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It is demonstrated, both analytically and numerically, that eigenfunction statistics in chaotic billiards with spin–
orbit interaction fundamentally depend on the ratio of the squared spin–orbit interaction constant. If this ratio
is small, one of the eigenstate components is a random Gaussian field, whereas another is not universal and
depends on the billiard type. In the opposite case, the statistics of both components is described by the indepen-
dent random complex Gaussian fields with the same variances. In the intermediate case, both eigenfunction
components do not satisfy Gaussian statistics. © 2003 MAIK “Nauka/Interperiodica”.

PACS numbers: 05.45.Mt; 73.21.La
In typical III–V semiconductor heterostructures,
electrons form two-dimensional electron gas between
layers [1, 2]. At helium temperatures, the coherence
length is as high as several microns. By appropriately
choosing the shape of surface electrode, one can con-
fine electrons in an arbitrarily shaped quantum dot,
which will be called a two-dimensional billiard. Such
heterostructures are characterized by the Rashba spin–
orbit interaction (SOI) [3], which modifies the Hamil-
tonian as

(1)

where m* is the electron effective mass. The SOI con-
stant K is proportional to the averaged interface electric
field 〈E〉 = 〈–(1/e)(dEc/dz) + Ei〉 , where Ec is the conduc-
tion band profile along the z axis perpendicular to the
interface plane and Ei is the electric field between the
donor impurities and two-dimensional electron gas [4].
Typically, one has for "2K = (1–10) × 10–7 meV cm [5–
7]. Apart from the Rashba SOI, there is an additional
contribution caused by the inhomogeneous (confine-
ment) potential that forms a billiard [8, 9]. However, if
the confinement potential is approximated by hard
walls, this contribution to the SOI can be ignored [9].

We use the billiard size R as the characteristic scale
to rewrite Eq. (1) in the dimensionless form
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where β = 2m*KR and all dimensionless coordinates
are normalized to R. Then the Schrödinger equation for
the spinor components takes the form

(3)

where the operator L = –∂/∂x + i(∂/∂y). Problem (3) was
studied in great detail for the systems without SOI (see,
e.g., Stöckmann’s monograph [10] or review [2]). His-
torically, McDonnel and Kaufmann [11] were the first
to discover numerically that the complex spatial struc-
ture of real Bunimovich billiard eigenfunctions is
described by the Gaussian distribution. The density
probability (square of eigenfunction) statistics obeys
the Porter–Thomas distribution [12]. These statistics
were repeatedly observed in microwave [10, 13] and
acoustic resonant [14] cavities.

In this work, we examine what happens to the statis-
tics of two-component eigenfunctions in the presence
of SOI. The energy-level statistics of a rectangular bil-
liard, which becomes nonintegrable in the presence of
SOI, was considered by Berggren and Ouchterlony in
[15]. In that work, the eigenfunction node statistics
were also considered and it was shown that they coin-
cide with the statistics of nodal points of open chaotic
billiards. For the numerical solution, we will use the
boundary integral method [16]. A chaotic billiard was
modeled by a cardioid with the boundary determined
by the following equation in the Cartesian coordinate
system [17]:

(4)

The Bunimovich stadium was also considered. Since
all results obtained for the latter do not differ from the
cardioid, we present here only the cardioid results. The
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spinor components |φ| and |χ| for the energy eigenvalue
e = 522.251 and β = 0.25 are shown in Fig. 1. Hereafter,
the cardioid parameter λ is taken to be 0.45. The num-
ber of boundary elements was chosen to be 1000. Note
that, due to the Kramers theorem, all states of closed
billiards with SOI are doubly degenerate. For this rea-
son, the second degenerate state behaves exactly as
shown in Fig. 1, although |φ| and |χ| should be reversed.

Although both components show chaotic behavior,
there is a fundamental difference in their spatial behav-
ior. Namely, one can see from Fig. 1 that the |χ| compo-
nent is spatially nonuniform. This fact can be under-
stood if one considers the perturbative solutions to the
Schrödinger equation (3). For a free two-dimensional
electron gas, the smallness parameter for SOI is given
by [8]

(5)

where k is the wave number. We will use the same
parameter for a billiard. For small α, the solution to
Eqs. (3) can be approximated by

(6)
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Fig. 1. Spatial structures of (a) the first |φ| and (b) the second
|χ| components of the spinor eigenfunction of a cardioid
with parameter λ = 0.45 for e = 522.251 and β = 0.25. The
smallness parameter α = 0.005.
where ψb is the billiard eigenfunction in the absence of
SOI: –∇ 2ψb = ebψb. At first glance, the constant C can
be found from the normalization condition

 = 1. However, since the accuracy of

the components is proportional to the SOI constant, the
normalization condition includes only ψb that is already
normalized. Because of this, the constant C (more pre-
cisely, the constants x0 and y0) was determined by fitting
the statistics together (see below).

Solution (6) demonstrates that the second compo-
nent χ(x, y) linearly increases in the billiard region, as
it is clearly seen from the numerical solution shown in
Fig. 1. It also follows from Eq. (6) that, if ψb is a ran-
dom Gaussian field (RGF), the first component φ is also
an RGF, whereas the second component χ is not. Since,
in the presence of SOI, each component of the spinor
eigenfunction is a complex quantity, we can represent
the solution in the form

(7)

The distributions shown in Fig. 2 for all four functions
demonstrate that u and v  are actually the RGF, whereas
the t and w statistics differ appreciably from the Gaus-
sian distributions.

To analytically derive the distributions for the sec-
ond component χ, we write, according to Eq. (6), its
real part as t(x, y) = (β/2)(x – x0)ψb and the imaginary
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Fig. 2. Distributions of the real and imaginary parts of
spinor components (7) for e = 2509.7 and β = 0.25. The
smallness parameter α = 0.005. The dashed curves in (a)
and (b) correspond to Gaussian distribution (9). In panels
(c) and (d), the dashed curves correspond to distribution
(10) for x0 = –0.3 and y0 = 0.4.
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part as w(x, y) = (β/2)(y – y0)ψb. The distribution func-
tion for t is written as

(8)

where A is the billiard area. Assume that the eigenfunc-
tion ψb of a chaotic billiard is a real RGF u(x). Then, by
integrating Eq. (8) with the Gaussian distribution

(9)

one obtains from Eq. (6)

(10)

A similar expression can be obtained for the distribu-
tion f(w) of the imaginary part. Hence, the distributions
for the second component χ are not universal if the
Rashba SOI constant β is small, because they depend
on the particular shape of a chaotic billiard. In Fig. 2,
distribution (10) obtained by the numerical integration
with β = 0.25 is shown by the dashed line. The con-
stants x0 and y0 were found by fitting analytic distribu-
tions (10) to their numerical values. The results pre-
sented in the caption to Fig. 2 coincide with the results
obtained for the constant C through the direct numeri-
cal solution of Eq. (2).

The numerically calculated matrix

(11)

where 〈F〉  =  and N is the number of points

inside the billiard (200 000 in these computations) indi-
cates that the second component is strongly correlated
with the first one. In the numerical computations, we
assumed that the eigenstate is normalized; i.e.,

 = 1.
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The distributions of real components u and t of
spinor eigenstate (7) are shown in Fig. 3 for a moderate
value β = 2 of the SOI constant. These distributions
indicate that, with an increase in small parameter α, the
statistics remains Gaussian for large wave-function
amplitudes and is added by nonuniversal statistics (10)
at small amplitudes. The statistics of the imaginary
parts v  and w are exactly the same as for the real eigen-
state parts. For this reason, they are not shown in Fig. 3
(or Fig. 4).

In the opposite case α @ 1, one can ignore the
kinetic energy operators in Eq. (3). Then, surprising as
it may seem, Schrödiner equation (3) again reduces to
the Laplace equation for both components φ and χ

(12)

with the sole difference that the eigenvalues are now
equal to β2e2. Hence, both components are equivalent in
that they are RGFs with identical variances. The
numerical solutions for β = 100 fully confirm this con-
clusion. However, at β ≥ 10, all four functions in eigen-
spinor (7) are, practically, RGFs, as it is seen from
Fig. 4.
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Fig. 3. Distributions of the real parts of the cardioid eigen-
states for e = 2501.6 and β = 2. The SOI smallness parame-
ter is α = 0.04. The solid curves correspond to Gaussian dis-
tribution (9). The dashed curves correspond to distribution
(10) for x0 = –0.050.

Fig. 4. Distributions of the real part of the cardioid eigen-
states for e = 2497.4, β = 10, and α = 0.2. The solid curves
correspond to Gaussian distribution (9).
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Correlation matrix (11) was calculated for e =
2499.2, β = 10, and α = 0.2 to give

(13)

This matrix shows that, at β ≥ 10, all amplitudes
become almost mutually independent RGFs with the
same distributions.

We now estimate the small parameter α for the
quantum dots based on the semiconductor
GaSb/InAs/GaSb heterostructure, for which the SOI
constant is the greatest among the known systems:
"2K = 9 × 10–7 meV cm and m* = 0.055m [5]. Substi-
tuting these data into the SOI constant β = 2m*KR =
"2K/E0R and E0 = "2/2m*R2, one finds that only the
quantum dots with sizes R ~ 10 µm have β ~ 10, for
which, as shown in Fig. 4, all eigenspinor components
are described by the RGF. The electron Fermi energy in
the dot should not exceed 1 meV. Note that R ~ 10 µm
is the limiting attainable size for which the electron
motion can be assumed to be ballistic. For the quantum
dots of micron size or smaller, the eigenfunction statis-
tics in spin–orbit problem (1) are described by nonuni-
versal distribution (10).
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