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Abstract—The transmittance D(w), reflectance R(w), and dispersion w(K) are investigated for waves of various
nature propagating through aone-dimensional superlattice (multilayer structure) with arbitrary thickness of the
interlayer boundary. The dependences of the band gap widths Aw,,, and their positions in the wave spectrum of
the superlattice on the interlayer boundary thickness d and the band number m are calculated. Calculations are
performed in terms of the modified coupled-mode theory (MCMT) using the frequency dependence of R(w),
aswell asin the framework of perturbation theory using the function w(k), which made it possible to estimate
the accuracy of the MCMT method; the MCM T method isfound to have ahigh accuracy in cal cul ating the band
gap widths and a much lower accuracy in determining the gap positions. It is shown that the m dependence of
Awy, for electromagnetic (or elastic) wavesis different from that for spin waves. Furthermore, the widths of the
band gaps with m = 1 and 2 are practically independent of d, whereas the widths of all gaps for m > 2 depend
strongly on d. Experimental measurements of these dependences allow one to determine the superlattice inter-
face thicknesses by using spectral methods. © 2004 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Propagation of waves of various nature (el ectromag-
netic, elastic, spin, etc.) and their spectrain mediawith
one-dimensional periodic modulation of the materia
parameters—multilayer  structures or superlattices
(SLs)—hasbeen investigated theoretically in numerous
studies. This problem is discussed in monographs[1-5]
and reviews[6, 7]. The dispersion laws and wave prop-
agation factorsin SLs are determined to alarge degree
by the geometry of the modulation profile of the mate-
rial parameters of the SLs. As a rule, rectangular and
sinusoidal spatial modulations of parameters have been
considered in the literature. Rectangular modulation
corresponds to the case of maximally sharp boundaries
between the SL layers (zero boundary thickness), and
sinusoidal modulation corresponds to the limiting case
of maximally smooth boundaries (the “boundary”
thickness is equal to the “layer” thickness). A model
with a rectangular modulation profile has been widely
used when studying electromagnetic [8-11], elastic
[12-16], and spin [17-22] waves. Waves of various
physical nature for the model with a sinusoidal modu-
lation profile of the material parameters were investi-
gated in [23, 24]. In [25], spin waves were considered
for both cases.

However, in real SLs, the modulation profile of the
material parameters can be intermediate between these
two limiting cases. For this reason, a model of an SL

was proposed in [26] in which modulation is propor-
tional to the Jacobian dlliptic sine:

1/2
p(2) = K ®)

where d = 11/8K is the SL interlayer boundary thick-
ness, | isthe SL period (1/2 — d is the layer thickness);
K and E are the complete elliptic integrals of the first
and second kind, respectively; and k is the modulus of
these elliptic integrals. The factor before the eliptic
sine corresponds to the normalization [p?(2) (= 1 (angle
brackets mean averaging over the period |). The general
form of function (1) is shown in Fig. 1. Depending on
the modulus K, this function describes the limiting
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Fig. 1. Function given by Eg. (1) for k =0.994 (d/l = 0.218).
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cases of arectangular profile (d/l =0,k =1, K = ), a
sinusoidal profile (d/l = /4, k = 0, K = 172), and all
intermediate values d/I. In Eg. (1), the boundary thick-
ness d is determined such that the main variation in the
material parameter occurs over the distance d for al
values of d/l (Fig. 1). The basic feasibility of spectral
methods of studying the boundary structure in SLswas
demonstrated in [26]. In order to realize such methods,
the theory needs to be extended in several directions.
The present study deals with two of these directions.
One of them is related to the fact that in [26] the spec-
trum of standing waves was cal culated, while, in exper-
iments with standing waves, only the wave dispersion
law isstudied directly. The other parameters (the reflec-
tance and transmittance) are measured in experiments
with traveling waves. Therefore, it is necessary to ana-
lyze the case of propagating waves for the model pro-
posed in [26]. In the second direction of study, one
should develop a more exact theory in order to find the
dispersion law of waves for such a model. Both direc-
tions require the application and development of appro-
priate approximate methods of calculation, since the
second-order equation with a coefficient whose coordi-
nate dependenceisdescribed by an lliptic sine belongs
to the general class of Hill equations and cannot be
reduced to any well-known equations of this class. In
particular, this equation cannot be reduced to the Lamé
equation, which contains an elliptic sine squared.

2. WAVE PROPAGATION IN SUPERLATTICES

By way of example, we consider the propagation of
electromagnetic wavesin an SL with permittivity peri-
odically modulated along the z axis:

€(2) = €[1-yp(2)] —ie". )

Here, €' and €" are the static components of the real and
imaginary parts of the permittivity, respectively; yisthe
relative root-mean-square modulation of thereal part of
the permittivity; and p(2) is a periodic function with
period | satisfying the conditions [p(200= 0 and
[P2(2) = 1. We restrict ourselves to weakly perturbed
media; i.e., we set y < 1. We also assume that the order
of magnitude of the €"/¢' ratio does not exceed y. We are
interested in the solutions to the system of Maxwell
equations near the frequencies of the Bragg resonances
corresponding to the boundaries of the mth Brillouin
zones. We consider waves propagating along the z axis.
To find an approximate solution, we use the modified
coupled-mode theory (MCMT) (see [27] and review
[7]; the devel opment of the application of the MCMT to
optical waveguides is reviewed in [28]; originally, the
coupled-mode theory was suggested in [29]). In this
theory, a system of equations for the amplitudes of two
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Fig. 2. R(w) dependence for asemi-infinite SL near the first
three Brillouin zones for rectangular (solid curve) and sinu-
soidal (dashed curve) modulations of the SL.

waves propagating in opposite directionsiswritten out.

The coupling parameters K-, in this system can be writ-
ten as

+ 1 _dz de(2)

m= 7 e(Z) 5 exp(x2iY(2) F 2iwnz/c +imqz)

(©)
4I ZI E(Z ) exp(_2|tp(z) F2iwnz/c+imgz;),

where P(2) = %JJOA/e(z')dz' , N =cyP()/wl, gq=2rl, the

principal value of the integral is implied, and the sum
takes into account the contribution of the permittivity
jumps at discontinuity pointsz. Relation (3) isthe main
result of the MCMT, since all measured physical quan-
tities, in particular, the reflectance R(w) and transmit-
tance D(w), can be expressed in terms of the coupling

parameters K, (see, for example, [7]).

Figure 2 shows the frequency dependence of the
reflectivity R calculated for a semi-infinite medium
(L — o) in the absence of absorption (" = 0) for two
well-known cases of limiting values of the boundary
thickness: d/I = O (the case of arectangular SL profile,
represented by the solid curve in Fig. 2) and d/l = 1/4
(the case of asinusoidal SL profile, represented by the
dashed curve). The R(w) dependence is plotted in the
vicinity of three Brillouin zones, m=1, 2, and 3. We see
that the band gap widths are practically equal inthetwo
limiting cases for both m=1 and 2. However, for m= 3,
these widths differ substantially. We intend to use this
difference to construct the theoretical foundation for
experimental determination of the boundary thickness
d from spectral measurements. To this end, we must,
first of al, obtain the dependence of the coupling

parameters Kri on the SL parameters. Assuming that
the function p(2) in Eq. (2) has no discontinuities, we
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retainin Eq. (3) only theintegral, into which we substi-
tute the Fourier expansion of this function. If the gap
number mis such that my/2 < 1, then the integrand in
Eqg. (3) can be expanded in powers of the small param-
eter y. Keeping terms of up to the order of y® and inte-
grating, we obtain

N 2EQ0L)A/_%l ie'n +m—npnp¢m_n
0 mac 2eD
+%L+2iE—HDZp p; =
EID n +m—nD
4
s0w./e' Fm-n—p
+y __——pnppp¢m—n—p
B 3

g_ooe+m n-p,wJ/exm-p 2
ch np mgc p

+

np

X PnPpP %"‘ }
nMp +m—n—pD )

where

)

n+p#z0

After subgtituting Eg. (4) into the corresponding
expressions for the transmittance D and reflectance R,
their w dependences can generally be constructed for
any modulation profile and any thickness L of the SL.
Using the D(w) or R(w) dependences, we can find, in
particular, the gap widths at the boundaries of the Bril-
louin zones as functions of the interface thickness.

Let us obtain the explicit dependences of the gap
widthson d for asimpler model of asemi-infinite SL in
a nonabsorbing medium. In this case, in the region of
band gaps, the function R(w) has flat tops with R = 1.
Using this condition, we obtain equations for the fre-

quencies wy;, bounding the mth band gap:

Kkl 2. (6)
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In these equations, the coefficients K, depend on w,.

By solving these equations, we can find the width of the
mth band gap Aw, = Wy, — W, . Weset e" = 0in Eq. (4)
and substitute k., defined by these expressions into

Egs. (6). By solving the obtained equations for w;, to
within the terms of the order of y3, we obtain

mqc

. 12
W = 1+
2[[ 8y

1 _ d
iIéygﬁpml"' z pnppp—n—%
n+pz0
(1)

1 p 3
+ épmv+4v z O Ipmlv

|

pppm—p i 3
"z p +16ySm

p

where

Sn = z n+p 0P oPm-n—p
n+p#0 (8)

2
+S E’hlp + %pnpppm_n_p-
n,p

From these expressions, the gap widths can be found to
be (to within terms of the order of y?)

Aw, = ch ppm pl

9)

JelPmY 2 Z

Expressions (7)—(9) are valid for any shape of the SL
profile p(2) represented by the Fourier harmonics p,
in them.

Let us consider the functions having the so-called
symmetry of the third kind [30],

p(z+1/2) = —p(2). (20

For al functions of this class, the Fourier harmonics p,,
vanish for even n. Using this property, we can simplify
Egs. (7):
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Wt = Mmac
m 2,\/?

O 12 [N

%ﬂ+8v +x 2v 16y + 16y, foroddm(ll)
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p

The gap widths at the boundaries of odd and even Bril-
louin zones are found to be

1Pl s

3 y for odd m

(12)

Aw, = ____q

gpm\/‘* 8V

«/_ ppm—p
2y Z p
O p

Using these expressions, the gaps Awy, for the model of
an SL with arbitrary boundary thickness described by
Eqg. (1) are plotted as functions of d/l in Fig. 3afor odd
gaps and in Fig. 3b for even gaps. In both figures, the
gap widths are normalized to the width of the first band
gap for an SL with a sinusoidal profile, Aw,;4pe. The
expressions for the widths of odd gaps obtained previ-
ously in[26] correspond to theterm proportional toyin
Eq. (12) for odd m. In [26], expressions and plots are
obtained for gap widths in the spectrum of spin waves,
the corresponding dependences for electromagnetic
waves can be obtained from them with the following
substitution: v = (w/c)?%, and € = y(w/C)?%¢, [in the nota-
tion of [26], €. isthe permittivity and e isthe coefficient
(having the dimension of the wave number) of the func-
tion p(2) in the wave equation]. For the odd Brillouin
zones, the dependences of Aw,, on d/l obtained in [26]
(see aso [31]) and in this study are qualitatively simi-
lar; namely, Aw,, isvirtually independent of d/l for m=
1 and rapidly decreaseswith increasing d/l for m> 1. A
guantitative difference, related to the inclusion of the
terms of third order in y for odd gaps, is manifested as
d/l approaches 1/4; in this case, the term proportional to
yinEq. (12) tendsto zero and for d/l = /4 thetermsthat
remainin Eq. (12) for odd m describe Awy,, for odd gaps
of asinusoidal SL. Another difference is related to the
appearance of a dip on the Aw,,(d) plots for odd gaps
(for m= 3, thedipiscloseto d/l = 1/4; form=5and 7,
the dip is not seen in the scale chosen).

The dependences of Awy, on d/l for even gaps (the
lower linein Eq. (12)) are obtained in this study for the
first time. In Fig. 3b, we see that the gap Aw, is virtu-
ally independent of d/I for m= 2 and decreases rapidly
with increasing d/l for m > 2. For an SL with a rectan-
gular profile, Awy, for even gaps increases linearly with
m. We recall that the expressions obtained remain valid
only for those m for which the condition my/2 < 1 is
satisfied. Therefore, for SLs with d/l = 0, the theory

, foreven m.

PHYSICS OF THE SOLID STATE Vol. 46 No. 12

2295

(a)
1.0

A(’om/A(")l sine
o o
@) [oze]
T
1

o
~

e
o

Fig. 3. Dependences of the gap widths Awy,, at the edge of
the mth Brillouin zone on d/I for (a) odd and (b) even gaps
for y = 0.15. The values of m are indicated on the corre-
sponding curves. The dashed linein panel (b) showsthe gap
width for the first zone.

developed here is valid only for the values of m for
which the widths of even gaps remain smaller than the
widths of odd gaps.

3. WAVE DISPERSION LAW

We study the wave dispersion lawsin an SL with an
arbitrary boundary thickness in the genera form for
electromagnetic, elastic, and spin waves simulta-
neously. Such an approachispossible, since the form of
thedispersion lawsisdetermined above al by the struc-
ture of the SL and its boundary. In this approach, the SL
is characterized by a periodic z dependence of a mate-
rial parameter A(z), which is different for waves of dif-
ferent nature. For example, this parameter can be the
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permittivity for electromagnetic waves, the density of
the material or aforce constant for elastic waves, or the
magnetization, anisotropy, or exchange constant for
spin waves. By analogy with Eqg. (2), we write A(2) as

A(2) = Al1-yp(2)], (13)

where A and y are the static component and the relative
root-mean-square modulation of this parameter (the
imaginary part of A(2) is disregarded).

We write the wave equation in the form

UL v_np@Iu = 0, (14)
dz

where the function p and the parameters v and n are
expressed differently for electromagnetic, elastic, and
spin waves. Thus, for spin waves, v = (w — wy)/agM,
where wy, is the ferromagnetic resonance frequency,
o isthe exchange parameter, g isthe gyromagnetic ratio,
and M is an external magnetic field; for electromagnetic
and elastic waves, we have v [t 2, etc. (see [26]).

According to the Floquet theorem, the solution to
Eq. (14) for waves propagating along the z axis can be
represented in the form

[

IJ-(Z) — e—ikz Z lJneinqz.

n=-ow

(15)

Substituting this expression and the Fourier expansion of
the function p(2) into Eq. (14), we obtain an infinite sys-
tem of equations for the Fourier transforms p,, and p,;:

(V_Vn)Un = nZUnlpn—nla (16)

Ny

wherev = (k—nq)?. The dispersion law v = v(K) can be
obtained by equating to zero the determinant of system
(16), which contains an infinite number of rows and
columns. Numerical analysis of N x N determinants
with finite numbers of rowsand columnsN alowsusto
study the wave dispersion law approximately.

However, in many cases, it is more convenient to
derive an equation for v(K) by expanding into aseriesin
n. This series can be obtained in different ways. We
suggest yet another way, where the presence of certain
termsinthe sumsisexplicitly forbidden. This approach
will be used below when anayzing the effect of such
exclusion on the form of the dispersion equation. For
generality, we provisionally omit therestriction [p (2) =
0 used in this study. The quantity p,_, , which appears

on the right-hand side of Eq. (16), can be written in the
form

(17)

Pn-n, = Pn-nOmn, + Pn-n,|n 40
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After substituting Eq. (17) into Eqg. (16), we obtain

(V_Gn)un =n z Unlpn—nll (18)

n#n
where v,, = v, + np,. Increasing the index of n; in

Eq. (18) by 1, we express [, from the obtained equa-

tion and substitute the result into the right-hand side of
Eqg. (18). Thus, we obtain

V=V, =0y Y

n #nn,#ng

pn—nlpnl—nzp-n2

19
= (19)

We represent the product p,_,, Py, —n, inaform similar
to that of Eq. (17),

pn—nlpnl—n2 = pn—nlpnl—nzénn2 + pn—nlpnl—n2|n2¢_n1 (20)
and substitute it into Eg. (19), which assumes the form

g .
S)_Vn_nzz

n #n

— nzz Z pn—nlpni—nZUnzl

V-V
n£nny,#n
n,#n,

pn—nlpnl—%
V=V, 0O

(21)

Next, we increase the index of n; in Eqg. (18) by 2,
express W, from the obtained equation, substitute the

result into the right-hand side of Eq. (21), and represent
the product of thethree functionsp, in aform analogous
to Eqg. (20). Continuing this process and using the con-
dition u,, # 0, we obtain the equation

v-i,-n*y

n #n

Pn-n,Pn,-n
V=V,

pn—nlpnl—nzpnz—n (22)

3
-n z z ~ ...
nl¢nn2¢n(v_vnl)(v_vn2)
n,#n,

= 0.

In [32], this equation was derived using a different
method. However, that derivation was somewhat inac-
curate, since the exclusion of thetermsn; # n,_, in the
sums was disregarded.

Next, we apply the original idea of the authors of
[32], who represented a series similar to Eq. (22) in a
form corresponding to the dispersion equation in the

No. 12 2004



WAVES IN A SUPERLATTICE

weak-coupling approximation. In our notation, thisrep-
resentation for the main branch has the form

(V-bo-THW-0pn-T?) = 7T (23)
where T™, T6m TO), and T are series containi ng no
resonant factors. By taking into account al the exclu-
sionsn, # n; _,, these series can be written as

p—nlpnl—m

T =npatn’ y —=

n;#0,m

p—nlpnl—nzpnz—m
(V _Gnl)(v _an)

3
22
n;#0,mn,#0,m
n,#n;

T =npo+n” 3

n,#0,m

Pm-n,Pn,
V-V,

pm—nlpnl—nzpn2 +
(V —\7n1)(V _an)

3
22
n; 0, mn,#0,m

ny,#n;

(24)

pm—nlpnl—nzpnz—m
(V —\7n1)(V _an) o

3
DD
n,#0,mn,#Z0, m
n,#n,

P-nPn,
V-V,

50 _

n,#0,m

p—nlpnl—nzpn2
(v— v )(v v )

3
22
n;#0,mn,#0,m
n,#n,

Equations for the boundaries of the band gaps are
obtained by setting k = mg/2 in Eqg. (23) and have the
form

OB C) . J(%(O) _TO?

. + 7T (25)

V= Vot
Expressions (23)—25) differ from the corresponding
expressionsin[32] (in particular, in this study, we have
TEM 2 TM*) However, for the case [p(2) = 0, where
exclusions of the form n; # n,_; become unnecessary,
the expressions in [32] and our equations (22)—(25)
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assume the same form. In this case, Eq. (25) takes the
form

(0) + |-|—(—m)| ]

V=Vg+T (26)

By solving Eqg. (26) to within terms of the order of n?,
we obtain expressions for the gap boundaries,

v = [:N& pnlpm y
Vm = Vo+1 ZVO_V NPm+N z (27)
and for the gap widths,
_ 2 pnlpm—n1
= 2Inpn+N z Vo—an" (28)

Just as in Section 2, we consider functions p(z) with
symmetry of the third kind. With such a function, we
seek a solution to Eq. (26) to within terms of the order

of n3 and obtain expressionsfor v,

Vi = Vo+N zv|pnl

pnlpnz—nlpm—n2
SN I3 g yevpmmtray £

(29)
for odd m,
2
_nld
Vr; - Vo+r]2|:| |pn1| + pnlpm n1|:|,
Vo—Vq, Vo—Vn, [0
n, ny
for even m,
and for Av,,,
pn pn —-Nn pm—n
2r]p + 2r-]3 1 2 1 2
E " nzn (VO_an)(VO_VnZ)
- oo
Pn
3-2n°lpn § ———;,
AVm = E | mlnzl(vo_vnl)z (30)
(for odd m,
0
2n° Po,Pm-n, , forevenm.
E P VO_an

These expressions describe the gaps in the spectrum of
spin waves. For electromagnetic waves, using Eq. (2)
for the permittivity (e = €', €" = 0), from Eqg. (29) we
obtain an expression for w;, to within terms of the
order of y3:
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0 m' 2
i % Ipmzlpmyz [mapmsl m +Ipmlzprr%ye.
0, (g oo, Blpulg milpd g 3oty
+ _ M9C—" [B2 g 0V *0 16 32 16 0O
W, O (31)
2./e Hor odd m
1l 2 |
pn1 pnlpm nl
Elll 08 an(m nl) Z n, Dy , forevenm,
where 0
|p |p i%+y§mi..., for odd m
S = Z i Z i Wy = qc/ZJE (34)
ny(m-n,)’ nl(m nl) V
(32) [m+(1+2) m+ ..., for even m.

_ Pn,Pn,—n,Pm-n,
> = nzn ny(m—n;)n,(m—ny)’

Generaly, it is not easy to determine the widths of odd
gaps from Eq. (31), since in the uppermost line of this
equation the modulus is taken from an expression that
has avariable sign. Therefore, we write out expressions
for the gap widths with an accuracy of y?;

rPmy, forodd m,
0
M5 o < Prbion,

2 /e 3V |y

ny

AW, =

(33)

for even m.

Let us compare formula (11) for the boundaries of

the band gaps w;, obtained by the MCMT method with

an analogous formula (31) obtained from the exact dis-
persion equation. We see that the coefficients of the cor-
responding powers of y in these formulas are described
by substantially different expressions (except for the
coefficients of the first power of y, which coincide). It
should be emphasized that the expressions for these
coefficients in Eq. (31) are exact, since they were
obtained, using perturbation theory, from the exact dis-
persion equation (22) (or from Eq. (26), whichisequiv-
alent toit). Therefore, the difference in the correspond-
ing coefficients between Eq. (31) and Eq. (11) charac-
terizes the accuracy of the MCMT method. In order to
get a clear idea about this accuracy, we consider
Egs. (31) and (11) for two limiting cases of boundary
thickness: d/l = 0 (arectangular profile) and d/l = 1/4 (a
sinusoidal profile). For arectangular profile, the expres-
sions for wy;, obtained by the MCMT method coincide
with the corresponding expressions from perturbation

theory, at least up to terms of the order of y?, and have
the form
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For a sinusoida profile, the expressions for wy,

obtained by the MCMT method differ from the corre-
sponding results of perturbation theory. It appears that
the difference between the results obtained by the
MCMT method and the results of perturbation theory
are greater for the positions of the band gaps than for
their widths. Thus, for the boundary frequencies of the
first Brillouin zone, we have

E 05 5 19& 3, -
. 0 . .2 =Y
W = qo/24e[L 7=y + (35)
% D4v2 20J§v3+
0 2 s

wherethelower line correspondsto the MCMT method
and the upper line to perturbation theory.

To plot the band gap width asafunction of theinter-
facethicknessd, we used Egs. (30) and (31), into which
we substituted p,,, corresponding to the Fourier harmon-
ics of the éliptic sine in Eqg. (1). For y = 0.15, the
Aw(d/) curves for both odd and even gaps differ only
dlightly from the corresponding curvesin Fig. 3, which
were obtained by the MCMT method in the previous
section (in the chosen scale, the corresponding curves
coincide). The d dependences of Av,,,for spin wavesare
plotted in Fig. 4afor odd gaps and in Fig. 4b for even
gaps. In both figures, the gap widths are normalized to
the width of the first band gap of the SL with a sinuso-
idal profile, Av,g,. The Av(d) and Aw,(d) depen-
dences are qualitatively similar; namely, the gap widths
are virtually independent of d for m= 1 and 2 and rap-
idly decrease with increasing d for m> 2. For odd gaps,
both the Av(d) and Aw,(d) curves exhibit dips, which
are not seen in the scale of Fig. 4a. By comparing
Figs. 3 and 4, we see that, for electromagnetic and spin
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waves, the dependences of the gap width on the gap
number m are qualitatively different; the difference is
most clearly seen for arectangular modulation profile.
For d/l = 0, the width of odd gaps for electromagnetic
(and, accordingly, elastic) waves depends only weakly
on m (Fig. 3a). The width of odd gaps for spin waves
decreases rapidly with increasing m (in proportion to
Um if we neglect the effects of the order of n3 see
Fig. 48). The differences between the m dependences
for even gaps are even more substantial. While Av,,, for
spin waves decreases as 1/m with increasing m
(Fig. 4b), Aw,, for electromagnetic waves growsin pro-
portion to m (Fig. 3b).

4. CONCLUSIONS

Thus, we have considered wave propagation in one-
dimensional superlattices (multilayer structures) with
arbitrary thickness of the interlayer boundaries in the
structures. To describe the superlattice (SL), we have
used a model suggested earlier in [26], in which the
modulation profile of amaterial parameter along the SL
axis is described by a Jacobian elliptic sine. The
MCMT method was used to study the frequency depen-
dences of the transmittance D(w) and reflectance R(w)
for electromagnetic waves in such an SL. Perturbation
theory was used to study the w(k) dispersion relations
for electromagnetic, elastic, and spin wavesin SLswith
modulation of the corresponding material parameter
(dielectric constant, density of the material, or mag-
netic anisotropy). The experimental situation where
traveling waves are studied corresponds to measure-
ment of the reflectance R(w) (or the transmittance
D(w)). With standing wavesin any resonator (for exam-
ple, in the case of spin-wave resonance in a thin mag-
netic film), the w(k) dispersion relation is studied. In
both cases, the measured R(w) and w(k) dependences
reveal common features (namely, the frequencies of the

gap boundary positions ). In the w(K) dispersion
law, these frequencies are observed directly, whereas

the R(w) dependence reveals them as the boundary fre-
guencies of the Bragg mirrors. The analytical expres-

sions obtained for oorf1 by different methods from the

R(w) and w(k) dependences turned out to be substan-
tialy different. Since the coefficients of the powers of
n found from the w(k) dispersion relation are exact,
their comparison with the corresponding coefficients of
the series in n obtained from the R(w) dependence
using the MCMT method allowed us to estimate the
accuracy of the method. The gap widths were deter-
mined by this method with a substantially higher accu-
racy than the gap positions. The high accuracy of the
MCMT method was aso noted in [33], where the
results obtained by using this method were compared
with the results of numerical solution of the wave equa-
tion.
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Fig. 4. Dependences of the gap widths Av,, at the edge of
the mth Brillouin zone on d/l for (a) odd and (b) even gaps

for r]/q2 = 0.1. The values of m are indicated on the corre-
sponding curves. Note that the ordinate scalesin panels (a)
and (b) are different.

The dependences of the band gap widths Aw,, and
the gap positions in the spectrum on the boundary
thickness d have been calculated using both the fre-
guency dependence of the reflectance R(w) and the dis-
persion law. The calculations were performed for both
odd and even Brillouin zones of the SL (in a first
approximation of perturbation theory, an analogous
calculation for odd gaps was performed for the first
timein [26]). The dependences of the band gap widths
on the gap number for electromagnetic (or elastic)
waves (Awy,,) and for spin waves (Av,,) are different in
character. In the case of d = 0, for odd gaps, Aw,
depends only weakly on m, whereas Av,,, O 1/m; for
even gaps, we have Aw,, J m, whereas Av,,, ] 1/m. The
d dependences of the band gap widths are similar in
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character; namely, the band gap widths for the first and
second Brillouin zones are virtually independent of d
and the widths of all gaps with m > 2 have a strong d
dependence. We found adip in the dependences of Awy,
and Av,,on d/l for m= 3, 5, and 7, when higher order
terms of perturbation theory were taken into account.
The obtained results theoretically substantiate possible
experimental methods of measuring the boundary
thickness in SLs by using spectral methods. In these
methods, it is necessary to measure the widths of two
band gaps: Aw, and, for example, Aw,. Then, using the
plotsin Fig. 3 for electromagnetic or elastic waves and
the plotsin Fig. 4 for spin waves, one can find d/l from
the ratio Awy/Aw,.
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