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Abstract. The spectrum and damping of waves in partially randomized multilayer structures
are calculated. A method of calculation that was proposed and demonstrated earlier, for the
model of a superlattice with a harmonic dependence of its material parameters along its axis
in the initial state, is extended to the case of a multilayer structure (i.e., a superlattice with sharp
interfaces). One- and three-dimensional random modulations of the period are considered, and the
correlation function of the superlattice is derived as a series in which each term is a product of a
harmonic and a monotonically decaying function. The law of decay of the correlation function is
Gaussian for smooth inhomogeneities, and has different forms for one- and three-dimensional short-
wavelength inhomogeneities. The spectrum and damping of waves in the superlattice described by
this correlation function are found in the weak-coupling approximation in the vicinities of all of the
odd Brillouin zone boundaries. Analytical dependences of the main characteristics of the spectrum
and damping on the zone numbeare obtained. The conditions for the closing of the gaps at the
Brillouin zone boundaries are derived, and depend on the dimensionality of the inhomogeneities
and the degree of their smoothness.

1. Introduction

Investigations of the spectrum of waves in partially randomized superlattices (multilayer
structures) have been carried out very intensively in recent years. An even greater activity is
dedicated to the kinetics of electrons in similar structures. Despite the fundamental differences
between the physical problems, the mathematical approaches that are used for the development
of a theory of partially randomized superlattices are analogous to a large degree for the waves
as well as for the conduction electrons. Several such approaches now exist.

The modelling of the randomization by altering the order of successive layers of two
different materials A and B (of different or the same thickness) is in wide use now. It is
assumed that neither the parameters of the materials nor the layer thicknesses change when
the system is randomized: only the periodicity ABAB in the arrangement of the layers
corresponding to the ideal superlattice is destroyed. The different versions of this model differ
in the types of disruptions of the periodicity in the arrangement of the layers: in some versions
the layers A and B are arranged according to the Fibonacci sequence rule; in others they form
either partially correlated or totally uncorrelated random sequences. A number of important
and interesting results have been derived with the help of these models in studies of electron
dynamics [1-4], or the propagation of elastic [5, 6] and spin [7, 8] waves.
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In several papers the study of wave propagation in a superlattice was conducted in the
framework of a method which consists in the numerical modelling of the random deviations
of the interfaces from their initial periodic arrangement [9-11].

The model of smooth interfaces, which is based on the introduction of a doubly periodic
dependence of a physical parameter along the superlattice axis, has been used in another
approach to the investigations of the consequences of the disruption of periodicity [12, 13].
In this approach the amplitude or phase of the main harmonic function which describes the
initial ideal superlattice is modulated by another harmonic function. The periods of these
two functions can be commensurate or incommensurate with each other. This model leads
to extremely complicated and interesting spectra. A wide number of situations (connected,
for example, with problems of the theory of quasicrystals) which arise when the disruptions
of periodicity appear, are studied by this approach; the randomization of the spectrum of the
system is only one of these situations.

One more approach to the description of partially randomized superlattices was proposed
recently in references [14, 15]. This approach is based on the well known radio-physics
model of the random modulation of the frequency or phase of a periodic radio signal [16, 17].
In reference [14] a brief outline of this approach is given for the case of spin waves in a
superlattice whose period is modulated by a one-dimensional random function of a coordinate.
In reference [15] a detailed description of the approach, and its extension to the cases of two-
and three-dimensional random modulations of a superlattice, are presented. In this approach
the correlation function of the superlattice is found analytically for each type of random
modulation. The spectrum, damping, and other characteristics of the waves are calculated by
this method for the model with a harmonic dependence of material parameters along the axis of
the initial superlattice. The calculation is restricted to the first Brillouin zone. Such a model of
a superlattice is sufficient for the demonstration of the application of this approach. However,
it is very far from real superlattices of the type of multilayers which are widely investigated
experimentally now. In the present paper this approach is extended to a multilayer system in
which the dependence of material parameters in the initial state has the form of rectangular
space pulses. It has been shown earlier [18] that for this type of superlattice the spectrum in
all odd Brillouin zones can be studied by this method in the Bourret approximation [19], and
not just the spectrum in the first zone as was done in reference [15].

The outline of this paper is as follows. In section 2 features of the application of the
method suggested in reference [15] to the multilayer type of a superlattice are described. We
also compare this method with a standard method of calculation of the spectrum of such a
superlattice, and discuss drawbacks as well as advantages of both methods for the example of
the ideal multilayer structure. In section 3 the correlation function of the multilayer structure is
derived for different types of random modulations of the period of the structure. Because one
of the main quantities appearing in the expression for the correlation function—the structure
function of the random modulation—does not depend on the form of the superlattice, we can
use all of the results for the structure function obtained in reference [15]. But one of the
cases that is investigated in the present paper, namely the case of three-dimensional short-
wavelength inhomogeneities, was not studied in reference [15] in sufficient detail. That is
why considerable attention is given to the study of this case. In section 4 we investigate the
spectrum and damping of a randomly modulated multilayer structure for the cases of one- and
three-dimensional modulation. This investigation is carried out for all odd Brillouin zones.
Dependences of the main parameters of the spectrum (the width of the gaptht Brglouin
zone boundary, the damping of the waves) on the zone nusméner obtained by analytical as
well as numerical methods.
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2. Methods of calculation; the spectrum of an ideal superlattice in the weak-coupling
approximation

The method which we use in this paper for the investigation of the spectrum and damping of
waves in partially disordered superlattices, like the majority of the methods which are used
for this purpose, does not depend on the physical nature of the waves. For definiteness we
consider here spin waves, but the main results are represented in a form that is valid in some
approximations for elastic and electromagnetic waves as well.

We describe the dynamics of a ferromagnet by the Landau—Lifshitz equation

M = —g| o (2 D 0T 1)
oM  dx 9(dM/dx)
with the energy density
2
Hm:}a(%> —}ﬂ(M-b)Z—M-H. 2
2 ox 2

Here M is the magnetizationH is the magnetic fieldg is the gyromagnetic ratiay is the
exchange parametes, is the value of the magnetic anisotropy, ani the direction of the
anisotropy axis.

In homogeneous matter all of these parameters are constants characterizing the material.
In an inhomogeneous medium they become random or regular (e.g., periodic) functions of
the coordinates. We consider the consequences of such coordinate dependences of material
parameters for wave propagation for the example of spin waves in a ferromagnet in which only
the value of the magnetic anisotropydepends or:. Such an anisotropy can be represented
in the form

B(x) = B[l +yp(x)] 3)
whereg is the average value of the anisotropy= AB/p is its relative rms fluctuation, and
p(x) is a centralized(p) = 0) and normalized(p?) = 1) function of coordinates. For a
random functiorp () the angle brackets here denote either averaging over random realizations
or spatial averaging. Both operations are equivalent according to the ergodicity principle for
homogeneous random fields. For regular functipiis) the angle brackets denote spatial
averaging.

ChoosingH andb to be directed along theaxis, performing the usual linearization of
equation (1), and takingf,, M, o exp(iwt), we obtain the following equation for the circular
projectionm™® = M, +iM,:

VZm* + (v — ep(x))m* = 0. 4)
In writing equation (4) we have introduced the notation
p=2LT ™ &= vb (5)
agM o

wherewg = g(H + SM). In the scalar approximation both the spectrum of elastic waves in

a medium with an inhomogeneous density and the spectrum of electromagnetic waves in a
medium with an inhomogeneous dielectric permeability are also described by this equation
with redefinitions of the parameters. For elastic waves we have

V= (cu/v)2 & =Vyy (6)

wherey, is the rms fluctuation of the density of the material and the wave velocity. For
an electromagnetic wave we have

v =g (0/c) £ =VY, (62)
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wheree, is the average value of the dielectric permeabilityjs its rms deviation, and is

the speed of light. Equation (4) becomes more complicated when inhomogeneities of the
elastic modulus, of the exchange parameter, or of the magnetization are considered: terms of
the form(Vm*)(Vp) appear in the equation in these cases. Inhomogeneities of the direction
of the anisotropy axis also complicate the equation because they lead to the appearance of a
stochastic magnetic structure in a ferromagnet, which interacts with spin waves [20]. In this
paper we do not concern ourselves with such cases.

Let us consider an ideal multilayer structure which consists of periodically alternating
layers of two materials with different physical properties—in our case, in the value of the
magnetic anisotropy. Let the thickness of the interfaces between the layers go to zero, i.e.,
let us consider the model of sharp interfaces. It is well known that the exact solution of
equation (4) can be found for this model. Indeed, equation (4) becomes an equation with
constant coefficients in each material, which has a solution in the form of plane waves.
Matching these solutions atthe boundaries between layers, and using the periodicity conditions,
one can obtain for the simplest case, where the thicknesses of the two materials are equal to
each other, the following transcendental equation (see, for example, [21]):

2k,

V1 . .
= COSo+ COSx— — ———— SiNu+ Sina_ (7
V2 — g2
1

Cos

wherea. = (m/q)/vi £e,v1 = v —«?, k2 = k2 + kf k is the wave vector, ang is the
vector of the reciprocal superlattidg( = g = 27/, wherel is the period of the superlattice).
Fore/v; <« 1 equation (7) can be expanded as a power series in this parameter:

2
sing(ﬁ—kz)sinz(m+kz) = %( £ ) [0 SN 2xg — 2 sirf ag)
q

V1

1 “'1 /3 9
+ R(%) |:§a§(§ + sinzoeo) + g sin 2wg — 35ir12a0:| +.. (8)

whereag = (/q)/v1.
Fore — 0 the solutions of this equation are

v, = (k, — ng)? n=0,+1+2, ... (9)
The branches with # 0 cross the main branah = kf at the crossing resonance points
2
nq nq
krn = m — | A 10
7 u=(%) 10)

which correspond to the boundaries of the Brillouin zones in the extended zone scheme.

To restrict ourself to the two-wave approximation in the vicinities of these crossing
resonances we expand 6ifq)(,/v1 — k;) on the left-hand side of equation (8) in the
vicinity of the main branch,/v; = k;, and sirz/q)(/v1 + k;) in the vicinity of the
branches,/vi = (nq — k;), and then multiply both sides of the resulting equation by
(v1+k)[/v1+(ng —k;)]. To obtain an equation for the eigenfrequencies in the vicinity of
the odd Brillouin zone boundaries

n=2m+1 m=123,... (12)
only the first term on the right-hand side of equation (8), proportionaf taeeds to be kept,

and the resonance values= k,,, andv = v,,, have to be substituted into this term. For waves
propagating along the-axis ¢, = k, « = 0) we have

2
O == = ng?l = (5:) 12)
n
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whereA = 4¢/n.
For obtaining the equation in the vicinity of the even Brillouin zone boundaries

n=2m m=1273,... (13)

the next term of equation (8), proportionakty has to be taken into account, and the resonance
valuesk = k,,, andv = v,, have to be substituted into it. The term proportionali@anishes

at the resonance points, but we have to expand this term in the vicinity of these points. In this
way we obtain the dispersion relation

1(n\?( A\? 3 YAt
o= - k- -5(5) (5) o= -5(3) (5) =0 a9

Equations (12) and (14) describe the well known effect of the removal of degeneracy
and formation of gapav, at the Brillouin zone boundaries, for the form of the superlattice
considered:

n=2m+1

Av, = ZAN2 (15)

— n=2m.
(Zw)

One can see that the gaps at the boundaries of the even Brillouin zones are quantities of the

next order in comparison with the gaps at the boundaries of the odd Brillouin zones, and they

decrease proportionally #0-2 whenn increases.

Let us consider now another method for obtaining the spectrum of a superlattice—the
averaged Green function approach. This method takes into account from the very beginning
that the parameteris small. That is a drawback of this method, but it has an advantage that is
more important for us: the method permits studying superlattices with arbitrary dependences
of p on z, including a random dependence. By carrying out the Fourier transformation of
equation (4), we obtain the integral equation satisfied by the transfqrm

A
n

W —kmy, =¢ / M, Pr—r, dke1. (16)

The eigenfrequencies of the waves described by equation (16) are determined by the poles of
the Fourier transform of the average of the corresponding Green function. For equation (16)
it has the form

1

Vv — k2 — Mv,k
where the mass operatdf, ;. is determined by a series in powerscof

In this paper we have restricted ourselves to considering only the first nonvanishing
contribution ine to the mass operator (the Bourret approximation):

Gv,k = (17)

21)% 5 [ {Ph—k1 PRr—k)
M, = k 1
o= | SO (18)
whereV is the volume of the system. For any homogeneous random function the relationship
(p(k)p(K)) = S(k)S(k — k') (19)

holds, wheres (k) is the spectral density of the random functjoix), which is connected with
the correlation functiorK (r) = (p(x)p(x + r)) by a Fourier transformation (the Wiener—
Khinchin theorem):

K(r) = (p@)p(x+r) = f S(k)e*" dk. (20)
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Substituting equation (19) into equation (18), and taking into accounstbat= V/(2r)3,
we obtain the general equation for the dispersion law of the averaged waves in the Bourret
approximation in the form

k — k1) dk
v—k2=82/S(—1)21. (21)
v — ki

Thus, allwe need to know for the calculation of the spectrum of waves in this approximation
is the correlation function of the superlattice. In deriving this correlation function we will
follow the method which was suggested in reference [15], which is a generalization of the
well known radio-physics model of the stochastic modulation of the frequency of a periodic
radio-signal [16, 17] to the case of one-, two-, and three-dimensional inhomogeneities in
a superlattice. In reference [15] this method has been applied to the model of an initial
superlattice with harmonic dependences of its material parameters alangttse We extend
this approach here to a multilayer structure, i.e., to a superlattice whose material parameters
depend or in the form of rectangular spatial pulses in the initial state, and can be represented
by a Fourier series. The randomization is taken account by introducing a random modulation
u of the superlattice period. In the general case this modulation can be a function of all
coordinates, y, andz:

4 0 (_1)m

p(@)=—>" COSp[q (z —u(@) + 1/f] (22)
T m=0 p

wherep = 2m + 1.

In the absence of disorde(x) has the form of rectangular spatial pulses. The stochastic

properties of the functiop(x) have to be derived from the stochastic properties of the function
u(x) which characterizes, in the main, the inhomogeneity of the positions and structure of the
interfaces. The latter function belongs to the class of inhomogeneous random functions with
homogeneous increments. However, the random fungtian, which depends on(x), is
already homogeneous by virtue of its bounded amplitude, and can be characterized by the
correlation functionk (r). As in reference [15] we have introduced a coordinate-independent
random phase, which is characterized by a uniform distribution in the interg¢alr, 7).
Hence, we consider an ensemble of random realizations of the superlattice. The condition of
ergodicity is now satisfied for the functign(z): the spatial average is equal to the ensemble
average, and we can use the correlation theory, i.e. equations (19), (20), and (21), even in the
case whera = 0.

The product of the functions(z) andp(z + ) can be represented in the form

8 o0 o0 (_1)m+m/
p@+rp@) = — —
72 ,;)mzzo pp

X {COSq [prz —plu(@)+pu(x+r)+(p—p)Hz+ Wq)]
+ cosq| pr. — pu@) = pul@ +1)+ (p+ p(+ w/q)]} (23)
wherep’ = 2m’ + 1. The second summand in the braces vanishes after averaging over the

phasey. The terms withp” # p in the first summand vanish as well, and after this averaging
we have

S X1
(p@+mp@)hy =— 3 2 Cosplar+ ) (24)

m=0
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where
x(@, ) = glu@+r) - u@)]. (25)

Averaging equation (24) overwith a Gaussian distribution function fgr, we obtain a general
expression for the correlation function in the form

8 X1 p?
K(r) = = W; p cospqr, exp[—i Q('r):| (26)
where
2 2
0 =g <[u<w+r)—u(m)]> (27)

is the dimensionless structure function of the random displacemeénjs
For the special case of an ensemble of the ideal initial superlattices for whieh0,
Q = 0, we obtain the correlation function in the form

8 X1
K(r)=— Z — Cospqr; (28)
T m=0 p
and the spectral density corresponding to it in the form
4 > 1
S(k) = —58()306) Y ?[(S(kz — pa) + 8k + pa) . (29)
m=0

Substituting this expression into equation (21) we obtain the equation for the eigen-
frequencies of the ideal superlattice

A 1 1

v—k?= = =
4 — p?v—(k—pg)?

(30)

One can see that the two-wave approximation corresponds to the neglect in this equation of
all terms of the series except ofe = n). In fact, equation (12) follows from equation (30)

in this case.

To obtain equation (14), which corresponds to the even Brillouin zones, one can take into
account the next term in the expansion of the mass operator (18). We do not do that in this
paper, and restrict ourselves to considering only the odd crossing resonances, for which the
gaps have the largest values and decrease most slowly with increasing

It should be noted that the series in equation (30) can be summed, and we obtain

A2 |1 1 1 1
—k2=(z> . —<1——tan )+—<1——tan +> 31
v ) il o - e 5 % e (31)

{y = ;—q(\/v — k24 kz). (32)

This transcendental equation, which corresponds to the ‘exact’ Bourret approximation (30),
contains only the second power &fexplicitly. But the expansion of its solutions can contain

all powers of this parameter. The same is true for equation (8) when only the first term on
the right-hand side is taken into account. The solutions of these equations must not coincide
identically. Butthere is such a coincidence for the odd Brillouin zones through terms of second
order inA at least: both equations give the identical approximate equation (12) in the vicinity
of the Brillouin zone boundaries for odd valuesof

where
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3. The correlation function of a randomized multilayer structure

The general expression for the correlation function (26) derived here differs significantly from
the corresponding general expression obtained in reference [15] for the model of the super-
lattice with a harmonic dependence of material parameters (see equation (1.16)) [22]. But the
structure functionQ (r) which appears in equation (26) does not depend on the form of the
function which describes the initial ideal superlattice. So, we can use here the results which
have been obtained f@ (r) in reference [15], amplifying and correcting them if necessary.
The structure functio® () is connected through equation (1.22) with the spectral density
Sg (k) of the uniform random functiog () = Vu(x):

0(r) = 24> / 2—'; Sy (k)(1 — cosk - ). (33)

Correlation properties of the functignz) can be modelled by some standard correlation
function K (r). One of the main results of reference [15] is that the structure fun@iemn
and, consequently, the correlation function of the superlati¢e) do not depend on the
form of the modelling functiorK (r), for the limiting cases of short-wavelength and long-
wavelength inhomogeneities (see equations (1.23)—(1.32)). This statement is valid also for the
multilayer type of superlattice, but the determination of these limiting cases becomes more
complicated. We obtain the expression for the correlation function in the one-dimensional
case in the approximate form

K(r) = = Z cospqr,® (34)
where

_ 22 .2
ch — {eXp( p kclrz /2) P > Po (35)

exp(—p2keor,) p < po.

Hereka = oq, ko = (09)?/k;, andpy = k;/oq; o is the rms fluctuation of the one-
dimensional random functiopi(z), andk is the correlation wavenumber of this function.

As for the superlattice with a harmonic initial dependence, we have a Gaussian decay
of correlations for the case of smooth fluctuationsu®f) and an exponential decay for
short-wavelength fluctuations. But the demarcation line between the ‘smooth’ and ‘short-
wavelength’ inhomogeneities now depends on the numlzdithe harmonic of the series. For
the harmonics witlp > pg the upper line of equation (35) holds, while for the harmonics
with p < po the lower one is valid. Ifpg < 1 we have Gaussian decay for all harmonics of
the series.

In obtaining equation (35) we used equations (1.27)d¢r,) in the limiting cases of large
and small,. When the conditiop > pg or p < pgis satisfied, the corresponding expression
is approximately valid everywhere within the region of variatiom,afsee the justification for
such an approach fgr = 1 in reference [15]).

An analogous approach is valid for smooth inhomogeneities in the three-dimensional case
as well. But for the short-wavelength inhomogeneities it cannot be used in the latter case
because the corresponding approximate expressiaf oy diverges at — 0. In fact, let us
consider the exact expression (1.30) f@¢r) in the three-dimensional case:

oq 2 2 2
o(r) = 2<k_o> [1 ~ o + (1 + K) exp(— kor)i| (36)

whereo is the rms fluctuation of the three-dimensional random funapior with isotropic
correlation properties that are characterized by the correlation wavenugbé@Note that
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there is misprint in equation (1.30); the correct expression, which was in fact analysed in
reference [15], corresponds to equation (36) of the present paper.) The limiting cases of these
expressions are

(oqr)?/3 kor < 1
~ 2
GO o) (1-2) s @)
ko kor

One can see that the correlation functikiir) with Q(r) determined by the lower line of
equation (37) cannot be used everywhere within the region of variatien Bbr the case of
three-dimensional short-wavelength inhomogeneities we will use here another approximation.
SinceQ(r) is limited by the value of @ ¢/ ko), we represent the exponent in equation (26)

as a power series ip? Q /2 and restrict ourselves to the first power of this quantity. In so doing
we use forQ (r) the exact equation (36). As a result we can represent the correlation function
for three-dimensional inhomogeneities in the form of equation (34), where

exp(—p2kZar’/2) P> po
P, = 2 2 2 (38)
! 1- <£) |:1 - —+ (1 + —)e‘k"’] p < po.
Do kor kor

Herek.s = 0g/+/3 andpo = ko/oq.

As in the one-dimensional case, the critical numpegrdivides the harmonics of the
series (26) into two groups, with different approximate expressions for each of them. If
po < 1 we have Gaussian decay for all terms of the series.

Performing the Fourier transformation of the correlation function (34), wibgris given
by equation (35), we obtain the spectral density for the case of one-dimensional inhomo-
geneities in the form

8 & 1
S(k) = 8(ko)S(ky)— m;oo ?Sp (k;) (39)
where
—— exp[—(k; — pq)?/2p°k’ 1pl > po
v kclp
Sp(kz) = k.o (40)
i[p“kfz +(k, — pg)?] ™ Ipl < po.

Performing the Fourier transformation of the correlation function (34), wikgres given by
equation (38), we obtain the spectral density for the case of three-dimensionalinhomogeneities.
For|p| > po we obtain
V2 &1
S(k) = T2 Z P expl-(k — pg)?/2p°kly (41)

3 m=—o0

while for | p| <« po

S(k) 4 & {( 1 1 >5(k ) ko
=D P* P p§(ks + |k — pql?)

1 1

+————— | Q-e)sinr|k— q|)dr}. 42
n2p§ko|k—pq|fo b (42)
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4. The spectrum and damping of waves

Substituting the expressions f8tk) obtained above into equation (21) and performing the
integration we obtain equations for the spectrum of waves in the extended zone scheme. With
the appearance of randomness in the medium the dispersion (lanwof the average waves
becomes a complexfunction. There are two approaches to the analysis of such alaw, depending
on the formulation of the problem. If we consider a boundary-value problem on the spectrum
and damping of standing waves in the absence of excitation, the wave késtoreal quantity,

while the frequency is complexy = ' + iw”, whereT = 1/w” determines the relaxation

time of the standing waves. If we consider the problem of wave propagation for given initial
conditions, the frequency is a real quantity, while the wave vector is complex:k’ +ik”,

and Y k" determines the mean free path of the wave. We will use the first approach in the
derivation and analysis of the complex dispersion laws.

4.1. Planar one-dimensional inhomogeneities

Substituting equation (39) into equation (21) we obtain the equation for the spectrum in the
form

A2
v—k%= T { Y FPw i+ Y FPW, k)} ) (43)
IpI<po [PI>po
The functionsF (" and F{? in this equation are

F(l) — \/v_l_ ipzkcz 1 (44)

r P2y (Y1 —ip*ke2)? — (pg — k.)?

1 . «\/E 2 2
FP=_—— __|D +D +i— (€ +e? 45
= | P+ D)+ | (45)

where
D(x) = e—*‘Z/ e’ dr
0

is Dawson’s integral, whose argumentandv are given by

1
u= m[«/v_l— k. — pql]
1
v = ﬁpkd[«/v_ﬁ lk; — pqll. (46)

The series from-oo to +oo on the right-hand side of equation (43) divides into two parts
according to the inequalities that determine the different forn, ¢f) in equation (39). The
terms with|p| ~ pg are absent on the right-hand side of equation (43) because their analytical
forms are unknown to us. The complete equation (43) is very complicated for analytical
analysis. But in the two-wave approximation we can describe the spectrum in the vicinity of
each crossing resonanke~ k,, = ng/2 by using only the term of the series with= n.

For waves propagating along theaxis (k, = k, v; = v) we obtain in the casep| < po
(short-wavelength inhomogeneities) the equation
2 021 N2 2 A? v —in?ke
0 =IO~ in*ke2)? — (ng = 0% = % (47)

wheren = 2m + 1.
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Under the conditiomk .,/ k, < 1 we can neglect both the imaginary part of the coupling
parameter and the shift of the crossing resonance point, and obtain the equation in the two-wave
approximation in the form

. AN
v —Kk)[v —inGy — (ng —k)?] = (2—> (48)
n
whereG, ~ k.2q = 0q?/po = 023/ k| is the damping parameter.
This equation has the complex solution at tfie Brillouin zone boundary

1 .
vt = Ve £ EAV,, +1&L (49)

2
Avy = \/ (%) — (13G2)? (50)

is the width of a gap, and
£r =n°Gy/2 (51)

is the damping of the wave.

The features of the behaviour of both the ne@l) and imaginary (k) parts of the solution
in the vicinity of the resonance pointg, are the same as those at the first Brillouin zone
boundary, which have been considered in reference [15]. But now the width of the gap and
the condition for the gap to be opened depend on the numbgthe zone. If the inequality

% > n3G, (52)
is satisfied, the degeneracy is removed at the resonance point, the real parts of the dispersion
curvesv’, (k) separate, and a gapv, appears in the spectrum. In the opposite case the
dispersion curve is continuous and has an inflexion at the resonance point.

All these results lead us to formulate the following rule of similarity: all characteristics
of the spectrum and damping have an identical form in the vicinity of the boundaries of all
Brillouin zones with zone number <« py if we introduce an effective coupling parameter
and an effective damping, by

A
A,, = — G”z = nSGz. (53)
n

where

Now we consider the case| > po (long-wavelength inhomogeneities) in the two-wave
approximation withp = n. For wave propagation along theaxis we have the equation
2 qAZ ﬁ —u? —v?

v—k _4Gln3m{D(u)+D(v)+l > e +e )} (54)
whereG1 = gk.1 = 0¢?, andu andv are defined by equation (46) with= n. For the first
Brillouin zone boundaryn = 1) this equation has been analysed in reference [15] by numerical
methods in the interval.2 < G;/A < 0.8. An analytical estimation of the solution for the
caseGi/A < 1 has also been carried out. It was shown that there are significant differences
between the behaviour of the solutions of equations (54) and (47) in the vicikityot; /2. If
a monotonic decrease of the gAp with increasingc.1 has been obtained for the exponential
correlations, the increase of randomization for the Gaussian correlations leads at first to the
increase of the gap and only then to its decrease and closing. There are also differences
between the imaginary parts of the solutions of equations (54) and (47), especially in the case
whereG12 <« A. At the resonance point the damping constgntare always equal to each
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other, but for the exponential correlations they are both equabf@, while for the Gaussian
correlations they may be much smaller th@yy 2.

Here we solve equation (54) numerically in a wider interval of damping variations.
We analyse analytically more carefully the limiting case of small damping, and also find
an approximate analytical solution in the limiting case when the gap becomes narrow in
comparison with its initial value. This permits us to obtain an expression for the effective
damping parametet,,; for the case of long-wavelength inhomogeneities.

First of all we point out that the contributions of the two terms in equation (54) that depend
onv are negligibly small in comparison with the terms depending ofror small damping
the argument > 1, and we obtain the asymptotic expression for Dawson’s integral using the
Laplace method (see, e.g., reference [23]):

1 1
Duy~—1+—). 55
=5 (150) (55)
In this approximation equation (54) can be represented in the form

b 2 b
ut — E(l +iymue ™ yu? — 1= 0 (56)

whereb = (A/223G1)?, and the imaginary term is small in comparison with unity. Solving
this equation as a biquadratic equation in zero approximation, and taking into account the
imaginary term in the next approximation, we obtain the expressions for the gap and damping

Av, /N

1.4 -
1.2 -
1.0 -
0.8 -
0.6 -
0.4

0.2 ~

0.0 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Gn/N

Figure 1. The dependence of the normalized width of the gap/A, on the normalized value of

the damping5, /A, caused by disorder for the Gaussian correlations of the inhomogeneities (solid
curve). The approximations corresponding to equations (57) and (59) are shown by the dashed
curves.
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at thenth Brillouin zone boundary fob > 1:

A 1\ Y2
Ay, = —(1 + —) (57)
n b
1 1/2 1
£, = E(%) Gin®(b — 1) exp[—§<b + 1)]. (58)

In the opposite limiting case, where the influence of the inhomogeneities is large enough,
and the gap becomes narrow in comparison with its initial value, by using the approximate
expression foD (1) for u <« 1, we obtain

A2 1/2
Avn=[ﬁ(;> —2(n2G1)2} (59)

£r = nG1/v2 = n%0q?/V2. (60)
The condition for the gap to be open is now determined by an inequality different to equ-
ation (52), namely

A 2 \? 5
One can see that the rule of similarly holds for the casgs po too, but the effective damping
parameter now has another power in its dependeneg vamelyG, = n?G1.

The dependence ohv, on G, which was obtained from the numerical solution of
equation (54) is shown in figure 1 in the normalized coordin&tesAv, /A, andX = G, /A,

(solid curve). The approximations given by equations (57) and (59) are also shown in this figure
by dotted curves. One can see th@K) is a universal function which does not depend on the
band number in these normalized variables.

Now we consider the dependence of the gap on the zone numfoerbothn <« po
andn > po. In figure 2(a) this dependence is shown for a superlattice with very small
randomization when the conditions for the gaps to be open are satisfied for large enough
values of1. In the case whergg < 1 the spectrum is described by equation (54) for all values
of n. The circles in figure 2(a) correspond to this case: all open gapsirenl ton = 27
satisfy the condition (61), which is valid for Gaussian correlations of the inhomogeneities.
We chose the relatiofiy /A = og?/A = (7V/*/+/2)(29)~3 for the calculation of this curve.

Thus we find that the first closed gap corresponds+029 in accordance with equation (59).
The form of this curve does not dependignthat is why for the given relationg?/ A it has
the same form for all valuegy = k/oq < 1.

The stars in figure 2(a) correspond to the case whgres> 30. In this case where
equation (47), which corresponds to the exponential correlations, is valid for all open gaps. In
contrast to the preceding case, the form of the curve now depengg afve calculated this
curve forog?/A = (7¥4/4/2)(29)73 and po = 61. The opening of new gaps far> 27
in this case is determined by the fact that increagigglecreases the damping parameter
G2 = 0%/ po.

In this case the most important terms of the series in equation (43) have the fmﬁ\.of
This series can be summed approximately if we assume that all of the terms have the form of
F{Y and neglectnk./q)? in comparison with unity:

v—k%= mA* i[1—(i—2ik"(p—>tancl> ]
- 8gym | ¢ ®.  7mq ¢ B

4 i[1 _ (i _ 2k, E) tandh} 62)
< D, mq &+
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Figure 2. The dependence of the normalized width of the gap /A, on the zone number

n for one-dimensional (a) and three-dimensional (b) inhomogeneities. Stars correspond to the
exponential correlations of one-dimensional inhomogeneities, and the power-like correlations
of three-dimensional inhomogeneities; circles correspond to the Gaussian correlations for all
dimensions.
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where

o2 — (g)z (Vv % k)2
+ 2 . .
2) g%+ 2ikeo(y/vy k)

Whenk., — 0, this equation transforms into equation (31), which describes the exact Bourret
approximation in the absent of the randomization. Equation (62) can be useful if itis necessary
to find corrections to the two-wave approximation described by equation (47).

4.2. Isotropic three-dimensional inhomogeneities

Substituting equations (41) and (42) into equation (21) we obtain the equation for the spectrum
in the same general form as equation (43), but with different terms in the series:

2
v—k2=%{ Yo LPwk+ > L2, k)} (63)

|pI<po [pI>Ppo
wherepg = ko/oq. For the case whellg| <« po we obtain

L(l)_<i_i>—l
r 2 2 —(k — )2
pc pg)v—(k—pgq
1 1 1 . —i —i
o [ __ _+2|<|n”l —nZ )} (64)
2kopglk — pql[vi—1 w1 —I uy vy

ur = (Vv — |k — pql)/ko
v1 = (Vv + 1k — pql)/ko.
For the cas¢p| > po we have
@_ 1 1
P 2kesp® |k — pal

where

(65)

[D(uz) — D(vp) + i?(e*"i — e"%] (66)

where
uz = (Vv — |k — pql)/~2pk.

v2 = (Vv + |k — pal)/v2pke.

Just as in the case of the one-dimensional homogeneities treated above, for the three-
dimensional inhomogeneities we can describe the spectrum in the vicinity of each crossing
resonance,, = ng/2 in the two-wave approximation by using only the term of the series
with p = n. For wave propagation along theaxis we obtain in the case wheg <« po the
dispersion relation

A2 1 1 1
])—k2:— —_—_—— |
4 n?  p3)v—(k—nq)?

1 1 1 ) —i — i
*— [ - ,+2|<|n”l —In 2 )“ (68)
2kopglk —ng|Lvi—1  ug—I uy V1

This equation can be investigated approximately in limiting cases. For the casgwheréd,
lv] > 1 we obtain for the width of the gap and the damping parameters athh@rillouin
zone boundary = k,,

2/ n)\?
Avn ~ An 1+ Nn (69)
3\ po

2
£ = A, <1) 73 (70)
Po

(67)
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wheren,, = kogn/A, < 1.
In another limiting case, that whefe| « 1, |v| > 1, wheny, > 1 we have

weafi ) o5

A, (n 2
o=t () 2. 72
Tn \ PO

One can see that equation (71)4dipy < 1 does not describe the situation when — 0.
In contrast to the one-dimensional case, the gap cannot close under the influence of three-
dimensional inhomogeneities until the inequalitys py is satisfied.

We now turn to the terms of the series (63) correspondingtas> po. For the waves
propagating along the-axis the equation for the spectrum in the two-wave approximation has
the form

v —

2__4gA® 1 _ (YT B _ e
N el e [D(uz) D(vy) +i- (7 — e )} (73)

whereGs = k.3g = 0¢2/+/3. Atfirst glance it would seem that this equation has significant
differences from equation (54), which corresponds to one-dimensional inhomogeneities: the
functions ofv have opposite signs, and the quantiky— nq| occurs in the denominator of

the right-hand side instead qfv. However, numerical calculations demonstrate that the
solutions of equation (73) differ little from the solutions of equation (54) investigated above.
An analytical analysis of the limiting cases 6f,3 <« A, andG,3 ~ A, gives the same
equations (57), (58) and (59), (60), respectively, which have been obtained for equation (54),
with the natural change of the damping parameéter= k.1¢g in all of these expressions to

the damping paramete¥s; = k.3¢ corresponding to equation (73). The relation between
these parameters &3/ G1 = k.3/ka = 1/+/3 and, for example, for the damping at thid
Brillouin zone boundary we obtain

&y = nzaqz/x/é. (74)

The dependence afv, on the zone number is shown in figure 2(b). Both curves have
been calculated for the relatieny2/A = (nY/4/+/2)(29)~3, as in the one-dimensional case.
Asinfigure 2(a) the circles correspond to the case whgre 1, and the stars correspond to the
case whergy = 61. Comparing the results for one- and three-dimensional inhomogeneities
one can see that for the case whege< 1 corresponding to smooth inhomogeneities with
Gaussian correlations new gaps corresponding te 29, 31, and 33 open in the three-
dimensional case in accordance with equation (59), where the damping par@mdtas
been replaced by the smaller paramefgr Even greater differences between the one- and
three-dimensional cases are found for the short-wavelength inhomogeneitiepyvbefl
(we assume that, = k). Many new gaps open in the three-dimensional case when the
random deformation of the interfaces is added to their random displacements, the only form
of randomization considered in the one-dimensional case.

Both figures 2(a) and 2(b) have an illustrative nature. A system for which about 30
Brillouin zones with open gaps could be investigated is far from reality. But for a real system
with only several open gaps the dependenc&igf/ A,, onn will be the same as in figures 2(a),
2(b), only the points will be plotted very sparsely.

In comparing the results for one- and three-dimensional inhomogeneities one should take
account of the fact that the analytical expressions for the cages ek A, andG;, ~ A, are
different. We compare here the expression for the effective damping parametethenth
Brillouin zone boundary for the cases whe&rg, ~ A,,i = 1, 2, 3. One can see that for the



The spectrum of waves in partially randomized multilayers 2789

case where > pgequation (60) for one-dimensional and equation (74) for three-dimensional
inhomogeneities differ from one another only by numerical coefficients (the damping for
three-dimensional inhomogeneities is smaller than that for one-dimensional inhomogeneities).
At the same time, for the case whete < po equation (51) for one-dimensional and
equation (72) for three-dimensional inhomogeneities have different dependences on the
fundamental characteristic of the superlattie dnd ¢), the inhomogeneitiesoc andk;),

and the zone number.

The expressions (51), (58), (60), (70), (72), and (74) give the damping parameters in units
of the square of a wave vector. To obtain the quantities corresponding to the imaginary value
of the frequency” these parameters have to be multipliecoigy/ for spin waves, by /2k
for elastic waves, and hy/ 2k /¢, for electromagnetic waves.

5. Conclusions

The approach to the investigation of the wave spectrum of partially randomized superlattices
that was suggested in reference [15] has been extended here to the case of superlattices with
sharp interfaces, i.e. multilayer structures. The dependence of the material parameters on the
coordinate along the axis of the initial ideal superlattice now has the form of periodic rectangular
pulses which we represent by their Fourier series. The randomization of the superlattice is
described by introducing a random modulation of the period of the initial ideal superlattice.
One- and three-dimensional modulations are considered. As in reference [15], the spectrum
and damping of the wave is investigated in the Bourret approximation, which corresponds to
taking into account the first term of the series for the mass operator of the averaged Green's
function. For the harmonic superlattice this approximation permits investigating only the first
Brillouin zone, because the spectrum of the zones wigh 1 is determined by the next terms

of the series.

In contrast to this, the Bourret approximation for the multilayer structure gives the
possibility of investigating the spectrum and damping in the vicinity of the boundary of any
odd Brillouin zone. Because of this, the gap widths and the values of the damping parameters
are found for all odd Brillouin zones, and the dependences of these characteristics on the
zone number: are found. As for superlattices with initial harmonic dependences of their
material parameters, for superlattices with sharp interfaces different results are obtained for
short-wavelength and smooth inhomogeneities. But the demarcation line between smooth and
short-wavelength inhomogeneities depends now on the zone numible inhomogeneities
characterized by the intensityand the correlation wavenumbigr (for the one-dimensional
case) ok (for three-dimensional case) are the short-wavelength ones for the Brillouin zones
with n < k/og and the smooth ones for the zones with- k;/oq. It was found that the
damping parameters and the conditions for the closing of the gaps depend differently on the
zone number for the short-wavelength and smooth inhomogeneities. There are significant
differences in the dependences of the gap widthmdor the one- and three-dimensional
inhomogeneities, especially for the short-wavelength ones. The appearance of the random
deformation of the interfaces along with their random displacements from the initial positions
leads to a decrease of the damping and to the opening of new gaps in comparison with the
one-dimensional case, where only random displacements of interfaces occur. In all cases, with
increasing disorder the successive closing of the gaps in the spectrum takes place beginning
with large values ofi down ton = 1.

Experimental investigations of the spin-wave spectrum are restricted for the present to
the vicinity of the first Brillouin zone boundary [24, 25]. It would be of interest to carry out
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experiments covering several Brillouin zones to investigate the regularities described by the
equations of this paper.
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