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Triplet superconductivity in Sr 2RuO4 in terms of the t – J – I-model
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A generalizedt –J– I -model is proposed for Sr2RuO4 that takes the strong intra-atomic
correlations of thed electrons and the features of the electronic structure of Sr2RuO4 into account.
It is shown that, in the limit of strong correlations, there are no singlets-type solutions for
the superconducting state, but triplet solutions exist because of ferromagnetic spin correlations. For
typical values of the model parameters,Tc;1 K, consistent with the value ofTc for
Sr2RuO4. © 1999 American Institute of Physics.@S1063-7834~99!00511-0#
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Despite its lowTc;1 K,1 superconductivity in Sr2RuO4

is of great interest for two reasons. First, this is the o
superconducting oxide that is isostructural with La2CuO4 but
does not contain copper, so that a comparison with the HT
oxides may clarify the role of the copper. Second, the sup
conducting state in Sr2RuO4 is analogous to superfluid3He
and hasp-type pairing.2,3 The triplet superconductivity in
Sr2RuO4 has been discussed in terms of a band theory a
consequence of pairing induced by ferromagnetic spin fl
tuations. It was not clear beforehand whether the triplet s
would be maintained in the presence of the strong electro
correlations owing to the high effective mass of the electr
in the g band (12me from data on quantum mechanic
oscillations5! and the closeness of Sr2RuO4 to the boundary
for a Mott–Hubbard transition~the isostructural, isoelec
tronic crystal Sr2FeO4 is a Mott dielectric6!. In this paper we
propose a generalization of thet –J model for strongly cor-
related electrons in the form of an additional ferromagne
exchange (I ) term caused by the specific features of the el
tronic structure and show that, with strong correlations, tr
let solutions exist for the superconducting ordering para
eter withTc;1 K for typical values of the model parameter
There are no singlets-type solutions since they do not satis
the sum rule.

A (dx22y22p)2s coupling is characteristic of the cop
per oxides; here the interaction of neighboring copper sp
only occurs through a superexchange~indirect! interaction
(t –J-model,J;t2/U). Sr2RuO4 is distinguished by the fac
that bands formed by ap bond of the type (dxy2p) exist in
the neighborhood of the Fermi level.7,8 A simple quantum
mechanical analysis shows that in this case thedxy orbitals of
neighboring cations overlap and this leads to a Heisenb
exchange interaction, in addition to the superexchange in
action through oxygen. For describing strongly correla
electronic states with developed ferromagnetic fluctuatio
we propose a generalizedt –J2I -model with the
Hamiltonian
1771063-7834/99/41(11)/3/$15.00
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f,s

~«2m!Xf
s,s2t (

f,d,s
Xf

s,0Xf1d
0,s

1J(
f,d

K f,f1d
(2) 2I(

f,d
K f,f1d

(1) ,

K f,g
6 5ŜfŜg6

1

4
n̂f n̂g , ~1!

where we have introduced the Hubbard operatorsXf
pq

5up.,qu, which act on the intra-atomic statesu0. ~no
holes! and us. ~a hole with spins561/2) and automati-
cally exclude two-particle states, andŜf and n̂f are the spin-
and particle-number operators at sitef. The signs in Eq.~1!
have been chosen so that all the parameters (t, J, I ) are
positive and, for simplicity, only the sum over the neare
neighbors is retained~the vectord). For infinitely large cor-
relations, i.e.,U→`, the antiferromagnetic exchangeJ→0.
We restrict ourselves to the caseI .J. The electron concen
tration ne5Ne /N varies over the range 0<ne<1. As ne

→1 the kinetic energy goes to zero and a dielectric st
exists with a long-range ferromagnetic ordering. As the h
concentration increases, the ferromagnetism breaks up a
superconducting state can appear.

The Hamiltonian ~1! describes quasiparticles in th
lower Hubbard band. For comparison with Sr2RuO4 it is
necessary to explain that the hole-a and electron-b bands in
this model are a reservoir of particles and determine
chemical potential. The electron-a band, which is also re-
sponsible for the superconductivity,9 splits into upper and
lower Hubbard bands when strong electron correlations
taken into account. Calculations8 show that theb band is
half filled, the a band containsna50.28 holes, and theg
band is filled somewhat beyond half with electrons toneg

51.28. This means that in the electron representation,
lower Hubbardg band is completely filled, while the uppe
band contains 0.28 electrons. We shall work in the hole r
5 © 1999 American Institute of Physics
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resentation, where the number of holes in the lower Hubb
band isnh512na , 0<nh<1.

The exact equation of motion for the operatorXks , the
Fourier transform of the operatorXf

0s , is (\51)

iẊks5jkXks1Lks ,

Lks52
1

AN
(

p
gp~Xk2p

2s,sXp,2s2Xk2p
2s,2sXp,s!

1
1

AN
(

p
gk2p@~g2l!Xk2p

2s,sXp,2s

2gXk2p
2s,2sXp,s2lXk2p

s,s Xp,s#, ~2!

where jk52gk2m̄, gk5z21(d exp(ikd), g5J/t, and
l5I /t. Here all energies are expressed in units ofzt ~the
band half-width!, m̄5(m2«)/zt, and z is the number of
nearest neighbors.

A convenient procedure for linearizing the nonlinear o
eratorL with separation of the normal and anomalous av
ages is the irreducible operator method,10

Lks5L̄ks2
^$Lks ,Xks

1 %1&

^$Xks ,Xks
1 %1&

Xks

2
^$Lks ,X2k,2s

1 %1&

^$X2k,2s
1 ,X2k,2s} 1&

X2k,2s
1 . ~3!

Neglecting the irreducible partL̄ks , we write down the
equation of motion in the average field approximation

iẊk,↑5 j̃kXk,↑2
Dk

c~n!
X2k,↓

1 ,

iẊ2k,↓
1 52 j̃kX2k,↓

1 2
Dk*

c~n!
Xk,↑ . ~4!

Here the renormalization of the dispersion relation
taken into account in the simplest ‘‘Hubbard 1’’ form for
nonmagnetic state,n↑5n↓5nh/2, c(n)512nh/2,

j̃k5c~n!~2gk2m!, m5@~g1l!n/21m̄#/c~n!, ~5!

andm is the effective chemical potential. The gap is given

Dk5D2k,↓52Dk,↑ ,

Dk5
2

N (
p

S 2gp1
1

2
~gk1p1gk2p! DBp

2
l

N (
p

gk1pBp , ~6!

where we have introduced the anomalous aver
Bp5^X2p↓Xp↑&. Writing out the solution of the system o
Gorkov equations for the normal and anomalous Green fu
tions in the standard way, we obtain the following expre
sions for the averages in the superconducting phase:

nk5^Xk,↑
1 Xk,↑&5c~n!

1

2
S 12

j̃k

Ek
tanh

Ek

2t
D[c~n! f k ,

~7!
rd

-
-

e

c-
-

kBk* 5^Xk,↑
1 X2k,↓

1 &5
Dk*

2Ek
tanh

Ek

2t
, ~8!

where Ek
25 j̃k

21uDku2/c2(n) and t5kBT/zt is the dimen-
sionless temperature. Besides the ordinary self consis
equations for the chemical potential and gapDk in the theory
of strongly correlated systems, it is necessary to include
sum rules for the anomalous averages~a consequence of th
algebra ofX-operators that excludes two-particle states!,

1

N (
k

Bk50. ~9!

Breaking up the anomalous averages into a sum of s
metric and antisymmetric components,

Bp5Bp
(S)1Bp

(a) , Bp
(S)5B2p

(S) , B2p
(a)52Bp

(a) ,

it is easy to write down an expression for the gap of the fo

Dk5akDS1lkDa ,

ak522~2g2l!gk , lk5lSk ,

Sk5~sinkx1sinky!/2. ~10!

The symmetric solutionsDk
(S)5akDS correspond to sin-

glet pairing and the antisymmetric solutionsDk
(a)5lkDa , to

triplet pairing. The first term inak , which equals 2, arises
from a kinematic mechanism for pairing.11 It is easy to see
that the symmetric solution does not satisfy the sum rul12

At the same time, this rule is automatically satisfied for t
antisymmetric solution. The ordering parameterDa can be
written in the form

Da5
i

A2z
(

d

1

N (
f

K 1

A2
~Xf

0,↓Xf1d
0,↑ 2Xf1d

0,↓ Xf
0,↑!L , ~11!

containing the average of the annihilation operator for a tr
let pair withSz50 at neighboring lattice sites. For this solu
tion, atT50 we have the following equations for the gap

22nh

l
5

1

N
(

p

Sp
2

A~gp1m!21Sp
2Da

2
~12!

and for the chemical potential

nh

22nh
5

1

2N (
p

S 11
gp1m

A~gp1m!21Sp
2Da

2D , ~13!

where Da
25l2uDau2/c4(n), which have solutions only for

l.0. The equations forTc have the form

22nh

l
5

1

N (
p

Sp
2

ugp1mu
tanhH c~n!ugp1mu

2tc
J %. ~14!

Numerical solutions of Eqs.~12!–~14! show that the gap
and Tc depend nonmonotonically on the hole concentrat
and are nonzero within a finite interval of concentratio
(nh1 ,nh2) whose boundaries depend on the interaction c
stant l. These dependences are characterized by a sm
maximum near populationsnh'0.720.8. For Sr2RuO4 with
nh512na andna'0.28, this means close to optimum do
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ing. Tc;1 K for the typical model parameters. Thus, f
t50.1 eV,na50.28, andl50.5, we haveTc'2 K.

As opposed to the BCS theory, the entire band is sign
cant in Eqs.~12!–~14! and not just a narrow layer near th
chemical potential. An approximate analytic solution forTc

can be written down if, when taking the integral with respe
to the energy, a narrow layer of width 2d (d'1022) is se-
lected near the chemical potential where the ordinary lo
rithm is obtained and, outside this, tanhx'1. This yields the
following expression forTc :

Tc51.14ztc~n!d expH 2c~n!

~l1l0!S2~m!
J ~15!

with values that differ from the numerical solution by a fe
percent. In Eq.~15! the parameterl0 describes the contribu
tion from the outer part of the band,

l05l2
A~m,d!

22nh2lA~m,d!
,

A~m,d!5E
21

m2d S2~v!dv

uv2mu
1E

m1d

1 S2~v!dv

uv2mu
, ~16!

whereS2(v) is the average value ofSk
2 on the isoenergetic

surfacev5gk . Tc is plotted as a function of the hole con

FIG. 1. Tc as a function of the hole concentration in Sr2RuO4 for three
values of the dimensionless interaction parameterl; the dashed curve is the
hole concentration in theg band, whose half width is 0.4 eV.
-

t

-

centration for different values of the parameterl in Fig. 1.
The arrows indicate the point where the transition to
ferromagnetic phase takes place, as defined by equality
tween the energies of the ferromagnetic and superconduc
phases.

In conclusion, we note that generalizing thet –J-model
by adding a ferromagnetic interaction of neighboring sp
yields thet –J– I -model, which is a realistic model for de
scribing the strongly correlated electrons in Sr2RuO4. The
triplet superconductivity obtained previously4 in terms of a
band picture of Sr2RuO4 is also retained with strong electro
correlations. An earlier attempt was made to describe
phononless mechanism for superconductivity in Sr2RuO4 in
a strong electron correlation regime,13 but the questions of
the symmetry of the order parameter and the role of fer
magnetic fluctuations were not examined there.
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