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COMPUTER SCIENCE
Mathematical Modeling of Plasma Transport 
in a Helical Magnetic Field
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Abstract—The paper presents the results of mathematical modeling of plasma transport in a spiral magnetic
field using new experimental data obtained at the SMOLA trap created at the Budker Institute of Nuclear
Physics of the Siberian Branch of the Russian Academy of Sciences. Plasma confinement in the trap is carried
out by transmitting a pulse from a magnetic field with helical symmetry to a rotating plasma. A new mathe-
matical model is based on a stationary plasma transport equation in an axially symmetric formulation. The
distribution of the plasma concentration obtained by numerical simulation confirmed the confinement effect
obtained in the experiment. The dependences of the integral characteristics of the plasma on the depth of cor-
rugation of the magnetic field, diffusion, and plasma potential are obtained. The mathematical model is
intended to predict plasma confinement parameters in designing traps with a spiral magnetic field.
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1. INTRODUCTION

Numerical simulation of plasma flow in a magnetic
field based on complicated mathematical models
involving the description of numerous subtle effects
has a long history [1–6] and significant achievements.
These studies are of great interest for controlled ther-
monuclear fusion, the study of resistance of materials
to the influence of high thermal loads, laboratory
modeling of astrophysical processes, and a number of
other fundamental and real-world scientific problems.

The main method for plasma thermal insulation is
its confinement in a magnetic field of various config-
urations. The greatest progress has been made in field
and numerical experiments [7–9] for systems with a
toroidal magnetic field. Modern advances in mathe-
matics in this field have reached a very high level, and
open-source packages for mathematical modeling of
such systems have been created.

An alternative approach is plasma confinement in
open magnetic systems, where the field is close to
axisymmetric and its field lines cross the boundary of
the confinement region at two points [10]. The advan-
tages of this approach include more effective use of
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magnetic field energy, scalability, and the engineering
simplicity of the system. The main scientific goal of
the physics of open traps is to reduce the loss of parti-
cles and energy along magnetic field lines in area
where they leave the confinement region. Great prog-
ress has been made in understanding the physics of
open magnetic configurations and achieved plasma
parameters [11]. Contributions to these achievements
were made by mathematical modeling of plasma con-
finement based on multiple-mirror traps [12–14].

The diversity and complexity of plasma flow
parameters dictate the need for specialized models of
different processes. There is no universal model.
Mathematical models of plasma physics are character-
ized by different spatial and temporal scales and pro-
cess characteristics. These models typically combine
continuum mechanics equations with allowance for
electromagnetic forces and Maxwell’s equations.
Depending on the choice of approximation, it is pos-
sible to distinguish kinetic, magnetohydrodynamic,
and transport plasma models [15].

Plasma confinement by a helically symmetric mag-
netic field was proposed as a development of multiple-
mirror trap confinement [16]. In a frame of reference
attached to the rotating plasma, the motion of mag-
netic perturbations has a velocity component codirec-
tional with the magnetic field, so momentum can be
transferred to trapped particles. Collisions between
passing and trapped particles produce an effective
force that acts on the plasma as a whole and facilitates
returning the ions to the confinement region.
3
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Fig. 1. Schematic of the central part of the trap. The com-
putational domain in a cross section of the trap, spiral
magnets (yellow), and plasma flow (red-yellow).
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The SMOLA spiral magnetic open trap was
designed and constructed in 2017 at the Budker Insti-
tute of Nuclear Physics of the Siberian Branch of the
Russian Academy of Sciences for experimental verifi-
cation of this idea [17, 18]. Plasma in the SMOLA trap
is confined by a classical mirror, as well as by a multi-
ple-mirror section with a helical magnetic field. The
experiment involves variations in parameters, such as
the axial magnetic field, the ratio of the axial to helical
magnetic fields, and the density and angular velocity
of the plasma. The SMOLA trap is designed to simu-
late effects of helical plasma confinement at low (and,
hence, easily achievable) plasma temperatures. To
scale helical mirror confinement to thermonuclear
systems, is necessary to perform a detailed comparison
of experimentally observed plasma flows with simu-
lated ones and further computations of the effective-
ness of a larger-scale system based on a mathematical
model. Currently, agreement between observed results
and approximate theoretical estimates has been
shown. However, there is no exact analytical solution
for the theory of helical plasma confinement, so com-
parisons can rely on results of the numerical solution
of the equations of plasma motion.

A mathematical model of plasma transport in a
helical magnetic field was constructed using the equa-
tions from [17–19] and the parameters of the SMOLA
trap. The mathematical modeling of the process was
first carried out in [20]. A development of this new
research direction is the determination of parameters
of the process that cannot be measured experimentally
and the use of magnetic fields of complex geometry in
the computations. The goal of this study is to predict
the confinement parameters at the stage of trap
design.

2. FORMULATION OF THE PROBLEM

In the modeled experiment, the parameters of the
plasma and the electromagnetic field reach a steady
state over 40 ms, this state persists for 120 ms, after
which the discharge is switched off. The main goal of
the experiments and mathematical modeling was to
examine plasma confinement modes in which all
parameters are constant. Consider the motion of the
plasma in the central part of the trap, which has the
shape of a cylinder (see Fig. 1). The substance injected
by the plasma source enters the confinement region
through the left cylinder base and goes out into the
expanding section through its right base. The plasma
flow is axisymmetric, so our consideration can be
restricted to a two-dimensional problem formulation
[21]. Thus, plasma confinement in a spiral magnetic
field is described by stationary equations in a cross
section of the central part of the trap in the (r, z) plane.

Expressions for radial and axial transport of parti-
cles in a helical magnetic field are obtained in [19].
The system of equations describes the dynamics of the
plasma in the MHD approximation in an axially sym-
metric formulation. The differences in the motion of
trapped and passing ions are taken into account in the
form of an effective friction force depending on the
relative velocity of the components and the fraction of
trapped particles. The axial force acting on the plasma
results from the interaction of the radial electric cur-
rent of trapped ions with the azimuthal component of
the helical magnetic field. The diffusion of the plasma
across the magnetic field is taken into account. By
eliminating dependent variables, the system of equa-
tions is reduced to the continuity equation of the f low.

Consider the domain  in a cross
section of the central part of the trap (Fig. 1). In
dimensionless variables, the domain is a unit square.
Assume that the plasma does not reach the trap walls.
A symmetry condition is set on the z axis, and bound-
ary plasma concentration distributions 
and  are specified at the inlet and
outlet of the plasma flow. In the computations, we
used experimental data on boundary concentration
distributions [11] (Fig. 2a). Thus, the stationary prob-
lem has the form

(1)

Here, u is the plasma concentration; ,
where  eV and  are the ion
and electron temperatures, respectively;  is the ratio
of the length of the system to the ion free path ;

 is the fraction of trapped particles; l = 216 cm
is the length of the system along the field lines; Z is the
average charge number of an ion; and D is the diffu-
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Fig. 2. (a) Plasma concentration in cross sections of the z axis: computed (curve) and experimental (squares) boundary plasma
distributions at the inlet (black) and the outlet (red) and the computed plasma distribution inside the domain (blue curves).
(b) Plasma concentration distribution over the computational domain.
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sion coefficient in the transverse field. The fraction of
trapped particles is given by 
where  + 1 and  is
the corrugation depth. The parameter  is the
ratio of the speed of sound  and the axial
velocity  of magnetic perturbations in the plasma
rotating in its own ambipolar electric field. In Eq. (1),
the physical quantities are nondimensionalized using

, , , , and , where
a = 8 cm is the boundary of the chamber where a
plasma can exist.

It is well known that the plasma potential reduces
with increasing z due to the transverse conductivity of
the plasma. Its spatial distribution is specified as the
derivative of the electric field magnitude decreasing

along the axis (Fig. 3a): 

In experiments with the SMOLA trap, the plasma
potential measured with probes depends on experi-
mental parameters. Thee maximum of  varies from

 to . The maximum value of the dimension-
less potential  for next generation devices in which
helical confinement is possible also lies within this
range [22, 23]. The experimentally observed potential
distribution in the central plasma region (for dimen-
sionless radius values smaller than 0.6) is close to qua-
dratic distribution. In the peripheral region of the
plasma, the derivative of the potential with respect to
radius decreases. The measurement error of the poten-
tial in the experiment is about 5%. The degree and
coefficients of the approximating polynomial are cho-
sen so that the deviation from its values measured in a
reference experiment is comparable to the experimen-
tal error.
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3. SOLUTION METHOD

Problem (1) was solved using time marching to a
steady state [20] and a lower cost overrelaxation
method [24] with the relaxation parameter ω = 2 –

 and the mixed derivative approximated on a sten-
cil [25]. Note that problem (1) involves the parameter

 obtained by approximation of experimen-
tal data; here, A = 20. On the axis at r = 0, the param-
eter  is bounded by the value at , where ρB =

 is the Larmor radius. For the parameters of
the SMOLA trap, we have  cm. This is
explained by the fact that an ion moves on a Larmor
orbit (rotates in the magnetic field), so its radial coor-
dinate oscillates. In the considered model, all influ-
ences are averaged, and an ion is assigned the coordi-
nate of the center of the circle on which it moves in the
magnetic field. In other words, the coordinate van-
ishes for ions that move in a circle at a distance of the
Larmor radius from its center. Accordingly, to avoid
singularities of the solution in the computations near
the axis of symmetry, the dimensionless parameter  is
specified as

Along with other advantages, the relaxation
method is convenient for use in cylindrical coordi-
nates. The sought element is expressed in terms of
neighboring ones according to a five-point stencil,
which is a universal approach independent of the
choice of a coordinate system.

Figure 2a shows experimental values of the plasma
concentration at the inlet (squares) and the outlet (cir-
cles) and their interpolations of the form
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Fig. 3. (a) Magnitude of the electric field potential (black) and its derivative (blue) as functions of the trap radius. Plasma con-
centration distribution at z = 0.4 for various values of (b) diffusion coefficient, (c) derivative of the electric field magnitude, and
(d) corrugation depth.
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The electric field potential  was specified as a
polynomial (Fig. 3a) interpolating the experimental
data:

4. SIMULATION RESULTS

Plasma concentration distributions for various val-
ues of the corrugation depth, diffusion, and plasma
potential were obtained by simulating plasma trans-
port in a helical magnetic field. For a further analysis
of the numerical results and for comparison of them
with experimental data, we present distributions at
cross sections along the z axis (Fig. 2a). The plasma
concentration distribution over the computational
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domain, which is a unit square in dimensionless form,
is displayed in Fig. 2b. The numerical results show a
decrease in the plasma density, which confirms the
confinement effect observed in the experiments.

In the experiment, the sensor measuring the
plasma concentration is placed at z = 0.4. Accordingly,
Fig. 3 presents the numerical results only in this cross
section. Numerical experiments were carried out for
various admissible values of the diffusion coefficient,
the derivative of the electric field magnitude, and cor-
rugation depth. The results show that the plasma is
compressed toward the axis as the diffusion coefficient
decreases in the transverse field. Taking into account
the finite experimental error, the computed distribu-
tions were found to agree with the experimental ones
for diffusion coefficient values in the range D = 0.01–
0.1. The subsequent computations were carried out
with D = 0.1. As the derivative of the electric field
magnitude and the corrugation depth increase, the
plasma column is compressed toward the axis. These
results agree with the experimental data. In the future,
the described method can be used to predict the per-
formance of available and potential devices for plasma
confinement in a helical magnetic field. A major task
DOKLADY MATHEMATICS  Vol. 108  No. 3  2023
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for this prediction would be the correct specification
of boundary conditions and numerical coefficients in
the transport equation without using a priori known
experimental distributions of plasma characteristics.
For this purpose, we intend to perform computations
with a known exact boundary condition at infinity.
The solution value at z = 1 would be used as the plasma
density distribution at the outlet of the improved con-
finement section.

5. CONCLUSIONS
A mathematical model of plasma transport in the

SMOLA spiral magnetic open trap has been pre-
sented. The integral plasma density was obtained as a
function of the magnetic field corrugation depth, dif-
fusion, and the plasma potential. The simulated
dependences were found to agree with experimental
data for the dimensionless diffusion coefficient D =
0.01–0.1 and the cross-section-averaged corrugation
depth . The computations revealed a pinch
effect (a decrease in the mean radius of the plasma col-
umn), which was also observed in the experiment.
Further research will aim at expanding the range of
parameters in which the model has a sufficient predic-
tive power.
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