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Monte Carlo study of the successive phase transitions in K2SeO4 and K2SO4 crystals

V. I. Zinenko and N. G. Zamkova
L.V. Kirensky Institute of Physics, 660036 Krasnoyarsk, Russia

~Received 4 January 1996; revised manuscript received 3 June 1997!

Monte Carlo calculations at different temperatures have been performed to study the sequence of order-
disorder phase transitions: hexagonal (P63 /mmc) ⇒ orthorhombic (Pnam) ⇒ incommensurate⇒ ortho-
rhombic (Pna21) in K 2SeO4 and hexagonal (P63 /mmc) ⇒ orthorhombic (Pnam) ⇒ monoclinic(P2/n) in
K 2SO4. In the model, theBX4 group has four equilibrium orientations in a disordered hexagonal phase. The
interaction constants between the orderingBX4 groups are calculated within the framework of the electrostatic
model and are a sum of direct octupole-octupole and indirect octupole-dipole forces. The polarizabilities of two
structural nonequivalent potassium ions are fitted to the structure of the low-temperature phase. The interaction
constants are calculated within 19 coordination spheres and it is shown that there is competition between them.
Monte Carlo simulations are carried out on theN3N3N1 hexagonal three-dimensional lattice (N516,
N1524 andN524, N1548). Two types of boundary conditions are used: the periodic one and one with
phantom ‘‘spins.’’ The simulations yield the experimentally observed sequence of phase transitions in
K2SeO4. There is good agreement with the experimentally observed transition temperatures and behavior of
the thermodynamical properties . In the case of K2SO4, the model confirms the observed phase transition from
the hexagonal phase to the orthorhombic one, and predicts one more transition to the low-temperature mono-
clinic phase.@S0163-1829~97!05446-5#
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I. INTRODUCTION

Potassium selenate and potassium sulphate belong
large class of compounds with the general chemical form
ACBX4, whereA and C are alkali metals andBX4 are the
tetrahedral group SO4, SeO4, CrO4, ZnCl4, etc. Many com-
pounds of this family undergo a phase transition or a casc
of several phase transitions at lower temperature. Some c
pounds in a certain temperature range transform into inc
mensurate modulated phases. There are numerous ex
mental investigations of these compounds and informa
concerning the crystal structures, phase diagrams, and be
ior of the physical properties near the phase transitions
be found in review papers.1–3

It is important to emphasize here that all known crys
structures of these compounds have a common fea
namely, they can be considered as slight distortions of
prototypea-K 2SO4 structure ofD6h

4 (P63 /mmc) symme-
try. The difference between the structures of different cr
tals is caused by the orientations of tetrahedra relative
each other as well as to the crystallographic axes. For r
ization of the hexagonal phaseD6h

4 in these crystals severa
equilibrium positions of the tetrahedralBX4 groups are
needed. The observed variety of structural phase transit
in this family is associated with the different ordering of t
BX4 groups accompanied by slight ionic displacements
should be noted that the distortions of all known lo
symmetrical phases in the crystals of the family under c
sideration are determined mainly by theBX4 orientations.1–3

Of all crystals of theACBX4 family potassium sulphate
and potassium selenate are its rare representatives in w
the hexagonal phase is observed experimentally at h
temperatures.4,5 With a temperature decrease there are so
remarkable differences in the behavior of these cryst
570163-1829/98/57~1!/211~12!/$15.00
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K2SeO4 undergoes four successive phase transitions.6 Above
745 K it takesa-K 2SO4 structure and has two formula unit
in the hexagonal unit cell. Below 745 K it transforms to th
b-K 2SO4 structure and has four formula units in the orth
rhombic unit cell~space groupPnam). At 130 K it trans-
forms to an incommensurate structure with the modulat
vector q5(12d)* c0* /3, where c0* is the first reciprocal-
lattice vector along the pseudohexagonal direction. As
crystal is cooled further,d decreases and vanishes at 93
when the system locks into a ferroelectric commensur
phase (F phase, space groupPna21) whose pseudohexago
nal axis is triple that of the room-temperature phase. Wh
cooled further, K2SeO4 undergoes another transition at 56
to a monoclinic phase, the space group of which is still n
clear. These phase transitions have attracted extensive
perimental efforts~see the review in Refs. 1–3 and refe
ences there!.

K 2SO4 has a hexagonal phase above 860 K. Below t
temperature it transforms into the same orthorhombic ph
Pnam. The results of the study of K2SO4 behavior with a
temperature decrease are contradictive. A phase transitio
56 K was observed by Gesiet al.7 and was suggested to b
neither incommensurate nor ferroelectric. In Ref. 8 it w
suggested that K2SO4 underwent the phase transitions at 1
K into a ferroelectric phase. On the other hand, the struc
of this compound was investigated at low temperatures
Ref. 9 and it was shown that K2SO4 had the paraelectric
phase with space groupPnamup to 15 K.

There are few theoretical studies in which the phase tr
sitions in K2SeO4 were considered from the phenomenolog
cal as well as microscopical points of view. A simulatio
study of the static structure for both theP andF phases, the
dynamical states of K2SeO4 at various temperatures in th
Pnam phase, and the transition from theP phase to theF
211 © 1998 The American Physical Society



si

fu
of

ra
a
fa

11

s
s

o
he
c
d
e

e
ch
co
ta
o
d
th

e
es

on-
.’’
lly
nsi-

ted
ural
ture
ut
be

ent
n-

ives
of
en-
the

e
t

-

e
e a
o-
ex-

ent
rgy

he

l

etra-

for
t the

212 57V. I. ZINENKO AND N. G. ZAMKOVA
phase and to a monoclinic phase at lower temperature u
the intra- and intermolecular interactions taken fromab initio
quantum-chemistry calculations was made quite success
by Lu and Hardy.10 The other molecular-dynamics study
K 2SeO4 ~Ref. 11! using the interatomic potential with fitting
parameters has been rather successful in reproducing
main features of the hexagonal-orthorhombic and pa
ferroelectric phase transitions. These previous studies h
stressed the lattice dynamics of this compound and the
that the dynamical matrix of the system in thePnamphase
has the negative eigenvalues. However, in Refs. 10 and
structure of theI phase, the phase transitionP⇒I⇒F and
behavior of the thermodynamical properties of K2SeO4 near
the phase transitions are not discussed.

In the present work for investigation of the phase tran
tions in K2SeO4 and K2SO4 the order-disorder model i
used. In this model aBX4 tetrahedron has four equilibrium
positions in the hexagonal phase~Fig. 1!.

The effective constants of the interaction between the
deredBX4 tetrahedra are calculated in the framework of t
electrostatic model where the polarizabilities of two stru
tural nonequivalent potassium ions are the empirical mo
parameters. These parameters were fitted using the symm
of the low-temperature phases. It will be shown that ther
a competition between the constants. We believe that su
simple approach enables us to idealize the system under
sideration, stressing the basic features of the real crys
namely, the delicate balance between the interaction c
stants, which leads to the complex phase diagrams an
remarkable differences among the different members of

FIG. 1. The crystal structure of the high-temperature phase
ACBX4 ~a! and its projection viewed down@001# ~b!. The triangles
represent theBX4 molecular ions. TheA andC metals are shown
by open and solid circles.
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ACBX4 family. The thermodynamical properties of th
model are calculated by the Monte Carlo method. Two typ
of boundary conditions are used: the periodic boundary c
ditions and the boundary conditions with ‘‘phantom spins
It is shown that the model reproduced the experimenta
observed sequence of phase transitions including the tra
tion into the modulated phase in K2SeO4. The temperature
dependence of the modulation vector inside the modula
phase in this compound is also calculated. Since no struct
data have been given in the literature on the low-tempera
phase in K2SO4, except some conflicting suggestions abo
the space-group symmetry, our theoretical study could
important in resolving the issue.

This paper is organized as follows: In Sec. II we pres
the model, the method of calculation of the interaction co
stants, and the results of these calculations. Section III g
the results of the Monte Carlo simulations. A discussion
the results obtained and the comparison with the experim
tal data can be found in Sec. IV. Section V concludes
paper.

II. MODEL AND CALCULATION OF THE EFFECTIVE
INTERACTION CONSTANTS

K 2SO4 and K2SeO4 have hexagonal symmetry with th
space groupD6h

4 and with two molecules in a unit cell a
high temperature. The structure ofACBX4 and its projection
viewed down@001# are shown in Fig. 1. The unit cell param
eters of both crystals area55.94 Å, c58.61 Å in K2SO4,
a56.14 Å, c58.90 Å in K2SeO4.

For calculation of theBX4-BX4 interactions and phas
diagrams the model proposed in Ref. 12 is used. We tak
BX4 group as a rigid unit which has only the octupole m
ment and four equilibrium orientations in the disordered h
agonal phase~Fig. 2!. The BX4-BX4 interaction constants
Vi j (R) were calculated from the electrostatic model.13–15

The model used does not explicitly include any displacem
of the ions. The effect of these displacements on the ene
of the BX4-BX4 interactions is included implicitly through
the electrostatic dipole interactions of the various sites. T

of

FIG. 2. Four positions of theBX4 tetrahedra in the hexagona
phase. Their projection viewed down the@001# plane which crossed
the tetrahedra center. The solid and dashed lines indicate the t
hedra apex above~1,2! and below~3,4! the plane, respectively. The
same orientation is denoted both by a number and arrow since
the sake of convenience we used the numbers in the text bu
arrows in Table III and the caption to Fig. 8.
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dipoles are produced by electronic polarizabilities and
displacements of the metalsA andC and whole polarizabil-
ities of the metal ions are fitted parameters in the mod
Also, the displacements, from the basic hexagonal struct
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of the different potassium ions in the unit cell are not simp
related to one another, and hence the polarizability values
the different ions are not expected to be the same.
Hamiltonian of the model is
H52
1

2( Voo
I,I ~r 2r 8!Ci

I~r !Cj
I~r 8!2

1

2( Voo
II,II ~r 2r 8!Ci

II~r !Cj
II~r 8!2( Voo

I,II~r 2r 8!Ci
I~r !Cj

II ~r 8!

1( Fod
IA~r 2r 8!Ci

I ~r !dA~r 8!1( Fod
I C~r 2r 8!Ci

I ~r !dC~r 8!1( Fod
IIA~r 2r 8!Ci

II ~r !dA~r 8!

1( Fod
II C~r 2r 8!Ci

II ~r !dC~r 8!1
1

2aA
( dA

2~r !1
1

2aC
( dC

2 ~r !1
1

2( Dab
A ~r 2r 8!da

A~r !db
A~r 8!

1
1

2( Dab
C ~r 2r 8!da

C~r !db
C~r 8!1( Dab

AC~r 2r 8!da
A~r !db

C~r 8!, ~1!
the

f

d.
od.
g
and

lec-

ri-
am
where

Ci
I,II51 if the BX4 group occupies the positioni,

Ci
I,II50 in the opposite case,

and the fact that a unit cell of the hexagonal phase has
nonequivalent molecules is taken into account~I and II relate
to the sublattices indicated in Fig. 1!.

Voo
kl (r 2r 8) is an octupole-octupole interaction matri

dA,C a dipole moment of metalsA andC which have polar-
izabilities aA and aC . As was mentioned above in th
present calculationsaA andaC are parameters of the theor
because they have both electronic and ionic contributionsD
and Fod are, respectively, dipole-dipole and dipole-octupo
interaction matrices. In the electrostatic approximation wh
we used here there is no need to know the magnititude
the dipole moments of the metal ions, since after eliminat
of dA,C from Eq. ~1! by standard technique14,16 we find that,
the effectiveBX4-BX4 interaction is a sum of the direc
octupole-octupole interaction and the indirect interact
through the polarizable metal ions,

Heff52
1

2( V i j
I,I~r 2r 8!Ci

I~r !Cj
I~r 8!2

1

2( V i j
II,II ~r

2r 8!Ci
II~r !Cj

II~r 8!2( V i j
I,II~r 2r 8!Ci

I~r !Cj
II~r 8!,

~2!

where

V i j
kl~r !5Voo

kl ~r !1jAjCW~r !, jA,C5
aA,C

a0
3

,

W„r …5
1

n0
E E E W„q…exp~2 iq•r !d3q,
o

h
of
n

n

W„q…5( $Jab
A ~q!Jab

C ~q!

2@Dab
AC~q!#2jAjC%21H( @Fan

A ~v1 ,q!Fbm
C ~v2 ,q!

1Fbm
A ~v2 ,q!Fan

C ~v1 ,q!#Dab
AC~q!

2Fan
A ~v1 ,q!Fbm

A ~v2 ,q!Jab
C ~q!/jC

2Fan
C ~v1 ,q!Fbm

C ~v2 ,q!Jab
A ~q!/jAJ . ~3!

Jab
A,C(q)5Eab1jA,CDab

A,C(q), Eab is a unit matrix, andv i

are the Euler angles. The interaction matricesVI,I, VI,II , and
VII,II have four independent terms due to the symmetry of
hexagonal phase and the equilibrium orientations~see Figs. 1
and 2!:

V5S V11 V12 V13 V14

V12 V11 V14 V13

V13 V14 V11 V12

V14 V13 V12 V11

D . ~4!

The interaction tetrahedronBX4 with five nearest metals o
the C type and six nearest metals of theA type is taken into
account in the calculations of matricesFod in Eqs. ~3!. The
matricesD in Eqs.~3! are calculated by the Ewald metho
Integration inq space was performed by the Gauss meth
For K2SeO4 the values of polarizabilities were fitted usin
the symmetry of the ferroelectric low-temperature phase
the region of existence of the incommensurate phase:

aA50.60 Å3, aC50.24 Å3.

It should be noted that the use of the values of the e
tronic polarizabilities of potassium (aA5aC50.80 Å3)
~Ref. 17! leads to a poor agreement with the expe
mental potassium selenate phase diagr

(D6h
4 →

745 D
D2h

16 →
512 K

I →
280 K

C2v
9 ).
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214 57V. I. ZINENKO AND N. G. ZAMKOVA
As was mentioned above the symmetry of the lo
temperature phase for K2SO4 is not clear and in this case th
values of the polarizabilities were fitted using the conditi
that the paraelectric phase (D2h

16) exists in a wide temperatur
region:

aA51.2 Å3, aC50.14 Å3.

The octupole moment values of the SeO4 and SO4
groups,I 3, were fitted using the experimental values of t
phase transition (D6h

4 →D2h
16) temperatures:

I 3~SO4!551.5310234 esu cm3,

I 3~SeO4!551.1310234 esu cm3.

The effective interaction constantsVi j
I,I(R)5Vi j

II,II (R) and
Vi j

I,II (R) were calculated within 19 coordination spheres up
R52c0 and their values are presented in Tables I and II.
one can see from these tables, the sign and the magnitu
the interaction constants oscillate as a function of the
tance, so that there is a strong competition between the
teractions. The result of calculations of the energy atT50 in
the finite system (16316324) for the phases with the dif
ferent uniform and nonuniform orderings is shown in Tab
III. It is seen from the table that there are several phases
the close values of the energies both in K2SeO4 and in
K2SO4. However, there is a difference between them: T
phases with the same~potassium sulfate, the phasesi and j )
and different~potassium selenate, the phasesa, c, and h)
multiplications of a unit cell have the closest energies. I
this peculiarity of the interactions in K2SeO4 that is appar-
ently responsible for the presence of an incommensu
phase at finite temperature.

III. CALCULATION OF THE THERMODYNAMICAL
PROPERTIES

The Monte Carlo technique, which is applicable to t
Ising-like lattice models,18,19is used in the present study. Th
only change relates to the presence of four equilibrium p
tions of the BX4 groups ~instead of two positions in the
Ising-like models!.

The process of determining the thermodynamical val
begins with the choice of an initial ‘‘spin’’ configuration fo
a system as a whole. Two initial spin configurations~ordered
and disordered! are used for starting Monte Carlo procedu
at low temperature and the procedure starts with the last
configuration generated in the preceding the calculation
the increasing temperature. The program then proce
through the lattice considering each spin~in order! as the
reference spin for trial of turning. One of three positions
turning is chosen randomly. The relative probability of t
two states is considered:19

rmn5rm /rn5exp@2~Em2En!/kBT#. ~5!

Equation~5! describes the probability of producing thenth
state from themth one. If rmn.1, the reference spin is
turned; otherwise a random numberr is chosen from a set o
random numbers generated uniformly in the interval from
to 1 and compared withrmn . If r ,rmn , the reference spin is
-
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TABLE I. Effective interaction constants, K2SeO4.

Vi j
I,II (R) ~K!

R V11 V12 V13 V14

(a0
2/31c0

2/4)1/2 711.5 763.8 21018.3 2966.1

(4a0
2/31c0

2/4)1/2 95.9 82.8 65.1 52.0

(7a0
2/31c0

2/4)1/2 81.3 79.0 52.8 50.6

(13a0
2/31c0

2/4)1/2 226.6 220.2 230.9 224.4

(a0
2/319c0

2/4)1/2 86.1 79.3 14.7 7.8

(16a0
2/31c0

2/4)1/2 243.0 234.7 241.0 232.6

(4a0
2/319c0

2/4)1/2 27.0 23.0 224.8 220.8

(19a0
2/31c0

2/4)1/2 216.4 218.9 24.8 27.4

(7a0
2/319c0

2/4)1/2 214.2 218.1 218.0 221.9

Vi j
I,I(R)5Vi j

II,II (R)~K!

R V11 V12 V13 V14

a0 571.8 603.9 2489.9 2457.8

c0 211.7 24.4 53.0 60.3

a0A3 16.8 16.5 213.5 213.7

(a0
21c0

2)1/2 13.4 2.8 47.5 36.9

2a0 3.9 3.6 27.7 27.9

(3a0
21c0

2)1/2 3.7 3.4 21.2 21.5

(4a0
21c0

2)1/2 1.4 1.4 21.0 21.0

a0A7 22.2 22.7 2.1 1.6

2c0 8.6 7.4 227.2 228.4
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57 215MONTE CARLO STUDY OF THE SUCCESSIVE PHASE . . .
TABLE II. Effective interaction constants, K2SO4.

Vi j
I,II (R) ~K!

R V11 V12 V13 V14

(a0
2/31c0

2/4)1/2 793.5 839.4 21126.7 21080.9

(4a0
2/31c0

2/4)1/2 89.2 83.3 147.0 141.1

(7a0
2/31c0

2/4)1/2 90.1 66.8 93.2 70.0

(13a0
2/31c0

2/4)1/2 231.1 226.5 242.5 237.9

(a0
2/319c0

2/4)1/2 147.8 144.7 10.6 7.5

(16a0
2/31c0

2/4)1/2 250.0 245.6 260.6 256.3

(4a0
2/319c0

2/4)1/2 3.7 5.6 218.1 216.1

(19a0
2/31c0

2/4)1/2 222.5 214.9 25.4 2.3

(7a0
2/319c0

2/4)1/2 214.1 213.4 214.2 213.6

Vi j
I,I(R)5Vi j

II,II (R)~K!

R V11 V12 V13 V14

a0 623.4 622.6 2575.2 2576.0

c0 32.3 39.3 103.4 110.4

a0A3 15.7 14.9 210.9 211.7

(a0
21c0

2)1/2 28.0 11.5 135.7 119.2

2a0 20.7 20.9 28.1 28.2

(3a0
21c0

2)1/2 4.4 3.9 3.2 2.8

(4a0
21c0

2)1/2 0.9 0.9 0.7 0.8

a0A7 24.0 24.6 2.8 2.2

2c0 3.9 2.9 261.0 262.0
turned.Em andEn in Eq. ~5! are energies of the statesm and
n. In the present work two types of boundary conditions a
used: the periodic conditions and the boundary conditi
with ‘‘phantom spins.’’ The latter were recently proposed
Ref. 20 for investigation of systems with competing intera
tions. In Ref. 20 the two-dimensionalX-Y model was studied
by the Monte Carlo method. In the present work the bou
ary conditions with phantoms are somewhat modified
comparison with those in Ref. 20 since here a discrete ps
dospin, instead of the continuous one in theX-Y model, oc-
cupies each lattice site. The changes concern the config
tion of the phantom spins surrounding the main spins. T
number of the phantoms is determined by the number of
interacting coordination spheres, and their configuration a
each Monte Carlo step is set according to the obtained c
figuration of the main lattice.

It should be noted that we tried the free boundary con
tions, but in the our case, even at low temperatures, the
tem very rapidly slid into a metastable state and remaine
it with a reasonable number of Monte Carlo steps. This
associated with the fact that, even for a lattice of quite la
size, too many spins remain free because there is a g
number of interactions and the competition between th
makes the system very unstable.

The calculations are carried out on theN3N3N1 hex-
agonal three-dimensional lattice. Two sizes of latti
(N516,N1524 andN524,N1548) are treated here. As i
seen from Figs. 3 and 4 the results of the Monte Carlo c
culations are close to each other for different lattice sizes
below we will discuss the results of the calculations only
the lattice withN524 andN1548.

The thermodynamical quantities were calculated in
usual way,18,19

U5 (
m51

N

(
s51

18

Vi j ~s,m!,

C5
N2

kT2
~DU !2,

x i5
N2

kT
~Dh i !

2, ~6!

whereU is the internal energy,C is the heat capacity,h i are
the order parameters which will be determined below,x i is
susceptibility, and (DA)25^A2&2^A&2.

One Monte Carlo~MC! step per spin wasN3N3N1 spin
turning trials. The first 500–1000 MC steps were discard
and not used in computing averages. Averaging was car
out in two steps: Afterp MC steps subaverages were dete
mined for the group of states~usuallyp550), and then after
a number of subaverages~usually 85! the final averages were
computed. The calculations were repeated at another t
perature and so on.

The program, written inFORTRAN, required about 0.2
msec per spin on a Pentium/60 computer.

The structures of the ordered phases which resulted f
Monte Carlo simulations at low temperature have the follo
ing occupation numbers~n i corresponds to thei orientation
of a tetrahedron in Fig. 2!:
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TABLE III. Energies and structures of the ordered low-temperature phases. The directions of a
correspond to the orientations of theBX4 tetrahedron in Fig. 2. The digit in the second line indicates
number of the layer along the pseudohexagonal axis. The phasea, ferroelectric one in K2SeO4

@C2v
9 (z512)#, and the phasei , low-temperature phase in K2SO4 @C2h

5 (z516)#.

Structures of the ordered phases Energy~K!

1 2 3 4 5 6 KSe KS

a ↑ ↓ ↓ ↑ ↑ ↓ → ← ← → → ← 21225 2904

↓ ↑ ↑ ↓ ↓ ↑ ← → → ← ← →

b ← → ↓ ↑ ↑ ↓ ↓ ↑ ← → → ← 21083 2867

↑ ↓ → ← → ← ← → ↑ ↓ ↓ ↑

c ↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑ 21206 2863

↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑

d ← ← ↓ ↓ ↑ ↑ ↓ ↓ ← ← → → 21163 2870

← ← ↓ ↓ ↑ ↑ ↓ ↓ ← ← → →

e ↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓ 21146 2829

↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓

f → ↑ ← ↓ → ↑ ← ↓ → ↑ ← ↓ 21148 2913

↑ → ↓ ← ↑ → ↓ ← ↑ → ↓ ←

1 2 3

← ← → → → → ← ← ← ← → →
g → → ← ← ← ← → → → → ← ← 21208 2899

4 5 6

→ → ← ← ← ← → → → → ← ←
← ← → → → → ← ← ← ← → →

1 2 3

↑ ↑ ↓ ↓ ↓ ↓ ↑ ↑ ↑ ↑ ↓ ↓
h → → ← ← ← ← → → → → ← ← 21150 2948

4 5 6

↓ ↓ ↑ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↑ ↑
← ← → → → → ← ← ← ← → →

1 2 3

↑ ↑ ← ← ↓ ↓ → → ↑ ↑ ← ←
i → → ↓ ↓ ← ← ↑ ↑ → → ↓ ↓ 21185 2949

4 5 6

↓ ↓ → → ↑ ↑ ← ← ↓ ↓ → →
← ← ↑ ↑ → → ↓ ↓ ← ← ↑ ↑
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For K2SeO4,

n1
I ~R0!5n3

I ~R1!5n1
II~R7!5n3

II ~R6!51,

n1
I ~R2!5n3

I ~R3!5n2
II~R8!5n4

II~R9!51,

n2
I ~R4!5n4

I ~R5!5n2
II~R10!5n4

II~R11!51, ~7!

where

R05~0,0,0!, R65S 2
1

2A3
a0 ,

a0

2
,
c0

2 D ,

R15SA3

2
a0 ,2

a0

2
,0D , R75S 1

A3
a0 ,a0 ,

c0

2 D ,

R25~0,0,c0!, R85S 2
1

2A3
a0 ,

a0

2
,
3c0

2 D ,

R35SA3

2
a0 ,2

a0

2
,c0D , R95S 1

A3
a0 ,a0 ,

3c0

2 D ,

R45~0,0,2c0!, R105S 2
1

2A3
a0 ,

a0

2
,
5c0

2 D ,

R55SA3

2
a0 ,2

a0

2
,2c0D , R115S 1

A3
a0 ,a0 ,

5c0

2 D .

FIG. 3. The temperature dependence of internal energy~a! and
specific heat~b! for K 2SeO4. The open and solid circles: the resul
for the lattices 24324348 and 16316324, respectively.
The ordered phase has the orthorhombic symmetry w
the polar space groupC2v

9 and 12 molecules per unit cell.
For K2SO4,

n1
I ~R0!5n4

I ~R1!5n1
II~R8!5n4

II ~R6!51,

n1
I ~R2!5n4

I ~R5!5n1
II~R7!5n4

II~R13!51,

n2
I ~R3!5n3

I ~R12!5n2
II~R10!5n3

II~R14!51,

n2
I ~R4!5n3

I ~R9!5n2
II~R11!5n3

II~R15!51, ~8!

where

R05~0,0,0!, R85S 1

A3
a0 ,0,

c0

2 D ,

R15SA3

2
a0 ,2

a0

2
,0D , R75S 1

A3
a0 ,a0 ,

c0

2 D ,

R25~0,a0 ,0!, R105S 1

A3
a0 ,2a0 ,

c0

2 D ,

R35~0,2a0 ,0!, R115S 1

A3
a0 ,3a0 ,

c0

2 D ,

FIG. 4. The temperature dependences of order parameterh1

and h2 ~a! and susceptibility~b! for K 2SeO2. The notation is the
same as in Fig. 3.
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R45~0,3a0 ,0!, R65S 2
1

2A3
a0 ,

a0

2
,
c0

2 D ,

R55SA3

2
a0 ,

a0

2
,0D , R135S 2

1

2A3
a0 ,

3a0

2
,
c0

2 D ,

R125SA3

2
a0 ,

3a0

2
,0D , R145S 2

1

2A3
a0 ,

5a0

2
,
c0

2 D ,

R95SA3

2
a0 ,

5a0

2
,0D , R155S 2

1

2A3
a0 ,

7a0

2
,
c0

2 D .

The ordered phase has monoclinic symmetry with
nonpolar space groupC2h

5 and 16 molecules per unit cel
The values ofni

k(R) were determined from the Monte Car
data at the temperatureT/Tc150.08, whereTc1 is the tem-
perature of the hexagonal-orthorhombic phase transition
lower temperatures the problem of metastable states a
when the system cools from the disordered or modula
phases. The order parameters (h1 ,h2 ,h3) are written in
terms of the occupation numbersni

I,II as follows.
The order parameter common for K2SeO4 and K2SO4 is

h15
1

4
$@n1

I ~R0!1n2
I ~R0!2n3

I ~R0!2n4
I ~R0!1n3

I ~R1!

1n4
I ~R1!2n1

I ~R1!2n2
I ~R1!#1@n3

II~R6!1n4
II~R6!

2n1
II~R6!2n2

II~R6!1n1
II~R7!1n2

II~R7!2n3
II~R7!

2n4
II~R7!#%. ~9!

The order parameterh2 for K 2SeO4 is

h25
1

12H (
R5R0 ,R1 ,R2 ,R3

@n1
I ~R!2n2

I ~R!1n3
I ~R!2n4

I ~R!#

1 (
R5R7 ,R6

@n1
II~R!2n2

II~R!1n3
II~R!2n4

II~R!#

1 (
R5R4 ,R5

@n2
I ~R!2n1

I ~R!1n4
I ~R!2n3

I ~R!#

1 (
R5R8 ,R9 ,R10 ,R11

@n2
II~R!2n1

II~R!1n4
II~R!2n3

II~R!#J .

~10!

The order parameterh3 for K 2SO4 is
e

t
es
d

h35
1

16H (
R5R0 ,R1 ,R2 ,R5

@n1
I ~R!2n2

I ~R!1n4
I ~R!2n3

I ~R!#

1 (
R5R8 ,R7 ,R6 ,R13

@n1
II~R!2n2

II~R!1n4
II~R!2n3

II~R!#

1 (
R5R3 ,R4 ,R12 ,R9

@n2
I ~R!2n1

I ~R!1n3
I ~R!2n4

I ~R!#

1 (
R5R10 ,R11 ,R14 ,R15

@n2
II~R!2n1

II~R!1n3
II~R!

2n4
II~R!#J , ~11!

where the equivalence of unit cell parametersa0 and b0 in
the hexagonal phase is taken into account. The results o
calculations of the thermodynamical quantities are presen
in Figs. 3–7. The typical error bars near the critical poin
and far from the critical points are 10% and 3%, respective

There are three in K2SeO4 and two in K2SO4 successive
phase transitions. The first of them occurs in both cryst
when the temperature decreases and is caused by the p
ordering of theBX4 tetrahedra. The partially ordered pha
is described by the following occupation numbers~whenh1
is equal to 1!:

n1
I ~R50!5n2

I ~R50!5n3
I ~R5a0!5n4

I ~R5a0!5
1

2
,

n3
I ~R50!5n4

I ~R50!5n1
I ~R5a0!5n2

I ~R5a0!50,

n3
II~R5b0!5n4

II~R5b0!5n1
II~R5c0!5n2

II~R5c0!5
1

2
,

n1
II~R5b0!5n2

II~R5b0!5n3
II~R5c0!5n4

II~R5c0!50.
~12!

The symmetry of the partially ordered phase is orth
rhombic with the space groupD2h

16 and with four molecules
in a unit cell. This phase transition is observed experim
tally at high temperatures in both crystals und
consideration.4,5 The temperature dependences of the inter
energy, the order parameterh1, heat capacity, and suscept
bility x1 at the phase transition from the hexagonal phase
the orthorhombic one are shown in Figs. 3–6.

In the case of K2SO4 as the temperature decreases f
ther, the second phase transition caused by the full orde
of the SO4 groups occurs. This ordered phase is a mo
clinic one with the space groupC2h

5 and with 16 molecules in
the unit cell. The calculated temperature of this transition
75 K. The behavior of the internal energy and the spec
heat at this transition is shown in Fig. 5. TheD2h

16→C2h
5

phase transition is not observed experimentally in K2SO4,
but from the results of the specific heat measurements it
suggested7 that K2SO4 might undergo a phase transition
56 K.

In the case of K2SeO4 as the crystal is cooled further,
phase transition into the modulated phase occurs atTi5170
K. The experimental value ofTi is 130 K.6 Finally, at
Tc25115 K a lock-in transition into a ferroelectric ordere
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phase with the space groupC2v
9 and 12 molecules per un

cell takes place. The pseudohexagonal axis is tripled c
pared to that in the paraelectric phase, as is observed ex
mentally atTc2

expt595 K.6

The phase transition temperatures in the crystals un
consideration, excluding the lock-in transition temperature
potassium selenate, were determined from the peaks in
temperature dependence of the specific heat~Figs. 5 and 6!.
In the case of K2SeO4 we have met the difficulties in deter
mining the temperatureTc2 of the lock-in transition into the
commensurate ferroelectric phase from the Monte Carlo
culations of the specific heat in the case of K2SeO4 due to
the considerable scatter of the specific heat inside the inc
mensurate phase~see Figs. 3 and 6!. The temperature of the
lock-in transition is estimated from the inflection in the tem
perature dependence of the internal energy~Fig. 3!. It should
be noted that the values of the phase transition tempera
Tc1, Tc2 ~for both crystals!, andTi ~for potassium selenate!
calculated with the boundary conditions with phantom sp
and with periodic boundary conditions are close.

Let us discuss the incommensurate phase in K2SeO4. The
structure of this phase is spatially modulated along
pseudohexagonal axis and the modulation depends on
temperature. According to the Monte Carlo data the order
of the SeO4 tetrahedra in layers perpendicular to t
pseudohexagonal axis is uniform at all temperatures inc
ing the region in which the modulated phase exists. Ho
ever, inside this phase the degree of the tetrahedra orde
changes from layer to layer. Figure 8 displays the degre

FIG. 5. The temperature dependence of internal energy~a! and
specific heat~b! for K 2SO4. The notation is the same as in Fig.
The solid line represents the experimental data of Ref. 7.
-
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the tetrahedra ordering in the layers for two temperatu
inside the modulated phase. The ordering inside the layer
the ordered ferroelectric phase is shown in Fig. 8 for co
parison. The long-wavelength modulation inside the inco
mensurate phase depends on the temperature. This is
cially noticeable when phantom spins are used in
boundary conditions. In this case the system itself selects
modulation period. This dependence is less strong in the c
of the periodic boundary conditions due to the fact that
conditions impose a specific period on the system at all te
peratures. One can see from Fig. 8 that there is the sh
wavelength modulation in addition to the long-waveleng
one inside the incommensurate phase. The period of
modulation is 33c0; i.e., it is the unit cell parameter of th
ferroelectric phase. Here, there is a great difference in
average magnitude of the orientations of the SeO4 tetrahedra
from layer to layer along with the different orientations
the layers.

To determine the temperature dependence of the mod
tion period we calculated the structure factorS(q) in terms
of the correlation functionG11(R):

S~q!5(
R

G11~R!exp~ iq•R!,

G11~R!5 (
i 51

N3N3N1

C1~r i !C1~r i2R!. ~13!

The functionS(2,0,qz) for the different temperatures is dis
played in Fig. 9. One can see that in the ferroelectric pha
in addition to the peak atq50, there is a peak atq51/3. We
would like to note that the same peak appears at all 1/3-
q as well. Inside the modulated phase the position of t
peak varies slightly with the temperature, but with the te

FIG. 6. The temperature dependence of the specific heat
K 2SeO4 ~size of the lattice is 24324348). The solid and open
circles: the periodic boundary conditions and conditions with ph
toms, respectively. The solid line represents the experimental
of Ref. 6.
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FIG. 7. The temperature dependence of the spontaneous p
ization for K2SeO4. The notation is the same as in Fig. 6. Th
experimental data are from Ref. 21.
the
perature increase the intensity of the peak decreases stro
and the peak vanishes when the system is in the paraele
phase.

For K2SO4 the functionsS(q1) and S(q2) were calcu-
lated ~Fig. 10!. Here, in addition to the peak atq50, there

are peaks atq5 1
2 b0* along q15(q,0,0) andq5 1

4 a0* along

q25„(A3/2)q, 1
2 q,0… in the low-temperature phase and po

tions of the peaks do not vary with temperature.

IV. DISCUSSION: COMPARISON WITH EXPERIMENT

The temperature dependences of the internal energy
specific heat, the order parameters, and susceptibilities
obtained from Monte Carlo data for two types of bounda
conditions, are shown in Figs. 3–7. The solid curve in Fi
5 and 6 represents the experimental data on the specific
of potassium selenate and sulphate.6,7 It is seen from these
figures that there is a satisfactory agreement between c
puted and experimental dependences, excluding the regio
which the modulated phase exists. In this region the Mo
Carlo calculations give a considerable spread in the spe
heat, as was mentioned above. K2SeO4 is nonintrinsic ferro-
electric material and therefore the measured parameter is
spontaneous polarizationPs . In investigating the model we

ar-
g

FIG. 8. The spatial dependence of the degree of order in layers for K2SeO4. Open and solid circles, the ordering of↑↓↑↓, ↓↑↓↑; open

and solid triangles, the ordering of→←→←,←→←→; open squares, the ordering of↓↑↓↑, ↑↓↑↓; open and solid triangles, the orderin
of ←→←→, →←→←. ~a! Boundary conditions with phantom spins.~b! Periodic boundary conditions.
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found that the ordering of the SeO4 tetrahedra corresponde
to the polar groupC2v

9 at low temperatures and due to th
the spontaneous polarization could occur at the phase tra
tion into this phase as the secondary order parameter.
absolute value ofPs in the ferroelectric phase we could n
calculate, since the displacement of the metal atoms and
tortion of the BX4 tetrahedra in the low-symmetry phas
were not taken into account explicitly in the model. But t
temperature dependence ofPs can be found. The paramete
P, defined in terms ofni

I,II as

FIG. 9. Structure factor as a function of the wave vector
different temperatures in K2SeO4. Inset: profile of the x-ray reflec-
tion of the first satellite withq. The dashed curves represent t
Monte Carlo data~phantom spins boundary condition! and the solid
curves represent the experimental data from Ref. 23.

FIG. 10. The temperature dependence of the vectord in
K 2SeO4. The open circles represent the Monte Carlo data~phantom
spins boundary condition! and the points represent the experimen
data from Ref. 23.
si-
he

is- Ps5
1

4
$n1

I ~R0!2n2
I ~R0!1n3

I ~R0!2n4
I ~R0!1n1

II~R6!

2n2
II~R6!1n3

II~R6!2n4
II~R6!1n2

I ~R1!2n1
I ~R1!

1n4
I ~R1!2n3

I ~R1!1n2
II~R7!2n1

II~R7!1n4
II~R7!

2n3
II~R7!%, ~14!

transforms under the symmetry operation in the same m
ner asPs and thus it is proportional to the spontaneous p
larization. The computed and experimental temperature
pendences of the polarization of potassium selenate
shown in Fig. 7, and they are in good agreement.

The structure of the modulated phase of the potass
selenate was determined in Refs. 22 and 23. It was found
the modulation of the structure was determined mainly
the nonuniform~in the direction of the pseudohexagon
axis! rotation of the SeO4 tetrahedra, and it was of long
wavelength character. The long-wavelength modulat
computed here agrees qualitatively with the experimen
one. But the short-wavelength modulation found here fr
the Monte Carlo simulation was not observed experim
tally. The temperature dependence of the modulation ve
in the incommensurate phase of K2SeO4 was found from the
temperature dependence of the x-ray reflection on the ve
(2,0,qz). The experimental and Monte Carlo values of t
x-ray reflection intensities at different temperatures ins
the modulated phase are shown in Fig. 9. Figure 11 disp
the temperature dependence ofd. As one can see from thes

t

l

FIG. 11. Structure factor as a function of the wave factor
different temperatures~1–55 K, 2–70 K, and 3–90 K! in K2SO4:
~a! alonga0* and ~b! alongb0* .
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222 57V. I. ZINENKO AND N. G. ZAMKOVA
figures there is only a qualitative agreement between
computed and experimental curves. The experimental cu
of the intensity is more narrow than the computed one,
the measured maximum value ofd is almost 3 times highe
than that obtained from the Monte Carlo data.

V. CONCLUSION

Let us summarize the basic results obtained in this wo
We have applied the Monte Carlo method to study the ord
disorder phase transitions in K2SeO4 and K2SO4. The effec-
tive constants of interactions between SeO4 ~SO4) groups
were calculated in the framework of the electrostatic
proximation, where the polarizabilities of potassium ions
taken as fitted parameters. The phase diagrams are sen
to the values of the polarizabilities. As was mentioned ab
the use of the calculated value for the electronic polariza
ity of K 1@aK50.8 Å3 ~Ref. 17!# leads to the poor agree
ment between the calculated and experimental phase tr
tion temperatures for K2SeO4 and to the difference betwee
the calculated and experimental phase diagrams for K2SO4.
Apparently it means that the role of the ionic contribution
the K1 polarizability is important for describing the phas
transition in the crystals. In our study the values of the p
larizabilities of the structural nonequivalent potassium io
in K 2SeO4 and K2SO4 are strongly different. As is see
from Fig. 1, these ions have different coordination polyhe
and, apparently, this fact leads to the difference in the po
ta

J

n

ct

ys
e
ve
d

k.
r-

-
e
tive
e
l-

si-

-
s

a
r-

izability values. The results obtained show that the treatm
of the model by the Monte Carlo method yields a corre
description of the sequence of the transitions in these c
tals, including the intermediate modulated phase in po
sium selenate. The strong difference between the phase
grams of the potassium selenate and potassium sulpha
caused by the delicate balance of the competing interac
constants. The reason for the difference in the fitted par
etersaK in these crystals is not clear to us, and we can o
suppose that it is associated with the different sizes of
SO4 and SeO4 tetrahedra: Apparently, the elastic contrib
tion into the polarizability of the potassium ion in K2SO4 is
higher than that in K2SeO4, since the size of SO4 is less than
that of SeO4. The computed temperaturesTi andTc2 and the
behavior of the thermodynamic parameters are in a satis
tory agreement with the experimental data.

The results of the investigation of the model allow us
predict the group of symmetry of the low-temperature ph
in potassium sulphate and the existence of a sh
wavelength modulation in the modulated phase of potass
selenate. It would be interesting to have experimental ve
cation of these predictions.
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