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Abstract—The distribution function of relaxation times is reconstructed from the dielectric loss spectrum mea-
sured over a wide range of frequencies for a 4-n-pentyl-4'-cyanobiphenyl (5CB) liquid crystal. It is demon-
strated that the distribution function for the isotropic and nematic phases is asymmetric in shape. Comparison
shows that the reconstructed distribution function is in qualitative agreement with similar functions that are ana-
lytically derived from the Cole–Davidson and Havriliak–Negami empirical equations. The specific features
observed in the behavior of the distribution function with a variation in the angle between the direction of polar-
ization of a microwave electric field and the director of the liquid-crystal molecules are analyzed. A complex
dependence of the permittivity for the liquid crystal in the range of ultrahigh frequencies is explained in terms
of additional relaxation mechanisms associated with different motions of molecular fragments of alkyl chains.
© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

As a rule, the dielectric spectra of liquid crystals
measured over a wide frequency range cannot be ade-
quately described by the Debye equation with one
relaxation time. This is associated with the contribu-
tions from different relaxation mechanisms of motion
of liquid-crystal molecules in alternating-current elec-
tric fields. These mechanisms have been extensively
investigated in recent years. In particular, in our earlier
works [1–3], we demonstrated that, in order to increase
the accuracy in the approximation of the dispersion of
the perpendicular component of the permittivity (ω)
in the high- and ultrahigh-frequency ranges, the Debye
equation must take into account the continuous distri-
bution of relaxation times over a sufficiently wide
range. Such a continuous distribution of relaxation
times for the perpendicular orientation of polarization
of the microwave electric field with respect to the direc-
tor of liquid-crystal molecules is most likely a charac-
teristic property of liquid crystals and stems from the
existence of flexible hydrocarbon groups (alkyl chains)
in the molecular structure. As is known, the alkyl chain
bonded to the rigid core of the molecule has a planar
zigzag structure in which C–H methylene groups are
located in planes perpendicular to the molecular axis
[4]. In these liquid-crystal media, relaxation processes
involve rotational motions of the molecules about their
short and long axes, as well as rotational and transla-
tional motions of the rigid core and alkyl groups. It is
these motions that are described by a continuous distri-
bution of relaxation times over a wide range.
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The so-called smeared dielectric spectra, as a rule,
have been numerically analyzed by introducing a distri-
bution function of relaxation times into the Debye dis-
persion relation in a specified time interval [5]. In our
previous works [2, 3], the dielectric spectra of liquid
crystals of the cyano derivative compounds were
approximated using symmetric and asymmetric trial
distribution functions of relaxation times. The distribu-
tion functions of relaxation times used in those studies
were chosen without regard for the specific features of
the liquid-crystal molecules. It is obvious that a more
correct approach to the determination of the form of a
distribution function of relaxation times should be
based on a microscopic model of molecular motions.
However, although the contribution of high-frequency
molecular motions to the dispersion of the permittivity
of a liquid crystal has been clearly revealed in experi-
ments, it has never been studied theoretically. In this
respect, the problem associated with the development
and application of the appropriate methods for deter-
mining the distribution functions of relaxation times
directly from the experimental dielectric spectra is of
fundamental importance. Knowledge of the true distri-
bution functions of relaxation times is required not only
to approximate correctly the dielectric frequency spec-
tra but also to gain a deeper insight into the nature of the
characteristic relaxation times of intramolecular
motions and to develop the relaxation theory of liquid
crystals.

The purpose of this work was to determine the dis-
tribution function of relaxation times for a 4-n-pentyl-
4'-cyanobiphenyl (5CB) liquid crystal with the use of
both the empirical equations approximating the dielec-
 2005 Pleiades Publishing, Inc.
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tric spectra and a special algorithm that makes it possi-
ble to obtain this function directly from the dielectric
loss spectra experimentally measured over a wide fre-
quency range.

2. CALCULATIONS, RESULTS, 
AND DISCUSSION

The classical approach to the approximation of
complex dielectric spectra for a large class of com-
pounds, including liquid crystals, consists in determin-
ing the corresponding exponents in the empirical rela-
tionship proposed by Havriliak and Negami; that is,

(1)

Here, the exponents α and γ are the numerical parame-
ters describing the degree of smearing and the asymme-
try of the dielectric spectrum in the “low”- and “high”-
frequency ranges, respectively;  is the static permit-
tivity measured at the frequency ω = 0; ε∞ is the high-
frequency permittivity at ω @ 1/τ0; and τ0 = 1/(2πf0) is
the time constant corresponding to the effective relax-
ation time determined from the relaxation frequency
f0 = ω0/2π at which the dielectric losses have a maxi-
mum. It should be noted that, in this case, the approxi-
mate equality ε∞ ≈ n2 (where n is the optical refractive
index) is satisfied. For anisotropic media, we have ε||∞ ≈

 and ε⊥∞  ≈  (where ne and no are the extraordinary
and ordinary refractive indices, respectively).

In this work, the Havriliak–Negami equation was
used to approximate the measured dependences of the
real and imaginary components of the perpendicular
permittivity, (ω) and (ω), for the 5CB liquid crys-
tal under investigation. The dielectric spectra were
recorded using original microscopic resonance sensors
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Fig. 1. Dispersion of the normalized real and imaginary
components of the permittivity. Points are the experimental
data, and the lines correspond to the approximations by the
Havriliak–Negami equation.
P

in the frequency range 1–5000 MHz at temperatures
T = 25–60°C. The experimental technique was described
in our previous work [6].

The experimental dependences of the normalized
components of the permittivity [ (ω) – ε∞]/(  – ε∞)

and (ω)/(  – ε∞) on  at T = 30°C are
shown by points in Fig. 1. The solid and dashed lines in
this figure represent the results of approximating the
dielectric spectra with the use of Eq. (1), in which the
permittivity was separated into real and imaginary
components. In the calculation, we used the following
relationships [7]:

(2)

(3)

where

This approximation leads to reasonable agreement
between the calculation and the experiment (Fig. 1) for
the following parameters: ε0⊥  = 7, no = 1.54, α = 0.95,
γ = 0.48, and τ0 = 7.3 × 10–9 s. It is worth noting that the
exponent α appears to be close to unity. This means that
the dispersion curves (ω) and (ω) can also be
described by the Cole–Davidson equation with the sole
parameter γ = 0.48. This equation is applicable to the
dielectric spectra smeared only at high frequencies with
respect to the frequency ω0. To the Havriliak–Negami
and Cole–Davidson empirical equations there corre-
spond distribution functions of relaxation times at the
aforementioned parameters α and γ. For the Cole–
Davidson model, the distribution function g(τ) can be
written in the form [8]

(4)

For the Havriliak–Negami model, the distribution func-
tion g(τ) can be represented as follows [7]:

(5)
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where

(6)

The distribution functions of relaxation times calcu-
lated from relationships (4) and (5) for the above mod-
els are presented in Fig. 2. It can be seen from this fig-
ure that, for the Cole–Davidson model, the distribution
function of relaxation times is equal to zero at long
relaxation times (τ > τ0) and g(τ)  ∞ at τ  τ0. It
can also be seen that the constructed functions are dif-
ferent in behavior. However, common to both functions
is their asymmetry with respect to the axis passing
through the point τ0. Such a substantial difference
between the functions complicates the physical inter-
pretation of the dispersion dielectric properties of the
liquid crystal, because the empirical coefficients α and
γ are not related to specific physical models of a liquid-
crystal medium. It is important to note that the true dis-
tribution function g(τ) reflecting relaxation processes in
a particular liquid crystal can turn out to be consider-
ably more complicated. Therefore, in order to describe
the dispersion ε(ω) more correctly and then to analyze
the mechanisms of relaxation processes in the liquid
crystal, it is more expedient to determine the distribu-
tion function of relaxation times directly from the
experimental data.

The complex permittivity that describes relaxation
processes in materials with a broad distribution of
relaxation times, as a rule, is written in the form

(7)

Here, I(ω) is the frequency-dependent function defined
by the formula

(8)

which is normalized so that I(0) = 1.
Several approaches to the determination of the func-

tion g(τ) from experimental data on the dispersion of
the real or imaginary components of the permittivity
have been developed to date. Valenkevich et al. [9] pro-
posed a method for calculating the function g(τ) that
employs direct and inverse Fourier transforms applied
to relationship (8). The advantage of this method is a
high resolution of the distribution g(τ). However, the
distribution function of relaxation times obtained in the
framework of this approach appears to be distorted by
subsidiary maxima that are not associated with the
relaxation processes. Ktitorov [10] derived and justified
expressions relating the function g(τ) to the dielectric
loss function. However, the use of these expressions
requires knowledge of the analytical properties of this
function, but such properties cannot be uniquely estab-
lished when the measurements are performed in a lim-
ited frequency range.

θ γπ( )sin

τ /τ0( )α απ( )cos+
-------------------------------------------- .arctan=

ε ω( ) ε∞' ε0' ε∞'–( )I ω( ).+=

I ω( ) g τ( )
1 iωτ+
------------------ τlog( ),d

0

∞

∫=
PHYSICS OF THE SOLID STATE      Vol. 47      No. 9      2005
It is known that expression (8) is a Fredholm equa-
tion of the first kind. This equation can be solved using
a number of numerical methods for determining the
distribution function of relaxation times from the
experimental dependences ε'(ω) and ε''(ω) [7, 8, 11–
13]. These algorithms as applied to solving integral
equation (8) for determining the distribution function of
relaxation times are the most promising at present.
However, the proposed approaches require that the
dielectric spectra be measured over a sufficiently wide
range of frequencies. Moreover, the use of these
approaches leads to a problem regarding the stability of
the solutions obtained.

In this study, the distribution function g(τ) was
determined from the measured dependences ε''(ω) by
using the popular numerical algorithm, which is
referred to as the histogram method [14]. In our opin-
ion, the simplicity of this method and the possibility of
determining even relatively narrow distributions of
relaxation times render the histogram method more
advantageous than the aforementioned approaches. In
the histogram method, the initial dielectric spectrum
ε''(ω) is represented in the form of a histogram that is
constructed by dividing the chosen frequency range
into a specified number of intervals. For each rectangle
in the histograms there is a particular relaxation fre-
quency ωi with the corresponding relaxation time τi =
1/ωi. As a result, integral equation (8) is transformed
into the discrete form

(9)

Here, (ω) is the calculated frequency dependence
of the imaginary component of the permittivity, K1 is
the width of the interval in the histogram, l is the num-
ber of intervals in the histogram, and g(τk) is the set of
weighting factors (the matrix containing one column
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Fig. 2. Distribution functions of relaxation times calculated
within the Cole–Davidson (dashed curve) and Havriliak–
Negami (solid line) models.



1794 BELYAEV et al.
formed by l components of trial values of the desired
distribution function). As seed (initial) values of g(τk),
it is possible to choose, for example, zero values. The
desired distribution function g(τ) can be reconstructed
using the following iterative procedure:

g(τ)  g(τ) + K2∆ε, (10)

where ∆ε is the difference between the experimental
and calculated values (ω) and (ω) and the fac-
tor K2 ≈ 0.3–0.5 provides the stability of the iterative
procedure. In our work, this algorithm was imple-
mented with the Mathcard software package. The dis-
tribution function of relaxation times was determined
after completion of the iterative procedure, when the
specified maximum difference ∆ε was reached. As a
result, the distribution function of relaxation times thus
obtained ensures that the experimental and calculated
frequency dependences of the imaginary component of
the permittivity (ω) and (ω) coincide to within
a specified value ∆ε.

When determining the distribution function of
relaxation times, the spectrum (ω) can be divided
into an arbitrary number of identical intervals. Figure 3
shows the distribution function g⊥ (τ) determined for the
5CB liquid crystal at T = 30°C with the use of different
numbers of intervals in the histogram (l = 8, 20, 80).
Note that, at l < 8, the algorithm works poorly, because
some intervals in the histogram contain negative values
of g(τ). It can be seen from Fig. 3 that, in principle, the
shape of the distribution function of relaxation times
does not depend on the number of intervals in the his-
togram. As is also seen from this figure, all the depen-
dences obtained are asymmetric with respect to the
ordinate axis and are extended toward short relaxation
times. It should be noted that the specified equidistant
relaxation times are not associated with the particular
relaxation models of liquid crystals. Therefore, the
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Fig. 3. Distribution functions of relaxation times obtained for
the numbers of intervals l = 8, 20, and 80. The smoothed dot-
ted line corresponds to the distribution function for l = 80.
P

division into a specified number of intervals is gov-
erned by the problem under investigation rather than by
the physical models. For example, in order to obtain a
well-resolved distribution of relaxation times g⊥ (τ), the
spectrum (ω) should be divided into intervals with
the use of a small step, whereas the analysis of the
relaxation in a narrow time interval can be performed
using a large step.

Figure 4 presents the distribution function g(τ)
determined from the experimental data obtained at dif-
ferent angles ϕ between the director of liquid-crystal
molecules and the direction of polarization of the
microwave electric field. In measurements, the liquid-
crystal molecules were oriented by a static magnetic
field H = 2.5 kOe applied at a specified angle with
respect to the polarization of the microwave field. Note
that, at ϕ = 0°, the long axes of the liquid-crystal mole-
cules are oriented along the electric field, so the mea-
sured dielectric spectrum corresponds to the parallel
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Fig. 4. Distribution functions of relaxation times at different
angles ϕ of the microwave field orientation with respect to
the director.
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permittivity and, hence, g(τ) = g||(τ). In the case under
consideration, the liquid-crystal molecules in the
microwave field rotate about the short axis and this pro-
cess is characterized by long relaxation times. This is
confirmed by the distribution function g||(τ) (Fig. 4),
whose maximum is shifted toward the range of long
relaxation times. It is worth noting that the distribution
function itself is almost symmetric in shape and exhib-
its low-intensity additional maxima to the left and the
right of the principal maximum.

As the angle ϕ increases to 45°, the maximum of the
distribution function g(τ) shifts toward the range of
shorter relaxation times and the distribution function
itself becomes asymmetric (the left slope flattens). At
ϕ = 90°, the long axes of the liquid-crystal molecules
are oriented perpendicular with respect to the micro-
wave electric field, so the measured dielectric spectrum
corresponds to the perpendicular permittivity and,
hence, g(τ) = g⊥ (τ). With such director orientation, the
liquid-crystal molecules in the microwave field rotate
about the long axis and this process is characterized by
short relaxation times. This is confirmed by the distri-
bution function g⊥ (τ), whose maximum is shifted
toward the range of short relaxation times (Fig. 4). The
distribution function is strongly asymmetric in shape
due to the gentle left slope.

It is of interest to investigate the behavior of the dis-
tribution function of relaxation times not only in the
nematic phase but also in the isotropic phase of the liq-
uid crystal. For this purpose, the dielectric spectra were
measured at different temperatures. The distribution
functions g⊥ (τ) determined from these dielectric spec-
tra are shown in Fig. 5. As can be seen from Fig. 5, the
distribution functions of relaxation times are asymmet-
ric both in the nematic phase and in the isotropic phase
up to temperatures T ~ 50°C. However, with a further
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Fig. 5. Evolution of the distribution function of relaxation
times with variations in the temperature.
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increase in the temperature of the liquid crystal, the dis-
tribution function becomes symmetric in shape. It
should be noted that, in the nematic phase, an increase
in the temperature leads to an insignificant shift in the
maximum of the distribution function of relaxation
times toward the range of short relaxation times. Upon
transition from the nematic state to the isotropic state
(Tni = 35°C), this shift becomes more pronounced.

3. CONCLUSIONS

Thus, it was demonstrated using the 5CB liquid
crystal as an example that the distribution function of
relaxation times can be reconstructed from the mea-
sured frequency dependence of the imaginary compo-
nent of the permittivity. The validity of the chosen
approach and the algorithm for determining the distri-
bution function of relaxation times was confirmed by
the following circumstances. First, the distribution
functions of relaxation times determined from the
experimental data and those analytically calculated in
the framework of the Cole–Davidson and Havriliak–
Negami models are in qualitative agreement and corre-
spond to the same time interval. Second, the numeri-
cally calculated distribution functions of relaxation
times adequately describe the corresponding frequency
dependences of both the imaginary component (ω)

and the real component (ω) of the permittivity. The
specific features in the evolution of the distribution
function of relaxation times for the 5CB liquid crystal
with a variation in the temperature were investigated for
the first time. These results are particularly important
for the understanding of the molecular dynamics in liq-
uid crystals. The distribution function of relaxation
times g⊥ (τ) is asymmetric because additional relaxation
processes occur in the 5CB liquid crystal due to the
dynamic change in the conformational equilibrium of
alkyl chains of liquid-crystal molecules in response to
a microwave field. Certainly, it is more advisable to
reconstruct the distribution function of relaxation times
from the experimental data on the real component of
the permittivity ε'(ω), because the accuracy in record-
ing these spectra by the resonance technique of dielec-
tric measurements is higher than that of the spectra
ε''(ω). In the future, we hope to perform such investiga-
tions.
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