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Abstract

This Letter studies the dynamics of transitions between the levels of a Wannier—Stark ladder induced by a resonant periodic
driving. The analysis of the problem is done in terms of resonance quasienergy states, which take into account the metastable
character of the Wannier—Stark states. It is shown that the periodic driving creates from a localized Wannier—Stark state an
extended Bloch-like state with a spatial length varying in time-a$/2. Such a state can find applications in the field of atomic
optics because it generates a coherent pulsed atomic be2@@0 Elsevier Science B.V. All rights reserved.

PACS:73.20.Dx; 03.65.-w; 42.50.Vk
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1. Introduction As illustrated in Fig. 1, the resonant driving couples
the levels belonging to the same WSL, but the tran-
The term Wannier—Stark ladder (WSL) is currently sitions between the different WSLs are strongly de-
used in the literature to denote a set of equally spacedtuned and can be neglected. Then, assuming that ini-
levels tially only one level is occupied, it shifts the probabil-
ity up and down the ladder, acting as a ‘cable car’. The
Eai=Eq+akl, 1=0+1...,0=01....(1) analysis of this process is the central aim of the present
of a Bloch particle in a homogeneous field: work. We have found that the distribution function for
fw = Ao+ Fx the occupation probability evolves in a highly nontriv-
v 0 ’ ial way and has different short- and long-time regimes.
Ho=p?/2m+V(x), V(x+a)=V(x) (2 This is shown to be due to the fact that the Wannier—

(amodel of a crystal electron subject to a static electric Stark states (WS-states) are actually metastable states
field). In this Letter we study the dynamics of the @nd, therefore, the WSL levels have a finite width.

resonant periodic driving analyzes a simplified problem, where the WS-states
PR are assumed to be stationary energy states. The effect
H = Hy — Fyxcodwt), ho=aF. (3) of the finite life-time of the WS-states (i.e., a finite

level width) is discussed in Section 3. Section 4
* Corresponding author. compares the analypcal r_esults_of Sections 2 and 3
E-mail addresskolovsky@physik.uni-kl.de (A.R. Kolovsky). with a direct numerical simulation of the quantum
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of the HamiltonianHp are the Bloch wave$py) =
>, €27k|1y corresponding to the energy(k) = E +

A cog2rk). Referring to the system (2) with (x) =
cosx this dispersion relation is a good approximation
of the ground Bloch band far < 2. Correspondingly,
the minimal uncertainty wave packet (coherent state)

®;(x) = (rh) " exp[—(x — x)?/2h] (5)

located atx = 7 (2 + 1) is a good approximation
for the localized statgl). The eigenstates of the
HamiltonianHy are known to be

cos(x)+Fx

A
¥ = Jn—i| =——= |Im 6
) | | | %) Zmz(zﬁ)| ) (6)
= -1 0 1 2 "
x/21 (here J,(z) is the ordinary Bessel function) and
Fig. 1. WSL for a cosine potential. The dashed lines indicate the correspo_nd t(,) ,the energ'@ = E + 2nFl. For the
transitions induced by the resonant periodic driving. sake of simplicity we restrict ourselves to the case
2nF > A. (7

dynamics of system (3). Finally, in Section 5, we
discuss a possible application of the results obtained
in relation to the experiments with cold atoms in an
optical lattice [1].

In what follows we restrict ourselves to the case of
the ground WSL [then we shall omit the indexin H=Hy+[F — F,coqwt)] Z |1)2r (1| (8)
Eq. (1)] and, to be concrete, we choose the periodic po- ]
tential in the formV (x) = Vocos2r x/a). Moreover,  with hw = 27 F. Provided the condition (7) is sat-
to simplify the formula, we choose units with = 1, isfied, the quasienergy states (i.e., the eigenfunc-
Vo =1, anda = 27. Then the independent parame- tijons of the evolution operator over the period of
ters of the system (3) are the amplitude of the static the driving force) can be approximated by Bloch
force, F, the amplitude of the driving fOI’Cd‘Tw, and waves with time_dependent quasimoment[dm) —
the scaled Planck ConStaIDtentel’ing the momentum k — Ft/h + (Fw/ha)) Sin(wt). The Corresponding gua-
operator. The value of the driving frequenaeys fixed sienergies form a band
by the conditiomiow = 2 F.

Then the WS-states (6) approximately coincide with
the localized statd).

We proceed with the case of a resonant periodic
driving

E(k)=E + Jl<%)A cos2rk), 9)

2. Tight-binding model which recovers the original Bloch dispersion relation,
however, with a renormalized width [2].
The simplest approach to the problem uses the tight- It is convenient to measure the time in units of the
binding model. In the frame of this model the system driving (Bloch) periodTs = #/F = 2r/w (we shall

(2) is approximated by the Hamiltonian denote this discrete time hyin what follows). Then
the general solution of the Schrodinger equation can
Hy = Ho+F ) _2ml(l], be presented in the form
: A 1/2
Ho=E Y _INGI+ 2 3 (100 +1+ 1+ 1)), W (0)) = / Ak a (k) e~ 2T ERT/ho g
: ! (4) -1/2

where|l) denotes the localized Wannier state associ-
ated with thelth site of the lattice. The eigenstates

Zc;(r)ﬂ), (10)
l
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Fig. 2. Occupation probability of the WSL levels as a function of
time in the tight-binding approximation. The plot is generated on
the basis of Eq. (11) far = —0.15.

where|¥) ~ Y, /2% are the quasienergy Wannier—
Bloch states (WB-states) and the functiak) is
specified by the initial condition. In particular, when
only one WSL level is populated at= 0 (let it be

[ = 0), the probability amplitudeg (r) are given (up

to the irrelevant phase factor) by the ordinary Bessel

functions
2 A F,
=—J1| — ).
< ho l( F )

As an example, Fig. 2 shows the occupation probabil-
ity calculated on the basis of Eq. (11) foe= —0.15. It

is seen that the number of populated levels grows lin-
early with time. However, as shown in the next section,
Eq. (11) has only limited validity and gives a wrong re-
sult for larger.

() = (=) Ji(z7), (11)

3. Decay of the WS-states

The main drawback of the tight-binding approach

used in Section 2 is that it entirely neglects the decay =

of the WS-states, which is due to the tunneling and
can be characterized by the widih of the levels:
E=E —il)2.

In what follows it will be useful to analyze the

system dynamics in phase-space, e.g., by using the

Husimi representation of the wave function. For a
given wave functiony (x) the Husimi function is
defined ash(p, q) = |(p.ql¥)I?, where (x|p.q) =

169

(mh)~Y4expg —(x —q)?/2h +ipx] is a coherent state.
Alternatively, the Husimi function can be obtained by
smoothing the Wigner function. Similar to the Wigner
function, the Husimi function joins the coordinate
and momentum representations. However, unlike the
Wigner function, it is nonnegative, which allows the
direct comparison of quantum dynamics with classical
dynamics in phase space.

Fig. 3 shows the ground metastable WS-state (or
Wannier—Stark resonance) for= 2, F = 0.08, and
[ = 0 in the Husimi representation. (We note that
for n = 2 the width of the ground Bloch band
is A = 0.17 and, thus, condition (7) is satisfied.)
A comet-like structure is seen where the head of
the comet approximately corresponds to the Husimi
image of the localized state (5). The tail of the
comet is the quantum probability tunneling out of
the potential well. The shape of this tail is parabolic
because of the acceleration of the particle according
to the classical equationg(r) = —Fr and x(t) =
—Ft?/2. The width of the displayed resonance state
is I' = 0.0140F, which corresponds to the decay
time A/I" = 71Tp, Tgp = h/F. For the definition
and properties of the WS-states, for example, the
dependence of the lifetime an, we refer to the recent
Letters [3,4]. Here we only note that the WS-states
are resonance eigenfunctions of the Hamiltonian (2)

0
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Fig. 3. Ground WS-state foi = 2, F = 0.08, and/ =0 in the
Husimi phase-space representation. Taking the upper limit of the
grey-scale axis for the upper plot (a) to be unity, it is reduced 800
times in the lower plot (b) to make the probability flow visible.
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and, therefore, one should distinguish between the the Brillouin zone decreases almost to zero [5]. For

left, ™ (x), and the right¥, ™ (x), eigenfunctions. ~ F., close toF; (but F,, < F;) the equation/” (k) =

(Then the orthogonality relatioti|l’) = & reads as  I'[1+ (F./FS) co2rk)]? is a better approximation

[ dx lI/I(L)(x)lIIER)(x) —51) to F(k? tha.n Eq. (13). The pronpunced dependence
Because the energies of the WSL levels are com- Of the imaginary part of the quasienergy spectrum on

plex, the quasienergy spectrum is also expected to pethe quasimomentum leads to markedly different decay

complex. For the resonant cage» = 27 F consid- times o_f the corresponding _quasienergy states, i.e.,
ered here the complex quasienergy spectél) = a selectlvg decay of thg quasienergy \'NB—staj[e.s.
E(k) — il"(k)/2 of the system (3) is analyzed in In Se_ctlon 2 we derived thg equapon d_eﬂmng the
Ref. [4]. In first order ofF,, the dispersion relation ~ Population of the WSL levels in the tight-binding ap-
for the quasienergg (k) has the form proximation [see _Eq. (11)]. This equation was ob-
tained by neglecting the decay of the quasienergy
E(k)=E + &ARecos(an), (12) WB-states. Obviously, in order to include this effect,
F Eq. (11) should be modified as
Fo
Ik =T + > Am COS2k). (13) oi(z) = exp<_g T) =) i (21). (14)
In Eqg. (12) Age coincides with the Bloch band width he
and we introduce the notion ofj,, ~ I" in Eq. (13) 7= (ARe— iA|m)%,
to take into account the finite band width for the hoF

imaginary part of the quasienergy spectrum. We would where the exponential prefactor in Eq. (14) accounts
like to stress that the displayed equations are valid only for the overall decay of the probability. The complex
under the conditionf, <« F. For larger amplitudes  correction to the argument of the Bessel function is
of the driving force there is a deviation from the responsible for the selective decay of the quasienergy
cosine dependence f6i(k) (see Fig. 4). In particular,  states. Fig. 5 shows the population of the WSL levels
as the imaginary part is concerned, there is some calculated for a complex valug= —0.15+ i0.011.
critical value of F; ~ F when the decay rate of the By comparing Fig. 5 with Fig. 2 one concludes that
quasienergy WB-states corresponding to the center ofthe short-time regime of the transition dynamics is
described by the dispersion process in accordance with

0.5

0.5

E(K)/nF
Ic¢

—8.5 0 0.5
k

Fig. 4. Real (left panel) and imaginary (right panel) parts of the

ground quasienergy band of the system (3) fioe 2, F = 0.08, Fig. 5. Occupation probability of the WSL levels as a function
and F, = 0.0032 (dashed line),F,, = 0.0189 (dotted line), of time. The plot is generated on the basis of Eq. (14) for
F, = 0.0379 (solid line). The width of the unperturbed Wan- z=—0.15+1i0.011. To compensate the effect of overall decay the
nier—Stark resonance i8 = 0.0140F . coefficientse; () are renormalized at each time.
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Eqg. (11). However, after a characteristic tiné ~
1/Im(z) the process of selective decay dominates the
dispersion and the probability distribution becomes
close to the Gaussian distribution

272 Imz|12>

|72
We note that according to Eq. (15) the number of
populated levels grows now ast1/2,

(o)) ~ exp(— (15)

4. Wave packet dynamics

To check the theoretical predictions of Section 3 we
simulated the wave packet dynamics of the system (3)
forn =2, F =0.08 andF,, = 0.3/w“ ~ 0.019. As
an initial condition we choose a minimal uncertainty
wave packet (5) located in the well with= 0.

Fig. 6 shows the evolution of the initial wave packet
in the Husimi representation. It is seen that at any
time the wave function is a superposition of the states
localized in the wells of the cosine potential. Thus we
can introduce the notion of the probability amplitude
for thelth potential well

c(t) = /dx D ()Y (x, 1), (16)

where®;(x) is given by Eq. (5) [6]. The correspond-
ing occupation probabilitiesc;(¢)|2 are shown in
Fig. 7. This figure should be compared with Fig. 5 in

’ ¥ t=2 ‘
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’ & =8 ‘

’ o b t=16 ‘

’ R t=32 ‘

’ (T T e ey t=64 ‘

’ =128 ‘
8

=% ) =256 ‘
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Fig. 6. Time evolution of the coherent state (5) in the Husimi
representation. Parameters are 2, F = 0.08, andF,, = 0.0189.
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Fig. 7. Occupation probabilities of the WSL levels for the case
shown in Fig. 6. Similar to Fig. 5, the occupation probabilities are
renormalized at each time.

which the value of; was chosen such as to obtain a
possibly best approximation to the exact dispersion re-
lation £(k) (dotted line in Fig. 4) by a cosine function.
A reasonable correspondence is noticed.

In the rest of this section we discuss the coherence
properties of the wave packet(x, 7). An important
characteristic ofy/(x, ) is the coherence lengthiL
which we introduce as a characteristic length for the
decay of the correlation function

R (L)=P7 (1) > cf (Deryr(v), (17)
l

where thec;(t) are given in Eq. (16) and’(t) =

>, lei(r)|? is the total probability.

First we discuss the behavior of the correlation
function (17) within the frame of the modified tight-
binding model. Substituting Eq. (14) into Eq. (17)
and using the summation rule for the Bessel functions
(Graf’s generalization of the Neumann formula) we
obtain

R (L) = (=) Jr(i2|Imz|7). (18)

It follows from Eg. (18) that the coherence length
grows assL ~ (| Imz|t)¥2. We would like to stress
that this result is solely due to the nonunitary evolu-
tion. In the case of the celebrated tight-binding model
(unitary evolution, see Section 2) the coherence length
is zero for arbitrary times.

To check the estimate (18) we calculated numeri-
cally the functionR; (L) on the basis of wave packet
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R(L)

1024

10
L

20

Fig. 8. Correlation function (17) for =2,4,..., 1024 calculated
numerically on the basis of the wave packet dynamics of system (3).
The inset shows the decay of the total probabikityr).

dynamics (see Fig. 8). The ten curves in the figure cor-
respondtotimes =2,4, ..., uptor =1024. Agood
overall agreement with the Eq. (18) is noticed.

Next we consider a quantity = Tr52/(Tr p)2,
which is commonly used to distinguish a pure state
(S =1) from a statistical mixturey < 1). In particu-
lar, we shall be interested in an initial condition where
p(t = 0) is diagonal in the basis of the WS-states. In
this case the following relation can be easily obtained

_ Trp%(n)
~(Trp(r))?

It is seen from Egs. (18) and (19) that in course of
the time evolution the quantity(r) monotonically

S(7) (19)

PL,1Pm,m RT (l - m)
I,m

increases and approaches unity when the coherencep(x, x') = Zcfc,,gpf(x)cp,,(x).

length§ L exceeds the ‘localization lengtiX L of the
initial state (we implicitly assume thas;; ~ 0 for
|I] > AL). Thus the resonant periodic driving can be

used to create a pure quantum state from the statistical

mixture. In the next section we consider a possible
application of this result in the field of atomic optics.

5. Bloch oscillations in an optical lattice
In this section we discuss the dynamics of the

system (3) in connection with the experiment [1]
where the Bloch oscillations for neutral atoms in the

M. Gliick et al. / Physics Letters A 276 (2000) 167-174

optical lattice were observed. In this experiment cold
rubidium atoms were placed in a vertically aligned
standing laser wave. (The atoms were first captured
and cooled by using a MOT and then the standing
laser wave was switched on adiabatically.) The laser
frequency is detuned far from the resonant transition
of the rubidium atom. Then the atoms are subject
only to the potential force of the optical potential
V(z) = Voco(krz) (kz is the laser wave vector
and the amplitudeVy is proportional to the laser
intensity) and the gravitational force. The depth of the
optical potentialVp was adjusted to insure a noticeable
tunneling. Thus the atoms can leak out of the potential
wells producing an atomic beam.

The key point of the experiment [1] is that the atoms
were prepared in the state where the atomic wave
function extends over several lattice periods. Namely,
at r = 0 the single-particle wave functiofi(x, 0) is
believed to be

Y(x,00=Y ad(x),
l

(20)

1 2
4= GO VAHALT ex"(_ 4<AL>2)’
where AL is the spatial size of the atomic array.
According to Eq. (17), the coherence length of
this packet coincides withh L. Because the atoms are
neutral the interaction between them can be neglected
[7] and the one-particle density matrix factorizes
asp(x,x) = N"2YN w0 (x)y ™ (x') where the
sum overn denotes the sum over the atoms. In what
follows we assume the/ ™ (x) to be identical and
given by Eq. (20). Thep(x, x’) takes the form

(21)
L

Because Tp2(x, x") = 1, we shall refer to Eq. (21) as

Ithe case of completely coherent initial condition.

We simulated the dynamics of the initial state
(21) numerically. It was found that, after a short
transient, the initial wave packet evolves according to
the equation [8]

Y=Y Gexp—i&it/me P (x), (22)
I

wherellll(R)(x) is resonance WS-statg, its complex
energy and; = [ dx WI(L)(X)I//()C, 0) ~ ¢;. The upper
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Fig. 9. (a) Observation of the Bloch oscillations in the case
of a coherent initial condition (21). The Husimi phase-space
representation of (x, r) for t = 1287’z is shown. (b) The same as
in case (a) but for an initial condition in the form of a wave packet
prepared from the localized statg(x) by periodic resonant driving

of the system for 128 periods (see Fig. 6).

panel (a) in Fig. 9 shows the function (22) for
t =1287g. It is seen that the atomic array emits every
Bloch period a drop of atoms which then becomes
accelerated by the gravitational force.

This drop-like behavior (well observed in the lab-

oratory experiment) should be opposed to the contin-

173

In conclusion, in order to observe Bloch oscilla-
tions one should create a wave packet with nonzero
coherence length. In the experiment [1] this was done
by using a Bose—Einstein condensate. At higher tem-
perature, which assumes incoherent initial condition
(23), the required wave packet can be created by us-
ing the resonant driving. As an example, the lower
panel (b) in Fig. 9 shows the atomic pulses emitted
by a wave packet which was obtained from the local-
ized statedg(x) by driving the system for 128 peri-
ods. (To have a complete picture, the displayed Husimi
function should be summed up with its replica shifted
by / and weighted byic;|2. However, this averaging
procedure does not change the pulsed character of the
emitted beam.) The duration of the pulses is obviously
determined by the spatial extent of the created wave
packet and can be easily varied.

6. Conclusion

We studied the dynamics of transitions between the
Wannier—Stark levels induced by a resonant periodic
driving. Since each level of the Wannier—Stark ladder
is associated with a state essentially localized within
thelth potential well, this problem can also be formu-
lated as a transport phenomenon. It was shown that
the resonant periodic driving causes a spreading of an

uous beam in the case of incoherent initial condition. jnjtially localized wave packet over the lattice. The
In the latter case each atom occupies a single well and ghort-time regime of spreading is linear in time and

the one-particle density matrix has the form

plx,x) =Y lalPef (x)Di(x), (23)
!

where |¢;|2 is the occupation probability of théh
well. [Similar to Eq. (21) we assume thad;|? ~
expg—[2/2(AL)?], whereAL is the spatial size of the

atomic array. Let us also note that the density ma-

trix (23) can be formally obtained from density ma-

can be treated as a dispersion. However, this regime is
changed into a'/2-spreading for large time. It is ar-
gued in this Letter that this'/2-spreading is a con-
sequence of the selective decay of the quasienergy
Wannier—Bloch states. The other consequence of this
selective decay is a pronounced increase of the coher-
ence length of the wave packet.

As an application of this effect we considered the
Bloch oscillations of neutral atoms in an optical lat-

trix (21) by assuming random phases of the expansion tice. The Bloch oscillation is a coherent phenomenon

coefficientse; in Eq. (20).] As seen from Eq. (23),

and can be observed only in the case of coherentinitial

the dynamics of the system in the case of incoher- conditions (21). Because the preparation of this state

ent initial condition is defined by the dynamics of
the wave packet/(x, 0) = @;(x) which isy(x, 1) ~
exp(—i&it/h)¥(x) [see Fig. 3(b)]. Since the correla-
tion length of this packet is zero, the Bloch oscillation
does not show up and the probability flow is continu-
ous.

is a rather difficult experimental problem, we consid-
ered the case of an incoherent initial condition (23). It
was shown in the Letter that the coherence properties
of the initial state (23) can be ‘improved’ by means of
resonant driving, so that the Bloch oscillations become
visible.
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