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Calculation results for the HQET field anomalous dimension and the QCD cusp anomalous
dimension, as well as their properties, are reviewed. The HQET field anomalous dimension +,
is known up to four loops. The cusp anomalous dimension I'(¢) is known up to three loops, and
its small-angle and large-angle asymptotics up to four loops. Some (but not all) color struc-
tures at four loops are known with the full p-dependence. Some simple contributions are
known at higher loops. For the ¢ — oo asymptotics of I'(¢) (the light-like cusp anomalous
dimension) and the @?-term of the small-p expansion (the Bremsstrahlung function), the
N =4 SYM results are equal to the highest-weight parts of the QCD results. There is an
interesting conjecture about the structure of I'(¢) which holds up to three loops; at four loops
it holds for some color structures and breaks down for other ones. In the cases when it holds, it
related highly nontrivial functions of ¢, and it cannot be accidental; however, the reasons of
this conjecture and its failures are not understood. The cusp anomalous dimension at the
Euclidean angle ¢ — 7 is related to the static quark—antiquark potential due to conformal
symmetry; in QCD, this relation is broken by an anomalous term proportional to the
[-function.

Some new results are also presented. Using the recent four-loop result for +;, here we obtain
analytical expressions for some terms in the four-loop on-shell renormalization constant of the
massive quark field Zg which were previously known only numerically. We also present two
new contributions to vy, I'(¢) at five loops and to the quark—antiquark potential at four loops.

Keywords: Wilson lines; multiloop calculations; HQET.

PACS numbers: 11.15.—q, 12.38.—t, 12.38.Bx

1. Introduction

A Wilson line in a gauge theory is the phase factor for a classical pointlike
charged particle (in some representation R of the gauge group) moving along a
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worldline C,
Wy = (Pop i [ dn, A @11] ) = Zw(eal)Wo, (1)

where g, and A, are the bare coupling and gauge field, t% are the generators of the
representation R, W (u) is the renormalized Wilson line (we use the MS scheme,
d=4-2¢) and a(p) is the renormalized gauge parameter. We use the covariant

gauge,

k
—> b .. v v 1 y k* kY
zvvvvvvvby =1d ng (k), Dg (k) = 2 g+ (11— (10)7_]62

The renormalized gauge parameter a(u) is related to the bare one ay by the gluon
field renormalization constant: ag = Z, (o, (1), a(p))a(p). Wilson lines are widely
used in gauge theories, see e.g. the textbook.! Renormalization of Wilson lines is
considered in Refs. 2-4, see Ref. 5 for review and more references. The MS renor-
malization constant Zy, accumulates ultraviolet (UV) divergences of the bare Wilson
line, and is determined only by singular points of the line — its ends and cusps (we
consider only lines without self-intersections); smooth segments don’t contribute.
Infrared (IR) properties of scattering amplitudes in gauge theories are closely

6710 gee Ref. 11 for review and more references. IR diver-

related to Wilson lines,
gences of a scattering amplitude can be found in the eikonal approximation. It
turns the amplitude into a product of straight semi-infinite Wilson lines along its
external momenta. However, it introduces UV divergences which were absent in
the original amplitude. These UV divergences are equal to the IR divergences of the
amplitude with the opposite sign, because eikonal diagrams contain no dimen-

sionful parameters.

2. Wilson Lines and HQET

Wilson lines are nonlocal objects. It is easier to understand their properties in the
language of heavy quark effective theory (HQET). HQET is a usual local quantum
field theory, and renormalization properties of Wilson lines can be obtained from
renormalization of local operators in HQET. Renormalization theory of local
operators is discussed in many quantum field theory textbooks.

Suppose we have QCD with n, flavors plus a single heavy colored particle (in
some representation R of the gauge group). The momentum of this particle can be
decomposed as P = Mv + p, where M is its on-shell mass, v is a reference velocity
(v? =1) and p is called the residual momentum of this heavy particle. If the char-
acteristic residual momentum p, characteristic momenta of light particles p; and light
particle masses m; are all small (p < M, p; < M and m; < M), then the system can
be described by the HQET Lagrangian (see e.g. Refs. 12—14). This heavy particle can
be, for example, a heavy quark (its flavor is not counted in ny). At the leading order
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in 1/M, the heavy-particle spin does not interact with gluons and can be freely
rotated (heavy quark symmetry). Moreover, it can be switched off (superflavor
symmetry!?).

The HQET Lagrangian is

L = hyiD - vhy 4+ Locp,  DFhyg = (9" —igg A"t k) he (2.1)

(we can include several HQET fields with several velocities if we need:
2 ihy0iD - v;h, ). The heavy (static) particle is described by the scalar field A, in the
color representation R,

ho = 2, (o (). al) (1), (22)
where h,(p) is the MS-renormalized field. The momentum-space propagator of the
field h,y depends only on the residual energy w = p - v,

—L e iSup-v), Swolw) = % (2.3)

(the unit color matrix 1p is assumed). The hjh,A vertex is

Lsa
<>=§¢-= = igovHt%. (2.4)

If we denote the sum of one-particle-irreducible (1PI) self-energy diagrams by
—iX;,(w), then the full propagator (i.e. the sum of all propagator diagrams) is

w 1

— 9 = . 2
—— i), S = S (25)
The renormalization factor Z;, is given by
Sp(w)
log "~~~ = log Z;, + O(&"), 2.6
S 84 (€”) (2.6)

where S),(w) is expressed via the renormalized quantities o, (u), a(n). The HQET
field h,,(p) anomalous dimension is

_ dogZy(a, (), alw)

2.
(o (1) i 27
We can also use the coordinate space,
0 T
= =0z -v)d(z,). (2.8)

In the v-rest frame, the free propagator is 6(x)Syy(z?), Sho(¢) = 6(¢). The full
propagator

Yy
z J_z LN <P exp [igo/ deuAgu(x)t%:} > , (2.9)

T
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where the integral is taken along the straight line from = to y. In the v-rest frame
Sp(t) = Spo()W(t), where

W(t) = <Pexp [z’go /0 tdt v#Ag”(vt)taD (2.10)

is the straight Wilson line along v of length ¢. Assuming ¢ > 0, we have
log W(t) = log Z;, + O("). (2.11)

So, the factor Z;, describes renormalization of a finite-length Wilson line. In other
words, Z ,1/ ? describes renormalization of an end of a Wilson line.

Transition of a heavy particle with a velocity v into a heavy particle with a
velocity v (e.g. decay of a heavy quark into another heavy quark plus colorless
particles) in HQET framework is described by the current

Jo = highyg = Zy(ag(p), ) J (1) (2.12)

[J(p) is the MS-renormalized current, cosh ¢ = v - ¢/]. Its anomalous dimension

_ dlog Z;(a (1), ¢)

[ (1), ) dlog

(2.13)

is called the cusp anomalous dimension. The current J is colorless, and hence Z; and
I' are gauge-invariant. Dependence of the Isgur—-Wise function on p is determined'¢
by I'(c, ). The 1/¢ IR divergence of massive QCD form factors is given by it.

Let V(w, /', ) =1+ A(w,w/, ) be the sum of 1PI vertex diagrams of J;, (1 is the
tree-level diagram; w and «’ are the incoming residual energy and the outgoing one).
From each diagram for ¥, we can get a set of diagrams for A by inserting the
Jy-vertex into each internal HQET line in turn. The correlator of Jy, hj, h, is
V(w, o, @) - 1Sy (w) - 1S}, (w); on the other hand, it is Z;, Z; times the finite correlator
of the three renormalized operators. Recalling the fact that S (w) is Zj times the
finite renormalized propagator, we have

log V(w,w, @) = log Z;(p) — log Z;, + O(£°). (2.14)

Tt is sufficient to calculate a single-scale vertex function V(w, w, ¢) in order to obtain
Zj. At ¢ =0, we have the HQET Ward identities

| 5(@) - 5,W) Sit(w) = 8i'w)

Aw,u,0) = P or V(w,u,0)= P (2.15)
Therefore, log V(w,w,0) = —log Z;, + O(&%), Z;(c,,0) = 1 and
I'(a,0) = 0. (2.16)

In coordinate space, the Green’s function (h,q(z')Jy(0)h}y(z)) (z° < 0 < 2) is
equal to the obvious é-functions times the Wilson line W (¢, ', p): the straight seg-
ment along v of length ¢, the angle ¢ and the straight segment along v’ of length ¢'.
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The corresponding renormalized Green’s function is finite, and so

log W(t,t', p) = log Z,(¢) +log Z, + O(€"). (2.17)

At ¢ =0 the Wilson line is straight: W(¢,#,0) = W (¢t + '), and we again obtain
At ¢ — 0 the cusp anomalous dimension is a regular Taylor series in ¢?,

Ia,, p) = ZBn(as)goQ", (2.18)

n=1

B (ay) is usually called the Bremsstrahlung function. If our Wilson line interacts
with QED with n; = 0 (i.e. the free electromagnetic field), and we have a classical
pointlike charge which is at rest in some reference frame at both ¢ — +o00, then the
energy of the emitted radiation is

+00
AFE = 2B () / dt(—a*(t)), (2.19)
where a* is the acceleration. In this theory B;(a) = a/(37) exactly, and (2.19) is just
the classical dipole radiation formula. The theory is conformally invariant, o does
not run. The formula (2.19) is also valid!” in N' = 4 supersymmetric Yang—Mills
(SYM), which is also conformally invariant. It cannot be generalized to other the-
ories, because in them B (a,(p)) depends on p.
At p — o0,'®

[(a,, @) = K(a,)e+ O(¢"), (2:20)

where K is called the light-like cusp anomalous dimension. It is related'® to renor-
malization properties of Wilson lines with light-like segments. The coefficients of
1/(1 — ), in DGLAP kernels [as well as those of 1/(x — y), in ERBL kernels] are
determined?’-?! by the light-like cusp anomalous dimension. IR 1/&? divergences of
form factor of massless particles are also determined by K (c,).

If a worldline of finite length consists of straight segments with angles ¢; between
them, its renormalization factor is Z, [[ Z;(y;) [two ends contribute Z fl/ ? each, each
cusp contributes Z;(;)]. The same is true if the segments are not straight but just
some smooth curves. We can approximate a smooth curve of length ¢ by a broken line
with N — oo segments of length At = ¢/N each. Cusp angles are Ap; ~ 1/N, so the
contributions to log Z; are ~ 1/N? each; there are N such contributions. Such
Wilson lines can be described by the HQET field h which lives on the worldline. The
HQET Lagrangian was actually used as a technical device for investigating Wilson
22,23 (see Ref. 5 for review).

We can also understand this fact from another point of view. UV divergences

lines

come from small distances, where any smooth line is straight. The only possible
UV divergence is the residual mass ¥,(0). This is a linear UV divergence. In di-
mensional regularization it is discarded: the residual mass ¥;,(0) has dimensionality
of mass, and we cannot construct any nonzero result for it by dimensions counting
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(in regularizations based on momentum cutoff Ayy, the UV-divergent residual mass
1S AUV)'

3. Exponentiation

A Wilson line (of any shape) interacting with the free electromagnetic field (QED
with n; = 0) is given by the simple exponentiation formula. Let

w(t) (3.1)

~ 0t ot

be the one-loop contribution to W (t). Here we use diagrams for Wilson lines, not for
HQET propagators, so that the factors (x - v)6(z ) are not included. This diagram
is an integral in ¢;, 5 such that 0 < ¢; < t, < t. Let’s calculate w?. It is an integral in
t1, to, th, thsuch that 0 < t; <ty < t,0 <t} <t} < t. This integration region can be
subdivided into six subregions corresponding to six diagrams,

e N W 1
0t bat LT
Exiiie}

- T -
Kb N

S
R
+=-=L%=-+ \LL\A’V:XWLL e . (3.2)

This is twice the two-loop contribution to W (¢). Continuing this drawing exercise we
see that the three-loop contribution is w?/3!, etc. The exact expression for the full
Wilson line is**

= expézn

_ ow®)
s . s - (1) =", (3.3)

So, we have w = log Z;, + O(&%), log Z;, is exactly one-loop,
«

() =2(a = 3) i (3.4)

There are no higher-loop corrections. The same is true for I'(«, ¢) because expo-
nentiation works for Wilson lines of any shapes, including those with cusps [this
exact I' is given below in (4.1)].

In QED with n; > 0, the situation is more complicated: we don’t know the exact
results, just perturbative series. However, these series have a simple structure,

:exp{ﬁ=+=&=+...], 35)

W = explws + wg + -+ -],
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where the shaded blobs are the sums of connected diagrams with 2,4, ... external
photon lines (odd numbers of lines are forbidden by C-conservation),

vy
:=&=+=&=+d&=+=&=+m’

(3.6)

w4:=ﬁ=:=&=+... (3.7)

and so on (the shaded blobs here are not necessarily one-particle-irreducible). Dia-
grams in (3.6) and (3.7) are called c-webs (connected webs).
We have, for example,

and these diagrams (containing two c-webs each) are already accounted for in the
expansion of the exponent (3.5).

The sums of connected diagrams with 2n external (off-shell) photon legs at each
order are gauge-invariant due to the QED Ward identity, except the free photon
propagator. Hence all c-webs are gauge-invariant except the first one in (3.6). This
one-loop c-web is linear in ejay; but ejay = e*(u)a(u) because Z, = Z ;' in QED.
Therefore, the only gauge-dependent term in +;, is the one-loop term given by (3.4);

all higher-loop corrections are gauge-invariant.
25,26

W = exp {Z C'iw{] , (3.8)

where w; are webs, and C; are color-connected parts of their color factors C;. Let’s
draw all gluon lines in a diagram for W on a single side of its HQET line. If we remove
this HQET line, we obtain a diagram with gluon external lines which can be con-

In non-Abelian theories,

nected (c-web) or not. When this diagram is connected if we count the line crossings
as connections, the diagram is called a web. For example,

E&: is a web, but & is not. (3.9)

If color factors of each web were the same as for the diagram where all its c-webs
are separated, the contributions of webs would be accounted for in the exponent of
the sum of c-webs. This is true in QED. In non-Abelian theories color factors are
more complicated. For example, let’s consider the first diagram in (3.9). It is a web
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but not a c-web: it contains two c-webs. Its color factor C is given by the color
diagram which looks the same as this diagram in (3.9). It is not equal to C,C,, the
product of the color factors of these two c-webs taken separately. Let’s pull these two
c-webs apart, interchanging the vertices on the HQET line belonging to different c-
webs according to the obvious commutator identity

RN A i -

This color factor C' becomes

The first term consists of two separate c-webs, it is C;Cy; this contribution has
already been accounted for in the expansion of the exponent. The second term is a

connected color diagram, the connected part C of the color factor C. This contri-
bution is not yet accounted for. Therefore, we add this web with the color factor C to
the exponent in (3.8).

Let’s define

Trt“Rt’I’,—g = TRén,b7 t{éta = CR1R7 NR =Tr 1R,

dabcddab/cd d
dup = =, AR = Trttht sl
R

(3.11)
where brackets mean symmetrization (note that Trt%t% = CpNp = TR Ny, and
hence Cr = TN,/ Np; in particular, Cy = T,). For SU(N,) gauge group with the
standard normalization T = %, they are

N2 -1 N2 - 1)(N*—-6N?+18
CVF = : ) C‘A = Nca dFF = ( - )( . - + ) )
2N.. 96N 3 (3.12)
P N, _ N.(NZ+6) P N2(NZ+ 36) ’
AF*NE—I FA — 48 ) AA — 24 .

InQED Tr=1,Cp=22,Cpr=1,C4 =0, dpr = Z* and dp,4 = 0, where Z is the
charge of the infinitely heavy particle (in units of e).

The possible color structures of v, and I' without n are, due to the non-Abelian
exponentiation, C, at one loop; CrC 4 at two loops; CrC?% at three loops; CrC' Z and
dp 4 at four loops. Color structures containing C' are forbidden. As soon as there is at
least one quark loop in the diagram (i.e. at least one power of n; in the color
structure), all possible color factors are allowed: gluons attached to quark loops are
not restricted by exponentiation. Up to three loops, all color structures are propor-
tional to Cr. The R-dependence of v, and T is given by the factor Cp — Casimir
scaling. At four loops, the quartic Casimirs dp,, dpp appear. They are not propor-
tional to Cp, and Casimir scaling breaks down.
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4. History and the Current Status of Calculations

The one-loop cusp anomalous dimension follows from classical electrodynamics.
When an infinitely heavy charged particle instantly changes its velocity, it either
remains itself (probability |F|?) or emits one or more photons. Up to the order a,

CENCS

In classical electrodynamics, the spectrum of the emitted radiation is’

2
=1

2
e
dE = 53 (pcothy — 1)dw,

and hence the probability of photon emission is dE /w. In dimensional regularization,
by dimensions counting, this probability becomes C(¢)dE/w'** with C(0) = 1.
Hence the form factor is

Cle) [>e? dw a
F=1- — hp—-1)—=1-2— hp—-1
5> | g teeothe =) = 12 (peoth g — 1+ 0(e)

(where X is an IR cutoff), and the cusp anomalous dimension is
o
I'=4—(pcothp —1). (4.1)
4

The one-loop cusp anomalous dimension should be included in The Guinness
Book of Records as the anomalous dimension known for the longest time
(probably > 100 years). In QCD, it includes the obvious extra factor Cx. Of
course, there are very many ways to obtain (4.1), using momentum or coordinate
space.

After a wrong calculation,” the two-loop 7, (with n; = 0) has been calculated
in Ref. 30. The full result (with n) has been obtained in Ref. 31 as a by-product of
a two-loop calculation of the on-shell renormalization constant Z¢ of the field
of a massive quark, essentially from the requirement that the renormalized
QCD/HQET matching constant (5.4) is finite (though this was not explicitly
stated in the article), and reproduced?®?** by direct HQET calculations. At three
loops, it has been calculated in Ref. 34, again as a by-product of the Z} calcu-
lation, now at three loops; the result has been confirmed®’ by a direct HQET
calculation.

The first attempt?® to calculate the cusp anomalous dimension at two loops (at
ns = 0) was unsuccessful: the authors were unable to eliminate complicated double
and triple integrals. A usable result (at n; = 0) has been obtained in Refs. 7, 6 and
18. It contains three single integrals [two of them were calculated'* in terms of Li,
and Liz, the formula (7.15)]. The (rather simple) nj-term was added in Ref. 20. The

6,7,18

calculation was repeated several times.?6*7 The most nice form of the result
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(no integrals, just Li, and Lis) is®7

5 ; 2 49
r'= 4033{%0%90— 1 +Z—‘ |:OA {37# —§+2</J2
T ™

22 2
+ cothp <2Li2(e‘2¢) —4plog(l —e™2%) — % - §7r2§0 + %Qﬁ —2¢% — 3503>

2 2
+ coth?p <2Li3(e_2"0) + 2¢Lig(e™2) — 2¢3 + % ©+ 3 903)}

20

— % Teny(coth o — 1)} + O(ai)}

« o 2 1
=4Cp > the — 1+ -2 2(1+5¢%) —= tho — 1
CR47T{<PCO ® +47T|:CA|:< +3<p> 3(@00 o—1)
67
X (27T2 —?—i- 2@2) + coth p(p coth ¢ + 1)(Liy(1 — 6290) — Liy(1 — 6729;))
— 2c0thp(Liz(1 - €%) + Liy(1 e-w))}

20

— g Ten(pcothy — 1)} + O(af)} (4.2)

(the last form is explicitly even in ().

Table 1. Four-loop contributions to v, I' and its limiting cases.

Color Example | v, p<1 T(p) 1L [e>1

Cr(Trny)? ﬁ Ref. 44 Ref. 14 Ref. 14 v | Refs. 45 and 46
C’RCF(Tan)2 i ; Refs. 39 and 47 | Refs. 39 and 47 | Refs. 39 and 47| v* | Refs. 39, 47 and 49
CrCA(Trny)? i i Refs. 49 and 50 | Ref. 50 Ref. 50 Refs. 48, 51 and 52
CrCETrny g Ref. 53 Ref. 53 Ref. 53 vV | Ref. 53
CrCpCaTpny §§ Ref. 50 Ref. 50 Ref. 50 Refs. 50 and 55
CrC%Trn; ﬁ Ref. 50 Ref. 50 Refs. 54 and 55
dRrn g ﬁf Ref. 56 Refs. 56 and 50 | Ref. 57 Refs. 58 and 59
n}», N, — o0 Ref. 50 Ref. 50 Refs. 51, 60 and 61
CrC* @ Ref. 62 Ref. 62 Refs. 54 and 55
Un g E Ref. 62 Ref. 62 Refs. 54 and 55

1§, N, — o0 Ref. 62 Ref. 62 Refs. 60 and 61
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At three loops, the cusp anomalous dimension has been obtained in Refs. 38
and 39 (the results are given in Sec. 8 below). Results for supersymmetric QCD
extensions have been also obtained.?’

The light-like cusp anomalous dimension (2.20) at three loops has been obtained
in the course of calculating the three-loop DGLAP evolution kernels*’
confirmed in Ref. 41) and confirmed in massless form-factor calculations.

The status of four-loop calculations is summarized in Table 1. The column 1L
shows the color structures which have the simple one-loop @-dependence
pcoth o — 1. For several color structures the exact angle dependence is not known.
A simple interpolation formula [in terms of the variable 3 = tanh(yp/2)] for the four-
loop cusp anomalous dimension has been proposed.’® It is based on the known
asymptotics § — 0 and  — 1. Such approximate formulas give a good precision at
two and three loops,?”:%* so it seems reasonable to hope that it also works well at
four loops.

Some simple classes of contributions are also known at higher loops (Secs. 10-14).

(recently
42,43

5. HQET Field Anomalous Dimension

It is convenient to calculate the HQET self-energy 3, (w) at w < 0, below the mass
shell, where the result is analytical. The power of (—2w) in each term of the

XA XN
/KN BN

AN/ NA NN
T\ [\ [ A

0 SN/ \N
AL A N

Fig. 1. Families of four-loop HQET self-energy Feynman integrals. Double lines are HQET ones, solid
lines are massless.
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perturbative expansion is fixed by dimensions counting, so we can set w = — £ during
the calculation. Many diagrams have linear dependent HQET denominators which
can be killed by partial fractioning. At three loops, all four families of integrals
reduce® to eight master integrals: five trivial, two are expressed® 67 via the
hypergeometric functions 3 F5 of unit argument and for the last one, several terms of
e-expansion are known® (see Ref. 69 for review). At four loops, we are left with 19
families (Fig. 1). The families 10-12 were considered in Ref. 56, the family 1 (and one
subfamily, i.e. a family with a contracted line) in Ref. 50. There are 54 master
integrals (Fig. 2): 13 recursively one-loop (expressible via I'-functions); 10 can be
calculated using the formulas from Refs. 65-67 (in one case, the hypergeometric
function happens to be expressible via I'-functions); and for two integrals, several
terms of e-expansions are known from Ref. 68. The e-expansions of all master
integrals up to weight 12 have been obtained” using the DRA method.”

The complete result for the HQET field anomalous dimension up to four
loops is%2

Qs Qs a? 179 32
Yh = QCR(G—3)4—+CR(4 ) |:CA(2 +4a—?) + 3 Tan]
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16 30617 4 767
—§7T2+ 31 :| +CRCFCATF71/|:<88C3 57T4—6> —480C5
88 21703 35
—928(; + 1—5 4 + T] + 1GCRC%Tan (60C, 37(; - ?>

8
+ 64dRan <—5<5 + §7T2<3 + 4<3 — §7T2> + QORCA(TFTLf)Q

4 1 1

o103\ 256 ,
X (1243 TS —27> - WCR(TF”f) (3¢ — 1)} +

(5.1)

The terms up to a® agree with Refs. 34 and 35. Some color structures of the o?

contribution were known earlier, see Table 1. In QED, the only gauge-dependent

term is the one-loop one; if n; = 0, all contributions but the one-loop one vanish

(Sec. 3).

Curiously, the difference of v, (with R = F') and v, is gauge-invariant up to two

loops, linear in a at a? and quadratic in a at a?,

127
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—§w2+67} +CFciTanK Cs— 243 8<3+%7r —3)@
TR G~ 963 + g + 55315 e
— 203C Tpn; <400<5 +464¢5 — %ﬁ* — %) +8C 3 Trny

X (120g, 58(; — i—g) — 64dppny (5g, — §7r2gg 4¢s + %r? + 4)
— 3205C 4 (Tpn)? (1443 ”; + 28219> + 320 3(Tpn )2

7 160 16 13

(see Refs. 72 and 73 for 7,). In QED, the only gauge-dependent term in , is the one-
loop one, the same is true for v, (see Ref. 74), and v;, — v, is gauge-invariant to all
orders. The on-shell renormalization constant of a heavy quark field Z¢)' has the same

(5.2)

pattern of a-dependence.

As a check of calculations, the hhg vertex at p, = 0 has also been calculated in
Ref. 62. It has a single structure I'(w)v#t . Infrared divergences are absent, therefore
log'(w) = log Zr(a,,a) + O("), where Zr contains ultraviolet divergences. We
have Z,(a,) = Z ;' (a,,a)(Zr(ay, a) Z), (o, a)) "2, and hence

1 dlog Z,(«
Bla,) = 97 dloeu dlogu LZ Br- 1( )

= —0(0,0) = (0, 0) = 57400, 0). (53)

75,76 is reproduced using the four-

The well-known result for the four-loop S-function
loop 7,776

If we consider QCD with n; light flavors and one heavy flavor @, then, in
situations accessible for the HQET approach, the QCD heavy quark field ) can be

expressed via the HQET field h, via the matching relation™ 77

. This is a strong check of the calculation®? of ;.

Qi) = =)o (12) + 0(%) (5.4)

The matching coefficient z(p) can be obtained from the on-shell renormalization
constant of the field @ in the (n; + 1)-flavor QCD

M 2 L 00
- Z ( 47T d/2 67‘5) ZL7 ZL = Z ZLJL(&)E”’ (55)

n=0
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where gq = gonf ) ,E=1- and M is the on-shell mass of ). The renorma-
lized matching coefficient z(u) must be finite. This requirement was used”” to obtain
analytical expressions for Z,,, with n < 4, see Tables I and II. However, analytical
expressions for the color structures C FC’f1 and dp4 in Z;3 remained unknown
(Table II), because the corresponding terms in 7;, were not known. Now we are in a
position to complete Table II of Ref. 77:

nf+1

Zis = o3 { 16 <23387 - 235257 al s 2229 r2a? 1579207 ra 103283449 5
231 4671, 5389931 78T 5659447 275029 ,
ﬁg 576 "~ 6012 T Istaa0” 414720 10368
155786381 ¢ (1757 11 169 ae. 3389 59
T 124416 ) ﬁ(w_2<5 2T TG g5 G 505

34433 , 353 , 6629\ & 203 17, 355 59,
Thma0” T 576) 8192 \ 12 G ¢ T

13 1 2 63 19 X
) o+ - T o

16 2 32 10080
7 33 305 7r2 15 221 . w1
‘ﬁ‘s—z) 1 ( G156 6 165 g 6+__6_4)
+ £ 66+ >]
512700 T8
= CFCA(7123.3401041 4+ 0.1197511751¢ — 0.00581852166152)
+ dp(0.3701524967 + 0.1134626128¢ — 0.0124740150062) + - - - (5.6)

where a,, = Li, (3) (in particular, a; = log2), and dots mean other color structures
(Table II in Ref. 77). The corresponding numerical results from Tables V-VII of
Ref. 49 are

Zy3 = CpC%[—123.354 4 0.086 + (0.11976 + 0.00013)¢ — (0.005817 + 0.000025)¢?]
+ dpa[0.40 £ 0.21 + (0.1135 = 0.0025)¢ — (0.01250 = 0.00061)€2] +

Our analytical results (5.6) agree with them within the stated uncertainties. This is a
good check of the new®? CrC3- and dp4-terms in (5.1).

6. Cusp Anomalous Dimension at Small Angles
When calculating V(w,w, @), we write
v =v+6év, Sv=uv(coshp—1)+nsinhy, v-n=0, n?>=-1. (6.1)

We expand the integrands in év and average over direction of n in the (d — 1)-
dimensional subspace orthogonal to v (this method of calculating the small-angle
cusp anomalous dimension was first used at two loops™®).
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The complete result for the first two terms of the small-angle expansion (2.18) of
the cusp anomalous dimension up to four loops is%?

47

. 1
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The terms up to o agree with the results*** expanded in ¢? [see (8.12)]. Some color
structures of the a? contribution were known earlier, see Table 1. For some of them,
the full ¢-dependence is known; for some, one more term in the y?-expansion is
known?" in addition to the terms presented in (6.2). In the Abelian case dppn o’ is
the only term which does not have the simple one-loop angle dependence® [note that
there is a typo in the formula (4.2) in this paper].

In the first curly bracket in (6.2), the highest weight of constants in the al-term is
2(L —1). In the second curly bracket terms with this highest weight are absent.

In N = 4 SYM, supersymmetric Wilson lines are usually discussed. They interact
not only with gluons but also with scalars. A cusp on a supersymmetric Wilson line is
characterized by the geometric angle ¢ and the internal angle ¢ (we’ll consider the
case ¥ = 0). In the case of SU(N,) gauge group in the large-N, limit, the Brems-
strahlung function (the w?-term) is known exactly in coupling.'” The full p-depen-
dence is known up to four loops.” The result has the structure

F:ZFL< 2( S‘) 5 FL:ZFLVLta’nhRE
= &

n=1

Up to three loops, the large-N, results are sufficient for reconstructing the com-
plete results for the arbitrary gauge groups via Casimirs. However, at four loops
dra/(CrC%) =1/24+ O(1/N?) (the 1/N2-term depends on R), and we know only
a certain linear combination of the coefficients of CrC% and dp4. The Bremsstrah-
lung function is known for an arbitrary gauge group via Casimirs up to (in principle)
an arbitrarily high order.® Expanding the results of Ref. 79 up to * and replacing
the ¢2-term by the result of Ref. 80, we have

. 1 1
= %cptanhg [CR — ZCRrCara, + —Cch(was)Q — ( CrC3% — dRA)

27 6 5

(71-0[5’)3 NcOéS(p4 N Qg 2 2 N(:Oés 2
“18 | T ___C?’ C"’J’ ”C?’_E o
+O(, ). (63)

The O(p)-terms in I';; contain only maximum-weight contributions, and produce
the first bracket in (6.3); it is homogeneous in weight. The O(p?)-terms in I';; and
the O(p?)-terms in T'y contain only lower-weight contributions, and produce the
second square bracket in (6.3); it is not homogeneous and only known in the N, — oo
limit. If we keep only maximum-weight terms, this second bracket vanishes, just like
the second curly bracket in the QCD result (6.2). If we keep only the maximum-
weight terms in the first curly bracket in (6.2), we obtain exactly the first square
bracket in the supersymmetric result (6.3). So, the principle of maximal transcen-

81,82 works for the Bremsstrahlung function up to four loops.

dentality
The HQET field anomalous dimension «;, (5.1) has the same pattern of weights as

the first curly bracket in (6.2). If we retain only the highest weights 2(L — 1) in
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Th (5'1)a we get

20p(a =95 - 35 (5+ ) (3)

i, T2\ 451, 850
+ (1) {CRCA[( Ghgges™ )ot T Gt T

221 7
+4dpy KGQ, ~ %35 6) — 8(12C3 ST )] — 96§§C’RCATan} +

(the a’-term is absent because the corresponding term in 7, contains no 72). All
terms are linear in a here. It would be interesting to understand whether this ex-
pression is somehow related to the anomalous dimension of an end of Wilson line in
the A/ =4 SYM. The term with n; does not look encouraging in this respect.

7. Light-Like Cusp Anomalous Dimension

The full result up to four loops has been obtained in Ref. 54 and confirmed in Ref. 55
from form factor calculations,

a, C 67\ 20 2
K(Ots) = 4E{CR CR |: 3A (7'('2 3) + — 9 TFTLf:| +CR(4 )

c? 11 134 245 2 20
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148 143) 32

—QCRC%‘TFTLJ&(S()Cg) _TCS —T _?dRan<10C5+2<3 —71'2)

CRCA( an) ( 56 304 9 %

8
27 2240(5—? 4—777 + 3 ) _§CRCF(Tan)2

x (8043 ~ 2 —?) +%OR<TFW)3(2<3 —%ﬂ + O(aﬁ)}- (7.1

The terms up to o agree with Ref. 40. Some color structures of the a *-contribution
were known earlier, see Table 1. The four-loop CrCpCyTpn-term in Ref. 54 was
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derived from a conjecture, see Sec. 8 for details; in Ref. 55 it was confirmed by a direct
calculation. In QED with n; = 0 only the one-loop term remains.

In N =4 SYM with SU(N,) gauge group in the large-N, limit, the light-like
anomalous dimension is known®? exactly in g?N,; results up to four loops were de-
rived in Refs. 84, 85 and 79. Up to three loops, these results are sufficient for
reconstructing the full result for an arbitrary gauge group expressed via Casimirs. At
four loops, there are two different Casimirs; the full analytical result has been
obtained in Refs. 54 and 86,

=S o) G

If we keep only the maximum-weight terms in the QCD result (7.1), we obtain
exactly the SYM result (7.2). So, the principle of maximal transcendentality®!:52
works for the light-like cusp anomalous dimension up to four loops.

8. A Conjecture Which Sometimes Works

An interesting property of I up to three loops has been noticed in Refs. 38 and 39.
Let’s introduce a new coupling A instead of «/(4x),

2
[((0[5)146"3147 A*T 1+K24 +K3(47T)+:|7
KQ = CAKA +TFTL/4Kf, (81)
Ky = C3Kn + CuTenK o + CpTpnKpp + (Tpng)? Ky, ...,
where K(a,) is the light-like cusp anomalous dimension [see (7.1)], and re-express
I'(ay, ¢) via it,
L(ay,¢) = A, ) = Crlh () A + Q) A% + Q3(0) A® + - ]. (8.2)
Then the function €2 does not depend on n, i.e. on the number of matter spinor fields
in fundamental representation. Moreover, it remains the same in a generic gauge

theory with any numbers of fermions and scalars (including supersymmetric QCD
extensions). It contains only the adjoint-representation color structures,

Qy(p) = CaQulp), Qu(p) = CleAA(QD)v (8.3)

If we write I'(a,, ) as

Dy #) = Ot [Ma@) + Do) T2+ To() (52) + - .
Lao(p) = CaTa(p) + TengT (),
T3(p) = CAT () + CaTpn T 45() + CrTen T pp(p)

+ (Tpng) Ti(@), -,
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then
Ti(p) = (90), La(p) = Qu(p) + Ka (), (8.4)
Taa (90) 44(p) + 2K 4Q4(p) + K441 (), (8.5)
i) = Ke(p), Trplp) = Kpf(p), Tp(e) = K (), (8.6)
LCas(p) = 2KfQA(<P) + KA (). (8.7)

For purely gluonic structures I'y (X =1, A, AA), using (8.4)—(8.5) we can express
Qy via I'y and lower-loop results. For the Abelian structures X = 1, f, Ff, ff, the
terms I'y are given by diagrams with a single two-leg c-webs (see Sec. 10), and hence
have the pure one-loop angle dependence 2, () = 4(p coth ¢ — 1). In these cases, the
coefficient of ; is fixed by the ¢ — oo limit to be Ky; the relations (8.6) hold by
construction, and contain no interesting information. The relation (8.7) is the only
interesting one. It expresses the contribution of highly nontrivial three-loop diagrams

to I' via lower-loop contributions. The ¢-dependence of I'y; is very nontrivial; it
seems absolutely impossible that the relation (8.7) holds accidentally, it must have

some explanation (which is not yet known).

38,39 ;3

The result of the calculation is

91:4141, QA:8<A3+A2 %A)
A (8.8)
Qpa = 16(A5 + Ay — Ay + B; + By +?(A3 + Ay) — 120 A1>,
where A; = A;(x) — A;(1), B; = Bi(z) — Bi(1), v = e7¥,
) = SH)
1 72 1
Ay(z) = §H1,1(3/) +— — & Hoa(y) +§H1,1(?/) ,
2 ,[1 1
As(z) = —¢ H111( ) +FH1(?J) +¢& §H11071(y) +ZH1,1,1(?/) ,
1 2 3 7
Ay(r) = 1 Hy11(y) — ?Hl,l(y) +&(2H, 101(y) +§H0,171,1(Z/) +ZH171,1,1(3J)
7T2 71—2
+ gHo,l(y) + EHl,l(y) + 3C3H1(y)] —&[2H, 00,1 (y) +2H 101 (y)

3
+2H1101(y) + Hip11(y) + Hop11(y) + §H1,1,1,1(y)} )
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5 2 7 )
As(z) = ¢ 3 11111%) +IH1.1,1(Z/) +EH1(Z/) —&[Hy1101(v)
3 11 w2
+ ZH170,171,1(2J) + Hy1111(y) + §H1,1,1,1,1(y) + FHI,O,I(Z/)
2 2 3 3
+ ?HO,IJ(Z/) + IHl,l,l(y) + §C3H1,1(y) + & [Hy 1001 ()

1 1
+ Hi0101Y) + Hi1101(y) + §H1,1,0,1,1(y) + 5H1,0,1,1,1(Z/)
3
=+ ZH1,1,1,1,1(3/) )
1 1
Bs(r) = —Hy1(y) + §H07111(y) - ZHLLI(?J)

+¢ |:2H0,0,1(y) + Hy 1 (y) + Hoq1(y) + 1 1,1.1(9)} ,

4
x
Bs(x) = 1_ 2 [—4H71,0,71.0,0($> +4H 1 0100(x) —4H1 9 100(2)
+4H, 100(x) +4H_10000(7) +4H 900(T)
7T4 7T4
+2¢sH_y () + 2¢3H, o(w) — %Hfl(x) - %Hﬂx)] ,

E=(01+2%/(1—2%), y=1—2a2 Here, H (r) are harmonic polylogarithms.*"
Symbolic manipulations and numerical evaluation of these functions are available in
Mathematica®"® and Maple.”® Numerical evaluation of multiple polylogarithms
(including harmonic ones) was implemented®! in C++ and used in GiNaC?? (https://
ginac.de/). Numerical evaluation of harmonic polylogarithms was implemented in
Fortran up to weight 4°*°! and then up to weight 8.9

At large ¢, we have

2 2 19
A, = Ao = — 4+ - Ao = —— 0 — A =—— 44 ...
1= d, A=, A 67 Gty Ay 0" T
11 9 2 7
A = — 714 - — Bo = —(o—4--- B- =
5 1807“'0—’—2(5 5(3"’ , B 2C3+ ;v Bs=0+---,

(8.9)

where dots mean exponentially suppressed terms. Subtracting A;, B; at ¢ =0
[see (8.11)] to obtain A;, B;, we get

QG =4p-D+-, U=81-CG)+ -,

Qas = 8(9¢5 — 72C3 — 2C5 + 72 —4) + - (8.10)

By construction, only the one-loop term 2; contains the linearly growing contribu-
tion ¢, all higher terms are O(¢"). Using the formulas (8.4)—(8.7), it is easy to
reconstruct the O(p")-terms in the large-¢ asymptotics (2.20) up to three loops.

2330004-22



Int. J. Mod. Phys. A Downloaded from www.worldscientific.com
by STATE PUBLIC LIBRARY FOR SCIENCE AND TECHNOLOGY OF SIBERIAN BRANCH RAS on 04/18/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

QCD cusp anomalous dimension: Current status

At small ¢, we have
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i 304 , 250121 o % 22, 296647 o8
37945 T 66150 /315 \"°* T 105 99225 ) 1575
26104 352666739\ '
A¢o — 2 _ O(p'2
< ST 40020750)31185+ (™),

™ 2 ™ 5 65
A= 3G+ 220 (o, T 4 22 202
3= Bt g ( G 8+277T 54>‘p

_ C+7T_4_4_1 2_@ _|_ 2< +7T_4_& Q_Mi ﬂo
3T 54T 405" T 2025) 5 3745 1575 18375) 63

(e, 00N @
37126 245 138915 /) 225

T 5683, 232002262\
- O 12
( ERITRR TSt 180093375) 3165 T O
5 , 889 80209 . 357533 10632271

By =44 22— 4 _
5= 4T 51%Y T 105007 T 208372507 T 625117500 ¥ T 133671898750 7

+O(¢"),

3 1 902 31\ ¢* 143\ S
By =-(y— - 202¢; + —
5= 3% <C3 + 6) 3 ( 16+ 12) 225 %+ 3 ) 33075

7739\ 8 2026 1261 0
13¢: — ; O(o'2
+( G+ 2916) 18375 ( AT ) 3675375 T O
(8.11)
and hence
2 4 8
14 90 2 6 P 2 10 12
Q =4(=— S A - o
( 955¢ "I toms? ) TOWY)

2 4
o 2 38\ . 262
=4 - 2_8___ 2__ Y 6 2
2 [(9 ) (™ = 8)735 2835(7T 5>‘p+<7T 35

p° 2 . 262\ .
" 14175 280665( =55 )¢ | oY),
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® o2 20 256 774 28 , 706\ ¢t
Qs =d|—(ac, - 422 (=2 _n L
44 [(C‘* 5+3 +3>3 ( G+ 9" 15)5
L2 (236, w62, 108%6)
945\ 35 B3 75 "9 " 315 ¢

(368, 776, 33308
49 63 81 35721 375

2 (32248 . 3994 , 36182402\ |, ;
467775< S T 363825) +0(").

(8.12)

It is easy to reconstruct small-¢ expansions of all color structures of I' up to three
loops up to ¢'” (more terms can be added if desired).

If has been conjectured®®3” that this structure holds at higher orders. At four
loops, we have

: d
Ky = Cilas+ 4 Kana
R

drr
+ CATF'flfKAAf + CFCATF’IIfKFAf + CFTanKFFf +—=

nK
CR dRF

+ Ca(Trng)* K app + Crp(Trng ) Ky + (Tpng )P K gy

The quartic-Casimir terms here do not look nice because the “universal” coupling A
depends on R. We should, probably, suppose

. dpra
Q) = CaQuaa(p) + C—RQdRA(SO)

(it is also R-dependent). Then for
dra
= Calaaa +—— C 2T ira
R

d
+ CATingT yag + CrCyTpn Tpas + CFTpn T gy + Ci}jnfrdRF
+ CA(Tan)QFAff + CF(Tan)2FFff + (TFTLf)BFfff
the conjecture results in

Taas = Qaaa +3K 4004 + (2K 4 + K3)Q + Kaaa,

(8.13)
LPara = Qara + Karalh,

Uprp = KppgSh, Tpgp = Kppelh, o Uy = KyppQ, (8.14)
Taap = 3K Qau+2(Kap + KoK )+ Kaarf, (8.15)
Lirr = Kgrpfh,

FFA,f = ZKFfQA + KFAle’ (816)

Capp = 2Ky + K7)Qu + K509
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The Abelian terms I gy, I' pr and I' gy are given by the diagrams containing a single
two-leg c-web, and hence have the one-loop p-dependence €2, () (see Sec. 10). So, the
relations (8.14) hold by construction.

The first two terms of the small-¢ expansion of I'jpr have been obtained in
Ref. 56. It has been proved that the relation (8.15) for I'ypr does not hold. Later,
the third term of this expansion®®, the large-¢ limit°®*° and, finally, the full
-dependence®” have been obtained. The ¢-dependence is extremely complicated,
and certainly does not satisfy the relation in (8.15). The relation (8.15) for Iy 4 is
also wrong, as demonstrated in Ref. 50 by the calculation of two terms in the small-¢
expansion. These two structures get contributions from diagrams containing a light-
quark box. Maybe, such diagrams are the reason for breaking the conjecture.

However, the two remaining structures, I'pq s and I 4 4, pass all existing tests, and
seem to agree” with the relations (8.16). For I 5/, three terms of the small-¢ ex-
pansion®” and the large-¢ limit*®51°2 are known, so that there are three analytical
checks of the corresponding relation in (8.16). For I'g4y, two terms of the small-¢
expansion are known"’; the large-o limit K4, was only known numerically at the
moment.! So, there was only one analytical and one numerical check. The analytical
form of Kps, has been predicted® on the basis of the conjecture, and later con-
firmed™ by a direct calculation. It seems that there can be little doubt that the
relations (8.16) for the full p-dependence of I'pyr and T' 444 are valid. If we believe in
this statement, we can get many terms of small-¢ expansions of these structures
using (8.12), and their large-p asymptotics including the O(¢")-terms using (8.10).

9. Euclidean Angle Near 7

In a paper,” the authors have noticed that the two-loop cusp anomalous dimension I"
at Euclidean angle ¢ — 7 is related to the one-loop static quark—antiquark
potential V(r),

I(r—8) = ”V(S(r) . (9.1)

The proof of these relations to all orders given in this paper is incorrect: we shall see
that it breaks down for the three-loop I'.

In fact, this relation follows from conformal symmetry*
QCD by the conformal anomaly). Let’s consider the Euclidean space with the metric

38,39 (which is broken in

ds® = dz? + dx>.
In spherical coordinates,
o =rcosd, x=rnsind, ds®=dr’®+r*(dé® + sin?6dn?).
We assume § < 1 and introduce the new coordinates y by
r=e, y=9én, ds*=e*(dyi+dy?).

This metric is conformally flat.
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Let’s consider a Wilson line in z-space having the shape of a small angle é (the
xy-axis is directed upward). We introduce a UV cutoff x(lf V close to the angle and an
IR cutoff 2V far from it. Then

IR

logW = Flog%. (9.2)
In y-space, it looks like a pair of antiparallel lines at a distance y from each other:
Ty vo
=
5" yo
and
log W =V(y)(yo' — 5" ). (9-3)
If our theory is conformally invariant, these Wilson lines coincide, and
[(m—06) = %(y), (9.4)

where y = |y|. Due to conformal symmetry, V(y) = const/y. We can also re-write
this relation in momentum space,

D(r— 6) = ngm 9.5)

[the momentum-space potential is V(q) = const/q?]. In N'=4 SYM (which is
conformally symmetric), the three-loop I'(7 — §)%%39 agrees with the two-loop V.7
Let’s introduce the conformal anomaly A(«y) by

arA(o.(a) = 5T (o (al). 7 - 95 - TG g

In QCD at three loops A can be obtained from the general result (8.8) using the
asymptotics ¢ =7 — 6, § — 0 of A;, B; [see (A.13) in Ref. 50]. The result is*”

Afa) = o2 foCr4TC, — 28Tpng) (22) + 0. (9.7)

It vanishes when 3y = 0. In QCD (as well as in QED and many other gauge theories)
conformal symmetry is anomalous, broken by the @-function. Therefore, it seems
reasonable to assume?® that, similarly to the Crewther relation,”® '%° the conformal
anomaly has the form

A(as) = B(QS)C(O%) (98)

In addition to the a2-term (9.7) of C, several color structures of the a?-term are
known®” [the three-loop V(q)'°' 103 is used],
4 o

s 2
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™ 79

6 648

+4CR|:33AAC,24_ (5<3+ ].O_K

2 41711
)OATan+ (19c3+ﬂ )

X CpTpng + = (C3 >(TF”f) ] (&)3 +O(ary),
am (9.9)
where x4, is unknown (and, in fact, ill-defined, see Sec. 9.1).
The coefficient of C'p in the a2-term of C, as well as that of C'% in the a?-term of
C, vanishes; this follows from a more general result (Sec. 13). The coefficient of
(Tenys)? in the al-term of C follows from T'j;; which is known (Sec. 11); the fac-
torized form (9.8) requires a definite result for I' 4 in the limit 6 — 0 which agrees
with the conjecture (8.16). This is one more confirmation of this conjecture for I' 47
[if we believe in (9.8)]. The coefficient of CTyn; in the ai-term of C' follows from
I pyp which is known (Sec. 12); the factorized form (9.8) requires a definite result for
I'pay in the limit 6 — 0 which agrees with the conjecture (8.16). This is one more
confirmation of this conjecture for I'py, [if we believe in (9.8)]. The coefficient of
C4Tpnyin the a3-term of C follows from the conjectured (8.16) result for T' 7y in the
limit 6 — 0. If we believe in (9.8), there is no dgpn-term in A(a;) at four loops; the
full p-dependence of this structure is known®?, but it is extremely complicated, and
this conjecture has not been explicitly checked yet.

104 it was proposed to represent C(ay) in the form

= i Cnle)[B(es)]", (9.10)

n=0

In a recent paper,

where C), (a;) are series in o, whose coefficients don’t contain Trn;. In fact, an
arbitrary series

o0

n+1
Rz Tan ( ) (911)
n=1
[where P,(x) is a polynomial of degree n] can be reduced to the form (9.10) by a
simple algorithm. In P, we express Trn; via

3 nio;ﬂn (%)nﬂ

(note that (3,>; is a polynomial in Trn; of degree n) and update P.o(Tpny) by
incorporating this sum. Then we repeat the same step for P,, and so on. At the Nth
step, three kinds of terms appear:

o [B(ay)]™ with coefficients not containing 5, (m € [0, N]); these terms become a
part of the final result.

e [B(a,)]™ times some series having the form (9.11) (m € [1, N — 1]); for these series,
we call the algorithm recursively.

e Terms without () containing (>; they are absorbed into Py 1(TFny).
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Fig. 3. (a) The Wilson line describing production of a heavy quark-antiquark pair with a small relative
velocity u. (b) The first transverse-gluon contribution.

As aresult, we get the desired form (9.10), and this representation is unique. This is
not a physical statement, but a simple algebraic fact. Let’s stress that here we
discuss the dependence on Trn; only; n; can appear in other contexts, such as

d“n; (light-by-light).

9.1. CrC3a?log(6)/6-term

At four loops, a CrC%atlog(6)/6-term appears'?” in T'(7 — §). It is similar to the
three-loop log(ur)-term in the potential.!06:107

Let’s consider a cusped Wilson line in Minkowski space [Fig. 3(a)]. It is formed by
the static quark and antiquark worldlines r = 0 and r = ut, where u is a small
relative velocity (u = |u| < 1). At the end of the calculation, we’ll analytically
continue the result to Euclidean space (u = i6). We neglect all terms suppressed by
powers of u. It is convenient to use Coulomb gauge. The static quark and antiquark
interact by exchanging instantaneous Coulomb gluons,

2 2
Viq) = —CF%, Vi(r) = —om)% T% (9.12)
(the power of r is obvious from dimensions counting). Here and below, x; = 1 + O(¢)
are some normalization factors (we don’t need their exact form).

Transverse gluons interact only with Coulomb ones, but not with the static
quarks. The first transverse-gluon contribution is shown in Fig. 3(b). Here T is an
infrared cutoff. We use the method of regions to analyze this contribution. In the
ultrasoft region ¢; ~ty ~ty, —t;; Coulomb-gluon characteristic momentum is
q~ 1/(ut,,), and the transverse-gluon characteristic momentum is k ~ 1/t;, < ¢.
In the soft region ty —¢; ~ ut; s, and k ~ 1/(ty —t;) ~ ¢. To determine the coeffi-
cient of the logarithm in the 1/6-term in I'(r — §), it turns out to be sufficient to
consider the ultrasoft region. Neglecting k in the three-gluon vertex, we obtain in
momentum and coordinate spaces

all 7:)I
__ raaiaz 3 __ s faaia 0
qm = f 1 2g0 (q2)27 I#VV\ = ’Lf t 2KOET1_2E . (913)
| |
L2y Nt
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The ratio of the Wilson line [Fig. 3(b)] to the one without the transverse-gluon
correction is 1 + R, + R.. The ultrasoft contribution is

T t
Rus = / dtQ / dth(thﬁQ), (914)
0 0

g Ti ’f‘j . ) ty
K(ty,t) = CFCA/'@% U 0) 7,1—125 T1—225 DV (v(ty — t1))exp [—z/ dt AV (ut)
1 2 t

where

(9.15)

[v = (1,0) is the four-velocity of our small dipole]. During the time interval between ¢,
and t,, the static quark—antiquark pair is in the adjoint color state instead of the
singlet one, and their leading-order interaction potential V,(r) is obtained from the
expression for the singlet potential V(1) (9.12) by replacing the color factor Cr with
Cr — C4/2. Therefore, we get the integral of AV (r) = V,(r) — V(r). The character-
istic sizes of the regions of the transverse-gluon emission and absorption are ~ ut, o; we
neglect them, so that this gluon propagates between the points vt; and vt,:

(2 g)

D (vt 2 84, 9.16
() = 8(1/2 52 o (9.16)
We obtain
g B _ g t —t2€
K(ty,t) = CFCAM a 0) utEES (ty — ) ¥ exp | — C’A 04; W
(9.17)

Now we consider just a single Coulomb-gluon exchange between t; and t,,
go IR —tF)(ty — 1)

KW (ty, 1) = CFCA Ko (an) o (9.18)
Calculating the integral (9.14) by the substitutions ¢; = zt,, we obtain
! T(1+2e) [ T(1+4e) (1 + 2e)
d 251_ 2e 1— —24+2 _ ) =1 O
/0 ze (1 —a®)(1 — ) =2 |°Ta+6) ‘Ta+do]  1T9E
(9.19)
and therefore
T8
RW =~ CpChm 20 9% (9.20)

(471')5 e2q1-6¢°

The soft contribution is nearly local in time (ty —t; ~ ut;, < t;5), and can be
described by a soft potential. For a single Coulomb exchange between t; and t,, it is

1
V() = cCrC 1 = (9.21)
by counting dimensions, so that
T 8
: . 90T
0 EU
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The double pole 1/¢? should cancel in R(V) = RY LR ii}t; this fixes the 1/e-term in c,
and we obtain

goT®e Kgu's — Kyute

R = C CH2—
A (4) 2y
C o at(p)(uT)® logu + const 9.23)
4dr EU
This leads to the following contribution to I':
. 4
i ay logu + const
Al = ——CpC? _— 9.24
3 CFba " ( )

Finally, analytically continuing it to Euclidean space (¢p = 7+ iy, @3 = u) and
replacing Cp — Cp, we obtain'®®

4
AD(r ) = — 1 004 o B0 const.

o 5 (9.25)

This contribution does not allow us to take the limit § — 0 in (9.6). Higher orders
in a;, will contain higher powers of log §. Hopefully, summing terms with the leading
powers of log 6 to all orders will produce a finite result for 6T (7 — é), in which log a
will appear in place of log 6.

10. Higher-Loop Abelian Results: Two-Leg c-Webs

In general, log W is given by the sum of webs (3.8). For some families of Abelian color
structures, only two-leg c-webs (3.6) contribute. We can work in QED. The full
photon propagator is

kg

aanan = (DR ()

Do) = 120 D = 5 (9 + )

(10.1)

(only the zero-order propagator is gauge-dependent; here and below, we use Landau
gauge). The photon self-energy is the sum of 1PI diagrams,

D~ = (k2 — kR )TI(R2), ZHL 1(k?),

2 (10.2)
2y _ 2\—2¢1L _ - €0
1 (k%) = p_1[Ao(—k*)"*]", Ag=e WEW’
The MS charge renormalization is
cafp
Ay =1 7 (o). (103)
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We can select a subset S of Abelian color structures of the gluon propagator which
satisfies two conditions:

(1) the contributions of the color structures C'r X S to bare log W are given by two-
leg c-webs only [see (3.5)];

(2) no color factor C' € S being multiplied by a color factor in Z,, can produce a color
factor C" € S.

The contribution of the color structures S to the gluon propagator is

DY (k) =Y dy' Dl (k)AL
L=0

) i (10.4)
Dy (k) = (—k2)I+Ee (gl”/ + —k‘2>’
where d <SL) are products of some color structures of II;,. In coordinate space,
i (1l —w)
D =
1-1(@) (4m)?2 T(2+u —¢)
21—211, W xh?
X W [(1+2(u—6))g‘ —2(1—u) —1:2} (10.5)
Here and below
u = Le. (10.6)
10.1. HQET field anomalous dimension
For a straight Wilson line in Euclidean time (¢t = —i),
omtzo 3 < ws(t),
> _ _ 3—2e)T(—u)
_ d(L 1) A 2)2¢ 7L — _(e—2u) ( ]
wg(T) Lz_l s wrlAo(T/2)FeF)", wy e d— 202+ u—2)
(10.7)

A finite ¢ provides an IR cutoff; the region t, — ¢t; — 0 gives a UV divergence. Re-
expressing wg(7) via a,(u) using (10.3) [say, with 4 = (2/7)e™] and using wg(7) =
(log Z;) s + O(g") (2.11), we obtain (log Z},) 5 (it does not depend on 7) and hence (y;,)g-

Alternatively, we can work in momentum space. The Fourier image of
wg(t) (10.7) is

- _ = (L-1) ~ —2¢1L ~ vye (3 _ QE)F(_U')F(l + 2“)
Bslw) = ;dsL oA, by = e (1-2u)T2+u—c¢)
(10.8)
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This result can be derived in momentum space using'*

1 dik
=7 -9 d—ni—2n,
i7rd/2/[ (k U+w)]lbl( kQ)nz (n1,n9)(—2w) )

(10.9)

F(Tll —+ 2TL2 — d)F(% — TLQ)

I'(n1)l'(ny) ’

I(ny,ny) =

or by Fourier transforming (10.7). Now a nonzero w provides an IR cutoff; the region
k — oo gives a UV divergence which coincides with that of (10.7). Re-expressing wg(7)
via a (1) using (10.3) (say, with g = —2w) and using wg(w) = (log Z;,)s + O(£%), we
obtain (log Z;,)s (it does not depend on w) and hence (v},)s-

The renormalization constant can be written as

z n n
(log Zn)s =Y _—, 2 = O(ar). (10.10)
n=1
Only z,,; is needed in order to obtain
ay) = —222ml0), (10.11)

dlog ay

higher z;,, contain no new information, and are uniquely reconstructed from z;,; using
self-consistency conditions.

10.2. Cusp anomalous dimension

For a cusped Wilson line, we have (—t < 0 < t)
s(t, t <p
+ A (10.12)
_rut /U/t/
and

0
ws(t,t', ) —ws(t,t',0) = %\ - gﬁé’f . (10.13)
_fut U/t/
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Let’s denote (—t < —t; <0 <ty <)

0 0

—Wm = /\ x Vs(t,t', ),
—vt vt’ —vt o't (10.14)

(1,7, 0) Zd( 1)V /T,@)[Ao(TT’/Zl)Ee’YE]L.

When expressed via the renormalized quantities, Vs(t,t', ) = (log Z;(p))s+
(log Z),)s + O(e"). Therefore, V 4(t,t, o) = Vg(t,t', ) — V(t,t',0) = (log Z;()) s+
O(£"), where (log Z;(¢))s does not depend on t and ¢ and is gauge-invariant.
Note that

Vs(t,t',0) = ws(t +1') — ws(t) —ws(t') = —(log Z,)s + O("). (10.15)

For calculating the anomalous dimension we need finite 7, 7 as IR regulators. We
may set 7 = 7 in order to have a simpler single-scale problem,’3

ooy LT —u
llp= e )ﬁ”ﬂw)@ +u— 2¢) coshp + Ly(u, ) (1 - w)),
(10.16)
1 1
I (U, SO) = / dtl/ dt?(eWQtl + 67“‘7/2t2)_1+“(e*¥7/2t1 + e<p/2t2)—1+u
OG—QUQOO
= Juzsinh g 91(1#) = 62(: ),
1 1
Ly(u, ) = / dtl/ dty(e?/?t) + e 9/%ty) (e /2t + e¥/?t,)~2tu
0 . 0 1 cue W
B 2“(1 - U) |: + 2sinh ¢ (6 gl(u’w) —¢ 92(1‘790)) s
22 (10.17)
I (u,0) = Ir(u,0) = Tl = 2u)’
gl(u, ) (e¢ + 1)2uf1( 1— 650) — f (u, 1— GQW),
921, 0) = (€2 + 1) fo(u, 1 = €#) — fo(u, 1 — €%%),
2 b
filu,x) = 1( ) ﬁ o ) — 1+ 2Liy(2)u? + O(ud),

—2u,1—u
folu,2) = 1( 1— 2 33) +2log(1 — z)u

+ (log?(1 — z) — 2Liy(x))u? + O(u?).
Using (10.17) we get the equality (10.15). The UV divergence (u = Le, ¢ — 0) of
Vi(1,¢) (10.16) is

2¢pcothp + 1
u

Vi(l,p) = — +0O(1). (10.18)
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Alternatively, we can work in momentum space. The Fourier image of
Vs(t, ', ) (10.14) is

C/\/:/\ sz(w,w’,go),
N g (10.19)
Vs(w,w', ) = ‘*/ﬁ\« > DV (w0, ) [ Ao (A’ ],

We have ‘:}S(wv wlv 90) - f/S(wa wlv @) - ‘75(‘*}7 w/a 0) = (lOg ZJ(SO))S + 0(60), where
(log Z;(¢))s does not depend on w and ' and is gauge-invariant. Note that

wig(w) — Wwg(w)
w—uw -

V(w,/,0) = — —(log Z,) s + O(£) (10.20)
[this result can be derived by separating partial fractions in the loop integrand or by
Fourier transforming (10.15)].

The scalar Feynman integrals in V(y,¢) can be reduced'®® to three master
integrals, among which two are trivial (10.9) and one nontrivial,

2e7¢

Vi) = ~ =g = (201 ) 2aosh e —y =y coship
+u(cosh ¢ — y)(coshp — y~1)]I(y) + [(cosh p — y)y
+ (coshp — y Ny I1(2,1 +u—¢)},
C (dww)" dk
I(y) = imd/? / [—2(k-v+w)][-2(k- v +w)|(—k2) T

(10.21)

In anomalous dimension calculations, nonzero w, w’ are needed only as IR regulators,
and we may set w' = w in order to have a simpler single-scale problem. The master
integral I(1) (10.21) is then expressed!® via a hypergeometric function, and the
result is*”

~ 1(2,1 —
Vi(l,p) = —2e* 121+u-¢) 1’4:;7“1 . e) {[(24+u — 2¢) cosh o — u]F(u,p) + 1},
10.22)
I,1-u|1—coshg © (
F =, F] . _ F = .
(U7(P) 2 1( % 9 >a (0 <)0) sinhgp

At o =0 [F(u,p) = 1] we get (10.20) (at ' = w it becomes a derivative). The UV
divergence of V; (1,¢) (10.22) is the same as that of V; (1, ) (10.18).

The hypergeometric function F(u,¢) (10.22) has been expanded!?” in u to all
orders,” the coefficients are expressed via Nielsen polylogarithms S, (x). The re-
sult'® is written for the case of a Euclidean angle, its analytical continuation to
Minkowski angles is'!!

*There is a typo in this formula. It has been corrected in Ref. 110 and in v4 of the arXiv preprint.
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QCD cusp anomalous dimension: Current status

F(U’QD) =

1 {sinh(cpu)
sinh (2 cosh(p/2)) u

s
—e ¥ Z u" (_2)n—m 777,7n—m+1(—€¢)
n=1 1

+ et Z u” Z (_2)nmSmJL—’m,Jrl(_ew)‘| . (1023)
n=1 m=1

n

m=

It is possible to re-express this expansion in terms of Nielsen polylogarithms
of just one argument (see Ref. 112 or http://functions.wolfram.com/Zeta-
FunctionsandPolylogarithms/PolyLog3/17/01/), but then the symmetry ¢ — —¢
will not be explicit.

10.3. Potential

We shall need also some formulas for the static quark—antiquark potential in order to
discuss the conformal anomaly A(a,). The Wilson loop in Fig. 4(a) described the
following sequence of events: a static (HQET') particle in a color representation R
and its antiparticle are created at a distance r at the moment ¢ = 0; they stay at
these positions for a time 7" > r; and finally, they are annihilated at the moment 7.
This pair has the energy V(r), and for large 7" we have

logW = —iV(r)T. (10.24)

Due to exponentiation (Sec. 3), logW is equal to the sum of webs. Here, we shall
consider Abelian color structures for which only two-leg webs [Figs. 4(b) and 4(c)]
contribute. We are not interested in contributions where the gluon is attached to the
lower horizontal Wilson line or to the upper one — such contributions don’t scale
as T. The diagram in Fig. 4(b) describes not a quark-antiquark potential but the

Fig. 4. The Wilson loop determining the quark—antiquark potential.
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residual mass term of an HQET particle; it vanishes in dimensional regularization.
The first contribution of a four-leg web is shown in Fig. 4(d).

It is convenient to use the Coulomb gauge. The full Coulomb photon
propagator is

1 1
72 .

D@ =1- (¢?) q

(10.25)

The photon self-energy I1(¢?) is gauge-invariant in QED, so we may use the same
II(¢%) (10.2) as in covariant gauges. Integration in one of the two times in Fig. 4(c)
gives T'; integration in the other time gives

+00 d—1
V(r) = —ej [ dt D(t,r) = / (gﬂ)dql 9TV (q), (10.26)

o0

where the momentum-space potential is

V(q) = —e3D(q), ¢=(0,q). (10.27)

It is finite, because in QED Z, = Z;'. The contribution of a subset S of color
structures is

i 00 d(L—l)
Vs(q) = —(4m) ey WAOL' (10.28)
L=1

11. Leading Large-3, Order

Let’s consider terms with the leading powers of n; to all orders in a:
S = {(Tpny)*, L > 0}. It is sufficient to consider QED: Cp =Tr =1, C4y =0 and

By = —%nf. Let’s introduce

b:ﬁ[]%. (11.1)

We assume b ~ 1 and take into account all powers of b; 1/6y < 1 is our small
parameter, and we consider only a few terms in expansions in 1/3,. This large-£,
limit is reviewed in Chap. 8 of Ref. 14.

The photon self-energy II;(k?) at the leading large-3, (L3,) order is ~ 1,

_ D
= Mo(k?) = Mo Ag(—k%) 7=, IIp = 22,

(11.2)
_ (1—e)L(1+e)T(1—e) _ 5
D(e) = e7® (1—2e)(1-Ze)T(1—2¢) L+3ge+--.
The charge renormalization in the MS scheme (10.3) is
Body = b2, (D). (11.3)
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At the Lg order, we can solve the RG equation (the S-function is b)

dlogZ,(b) b
dlogb ~ e+b
and obtain
1
Z,(b) = . 11.4
A0 =157 (11.4)

11.1. HQET field anomalous dimension

The diagrams for wg and Vg include only Ilj-insertions in the photon propagator
(Fig. 5): d(SL) = TI%. We can write the two-leg web 1(w) in the form

o LK e Le) oy 1 2 _ >
a) = 5 LI o( %) @ = a1s)
. by, 3(1— 2¢)’T(2 - 26)T(1 — w)I'(1 + 2u)

) = B (1—2u)2(1—e)T(1+e)2+u—¢) (11.6)

)
Expressing it via a(u) using (11.3) with u= (—2w)D(e)""?) — (—2w)e /6
using (11.4), we have

_ 1 oof(e,Ls)( b )L (1)
w(w) = — —|— +0(—=]. 11.7
The function f(e,u) (11.6) is regular at ¢ = u = 0,
fle,u) = Z Z Frme™u™. (11.8)
n=0 m=0

We also expand [b/(e + b)]* in b and get a quadruple series for 1 (w). When selecting
e~ l-terms in order to obtain z;, all coefficients but f,, cancel,

zp1(b) = - Zﬁ(*b)”+1 + (9(%),
0

so that

b - 1
Yr(b) = —Zﬁ—f(—b7 0) + (9(—2> (11.9)

Fig. 5. Typical diagrams for -y, and I'(¢) at L3, order.
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Finally, we obtain**

b

W) = ~6-20) +<9( 60) (11.10)
(14 3pT@2+20) 45 1

7o(8) = (140231 +bT(1—b) e 9b22<<3§) v

t 7\ bt ™ 5 4

+ <10—8C3 3> 3 <3C5 15 9C3—>b5
2¢3 +i - 8¢ —ﬁ—ég — 1)+ 07 (11.11)
3t 1gg™ "8G5 3G : :

It is absolutely trivial to extend this expansion to any desired order. This is the
Landau-gauge result; in order to obtain the result in an arbitrary covariant gauge, one
should add the trivial one-loop term proportional to a. Restoring the color factors

4
= —GCB ’Y()(b) + e, b= —§TF’I’LJ£, (1112)

we reproduce the corresponding terms in (5.1).
Alternatively, we can work in coordinate space,

ste 9 9 2
Z [Ty (k)] +0(50) (K = /7)),

uwy 3(1—2e)T(2—2¢)(1 +u)
D(e) (1—e)1=2uI2(1—-e)l(1+e)2+u—c¢)’

see (10.7). Choosing p = (2/7)e"7D(e)"/) — (2/1)e=775/6, we obtain

R EE) o)
(T)_ﬂo; I \z+5) "9\g)

f(=b,0) = f(fb, 0), so we get the result (11.11) again.

f(57u) =

11.2. Cusp anomalous dimension

We can write ‘:/(w w, ) in the form [‘:/(ga) =V(1,9) — V(1,0)]

1:/ (w,w, p) Z c L5 ?) O, (k*))F +0<ﬂ0> (K = (—2w)?),

. B V( ) B (1 —25)0(2 - 26)0(1 — u)T(1 + 2u) (11.13)
Jee) = ey = T U= — T (1 + T @ u )
X [((24+u —2¢)coshp —u)F(u,p) — 2(1 —€)],

see (10.22). We re-express the result via the renormalized b,

3 _ LS Lag) (0 V(0
V(w,W,Qﬁ)—ﬂ_UZ L <€+b) +O<50>
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expand f(e,u, ¢) in € and u and [b/(e+ b)]¥ in b. When selecting e~ !-terms in order
to obtain zj, all coefficients but f,,(¢) cancel,

an +1 ( )
z = "+ 0
n(b:¢) B ; n—|—1 ek

f(e,0,9) = fno(w)s" = —2(pcoth — 1)f (¢),

an€ ) fn[) ) 2(<)0C0th30_ 1)fn

n=0

Therefore, at L3, order, we obtain*?40

I'(b, p) = 4(p coth p — 1)6&0F0( ) + O(ﬁ())

; (1+3b)0(2 +2b) 5, b 1
Lo(b) = f(=b) = (Hb)Fg(Hb)m_b) =1+gb—o - <2<3—3)b3

mt bt ) 1\,
1 _ - . (s}
+ (10 06 = ) 3 (GC"’ 3 3% 3>b

4
+<2<3+i7r —10¢5 — 2C3—%>b6+0(b7).

189 90 3
(11.14)

It is absolutely trivial to extend this expansion to any desired order. Restoring the
color factors (11.12), we reproduce the corresponding terms in (6.2).

Alternatively, we can work in coordinate space [V (7,7,¢)=V(r,T,p)—
V(r,7,0)],

Virm) = o 3 LB gy +0(50) (k= /),

WL gy 3(1— 2e)°T(2—2e)0(1 +u)
flew) = pey=e 1—o)(1- 2u)F2(1 —Or(l+ a2 +u—e)’

see (10.7). Choosing pu = (2/7)e 7 D(g)"/*) — (2/7)e~775/6 we obtain

fle,Le) [ b \F 1Y)
V(T,T,0) = 502 <E+b> +O<,8_3)’

L=

f(=b,0,0) = f(fb, 0, ), therefore we get the result (11.14) again.

11.3. Potential and conformal anomaly

Now we consider the potential V(q) at the LG, order. Choosing u = |q| we

have (10.28)
_ (4m)¥2ere X b \* 1
Vi) =~ (PO 5) +ol)

L=1

2330004-39



Int. J. Mod. Phys. A Downloaded from www.worldscientific.com
by STATE PUBLIC LIBRARY FOR SCIENCE AND TECHNOLOGY OF SIBERIAN BRANCH RAS on 04/18/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Grozin

The sum here can be written as
00 b L
Setahg) e =D = 3 e
This sum is equal to
b & 0
- Z nlgOnbn + O(E )
€ n=0

[1/e"-terms with n > 1 vanish, so that V(q) is automatically finite], where

5 1 /5\"
_ _ L2y 11.1
9(0711,) € Gon nl <3) ( 5)
Therefore
(47)% b ( ) 1
V(q) =— — W) +0 , V(b)) = - 11.16
@ =g W0 +0(5) v =g 0
The conformal anomaly (9.8) at the L3, order is
v 1
C =—Cy(b) + (9( >
0 ek
Vo(b) = To(b) _ 28 m 652 b
Co(b) = M (Cs ) (10 —10¢; — 27) 3
2 3044 2 e (1L.17)
2 15868
_ v+
T 3% T >

It is absolutely trivial to extend this expansion to any desired order. Restoring
the color factors (11.12), we reproduce the CRTanag— and CR(Tan)Qai—terms
n (9.9).

12. Next-To-Leading Large-3, Order

Now let’s add to S the Abelian terms with next-to-leading powers of n:
{CF(Tan)L’l, L > 2}. It is sufficient to consider QED in the large-3, limit, but now
we add the first 1/3,-correction.

To obtain the photon propagator with the next-to-leading large-8, (NLS3,) ac-
curacy, we need the photon self-energy up to 1/3,,

Ol L

= TIo(k%) + 60 +O<Bo> (12.1)
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where the photon propagators in II; are taken at the L3, order. The NLg, contri-

bution can be written in the form!!3:114

Z Fe, LE ) Iy (82" (12.2)
L=2

Using integration by parts, one can reduce it to

2(1 — 2¢)2(3 — 2e)T%(1 — 2¢)
9(1 —e)(1 —u)(2 —u)l'2(1 —e)T2(1 +¢)
% _u2_36_6;‘24;15(_256)u_5ﬁ1(1+u—25)
2(14+¢€)(3—2¢) — (4 + 11e — Te?)u + (8 — 3e)u? — eu?
(1 _U)(Q—U)(l—u—&?)@—u—s)
F(1+U)F(1 —’LL+€ n m
F(l —u— 5)F(1 +u—2¢ :| Z Fone"u (12.3)

F(e,u) =

+2

n,m=0

where the integral

/ ddk:1 ddk2
k2k2 (k1 + p)2 (ko + p)2 [(k1 — ko2)2]"

t113,11(5 (

(Euclidean, p?> = 1) can be expressed via a 3 F,-function of unit argumen
117

see
the review!!” for more references). The 3F,-function can be expanded up to any
desired order using known algorithms, the coefficients are expressed via multiple
(-values; therefore, the coefficients F,,,, can be calculated to any desired order.

The function F(e,u) simplifies in some cases. In particular,'!?

(1+&)(1 —26)%(1 — 26)°T(1 — 2¢)

F(e,0) = , 12.4
&0 =" oAz Ior(1l " S8(1—¢) (12.4)
so that F,, contain no multiple (-values, only ¢,,. Also''*
2 (2 — %) — (1 4+2) — o (32%) + oy (1t
3 (I—u)(2—u)
so that Fj,, contains''* only (s, 1,
39 [(m+1)/2]
FOm = _? Z 3(1 - 2725)(1 - 22577”’72)(23+1
s=1
4 —-m—3
+ g(m+1)(m+(m+6)2 ). (12.6)
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The two-loop case is, of course, trivial,
2 3-2 [, (1-2)°(2—2e+¢%)
92 1—¢ (1—-3¢)(2—3e¢)
(14 2e)%(1 — 2¢)
X
(141 —¢e)I'(1 — 3e)

F(e,2e) =

2+5252}

Let’s write the charge renormalization constant Z, with the NL{3, accuracy as
1 Zo1(b 1
20 = 57 1+ 252 1 0],
+b/e b & (12.7)

Zo11(b Z12(b
Zal(b) _ alEl( ) + a{le( )+ , Zaln —_ o(bn+l).

In the Abelian theory, log(1 — IT) expressed via renormalized b using (11.3) should be
equal to log Z, + O(£%). Equating the coefficients of ¢! in the 1/8;-terms in this
relation, we see that Z,;; (12.7) is given by the coefficient of e7! in

b
_<1+>nb
€
It is convenient to choose p? = (—k2)D(e) "/ — (—k?)e /3, then

€L€ b \*
Hl—SEZ (5+b) .

We expand in b and expand F(g,u) in € and u; selecting the e~!-terms, we find that
all coefficients but F},; cancel,

P S T GO
Zo11 = 3; e (12.8)

The [-function with NLG, accuracy is

b2 1
B(b) =b+—DBy(b) + (9(2), (12.9)
Bo Ba
where!13,114
dZ,1 (b)
2 _ all
PB(6) =~ (12.10)

_ nO
32 n+1

107\ v 7T4 251 b4
= —_ ——2— ——11 12.11
3+4b 36" (363 48) +<1o C+48> * (12.11)
[the coefficients F,, follow from F(e,0) (12.4)]. The corresponding terms in the five-
loop QED [-function''® are reproduced. We shall need the full Z,;, not just Z,;;
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integrating the RG equation with the 1/8y-accuracy, we obtain

b
Z,,(0) :_5/0 bBy(b) db

(e +b)?
302 1 W1 L b
:_§?"‘5(4“!‘F108)§—1<9+3F105+F208)g‘i‘

12.1. HQET field anomalous dimension

At the NL@, order, we should expand the photon propagator (1 — IT, — II, /3,) ! up
to 1/8, (Fig. 6). The photon propagator contains a single II;-insertion and any
number of IIj-insertions; the photon propagator inside II; contains any number of
ITj-insertions. The two-leg web @ (w) becomes

NN IR fle,Le) [ b \*
w(“’)_ﬂ_oz L <6+b)

Zy 3= L-r
140224 2= F(e,L'e
P Pl G

X

1
o=, (@212
+<%> (12.12)

where L' is the number of loops in the II;-insertion, and the 1/3;-correction Z,; to
the charge renormalization (12.7) is taken into account. We expand in b and sub-
stitute the expansions (12.3) and (11.8); in z;, the coefficient of e~1, all f,,, except
f o cancel. We obtain?7

%@=—%%%@—%m@]w{%)

3 ~ . _
Y1(b) = — 5 [Fro + 2Fo1 — 2f10] + [2F50 + 3(Fyy + Fio) + 3Fy f10 — 6f2]b

—(3F50 4+ 4(Fyy + Fip + Fg)) + (Foo + 3(Fyq + F02))f10

|
— N
l\-”|°°_,;w

(Fio — 2Fy) fao — 9f30] v+

AN

Fig. 6. Typical diagrams for v;, and I'(¢) at NL, order.
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(4g3 —%) + (—%44-36@3 —%)H (24<5 —§W4 +%cg
+ 122?)52 ( 48¢3 —%w + 72(; —% 4+ 3i§9 (3 —%)zﬁ
+ (36(7 + gw‘*gg — 144¢35 - %776 +107¢; — gjg ! 9168001 3+ 282684509)1)
+ (—24o<3<5 %w +108¢; + %w%g @@, 137223 6

(12.13)

This expansion can be extended to higher loops, but the complexity of expanding
F(g,u) in €, u to obtain F,,, quickly grows with n + m, so this extension is not quite
trivial. Note that the last (eight-loop) term here contains F),, with n+m =6,
n >0, m > 0, each of them contains (5 3; but they enter as the combination Fj; +
Fyo + F33 + F»y + Fj5 in which this (53 cancels. Restoring the color factors, we re-
produce the corresponding terms in (5.1).

12.2. Cusp anomalous dimension

The two-leg web I:/(w, w, ) is given by a formula similar to (12.12). The cusp
anomalous dimension at NLG3, order is determined by the same coefficients f,, as at
L3, order, plus the coefficients F},,,. We obtain*”

I'(b, ) = 4(pcot o — 1) [il“o(b) - b—il“l(b)} + (9(%),

Bo B9
55 7r4 299
Ti(b) = 12— 22+ ( T 406 - >b
2, 233 15211
24C5 — ot + 22y |2
< G 7f + Cs 864>
2 167 , 1168 = 971
_ R _ Y — —|p3
+< 48¢3 637T + 80¢;5 2257r +— R s 240>b
8 2 , 377 23 929 8017
36 —160¢2 — = qb A it b
( Gty = 1606 — 7o + 57 G = g 3 6~ 1728)
4 16 2776 914 |
240 120¢; + —7* ————nf
+( (3Cs5 — 257T +120¢7 + WC3 Cs 3969 "
6826 1793 , 31693 79433\ .
— _ s
21 % 130" 315 T 4320)
(12.14)

This expansion also can be extended to higher loops, but the complexity of calcu-
lations quickly grows. At eight loops, the same combination of F,,,, with n +m =6
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appears, so that (j 3 cancels here, too. Restoring the color factors, we reproduce the
corresponding terms in (6.2).

12.3. Potential and conformal anomaly

The static potential at the NLS, level is

2 & L .
V(iq) = — (;0(1)2 52 g(e, Le) (gf—b) [1 + L Zﬁ‘;

L=1
el 1
/ 1 12.15
Bote T LT (58) (1215)
o] o)
i RG] B

where
3 1
Vi(b) = -5 [Fio + 2Fy + 2g01] + ) [Fyy — 6Fyy — 6(Fyg + 3F)1)g01 — 30gp2]b

1
1 [Fyo + 24Fy; — 4(Fay + 12Fp)go1 + 36(Fig + 4Fp1)goa + 312g03]b?
+ “ee

contains only the same coefficients g, (11.15) as the LS, result, and only F),, and
F,,, are involved [see (12.4)—(12.6)]. We obtain*’

95 7001 723 147851
Vi(b) = 12(3 — —+ <78C3—7—)b—|— (6045—1—7(:3— )b2

4 288

™ 276901 70418923\ . 32297
770(s + — — b3 1134 .
+( %500t T80 % T 25020 ) +( Gt
41, 402479 1249510621 ¢
_ bt
T100" T 60 77760 ) +< 7 1323

(12.16)

L B98I AL, 48558187 10255708480
126 > 70" 1512 3 93312

Thus, we have reproduced the Cr(Tpn f)2a§— and C2T, anafj—terms in the two-loop
potential,''? as well as the CF(Tan)3a§- and C%(Tpnf)Qa;l—terms in the three-loop
one.'?? This expansion can be easily extended to any order; it contains only (,
because only F,; (12.4) and Fj,, (12.6) are present. Note the pattern of the highest
weights in (12.16): 3, 3, 5, 5, 7, 7, whereas one would expect 3, 4, 5, 6, 7, 8, as
n (12.14) and (12.13).

Constructing A(ay) (9.6) from I'(p) (12.14) and V(q) (12.15) and dividing by
Blay) (12.9), we obtain C(ay) (9.8),

)
0= 5,0 - go 0 ”O(ﬂo)
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m 1711 2 986 110059
Ci(b) = —+38¢3 — (36§5+§W4+T§3—W)b

5 20
2 233 53135 13910875
+ (48§§+E7r6+690g“5+—7r4+ >b2

360 36 ° 5184

8 , , 20 , 95276 292 , 596591
+(1098C7 £ ™0y 160CT + oo + e s oot

51895439 4 16 370
- ") 240¢- 18 4 21615C, — — 7t 202

113 419768 1679 , 23179201 51249331081)b4+

v, 6 _
trer Tt St T 720 % 466560

G

(12.17)

The first term in C; reproduces the CrCrTrn ori-term in (9.9).

13. Abelian Terms with (T'pn;)*

Finally, we consider Abelian color structures linear in Tpn;: S ={1}U
{CE 1T £, L > 1}. We can work in QED. Writing the L-loop photon self-energy as

M, , =0, n;+ (n?l—terms),
we have the photon propagator
0 ~
D(k) = DA (k) + anHL_lD%"(k)Ag + (n7'-terms). (13.1)
I=1

In QED log(l — (k%)) =log Z, + O(e"); writing the L-loop [-function co-
efficient as 8, = B_1n; + (n?l—terms), we see that 1/e-terms in II;_; are re-
lated to B3;_1,

Br

ﬁL—l :TE+1:IL_1 +O(€) (132)

Here, the 3-function coefficients are!?!

_ 4 - =
Bo BER B1=—4, By=2, [3=46; (13.3)
and!22
R 55 o 148, 18
My =—— M =160 ——, I =-2(80¢; ———C3——— |
9 3 3 9
N (13.4)
I = 2240¢, — 1960¢; — 104¢; + ER
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13.1. HQET field anomalous dimension
The web w(w) (10.8) is

[o.¢]
W(w) = iy Ag(—2w)F 4+ np > T gt [Ag(—2w) *]F
L=2
+ (nil_terms) + (’IU>2 lcgs_terms)v (135)
where (10.8)
b= L340 (13.6)
YLETE T €)- :

We re-express w(w) via a(—2w) using (10.3),

B (e >1
Z,=1 - ; 7 (E) + (n7 -terms)

(it is sufficient to include Z, in the w;-term). Collecting the e~!-terms, we have

a 30 9 — B o [ o\L
= T
#hl 47 g ; L 47

+ (nﬁl_terms) + (W=3 jegs-terms).

Restoring the color factors, we finally obtain®?

L
Qg a, 16 o
35 Q2
-8 (6% — 376 - ?) (CF E)
g\ 3 4
+3(2240¢; — 19605 — 1045 — 5) (CF 4—) +O0(H s+,  (13.7)
7

where dots mean other color structures. The corresponding terms from (5.1) are
reproduced. This expansion cannot be extended without a highly nontrivial calcu-
lation of higher II; and ;.

This result can also be obtained in coordinate space: wy, (10.7) has the structure
identical to (13.6), and if we express w(7) via «((2/7)e7), the calculation is exactly
the same as above.

13.2. Cusp anomalous dimension
The web V (i) (10.19) is

_2<pc0thg0—1

Vi) = >

+ V(p) + O(e), (13.8)
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where V() = V(—¢) does not depend on L and hence 3;_, cancels in the calcula-
tion of z;, [in contrast to zj,; where the corresponding term in (13.6) contains 1/L,
and 3;_, does not cancel],

I
Zn = (cpcothgo—l) 1+n/ —L(—) 1
LZ: L \4n

+ (n7'-terms) + (g oge-terms).

Restoring color factors, we obtain®

(e )—4CR(g0cothgo—1)4 +..

1 Ty 2 Z HL(CF )L

as 20 55 ]

—2 <8OC5 - ﬁijs 1;1?’) (CF %)2 + (224047 — 19605 — 104¢; + 3%)
<(org) <ot i

where dots mean other color structures. The corresponding terms from (6.2) are
reproduced. This expansion cannot be extended without a highly nontrivial calcu-
lation of higher 11, and f3;.

This result can also be obtained in coordinate space: V(y) (10.16) has the
structure identical to (13.8), and if we express V (1,7, ¢) via a((2/7)e™), the cal-
culation is exactly the same as above.

13.3. Potential and conformal anomaly

Now we consider the C ﬁ’lTanozﬁ—terms in the quark-antiquark potential. In
Coulomb gauge, they are given by a single Coulomb-gluon propagator”,

47ra

V(Q):—CR +

0y A - o\ L
L Tpng 22 3 T, (€ 52)
+ an47rLZ: I\"F yr
4o

s Q 20 55

- 2(8045 - ?CS - 133> (CF ) + (2240§7 — 19605 — 104¢; + 3;)
x (CF%)S + (’)(ai)] } toen, (13.10)

where o, = a,(|q|) and dots mean other color structures. The terms up to o} agree
with Ref. 120.

Comparing (13.10) with (13.9), we see that the C'f'Trn; color structures are
absent in A to all orders in «y. In particular, this explains the absence of C in the
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bracket in (9.7). It is easy to prove by induction that CzC £ 'a’-terms are absent in
C(ay) (9.8) to all orders™.

14. CRCH(Tpny)?al and CrdpFnial

In Secs. 11-13, we considered some families of Abelian color structures CrCE "1

(Ten f)"asL in the HQET field anomalous dimension ~;, the cusp anomalous di-
mension I'(p) as well as the quark—antiquark potential V(q) (and hence the con-
formal anomaly A). These families are shown in Fig. 7; some of them intersect, and
we can compare the results of the corresponding approaches. We see that the only
five-loop structure from this class not considered in the previous sections is
CrCE(Trny)?al. It can be considered using the general guidelines outlined in Sec. 10
if we choose S = {1, Tpns, CpTens, CiTeng, Ch(Trny)?}.
The gluon self-energy diagram

-

and similar ones with permutations of vertices contain the color structure d FF“?‘,
where

B d abed d abed
dpp =2 _F | 14.1
e = (14.1)

LGy (Sec. 11)
NLS, (Sec. 12)

Sec. 13

CRX

2 3 4 5
Qg Qg @

Fig. 7. Abelian color structures.
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Its contribution (Crd Fpnfcai) to 7, and similar quantities can be obtained by set-
tlng S = {dppnfc} B

Alternatively, we can just consider all C5 " Y(Tpn £)" up to L =5 plus d Fpn?-,
and re-derive the corresponding results of Secs. 11-13 together with obtaining the
two new results. The HQET field anomalous dimension is

32 80

O Qg Oés

7T4 103 16 1
- 2C}L‘Tan<15 —12¢3 + 27) *?(Tan)Q <C3 - g)}

47
640 . 17920 88 , 68096 59411)

2 _ () - - —

_ 2 157
+32dFFn§<32<3 6()Q~,+E 4+—43 >

32 944 14579
+ < CF(Tan) (256C>—— ‘4 —Ca 31 >
256 7l 14
+ 20 (Teny)! (5 —16¢4 — 3)] } . (14.2)

where dots mean other color structures. The corresponding parts of (11.11), (12.13)
and (13.7) are reproduced; the CRC'%(Tan)Qag and CRc_lFFn?paif results are new.
The cusp anomalous dimension is

20 o
T(p) = 4CB(gpcoth<p—1) 47r {1_?TanE

g\ 2 55\ 16

s \? 2 148 143
+ Tan (E) |:—2CF (80(5 43 i
8 2 209\ 64 .
+ §CFTan<5 7w —80(5 + T) += = (Tan) <2C3 B g)]
! 31
" (Z_w) {C%TFW <2240<7 — 1960¢; — 104¢5 + ?>
Ci(Trny)? 320 44, 36512 62071
CrUEng)” ) . |
+ = 896(5 — Jog ™ + 32006 + o2y 8
d 3 2 431
16d ppnf| 5-C5 —20Gs + =7t +21¢ — ——
+ FFﬂf<3C3 (s + 57r +21¢, 27)
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2 64 3728 15211
+ §CF(TFTLf) (256<5 - 4 + 9 Cg +)

81
128 7r4

where dots mean other color structures. The corresponding parts of (11.14), (12.14)
and (13.9) are reproduced; the CrC%(Trny)’al and CR&FFniai results are new.
The quark—antiquark potential is

47roz 20 55 400

(14.3)

5 3) 71
+Tan<Z ) |: QCF<8()<5 _ﬁcd _%)
gt (2056, = Togt) g Tiny
() [CFTF”f <2240C7 — 1960C; — 104¢; + 331)

22400 44 25792 13025
C%(T 512 7t =
+ Cp( an) ( (G+—— 9 Cs 1357 9 3+ 51 )

- 32 2 431
16d mpn3 | ==(3 — 20(5 + — 21
+16 FF”f<3 ¢3 —20¢s + 457T +21¢3 — o7

147851\ 160000
= ) o (Tan)4]}+-~-, (14.4)

) + = CF(Tan)

x (640C5 + 3856(; —

where o, = a,(|q|) and dots mean other color structures. The corresponding parts
of (11.16), (12.16) and (13.10) are reproduced; the CrC'#(Tpny)*e} and CR&FF”?‘O[?
results are new.

We can obtain A(ay) (9.6) from I'(¢) (14.3) and V(q) (14.4). The C’Rcfippniai
contribution has canceled, just like all CrCE=2Tyn faf ones (Sec. 13), and for the
same reason: there is just a single IT(k?)-insertion both in the diagram for I'(¢) and in
the diagram for V(q). If it had not canceled, it would be impossible to introduce
C(ay) (9.8). We obtain

Q) 2 112 C 1711

3 58 a, 80, 3200
+§Tpnf<<3+27)}+(ﬂ) [ CF<160@+189 +5Gr

T4, 8843 21037 16, 7888
— | —2C,T, 32 mt
T4 T 9 T T ) FEEnY ( o™ T G

110059\ 32 . 1304
_ Ton )2 (2 — 206, — —ot 14,
243 )+81( #ny) (5 06s = =57 )]}+ : (14.5)
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L3, (11.17)

CRX

NLG, (12.17)

(14.5)

w N

[e%

Fig. 8. Abelian color structures for C(ay).

where dots mean other color structures. The corresponding parts of (9.9), (11.17) and
(12.17) are reproduced; all CrCE 'al-terms vanish (Sec. 13); the CrCETpn ol
result is new.

Let’s summarize what’s known about the conformal anomaly C'(«,). The Abelian
structures CrCE " (Tpns)"ak (L > 2) are shown in Fig. 8. All contributions with
n = 0 vanish (Sec. 13; they are shown in the corresponding shading in the figure).
The contributions Cr(Trns)t~tal (L > 2) are the leading large-3; ones (Sec. 11);
several of them are presented in (11.17), but a practically infinite number of them
are easily available. The contributions CrCp(Trn;)t=2al (L >2) are next-to-
leading large-f, ones (Sec. 12). The first of them (L = 2) also belongs to the first
family, and hence vanishes. The contributions with L < 7 are presented in (12.17);
several more can be obtained using known algorithms, but the calculational com-
plexity grows fast with L. The CrC#Tpn faﬁ result is obtained here. No further
CrCE " (Tpng)"ak-terms can be obtained without calculating I1(k?) beyond the
four-loop results'??, and this is a highly nontrivial task. The non-Abelian terms
CrCa? and CrCyTrnya are also known (9.9).

15. Conclusion

At four loops, the HQET field anomalous dimension, as well as the small-angle
expansion and the large-angle asymptotics of the cusp anomalous dimension,
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is completely known. The full-angle dependence is known for all color structures
except C’RC’iTan, C’RC’i and dpry. The highest weight terms in the QCD results
for the Bremsstrahlung function (the ¢?-term of the small-angle expansion)
and for the light-like cusp anomalous dimension (the large-p asymptotics)
coincide with the corresponding results in N' = 4 SYM — the principle of maximum
transcendentality.

All o} /e-terms in the on-shell renormalization constant of the massive quark field
in QCD are known analytically. The results for the color structures CpC?% and dpy
are new.

At five loops, the Abelian color structures Cg(Tpn;)!, CrCr(Trn;)?, CrCE
(Tan)Q7 CRC%Tan and C’R&Fanc in the HQET field anomalous dimension and the
cusp anomalous dimension are known. The results for CxC%(Tn f)2 and Crd FFn?
are new. The structures CR(Tan)L’lag are known to all loop orders L; CrCr
(Tan)L’2a£ are presented explicitly up to L = 8 loops, and more terms can be
obtained using known algorithms. All Abelian results for I'() at five and more loops,
obtained in Secs. 11-14, have the one-loop ¢-dependence ¢ coth ¢ — 1, and hence
they trivially give contributions to the light-like cusp anomalous dimension K(a).

The conjecture about the cusp anomalous dimension proposed in Ref. 39 works up
to three loops and for some color structures at four loops, but breaks for some other
four-loop structures (its formulation at L > 4 is not quite unambiguous). The reason
why it works in some highly nontrivial cases is still unknown (all known results for
L > 5 have one-loop angle dependence, and the conjecture holds for them by con-
struction, so they add no new information).

The cusp anomalous dimension with Euclidean angle close to 7 is related to the
static potential. This relation follows from conformal symmetry, and is strictly valid
for N = 4 SYM. In QCD, its breaking is given by the conformal anomaly A(c,). It is
conjectured (though not proven) that A(ay) = B(a,)C(a,). The coefficient function
C(ay) is known at three loops, most four-loop color structures are also known. The
structures C(Tpn;) 'l are known to all loop orders L, and CrCr(Tpn;)2ak
up to L =7 (this expansion can be extended). The structures CrCg *Tpn ok
vanish for all L.

New results for the four-loop contributions CRC%(Tan)Qai and C’R&Fantozi
[see (14.1)] to the quark—antiquark static potential V(q) are presented. The last one
cancels in A(a,) [thus giving one more confirmation of its factorization into
B(a,)C(ay)]; the first one produced the new CrC%Tpnal-term in C(a).

There is an additional problem here: the coefficient of CrC' iaﬁ has a logarithmic
singularity at 6 — 0, and the definition of A(«,) breaks down. It is supposed that
resummation of leading powers of this logarithm will lead to a finite result, probably
containing log «,, but the details are not clear. If this is so, the cusp anomalous
dimension will contain a logarithmic dependence on «, which is very unusual
for anomalous dimensions in quantum field theory. This question needs further
clarification.
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