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Abstract

The spin density of states of a two-dimensional antiferromagnet in magnetic field having spins-1/2 and interacting with
acoustic phonons is investigated in the nonadiabatic approximation using the quantum Monte Carlo method. It is f
gap energy∆ in the single particle spin excitations spectrum closes at magnetic field∆ � Hc, Wph < Ws and∆ � (1/2)Hc ,
Wph > Ws , whereWph andWs are the bandwidths of phonon and spin excitations in antiferromagnet.
 2004 Elsevier B.V. All rights reserved.

PACS: 75.10.Jm; 75.30.Ds; 67.20.+k

Keywords: Spin-phonon interactions; Spin-liquid; Spinon excitations
est
and
y
ure
f
sible
m-
i-

ret-

ed

e-
ate
a

B

s.
ses

s
s

Spin liquid phase have attracted a lot of inter
because they display both fractional excitations
topological order. While fractionalization could pla
an important role in some theories of high-temperat
superconductors[1], the topological properties o
these liquid states have been proposed as pos
devices to implement quantum bits for quantum co
putations[2]. The concept of fractional quantum exc
tations (spinons) is now well established both theo
ically [3] and experimentally[4] in the spinS = 1/2
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1D Heisenberg antiferromagnetic chain and identifi
with quantum domain walls. Anderson[5] suggested
that a 2D fractional quantum spin liquid may be d
scribed as a “resonating valence bond” (RVB) st
with pairs of excitedS = 1/2 spinons separating vi
rearangement of these bonds.

For the spin-1/2 model on the square lattice RV
theory gives an energy of a singlet state within 0.1%
of ordered state[6] and gapless fractional excitation
A frustrating interactions may induce fractional pha
in 2D. The competition between the nearestJ1 and
next-nearest exchangeJ2 on the square lattice lead
to pairing spins-1/2 into singlets at short distance
.
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to overcome frustration in Heisenberg antiferrom
nets. Similar situation has been observed in magn
system with the spin-Peierls order when spins in
acted with the optical phonon mode. In this case
ground-state can be described by one ordered
figuration of singlets with gapped magnons∆S = 1.
RVB state and the excitations of pairs ofS = 1/2
spinons have been observed in the triangular ant
romagnet Cs2CuCl4 with the partially released frus
tration [7]. A gapped dimer liquid phase with th
topological degeneracy and the deconfined fractio
excitations have been studied in the kagome lat
[8]. A high degree of the frustration can be deriv
from Hamiltonian with spin-phonon coupling. More
over the model with multiple spins interaction is
particular case of a more general model of spins
teraction with the acoustic phonons. Such systems
nonlinear and may have breather or skyrmion like
citation.

In this Letter we will show that the interaction o
S = 1/2 spins with the acoustic phonons on a squ
lattice gives rise to the excitations with different ma
depending upon the strength of the phonon freque
At high phonon frequency the magnetic excitatio
would have mass more light as compared to magn
excitations at low phonon frequency. For that we ca
out simulations of the density of states of a single p
ticle spin excitations in magnetic field. The interacti
between the spin and the elastic subsystems lea
nonlinear interactions not only between spins, but a
between phonons. For this reason, a correct solu
should be carried out taking into account the nonadia
batic interaction between spins and phonons; this
be done using the quantum Monte Carlo method ba
on the continuous-time algorithm.

In the harmonic approximation, the Hamiltoni
for a coupled spin-phonon system has the form

H =
∑
i,j

[
J + α(ui,j − ui+1,j )

]
× [

Sz
i,j Sz

i+1,j + (
S+

i,j S
−
i+1,j + S−

i,j S
+
i+1,j

)
/2

]
+ [

J + α(ui,j − ui,j+1)
]

× [
Sz

i,j Sz
i,j+1 + (

S+
i,j S

−
i,j+1 + S−

i,j S
+
i,j+1

)
/2

]
+ HiS

z
i + Mu̇2

i,j /2+ K(ui,j − ui+1,j )
2/2

(1)+ K(ui,j − ui,j+1)
2/2.
HereSz,± are a spin operator components asso
ated with the site(i, j), J > 0 is the usual antifer
romagnetic exchange integral,α is the spin-phonon
coupling constant,ui,j is the displacement in thex, y-
direction,M is the mass of the ion andK is the elas-
tic rigidity constant of the lattice. Using the quantu
representation for phonon operatorsb, b+, the Hamil-
tonian maps to:

H =
∑
i,j

(
Ji,j SiSj + HiS

z
i

)

+
∑
qx,qy

∑
n,m

α

√
h̄

2MΩ(q)
exp(iqr)

× (
bq + b+−q

)[(
1− cosqx − i sinqx

)
Sn,mSn+1,m

+ (1− cosqy − i sinqy)Sn,mSn,m+1
]

+
∑

q

h̄Ω(q)b+
q bq, Ω(q)

(2)= ω0

√
2− cos(qx) − cos(qy), ω0 =

√
2K

M
.

Spin-phonon coupling parameterα, the excitation
energyω and temperature are normalized on the
changeJ , h̄ = 1, M = 1. The temperature used
calculation isβ = J/T = 10. The elastic subsystem
described by phonons with the number of occupa
nph = 0,1,2, . . . and magnetic subsystem is in theSz

representation. The continuous time world-line Mo
Carlo approach[9] based on the expansion of the s
tistical evolution operatore−H/T in powers ofJ and
α is applied. The world-line configuration of spins a
phonons are updated through the space–time mo
of the creation and annihilation operators. The p
odic boundary conditions are applied onL ·L,L = 32
square lattices. 4000 Monte Carlo steps (MCS) per
are spent to reach equilibrium and another 8000 M
are used for the averaging. The root mean square
rors of the computed quantities lie in the range 0.1%
to 0.6%.

The spectral density of magnetic and phonon e
tations can be determined from the corresponding t
correlation functions calculated in the imaginary tim
for τ > 0. We define the spin correlator in the form〈
S−(τ )S+(0)

〉
(3)=

∑
ν

∣∣〈ν|S+|GS〉∣∣2 exp
[−(Eν − E0)τ

]
,
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where|ν〉 is the complete set of eigenstates of Ham
tonianH0, H0|ν〉 = Eν |ν〉, H0|GS〉 = E0|GS〉. Let us
redefine the spin correlator(3) as

〈
S−(τ )S+(0)

〉 =
∞∫

0

dωρs(ω)exp
[−(ωτ)

]
,

ρs(ω) =
∑
ν

δ(ω − Ων)
∣∣〈ν|S+|GS〉∣∣2,

(4)Ων = Eν − E0,

whereρs(ω) defines the spectral density of magne
excitations. In fact, the Monte Carlo method is us
for calculating the time correlator on a finite interv
0 < τ < τ0. In order to reproduce the spectral dens
in a wide range of energies, we must solve the inte
equation(4). For this purpose, we use the stochas
procedure optimizing the deviation[10]

(5)D =
τ0∫

0

∣∣G(τ) − Gt(τ)
∣∣G−1(τ ) dτ

of the computed correlatorG(τ) from the true corre-
latorGt(τ) with the spectral densityρt (ω).

Let us consider two cases when the dispers
curves for magnons and phonons intersect, whic
observed atω0/J < 2, and additional singularities ar
formed in the density of states of these quasipa
cles and the opposite case atω0/J > 2. The firth
case is similar to the spin-Peierls interaction. The
ures follow two typical cases whenω0/J = 1 and
ω0/J = 6. Under the action of the magnetic syste
the ions displacements distribute nonuniform unde
lattice. The structural factor of lattice fluctuations b
comes spatially anisotropic. There are two types
fluctuations: ladder-type containing two nearest cha
for ω0/J = 1 and quasi-one-dimensional chains
ω0/J = 6, separated by distancer � 7− 10.

For α > αc , a gap is observed in the single partic
spin excitations spectrum. The dependence of the
energy on the magnitude of the spin-phonon coup
together with the approximating power function

(6)∆/J � [
(α − αc1)/αc2

]0.50(8)
, ω0 = J

is depicted inFig. 1. Forα > αc2 the long-range mag
netic order disappears and a quantum spin liqui
formed[11]. Magnetic field suppress the quantum s
fluctuations. The typical densities of spin excitatio
Fig. 1. The gap energy∆/J in the single particle spin excitation
spectrum as a function of spin-phononinteraction parameter for
ω0/J = 1 (1), 6 (2). The fitting function∆/J � [(α −αc1)/αc2]0.5

is plotted by solid line.

(a)

(b)

Fig. 2. The density of states of single particle spin excitations for
ω0/J = 1, α/αc2 = 1.2, H = 0.6 (1), 1.0 (2) 1.5 (3) (a)ω0/J = 6,
α/αc2 = 1.0, H = 0.3 (1), 0.9 (2), 1.5 (3) (b).
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Fig. 3. The gap energy∆/∆(H = 0) in the single particle spin ex
citation spectrum as a function of magnetic fieldH/∆(H = 0) for
ω0/J = 1, α/αc2 = 1.2 (1),ω0/J = 6, α/αc2 = 1 (2), 1.8 (3).

calculated in the magnetic field are shown inFig. 2.
The gap closes at the critical fieldHc as exhibits in
Fig. 3. Gap energy is equal to Zeeman energy
ω0/J = 1, ∆ � Hc. In the spin liquid phase the rela
tion between the gap energy and critical field is diff
ent in two times forω0/J = 6, ∆ � (1/2)Hc. When
ω0 < 2J the short wavelenth phonons gives rise
ions displacements and to dynamic local lattice dim
ization. The excitation spectrum of dimerized lattice
triplet. At ω0/J = 6 an effective interaction betwee
spins realizes via the long wavelenth phonons wh
beaked down at the critical fieldHc. It is possible this
state may be interpreted as a classical breather in
kind of domain composed of the rotated spins in
range of angles(0,π/2).

Let us summarize the main results. If the ba
width of phonon excitations is less than the ba
width of magnon excitations in two-dimensional an
ferromagnetWph < Wm (dispersion curves of magno
and phonon excitations are intersected) the excita
spectrum of quantum spin liquid is the gapped mag
excitations with∆Sz = 1. In contrast limitWph > Wm

the mass of low-lying energy excitations in the sp
liquid is in two times less as compared to mass
triplet excitations.
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