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Abstract—A spin-reorientational phase transition in the basal plane, which was experimentally observed ear-
lier, is explained in terms of a model in which the crystalline Fe-ion matrix is considered as a continuum, while
dopant Dy ions are treated as quasi-Ising ions. The transition is established to be due to the Fe-subsystem anisot-
ropy competing with that of the rare-earth subsystem. © 2000 MAIK “Nauka/Interperiodica”.
INTRODUCTION

Magnetic compounds containing rare-earth (RE)
elements differ widely in their observed properties [1].
Due to special features of the electronic structure of RE
ions, the characteristic properties of these ions are most
pronounced at low temperatures, where fluctuation
interactions are frozen out, as a rule, and the effects of
interest can be observed without hindrance. In individ-
ual cases, even a low RE-ion concentration produces
marked changes in the magnetic properties.

Hematite crystals are convenient for studying
induced anisotropic interactions, because almost all
features of the temperature dependence of the latter are
determined by the balance between magnetic anisotro-
pies that differ in nature but make nearly equal contri-
butions. It is well known [2] that adding several percent
of 3d or diamagnetic ions causes the Morin transition
temperature to shift to the low-temperature region T <
4.2 K. The authors have found that dopant RE ions
impart new, hitherto unobserved properties to hematite
crystals. For instance, the addition of several percent of
Tb ions to a hematite crystal containing 4 at. % Ga
restores the uniaxial antiferromagnetic state [3], while
introducing the same amount of Dy ions induces a spin-
reorientational transition in the basal plane [4].

In this paper, earlier reported experimental depen-
dences of the magnetic-resonance parameters in the
vicinity of the phase transition in α-Fe2O3 : (Ga, Dy)
are explained theoretically.

1. MODEL

First of all, we will discuss the facts that form the
basis for an impurity-center model and its interaction
with the host crystal. Experimentally, it was found [4]
that adding several atomic percent of Dy ions does not
distort the crystal lattice markedly, which is indicated
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by a virtually hexagonal magnetic anisotropy at tem-
peratures T > 6 K. Above the spin-reorientational phase
transition temperature Tph, the easy magnetization axis
has the same direction in both dysprosium-doped and
undoped crystals. Also, earlier EPR studies revealed [5]
that, in an isomorphic α-Al2O3 crystal, dopant RE ions
occupy Al sites with no change in their local symmetry.
In addition, it is known [6] that, at temperatures T < 300 K,
the magnetization of hematite is virtually independent
of temperature and all changes in the shape of a micro-
wave signal are mainly due to the change in the mag-
netic-resonance linewidth. In our case, the intensity of
an antiferromagnetic resonance (AFMR) signal, which
is defined as the area under the curve of microwave
absorption, is the same everywhere over the tempera-
ture range investigated (except for the phase transition
region). This means that the magnetic-moment compo-
nent of the Fe-ion system lies in the basal plane of the
crystal (because it is this component that determines
the intensity of the AFMR signal [7]) and is tempera-
ture independent, and, therefore, the magnetic moment
of Dy ions also lies in the basal plane all the time.

The trivalent Dy ion has a 4f 9 electron configuration
and its ground state is a 6H15/2 multiplet [8]. The crystal
field of low symmetry splits this multiplet into a num-
ber of Kramers doublets, which are further split by the
exchange field. Because the crystal-field splitting of
electron f states corresponds to the case of a weak crys-
tal field, the amounts of splitting will differ only
slightly in different oxide compounds if the local sym-
metry is the same in them [1]. As a basis for our model,
we use the calculations performed in [9, 10]. With the

parameters 〈r2〉  = –22, 〈r2〉  = 141, 〈r4〉  = 181,

〈r6〉  = –108, and 〈r6〉  = –57 cm–1 (under the con-
dition that B4/B6 = (1/4)F(6)/F(4) in the notation of [9]),
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which are typical of Dy ions in an yttrium gallium gar-
net host crystal, we obtain the energy levels depicted in
Fig. 1 and the set of wave functions ΨL presented in
Appendix I. Because the exchange interaction of RE
ions with a host crystal is, as a rule, an order of magni-
tude weaker than the crystal-field splitting in magneti-
cally ordered crystals [1], we calculate the exchange-
interaction contribution to the first order in the pertur-
bation theory. For this set of wave functions, we find
the magnetic moment µL of an ion in each state
(Appendix I). In all calculations, the exchange interac-
tion of a Dy ion with its neighboring Fe ions is assumed
to be of a quasi-Ising character [1].

We suppose that impurity ions occupy Fe3+ sites and
are randomly distributed over 24 nonequivalent posi-
tions in the crystal. These positions are specified by a
set of indices {k = 1, 2; s = 1, 2; t = 1, 2, …, 6} = {p}.
The first index specifies one of the two sublattices to
which the sites belong; the second indicates the angle
(±α) through which the axes ξ and η of the local coor-
dinate frame are turned in the basal plane relative to the
crystallographic C2 axes (the X or Y axis of the crystal);
and the third index specifies the nonequivalent angles in
a given sublattice. The impurity ions occupying one of
these nonequivalent positions are labeled by index q.
The quantization axis Z' for Dy3+ ions in a local coordi-
nate frame is taken to be aligned with the ξ axis.
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Fig. 1. Energy levels of a Dy ion in a crystal (schematic).
The numbers indicate the energy in cm–1. The inset shows
the temperature dependence of the occupancies of the four
lower energy levels.
PH
In this case, the energy of an impurity ion occupying
the pq position and being in the lth state has the form

(1)

where  is the crystal-field splitting, H0 is the exter-
nal magnetic field, λM is the molecular field exerted on
the pq ion by the other sublattice (the intrasublattice
exchange interaction can be ignored in rhombohedral
antiferromagnets, because it is much weaker than the

intersublattice exchange interaction), and  is the
magnetic moment of an ion in the lth state. We also
have Nk = N0/2, Nks = N0/4, Nkst = N0/24, and

 = N0, where N0 is the total number of
impurity centers.

The total energy of the impurity subsystem is

(2)

where  are the equilibrium occupation numbers of
the energy levels and S is the entropy of the system.

2. MAGNETIC-RESONANCE CALCULATIONS

The magnetic energy of the crystal, including the
energy of the impurity subsystem, can be written as [7]

(3)

In what follows, we consider only the case where
the external magnetic field and the magnetic moments
of the sublattices lie in the basal plane and, therefore,
the uniaxial anisotropy energy WAU makes no contribu-
tion to the low-frequency branch of the magnetic reso-
nance. W∆ is a contribution containing an adjustable
parameter ∆ and responsible for an isotropic gap in the
spectrum, the term F is given by Eq. (2), while the other
terms in Eq. (3) can be written in a spherical coordinate
system in the form

and they are the Zeeman interaction, intersublattice
interaction, Dzyaloshinskiœ interaction, and anisotropy
energy in the basal plane, respectively. Here, M0 is the
saturation magnetization of a sublattice; ϕ1 and ϕ2 are
the azimuthal angles of the sublattice magnetizations;
ϕΗ is the angle between the magnetic field and the C2
axis; AE and AD are the interaction constants; and AB is
the anisotropy constant.
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The equilibrium values of the azimuthal angles of
the sublattice magnetizations are determined from the
minimum-energy condition

(4)

with ϕ1 – ϕ2 = π – δ1 – δ2, where δk are the canting
angles of the sublattices. If the sublattices are identical
and impurity ions are randomly distributed over the
sublattice sites, we have δ1 = δ2 = δ.

From Eq. (4), the canting angle is found to be (for
δ ! 1)

(5)

where we have put ϕ1 = ϕH + π/2 – δ at equilibrium, and
H0, HE, HD, and HAB are the effective fields correspond-
ing to the energy contributions in Eq. (3).

By solving the Landau–Lifshitz equations in a linear
approximation, the following expression is obtained for
the uniform-mode resonance field Hr of low-frequency
oscillations:

(6)

Here, ω is the microwave frequency, γ is the gyromag-
netic ratio, ∆ is the isotropic band gap, and Fϕϕ is the
second derivative of the impurity-subsystem energy
with respect to either of the ϕ1 and ϕ2 angles.

As is seen from Appendix I, the structure of the
wave functions is such that the magnetic moment has a
maximum value in the ground doublet state, whereas it
is much smaller in the next and higher doublet states.
Taking into account the Boltzmann factor characteriz-
ing the occupancies of excited energy levels (see the
inset in Fig. 1), the calculation of Fϕϕ can be simplified
by retaining only the four lower levels in the model. In
this case, the magnetic contributions from the upper
three doublets (next in energy after the ground doublet)
can be ignored, and the levels themselves can be
replaced by an effective twofold degenerate level E*

(with  = 0) positioned at the centroid of this group
of levels. The results are not altered radically in the case
of a higher degeneracy of the effective excited level.
The expression for Fϕϕ thus calculated is presented in
Appendix II.

Calculations are performed for the parameters HE =
9.7 × 106, HD = 21.7 × 103 Oe, α = 23.1°, λM = 3.5 ×
105 Oe, E* = 121 cm–1,  = , and N0 = 8.2 ×
1017 cm–3. The temperature dependences of the anisot-
ropy field in the basal plane and of the isotropic band
gap are approximated by polynomials by using the
experimental curves obtained for hematite crystals
without Dy ions, HAB(T) = (4.4 – 0.011T + 3.12T2 ×

∂W /∂ϕk 0, k 1 2,=( )=

δ H0 HD 6HAB 6ϕH ∂F/∂ϕ1–sin–+( )/ 2HE(≈
+ 36HAB 6ϕH ),cos

Hr HD 2⁄( )– HD/2( )2 ω/γ( )2+{+ ∆2+=

– 2HE 36HAB 6ϕH Eϕϕ+cos( ) } 1/2.

µpq
± 2( )

µpq
1 2, 2.83µB+−
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10−4 – 3.63T3 × 10–6 + 1.31T4 × 10–8 – 1.5T5 × 10–11) ×
106 Oe and ∆2(T) = (28.4 – 0.016T) × 106 Oe2.

3. RESULTS AND DISCUSSION

The first feature to note is that the exchange interac-
tion of the Fe-ion subsystem with a Dy ion has to be
taken as ferromagnetic in the case under consideration,
despite the exchange interaction with RE ions being
antiferromagnetic in all known oxide compounds [1].

Figure 2 shows the theoretically calculated temper-
ature dependences of the resonance field Hr for angles
of ϕH = 0° and 30° (curves 1 and 2, respectively) and the
experimental dependences taken from [4] (curves 3, 4).
On the whole, the results are seen to agree satisfactorily
with the experiment, except for the clearly defined
high-temperature peak on the experimental curve 4
(which is associated with high energy levels), although
the theoretical curve also shows a peak (curve 1). The
reason for this discordance is that the magnetic
moments in the high excited states have been taken to
be zero. Nevertheless, this fact has no effect on the
character of the spin-reorientational phase transition
and its temperature for the given position of the energy
levels. The occupancies of higher energy levels become
noticeable at temperatures T ≥ 100 K and, as the num-
ber of occupied excited levels increases, their relative
contribution decreases.

Figure 3 shows the angular dependence of the reso-
nance field calculated for different temperatures. It is
seen that, for the parameters chosen, the angular depen-
dence is changed in character near Tph ≅  12 K; namely,
the maxima and minima interchanged places, which
can be interpreted as the change in sign of the magne-
tocrystalline anisotropy constant in the basal plane.
There is some discordance between the calculated and
experimental dependences, which may be due to the
fact that the calculations include the experimental
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Fig. 2. Temperature dependences of the calculated (1, 2) and
experimentally measured [4] (3, 4) resonance field for ϕ =
0° (1, 3) and ϕ = 30° (2, 4).
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HAB(T) dependence for α-Fe2O3 : Ga (4 at. %) crystals,
but the possible effect of Dy ions is not taken into
account. Nonetheless, on the whole, the results also
agree satisfactorily with the experiment in this case.
The ∆(T) dependence is taken such that Hr at ϕ = 15° is
equal to the experimental values at T = 7 and 300 K.
The dependence

(7)

which is frequently used in processing experimental
data, may tell something about the temperature depen-
dence of the magnetic anisotropy field (Fig. 4). It is seen
from Fig. 4 that the contribution from the RE-ion sub-
system becomes noticeable only at T < 48 K (curve 2),
whereas the contribution from the crystal host domi-
nates at higher temperatures (curve 1; cf. Fig. 1 in [4]).
When expression (7) is used to process the data, it may
appear that another spin-reorientational phase transi-
tion occurs at T* ≅  3.5 K in this case (see Fig. 5), and

δHr T( ) Hr T ϕ  = 0,( ) Hr T ϕ  = 30°,( ),–=
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Fig. 3. Angular dependence of the resonance field for differ-
ent temperatures T: 7 (1), 12 (2), and 36 K (3).
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Fig. 5. Temperature dependences of the resonance field in
the vicinity of a low-temperature anomaly for ϕ = 0 (1) and
ϕ = 30° (2).
PH
the easy magnetization axis has the same direction at
T < T* and T > Tph. However, analysis of the Hr(T, ϕ)
angular dependence at different temperatures in the
range T < 5 K (Fig. 6) reveals that this dependence is
complicated and determined by the balance between
the contributions from Dy ions at different inequivalent
crystallographic positions. Therefore, in this case, there
occurs a change in the character of the temperature
dependence, rather than a change in the hard and easy
magnetization directions.

4. CONCLUSION

This study established the cause and the features of
the spin-reorientational phase transition that occurs in
an α-Fe2O3 : Ga crystal with its doping with dyspro-
sium. According to the model calculations, the low
energy levels of impurity ions make the dominant con-
tribution. Taking higher levels into account does not
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Fig. 4. Temperature dependence of the magnetic anisotropy
field times 2HE for a hematite crystal without an RE impu-
rity (1) and doped with Dy3+ ions (2).
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Fig. 6. Angular dependences of the resonance field for dif-
ferent temperatures T: 2.5 (1), 3.5 (2), and 4.5 K (3).
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alter the results radically, although the agreement with
the experiment becomes better. The surprising thing is
that, for the theoretical results to agree with the experi-
mental data, the exchange interaction between RE ions
and the Fe-ion subsystem must be taken to be of the fer-
romagnetic type, which is not typical of oxide com-
pounds containing RE ions. This fact calls for further
investigation.
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