identical to (13.8), and if we express �V ð�; �; ’Þ via �ðð2=�Þe��Þ, the cal-

culation is exactly the same as above.

13.3. Potential and conformal anomaly

Now we consider the CL�1
F TFnf�

L
s -terms in the quark{antiquark potential. In

Coulomb gauge, they are given by a single Coulomb-gluon propagator53,

V ðqÞ ¼ �CR

4��s

q2
1þ TFnf

�s

4�

X1
L¼0

��L CF

�s

4�


 �
L

" #
þ � � �

¼ �4��s

q2
CR 1þ TFnf

�s

4�
� 20

9
þ 16�3 �

55

3

� �
CF

�s

4�

��

� 2 80�5 �
148

3
�3 �

143

9

� �
CF

�s

4�


 �
2 þ 2240�7 � 1960�5 � 104�3 þ

31

3

� �

� CF

�s

4�


 �
3 þOð�4

sÞ
�	

þ � � � ; ð13:10Þ

where �s ¼ �sðjqjÞ and dots mean other color structures. The terms up to �4
s agree

with Ref. 120.

Comparing (13.10) with (13.9), we see that the CL�1
F TFnf color structures are

absent in � to all orders in �s. In particular, this explains the absence of CF in the
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bracket in (9.7). It is easy to prove by induction that CRC
L�1
F �L

s -terms are absent in

Cð�sÞ (9.8) to all orders53.

14. CRC
2
F ððTFnfÞÞ2�5

s and CR
�dFFn2

f�
5
s

In Secs. 11{13, we considered some families of Abelian color structures CRC
L�n�1
F

ðTFnfÞn�L
s in the HQET ¯eld anomalous dimension �h, the cusp anomalous di-

mension �ð’Þ as well as the quark{antiquark potential V ðqÞ (and hence the con-

formal anomaly �). These families are shown in Fig. 7; some of them intersect, and

we can compare the results of the corresponding approaches. We see that the only

¯ve-loop structure from this class not considered in the previous sections is

CRC
2
F ðTFnfÞ2�5

s. It can be considered using the general guidelines outlined in Sec. 10

if we choose S ¼ f1;TFnf ;CFTFnf ;C
2
FTFnf ;C

2
F ðTFnfÞ2g.

The gluon self-energy diagram

and similar ones with permutations of vertices contain the color structure �dFFn
2
f ,

where

�dFF ¼ dabcd
F dabcd

F

NA

: ð14:1Þ

Fig. 7. Abelian color structures.
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Its contribution (CR
�dFFn

2
f�

5
s) to �h and similar quantities can be obtained by set-

ting S ¼ f�dFFn
2
fg.

Alternatively, we can just consider all CL�n�1
F ðTFnfÞn up to L ¼ 5 plus �dFFn

2
f ,

and re-derive the corresponding results of Secs. 11{13 together with obtaining the

two new results. The HQET ¯eld anomalous dimension is

�h ¼ CR

�s

4�
�6þ 32

3
TFnf

�s

4�
� 2TFnf

�s

4�


 �
2
3CF ð16�3 � 17Þ � 80

27
TFnf

� ��

þ 16TFnf

�s

4�


 �
3
C 2

F 60�5 � 37�3 �
35

3

� ��

� 2CFTFnf

�4

15
� 12�3 þ

103

27

� �
� 16

9
ðTFnfÞ2 �3 �

1

3

� ��

� �s

4�


 �
4
6C 3

FTFnfð2240�7 � 1960�5 � 104�3 � 5Þ�
þ C 2

F ðTFnfÞ2 1792� 23 �
640

189
�6 þ 17920

3
�5 þ

88

5
�4 � 68096

9
�3 þ

59411

27

� �

þ 32�dFFn
2
f 32� 23 � 60�5 þ

2

15
�4 þ 157

3
�3 � 43

� �

þ 4

3
CF ðTFnfÞ3 256�5 �

32

5
�4 þ 944

3
�3 þ

14579

81

� �

þ 256

81
ðTFnfÞ4

�4

5
� 16�3 �

14

3

� ��	
þ � � � ; ð14:2Þ

where dots mean other color structures. The corresponding parts of (11.11), (12.13)

and (13.7) are reproduced; the CRC
2
F ðTFnfÞ2�5

s and CR
�dFFn

2
f�

5
s results are new.

The cusp anomalous dimension is

�ð’Þ ¼ 4CRð’ coth’� 1Þ �s

4�
1� 20

9
TFnf

�s

4�

�

þ TFnf

�s

4�


 �
2
CF 16�3 �

55

3

� �
� 16

27
TFnf

� �

þ TFnf

�s

4�


 �
3 �2C 2

F 80�5 �
148

3
�3 �

143

9

� ��

þ 8

9
CFTFnf

2

5
�4 � 80�3 þ

299

9

� �
þ 64

27
ðTFnfÞ2 2�3 �

1

3

� ��

þ �s

4�


 �
4
C 3

FTFnf 2240�7 � 1960�5 � 104�3 þ
31

3

� ��

þ C 2
F ðTFnfÞ2

3
896� 23 �

320

189
�6 þ 3200�5 þ

44

5
�4 � 36512

9
�3 þ

62971

54

� �

þ 16�dFFn
2
f

32

3
� 23 � 20�5 þ

2

45
�4 þ 21�3 �

431

27

� �
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þ 2

9
CF ðTFnfÞ3 256�5 �

64

9
�4 þ 3728

9
�3 þ

15211

81

� �

þ 128

243
ðTFnfÞ4

�4

5
� 20�3 � 2

� ��	
þ � � � ;

ð14:3Þ
where dots mean other color structures. The corresponding parts of (11.14), (12.14)

and (13.9) are reproduced; the CRC
2
F ðTFnfÞ2�5

s and CR
�dFFn

2
f�

5
s results are new.

The quark{antiquark potential is

V ðqÞ ¼ �CR

4��s

q 2
1� 20

9
TFnf

�s

4�
þ TFnf

�s

4�


 �
2
CF 16�3 �

55

3

� �
þ 400

81
TFnf

� ��

þ TFnf

�s

4�


 �
3 �2C 2

F 80�5 �
148

3
�3 �

143

9

� ��

� 2

3
CFTFnf 208�3 �

7001

27

� �
� 8000

729
ðTFnfÞ2

�

þ �s

4�


 �
4
C 3

FTFnf 2240�7 � 1960�5 � 104�3 þ
31

3

� ��

þ C 2
F ðTFnfÞ2 512� 23 þ

22400

9
�5 �

44

135
�4 � 25792

9
�3 þ

13025

54

� �

þ 16�dFFn
2
f

32

3
� 23 � 20�5 þ

2

45
�4 þ 21�3 �

431

27

� �
þ 2

9
CF ðTFnfÞ3

� 640�5 þ 3856�3 �
147851

27

� �
þ 160000

6561
ðTFnfÞ4

�	
þ � � � ; ð14:4Þ

where �s ¼ �sðjqjÞ and dots mean other color structures. The corresponding parts

of (11.16), (12.16) and (13.10) are reproduced; the CRC
2
F ðTFnfÞ2�5

s and CR
�dFFn

2
f�

5
s

results are new.

We can obtain �ð�sÞ (9.6) from �ð’Þ (14.3) and V ðqÞ (14.4). The CR
�dFFn

2
f�

5
s

contribution has canceled, just like all CRC
L�2
F TFnf�

L
s ones (Sec. 13), and for the

same reason: there is just a single �ðk2Þ-insertion both in the diagram for �ð’Þ and in

the diagram for V ðqÞ. If it had not canceled, it would be impossible to introduce

Cð�sÞ (9.8). We obtain

Cð�sÞ ¼ CRTFnf

�s

4�


 �
2 � 112

27
þ �s

4�

CF

3

4

5
�4 þ 152�3 �

1711

6

� ���

þ 32

9
TFnf �3 þ

58

27

� ��
þ �s

4�


 �
2 �C 2

F 160� 23 þ
80

189
�6 þ 3200

3
�5

��

� 74

45
�4 � 8848

9
�3 �

21037

54

�
� 2CFTFnf 32�5 þ

16

27
�4 þ 7888

27
�3

�

� 110059

243

�
þ 32

81
ðTFnfÞ2

�4

5
� 20�3 �

1304

27

� ��	
þ � � � ; ð14:5Þ
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where dots mean other color structures. The corresponding parts of (9.9), (11.17) and

(12.17) are reproduced; all CRC
L�1
F �L

s -terms vanish (Sec. 13); the CRC
2
FTFnf�

5
s

result is new.

Let's summarize what's known about the conformal anomaly Cð�sÞ. The Abelian

structures CRC
L�n�1
F ðTFnfÞn�L

s (L � 2) are shown in Fig. 8. All contributions with

n ¼ 0 vanish (Sec. 13; they are shown in the corresponding shading in the ¯gure).

The contributions CRðTFnfÞL�1�L
s (L � 2) are the leading large-�0 ones (Sec. 11);

several of them are presented in (11.17), but a practically in¯nite number of them

are easily available. The contributions CRCF ðTFnfÞL�2�L
s (L � 2) are next-to-

leading large-�0 ones (Sec. 12). The ¯rst of them (L ¼ 2) also belongs to the ¯rst

family, and hence vanishes. The contributions with L � 7 are presented in (12.17);

several more can be obtained using known algorithms, but the calculational com-

plexity grows fast with L. The CRC
2
FTFnf�

4
s result is obtained here. No further

CRC
L�n�1
F ðTFnfÞn�L

s -terms can be obtained without calculating �ðk2Þ beyond the

four-loop results122, and this is a highly nontrivial task. The non-Abelian terms

CRCA�
2
s and CRCATFnl�

3
s are also known (9.9).

15. Conclusion

At four loops, the HQET ¯eld anomalous dimension, as well as the small-angle

expansion and the large-angle asymptotics of the cusp anomalous dimension,

Fig. 8. Abelian color structures for Cð�sÞ.

A. Grozin

2330004-52

In
t. 

J.
 M

od
. P

hy
s.

 A
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

T
A

T
E

 P
U

B
L

IC
 L

IB
R

A
R

Y
 F

O
R

 S
C

IE
N

C
E

 A
N

D
 T

E
C

H
N

O
L

O
G

Y
 O

F 
SI

B
E

R
IA

N
 B

R
A

N
C

H
 R

A
S 

on
 0

4/
18

/2
3.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



is completely known. The full-angle dependence is known for all color structures

except CRC
2
ATFnf , CRC

3
A and dRA. The highest weight terms in the QCD results

for the Bremsstrahlung function (the ’2-term of the small-angle expansion)

and for the light-like cusp anomalous dimension (the large-’ asymptotics)

coincide with the corresponding results in N ¼ 4 SYM ��� the principle of maximum

transcendentality.

All �4
s="-terms in the on-shell renormalization constant of the massive quark ¯eld

in QCD are known analytically. The results for the color structures CFC
3
A and dFA

are new.

At ¯ve loops, the Abelian color structures CRðTFnfÞ4, CRCF ðTFnfÞ3, CRC
2
F

ðTFnfÞ2, CRC
3
FTFnf and CR

�dFFn
2
f in the HQET ¯eld anomalous dimension and the

cusp anomalous dimension are known. The results for CRC
2
F ðTFnfÞ2 and CR

�dFFn
2
f

are new. The structures CRðTFnfÞL�1�L
s are known to all loop orders L; CRCF

ðTFnfÞL�2�L
s are presented explicitly up to L ¼ 8 loops, and more terms can be

obtained using known algorithms. All Abelian results for �ð’Þ at ¯ve and more loops,

obtained in Secs. 11{14, have the one-loop ’-dependence ’ coth’� 1, and hence

they trivially give contributions to the light-like cusp anomalous dimension Kð�sÞ.
The conjecture about the cusp anomalous dimension proposed in Ref. 39 works up

to three loops and for some color structures at four loops, but breaks for some other

four-loop structures (its formulation at L � 4 is not quite unambiguous). The reason

why it works in some highly nontrivial cases is still unknown (all known results for

L � 5 have one-loop angle dependence, and the conjecture holds for them by con-

struction, so they add no new information).

The cusp anomalous dimension with Euclidean angle close to � is related to the

static potential. This relation follows from conformal symmetry, and is strictly valid

for N ¼ 4 SYM. In QCD, its breaking is given by the conformal anomaly�ð�sÞ. It is
conjectured (though not proven) that �ð�sÞ ¼ �ð�sÞCð�sÞ. The coe±cient function

Cð�sÞ is known at three loops, most four-loop color structures are also known. The

structures CRðTFnfÞL�1�L
s are known to all loop orders L, and CRCF ðTFnfÞL�2�L

s

up to L ¼ 7 (this expansion can be extended). The structures CRC
L�2
F TFnf�

L
s

vanish for all L.

New results for the four-loop contributions CRC
2
F ðTFnfÞ2�5

s and CR
�dFFn

2
f�

5
s

[see (14.1)] to the quark{antiquark static potential V ðqÞ are presented. The last one
cancels in �ð�sÞ [thus giving one more con¯rmation of its factorization into

�ð�sÞCð�sÞ]; the ¯rst one produced the new CRC
2
FTFnl�

4
s-term in Cð�sÞ.

There is an additional problem here: the coe±cient of CRC
3
A�

4
s has a logarithmic

singularity at � ! 0, and the de¯nition of �ð�sÞ breaks down. It is supposed that

resummation of leading powers of this logarithm will lead to a ¯nite result, probably

containing log�s, but the details are not clear. If this is so, the cusp anomalous

dimension will contain a logarithmic dependence on �s, which is very unusual

for anomalous dimensions in quantum ¯eld theory. This question needs further

clari¯cation.
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