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The results of experimental research on the magnetic and resonance properties, heat capacity,
muon spin relaxation, and neutron scattering of single-crystal copper metaborate CuB2O4

are reviewed. The results of a symmetry analysis and of modeling by the method of the
phenomenological thermodynamic potential are presented. The magnetic structure of the
crystal in various temperature intervals of the magnetic ordering region is discussed. ©2002
American Institute of Physics.@DOI: 10.1063/1.1511704#

INTRODUCTION

The discovery of high-temperature superconductivity
has stimulated a heightened interest in research on the mag-
netic properties of copper oxide compounds that, though not
superconducting, have fragments of crystal structure identi-
cal to those of high-Tc superconductors~HTSCs!. A peculiar-
ity of the divalent copper ion is that it forms a greater diver-
sity of magnetic structures than any other chemical element.
As an example of the wide range of magnetic properties of
copper oxide compounds we can cite the oxocuprates which
we investigated previously, among which one encounters a
three-dimensional antiferromagnet with a four-spin exchange
interaction (Bi2CuO4),1 a spin-Peierls chain magnet
(CuGeO3),2,3 a two-dimensional antiferromagnet with a bro-
ken ladder structure (LiCu2O2),4 and a spin glass
(CuGa2O4).5 Research has begun on the triclinic magnet
Cu5Bi2B4O14, which has a ferro- or ferrimagnetic structure.6

We have recently grown single crystals of copper me-
taborate CuB2O4. The first studies of the physical properties
of this compound show that in the temperature region below
20 K it has a complex state diagram, in certain regions of
which the compound has a modulated~incommensurate!
magnetic structure. In the majority of cases such structures
arise as a result of a competition of exchange excitations.7 In
these cases the crystal structure does not impose any restric-
tions on the possibility of realization of such magnetic struc-
tures. Dzyaloshinski� first pointed out the possibility for
modulated structures to arise on account of relativistic
interactions.8 The physical cause of the onset of incommen-
surate structures in these cases is an antisymmetric

Dzyaloshinski�–Moriya exchange interaction. Formally such
magnetic structures can be described by including in the
thermodynamic potential a Lifshitz invariant7 containing lin-
early the first derivatives of the two-component order param-
eter with respect to the coordinates. It should be noted that in
this case an important restriction is placed on the symmetry
of the crystal: the Lifshitz invariant can be included in the
thermodynamic potential only for crystals lacking a center of
inversion.

The incommensurate structure arising in copper metabo-
rate belongs to this less-common type of modulated structure
due to relativistic interactions. It is therefore of great interest
to do comprehensive studies of such structures on high-
quality single crystals.

In this paper we present the results of experimental stud-
ies of the magnetic and certain other physical properties of
copper metaborate CuB2O4 and discuss the magnetic struc-
ture of the crystal in different temperature intervals of the
magnetic ordering region.

EXPERIMENTAL DATA

The technology for growing large, high-quality single
crystals of copper metaborate is set forth in Ref. 9. X-ray and
neutron diffraction studies10 at room temperature have shown
that CuB2O4 is a tetragonal crystal, space groupI 4̄2d, with
lattice parametersa511.528 Å andc55.607 Å. The unit
cell contains 12 formula units~Fig. 1!. The copper ions Cu21

occupy two nonequivalent positions: Cu(b)—the 4b posi-
tion, point symmetryS4(0,0,1/2), and Cu(d)—the 8d posi-
tion, point symmetryC2(0.0815,1/4,1/8). The Cu(b) ion is
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located at the center of a square formed by four oxygen ions;
the Cu(d) ion is surrounded by six oxygen ions localized at
the vertices of a distorted octahedron. A special high-
resolution neutron diffraction study10 showed that the crystal
does not undergo any structure phase transitions down to a
temperature of 1.5 K.

Magnetic measurements made on the crystals showed
that the magnetic susceptibility has sharp features at the tem-
peraturesTI510 K andTN520 K. The results of a magnetic
susceptibility measurement11 on a SQUID magnetometer for
orientations of the magnetic field along and perpendicular to
the tetragonal axis of the crystal are shown in Fig. 2. One
notices the sharp anisotropy of the susceptibility. For a mag-
netic field applied in the basal plane of the crystal a jump in
the susceptibility is observed at a temperature of 20 K, and
the susceptibility grows rapidly as the temperature is de-
creased further. At the temperatureTI the susceptibility de-
creases abruptly by approximately an order of magnitude and
then increases monotonically on further decrease of the tem-
perature to 4.2 K. For a magnetic field applied along the
tetragonal axis of the crystal the temperature dependence of
the susceptibility is smooth throughout the whole tempera-
ture range. The paramagnetic Curie temperature and the ef-
fective magnetic moment of the copper ion, determined from
the high-temperature part of the magnetic susceptibility, have
the valuesu529.5 K andmeff51.77mB , respectively.

The field dependence of the magnetization measured on
a vibrating magnetometer12 with a magnetic field up to 60
kOe oriented along the tetragonal axis of the crystal is
smooth throughout the investigated temperature interval. At
the same time, for a field orientation in the tetragonal plane

there are kinks on the magnetization curves~Fig. 3!. In the
temperature region 10–18 K the magnetization curves attest
to the existence of a spontaneous magnetic moment in the
basal plane of the crystal. The value of the spontaneous mo-
ment ism050.56 emu/g atT510 K. When the temperature
is lowered belowTI the spontaneous magnetization vanishes,
and a feature appears on the magnetization curves at higher
magnetic fields. The linear approximation of the high-field
linear parts of the field dependence of the magnetization in
the temperature interval 4.2–10 K shows that above these
fields a spontaneous magnetic moment again appears in the
crystal.

The anomalies of the magnetic susceptibility described
above are accompanied by features of the temperature depen-
dence of the heat capacity~Fig. 4!.11 The temperature depen-
dence of the heat capacity exhibits two anomalies at tem-
peratures coinciding with the anomalies of the magnetic
susceptibility. In addition, at a temperature below 4 K the
heat capacity has a feature in the form a broad maximum.

The data of muon spin relaxation~mSR! measurements
in Ref. 11 also confirm the presence of magnetic transforma-
tions at temperatures of 20 and 10 K. Later measurements13

down to temperatures;0.1 K reveal an additional magnetic
transformation at a temperature below 2 K~Fig. 5!. It can be

FIG. 1. Crystal structure of copper metaborate.

FIG. 2. Temperature dependence of the magnetic susceptibility of a copper
metaborate single crystal. The magnetic field was parallel to the tetragonal
axis of the crystal~1! and to the basal plane of the crystal~2!.

FIG. 3. Field dependence of the magnetization forH'c.

FIG. 4. Temperature dependence of the heat capacity of a single crystal of
copper metaborate: the unfilled circles are experimental,11 and the curves
are: 1—the result of the modeling,2—the Debye contribution,3—an
anomaly of the Schottky type,4—the Landau contribution,5—the Ginzburg
estimate.
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assumed that this temperature also corresponds to a reorga-
nization of the spin system of copper metaborate.

Magnetic resonance in CuB2O4 has been investigated in
a wide range of frequencies, magnetic fields, and
temperatures.14 Figure 6 shows the frequency–field curves of
the magnetic resonance in CuB2O4 measured atT54.2 K for
two orientations of the magnetic field:Hic and H'c. For
Hic the dependence is smooth and almost linear. For the
orientationH'c, however, a jump of the frequency is ob-
served atHc'512 kOe as the field is increased~see inset
‘‘a’’ !. This jump is due to a phase transition from the low-
temperature state 1 to a state 2 with a field-induced sponta-
neous magnetic moment atH5Hc' . Inset ‘‘b’’ shows the
temperature dependence of the resonance field measured at
different frequencies forH'c. For measurements at frequen-
cies of 10.6 and 28.65 GHz in the low-temperature region
one observes sharp changes of the resonance field that are
also consistent with a phase transition. The temperatures at
which these changes occur decreases with increasing fre-
quency. For the measurement at frequency 56.59 GHz no
anomalies of the resonance field exist down to 4.2 K.

Figure 7 shows theH' –T phase diagram obtained from
the data of the resonance and magnetic measurements. The

dashed line corresponds to a transition from the paramag-
netic state to the magnetically ordered state 2. It is clear from
the phase diagram that the absence of low-temperature
anomalies of the resonance parameters at frequency 56.59
GHz is due to the fact that atT54.2 K the CuB2O4 crystal is
already found in state 2, since the resonance field corre-
sponding to this frequency,H'18 kOe, is higher than the
critical valueHc'512 kOe. In addition, analysis of the reso-
nance and magnetic data have shown14 that at the transition
from state 2 to state 1 the magnetic moments of the copper
ions remain in the basal plane, but the spontaneous magnetic
moment vanishes. In this study we have made the assump-
tion that a helicoidal~modulated! magnetic structure is real-
ized in the low-temperature state 1 of CuB2O4. A helicoidal
magnetic structure in the low-temperature state of CuB2O4 is
evidenced by the absence of angular dependence of the reso-
nance parameters in the basal plane in fields belowHc' and
the presence of angular dependence in fields aboveHc' ~Fig.
8!. For a simple helix in the absence of external magnetic
field the local antiferromagnetic vectors are distributed uni-
formly over all directions in the basal plane. An external
magnetic field deforms the helix, transforming it into a fan
structure in which the antiferromagnet vectors are distributed
within a sector with angular sizea. If the value of a is
comparable to the period of the tetragonal angular depen-
dence,p/2, then averaging over all the local positions will

FIG. 5. Temperature dependence of the muon spin relaxation in copper
metaborate.

FIG. 6. Frequency–field curves of the magnetic resonance atT54.2 K for
Hic andH'c. Inset ‘‘a’’ shows a fragment of the frequency–field curve for
H'c. Inset ‘‘b’’ shows the temperature dependence of the resonance field
for frequenciesv @GHz#: 56.59~1!, 28.65~2!, 10.6 ~3!.

FIG. 7. H' –T phase diagram of the states of copper metaborate: magnetic
~s! and resonance~d! measurements; the data of Ref. 15~m!.

FIG. 8. Angular dependence of the resonance field and of the linewidth in
the tetragonal plane atT54.2 K and frequencies@GHz#: 41.51 ~s,n!;
29.008~d,m!.
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lead to the absence of angular dependence of the resonance
parameters in the basal plane.

To investigate the magnetic structure of copper metabo-
rate CuB2O4 in various regions of the phase diagram, neu-
tron diffraction studies were done on a single crystal grown
with the boron isotope 11B to reduce the neutron
absorption.10,13,15

The intensities of some of the Bragg peaks, especially
those of the forbidden reflections~110! or ~002!, increase
with decreasing temperature in the region 10–20 K, indicat-
ing that an antiferromagnetic structure is realized in CuB2O4

in this temperature interval. In reciprocal lattice space such a
structure is described by a propagation vectorq50, so that
the magnetic and crystal-chemical cells coincide. In this state
the magnetic moments of the Cu(b) and Cu(d) ions are or-
dered differently: atT512 K the magnetic moments of the
ions equal about 1mB per atom for Cu(b) and about 0.25mB

for Cu(d). A detailed description of the magnetic structure of
CuB2O4 in state 2 will be given below.

In the temperature region belowTI magnetic satellites
appear near the magnetic peaks on the neutronogram of
CuB2O4; these satellites are located at symmetric positions
with respect to the reciprocal lattice points of the commen-
surate phase~Fig. 9!. Here the magnetic structure of copper
metaborate becomes incommensurate along the tetragonal
axis of the crystal and is described by a spin-density wave
with phase modulation.10 The period of the spin modulation
increases continuously fromq'0 near 10 K to q
5(0,0,0.15) at a temperature of 1.8 K~Fig. 10!. At this
temperature the modulation of the spin structure is character-
ized by a periodc/0.15'40 Å. The temperature dependence
of the magnitude of the wave vector of the incommensurate
phase of the spin structure obeys a power law:

q~T!5A~TI2T!0.5. ~1!

Relation~1! gives a good description of the temperature de-
pendence of the wave vector of the incommensurate phase
throughout the investigated temperature range~the solid
curve in Fig. 10!.

In a fitting of the magnetic structure atT52 K the best
agreement is obtained for a simple helix with a magnetic
moment 0.7mB for Cu(d).

A strong diffuse scattering superimposed on the Bragg
peaks for neutron scattering vectorQ0 along the crystallo-
graphic direction@001#. The intensity of the diffuse scatter-

ing increases as the temperature is increased from 1.8 K and
reaches a maximum value near the temperatureTI ~Ref. 10!.
The diffuse scattering is observed even at the lowest tem-
perature reached in the experiment. This behavior differs
markedly from the usual behavior of the spin subsystem of
three-dimensional magnets with localized spins, for which
critical fluctuations are limited to a small temperature region
near the phase transition.

In addition to the first-order magnetic satellites corre-
sponding to the wave vectorq of the helix, higher-order
satellites, the position of which corresponds to a wave vector
3q, appear on the magnetic neutronogram near the tempera-
ture TI of the phase transition from the incommensurate to
the commensurate structure~Fig. 11!.10

The strong diffuse scattering of neutrons and the appear-
ance of higher harmonics of the magnetic satellites near the
temperatureTI attest to the fact that the modulated structure
is a lattice of magnetic solitons. Unlike a simple helix, such
a magnetic structure can be represented in the form a helix
with a nonconstant spatial rate of change of the phase of the
modulation. If one moves along thez axis along the helix,
there will be regions of slow variation of the phase, which
can be attributed to domains, and regions of rapid
variation—domain walls. This character of the modulation of
the magnetic structure is due to magnetic anisotropy in the
tetragonal plane of the crystal.

The neutron results presented above were obtained in the
absence of an applied magnetic field. However, on the curves

FIG. 9. Temperature dependence of the position of the magnetic satellites
(3,3,01q) and (3,3,02q). FIG. 10. Temperature dependence of the wave vectorq of the incommen-

surate structure. The solid curve was constructed from the power law~1!,
and the dashed curve is the result of modeling by the method of the phe-
nomenological thermodynamic potential.

FIG. 11. Principal magnetic satellites (1,1,q) and (1,1,2q) and their higher
harmonics atT59.35 K.
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of the field dependence of the magnetization measured in a
temperature interval 10–20 K in a magnetic field applied in
the tetragonal plane of the crystal~Fig. 3!, one observes a
kink, the critical field of which increases with increasing
temperature. Thus in this temperature interval in low fields
there exists a transition from state 2 to a state 3~see Fig. 7!
in which there is no spontaneous magnetic moment. We as-
sume that in this state the magnetic structure will also be
modulated, but the modulation vector is considerably smaller
than the resolving power of neutronography, so that it is
impossible to distinguish between states 2 and 3 by neutron
scattering.

Neutron-scattering studies15 done at T54.2 K in the
presence of a magnetic field of up to 15 kOe applied in the
tetragonal plane confirmed that a transition from an incom-
mensurate to a commensurate phase occurs at a field of
around 13 kOe. It is seen in Fig. 12 that in the transition
region there is a certain interval of fields in which on the
neutronogram the central peak~0,0,2!, characteristic for the
high-field commensurate phase, coexists with a magnetic sat-
ellite (0,0,22q), which belongs to the incommensurate
state. Thus the transition in field from the incommensurate
phase 1 to the commensurate phase 2, in contrast to the
analogous transition in temperature in the absence of mag-
netic field, is a first-order transition. This conclusion is con-
firmed by the field dependence of the wave vector of the
helix, which decreases in a jump to zero when the magnetic
field reaches the critical value 13 kOe. It should also be
noted that in the presence of a magnetic field of 10 kOe the
higher harmonics of the magnetic satellites are observed
throughout the temperature region in which the incommen-
surate state exists and not only near the phase transition tem-
perature, as in the experiment with no magnetic field.

Neutron diffraction studies of the magnetic structure of
CuB2O4 have also been done in the low-temperature
region,13 where anomalies of themSR and heat capacity are
observed. It was found that the magnetic satellites are ob-
served down to temperatures of;0.2 K, i.e., the magnetic
structure remains incommensurate, and no anomalies of the
temperature dependence of the wave vector of the structure
are observed in this region. However, the temperature depen-
dence of the intensity of the magnetic satellites (3,3,02q)

and (3,3,01q) at a temperature of 1.8 K exhibits a down-
ward jump of approximately 40%~Fig. 13!. This indicates
that the magnetic structure at 1.8 K undergoes a transforma-
tion, the nature of which is not yet understood.

DISCUSSION OF THE RESULTS

The set of experimental data presented above indicates
that rearrangements of the spin system of copper metaborate
occur at temperatures of 20, 10, and 2 K. While the data are
insufficient for analysis of the last of these phase transitions,
we can draw the following conclusions about the first two.

In the commensurate phase 2 the magnetic structure is
that of a weak ferromagnet. The propagation vectorq50
corresponds to a coincidence of the magnetic and crystal-
chemical cells. The point group of the crystal is 42̄m, which
contains eight symmetry elements:16 1, 4̄3

1, 43
2, 4̄3

3, 41
2, 42

2,
m4 , andm5 . At q50 this group has five irreducible repre-
sentations. Four of them,G1 , G2 , G3 , and G4 , are one-
dimensional, and one of them, denotedG5 , is two-
dimensional. The decomposition of the representation for
copper metaborate givesG4b5G11G212G5 , andG8d5G1

12G212G31G413G5 . The magnetic modesSb1z1Sb2z

and Sb1z2Sb2z , which correspond, respectively, to the rep-
resentationsG2 and G1 of the 4b position, permit one to
describe the ferromagnetic or antiferromagnetic ordering
along the tetragonal axisc. The modes associated with the
representationG5 , viz., (Sb1x1Sb2x ,2Sb1y2Sb2y) and
(Sb1y2Sb2y ,Sb1x2Sb2x), describe a noncollinear magnetic
structure in the tetragonal plane. For the 8d positions the
magnetic modes are:

G1 : Sd1x1Sd2y2Sd3x2Sd4y ;

G2 : Sd1y2Sd2x2Sd3y1Sd4x and

Sd1z1Sd2z1Sd3z1Sd4z ;

G3 : Sd1y1Sd2x2Sd3y2Sd4x and

Sd1z2Sd2z1Sd3z2Sd4z ;

FIG. 12. Field dependence of the intensity of the reflections~0,0,2! and
(0,0,22q) in copper metaborate atT54.2 K.

FIG. 13. Temperature dependence of the intensity of the magnetic reflec-
tions in copper metaborate.
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G4 : Sd1x2Sd2x2Sd3y1Sd4y ;

G5 : ~Sd1x1Sd3x ,2Sd2y2Sd4y!,

~Sd2x1Sd4x ,2Sd1y2Sd3y! and

~Sd2z2Sd4z, Sd1z2Sd3z!.

Analysis of the neutron diffraction pattern,10 including
25 purely magnetic peaks, showed that the spins of both
Cu(b) and Cu(d) of copper metaborate form a noncollinear
magnetic structure~Fig. 14!. In the spin subsystem of Cu(b)
the antiferromagnetic vector in the tetragonal plane is domi-
nant, and the vectors orthogonal to it—the ferromagnetic
vector in the tetragonal plane and the antiferromagnetic vec-
tor along thec axis—are relatively small. In the spin sub-
system of Cu(d) the antiferromagnetic vector along thec
axis is dominant, and the orthogonal antiferromagnetic vec-
tor in the tetragonal plane is relatively small. The ferromag-
netic vector in the plane is not detected within the experi-
mental error limits. The magnetic moment of Cu(d) in the
commensurate phase is much smaller than the magnetic mo-
ment of Cu(b). All of the vectors listed can be matched up
with magnetic modes obtained from a symmetry analysis. It
should be noted once again that, in spite of the fact that the
magnetic structure presented is based on analysis of the neu-
tron diffraction data obtained in the temperature range 10–20
K in the absence of an applied magnetic field, it corresponds
to the state 2 induced by a small magnetic field on the phase
diagram of Fig. 7. This conclusion is confirmed by the data
of Ref. 13, in which a refinement of the magnetic structure
was done atT512 K in a magnetic field of 400 Oe applied
in the tetragonal plane. In accordance with the phase dia-
gram, this field is sufficient to induce a transition of the
crystal to state 2 at a temperature of 12 K.

In the incommensurate phase 1 atT,10 K the magnetic
structure is ordered in the form of a helix. For theoretical
analysis of the magnetic properties of copper metaborate by
the method of the phenomenological thermodynamic poten-
tial it is important that there is no center of inversion 1¯

among its symmetry elements. It enters only in combination
with a 90° rotation about thec axis: 4̄3

1 and 4̄3
3. Therefore, it

is permissible for the thermodynamic potential to contain an
invariant of the Lifshitz type bilinear in the two-component
order parameter and its spatial derivative.

In Ref. 17 such properties of a crystal as the temperature
dependence of the wave vector of the modulation of the
magnetic structure and heat capacity were analyzed in the
framework of a phenomenological approach. The thermody-
namic potential was written in the form of a functional of
two two-component order parameters, (hA1 ,hA2) and
(hB1 ,hB2):

F5E H aA

2
hA

21
bA

4
hA

41
gA

4
hA

4 cos~4wA!

1
dA

2
@~¹hA!21hA

2~¹wA!2#2sAhA
2wA81

aB

2
hB

2

1
bB

4
hB

41
gB

4
hB

4 cos~4wB!1
dB

2
@~¹hB!2

1hB
2~¹wB!2#2sBhB

2wB81khAhB cos~wA2wB!J dV,

~2!

where

aA5aA0~T2TA!, aB5aB0~T2TB!,

hA
25hA1

2 1hA2
2 , wA5arctan~hA2 /hA1!,

hB
25hB1

2 1hB2
2 , wB5arctan~hB2 /hB1!,

aA0.0, aB0.0, bA.0, bB.0, dA.0, dB.0, ¹ is the del
operator, andf 8[d f /dz. Both parameters transform accord-
ing to the representationG5 , and they differ by a linear com-
bination of magnetic modes transforming according to this
representation. The parameterhA is associated with the tran-
sition at 20 K and, according to the magnetic and neutron-
diffraction data given above, consists primarily of the modes
(Sb1x1Sb2x ,2Sb1y2Sb2y) and (Sb1y2Sb2y ,Sb1x2Sb2x).
The description of the helical magnetic structure below 10 K
is achieved by including in the thermodynamic potential a
Lifshitz invariant constructed from the two-component pa-
rameterhB . The presence in~2! of other order parameters is
not decisive for the description of the evolution of the states
in copper metaborate as the temperature is lowered from the
paramagnetic phase above 20 K to the incommensurate
phase below 10 K.

The analysis is done in the approximation of a constant
modulus of the order parameter, which is suitable for the
case when the Lifshitz invariants and the invariants of the
anisotropy and the interaction between subsystems are rela-
tively small in comparison with the remaining invariants.

FIG. 14. Antiferromagnetic structure of copper metaborate in the commen-
surate state: Cu(b) and Cu(d) are represented by the dark and light sym-
bols, respectively.
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The resulting relations can be used to model the temperature
dependence ofhA , hB and the wave numberq52p/l ~the
dashed curve in Fig. 10!, and, with the aid of the standard
relation Cp52T]2F/]T2, the temperature dependence of
the specific heatcp5Cp /V of the crystal for the following
parameters of the thermodynamic potential:

aA51.6~T220!, bA52.7, gA50,

dA50.16, sA50, k50.01,

aB54~T29.6!, bB52, gB50.01,

dB50.16, sB50.1.

The values of the parameters are given in kelvins. As we see
from Fig. 15, in the temperature region 10–20 K the order
parameterhB is small compared tohA and it increases rap-
idly with decreasing temperature below 10 K. The analogous
growth of the wave vectorq[2p/l in Fig. 10 agrees with
the experimentally observed behavior~Figs. 9 and 10! but
differs qualitatively in thatq is nonzero already at tempera-
tures below 20 K: in the temperature region where the in-
variants of the anisotropy are small compared with the Lif-
shitz invariants, it it equal to

q's/d, where d5dAhA
21dBhB

2, s5sAhA
21sBhB

2,

and forsA50 it varies basically in the same way ashB .
In calculating the heat capacity we took into account not

only the jump~described by Landau theory! at the transition
and the Ginzburg estimate for the contribution of thermal
fluctuations of the order parameter but also the contributions
of acoustic phonons and anomalies of the Schottky type. At a
temperature of 20 K the fluctuation contribution inherent to a
second-order phase transition, with a maximum at the tran-
sition point is dominant. The experimental curves of the tem-
perature dependence of the heat capacity of a CuB2O4 single
crystal~Fig. 4! have a step-like feature at 9.6 K. It is due to
the rapid growth of the order parameter in the second spin
subsystem, which is nonzero already at temperatures below
20 K because of the bilinear interaction with the first sub-
system. The field induced by this interaction suppresses the

thermal fluctuations in the second subsystem. For this reason
the latter were not taken into account in the calculation. We
note that the step at 9.6 K is observed against the background
of a broad maximum that increases with decreasing tempera-
ture; this maximum can be attributed to a Schottky-type
anomaly not described in the phenomenological approach.
The deviation of the experimental from the calculated depen-
dence of the heat capacity as the temperature is lowered be-
low 3.5 K is due to the approach to the transition near 2 K.

Thus a comprehensive set of experimental and theoreti-
cal studies has shown that in the temperature region 10–20 K
the CuB2O4 crystal has a long-period modulated magnetic
structure with a small propagation vector along the tetrago-
nal axis of the crystal. Under the influence of a weak~less
than 1 kOe! magnetic field applied in the tetragonal plane, a
transition occurs to a commensurate noncollinear magnetic
structure that is formed by two subsystems of copper ions
and is characterized by the presence of a spontaneous mag-
netic moment. Below 10 K the magnetic structure of this
compound is an incommensurate soliton lattice with a propa-
gation vector directed along the tetragonal axis of the crystal.
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FIG. 15. Modeled temperature dependence of the moduli of the order pa-
rameters:uhAu ~solid curve! and uhBu ~dashed curve!.
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