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Abstract—Electron–phonon interaction is sequentially derived from a realistic p–d multiband model for the
cuprates under conditions of strong electron correlations. The electronic structure is described using the repre-
sentation of the Hubbard X operators in a generalized tight-binding method. Dependences of the diagonal and
off-diagonal (on lattice sites) matrix elements of electron–phonon interaction on the wavevectors are found for
three phonon modes, namely, breathing, apical breathing, and bending modes. The interactions of the breathing
and bending modes with electrons are shown to contribute to the formation of kinks in the (0; 0)–(π; π) and
(0; 0)–(π; 0) directions, respectively. A low-energy t–J* model with phonons is developed; apart from electron–
phonon interaction, it also includes spin–phonon interaction. The elimination of phonons gives an effective
electron–electron interaction that depends on the occupation number of a multielectron term and on the carrier
concentration due to strong electron correlations. © 2005 Pleiades Publishing, Inc. 
1. INTRODUCTION

Despite significant progress reached in studying
high-temperature superconductivity (HTSC) in layered
cuprates, the HTSC mechanism is still unclear. Among
numerous mechanisms proposed in the initial stage of
investigating HTSC, the following two mechanisms
have been most often discussed recently: the traditional
mechanism of electron–phonon interaction (EPI) and
the spin-fluctuation mechanism [1]. The latter is known
to be caused by strong electron correlations that result
in a long-range antiferromagnetic (AFM) order in
undoped dielectric cuprates and to a short-range AFM
order in weakly doped cuprates. Interest in electron–
phonon interaction, which is present in all substances
and can be strong in layered cuprates due to specific
features of their crystal structure, has currently quick-
ened because of inflection points (kinks) detected in
electron dispersion laws in ARPES (angle-resolved
photoemission spectroscopy) measurements [2]. Note
that kinks were found in many hole cuprates, but they
are absent in the electron cuprates with a T ' structure
(Nd2 – xCexCuO4). The kink energy measured from the
Fermi level (ωk ≈ 70 meV) is virtually universal, and the
effect is most pronounced in the form of a bend in the
dispersion law in the diagonal direction Γ  M,
(0; 0)–(π; π) of the Brillouin zone. A kink at an energy
ωk ≈ 40 meV was also detected in the vicinity of the
X((π; 0), (0; π)) and Bi2212 points [3], and it increases
sharply as the temperature decreases below Tc (see the
review of ARPES data in [4]). The nature of the kink is
obviously related to electron–boson interaction; how-
1063-7761/05/10105- $26.000844
ever, the question of what bosons, namely, phonons or
spin fluctuations, are responsible for these renormaliza-
tions of an electronic spectrum near the Fermi level is
a matter of dispute [5]. The kink can result from inter-
action with optical phonons [6] or with spin fluctua-
tions [7, 8].

Thus, to describe both superconducting pairing and
the properties of the normal state in the cuprates, one
has to take into account the interactions of electrons
with phonons and spin fluctuations. To describe opti-
mally or strongly doped compositions, one can start
from ordinary band theory; however, to discuss the
entire phase diagram of cuprates, beginning from
undoped antiferromagnetic dielectrics, one has to
describe electrons in the strong-correlation regime.
Various modifications of the one- and multiband Hub-
bard models led to a low-energy effective t–J model
that describes electron interaction with spin fluctua-
tions in the Hubbard bands [9, 10]. However, electron–
phonon interaction in the strong-correlation regime has
been studied to a lesser extent (see recent review [11]).
As a rule, researchers consider the t–J model with local
interaction of electrons with a certain optical mode. At
the same time, to discuss the symmetry of the supercon-
ducting state and the differences in kinks located in dif-
ferent regions of the Brillouin zone, it is necessary to
know an explicit dependence of the matrix elements
g(ν)(k, q) of electron–phonon interaction on the incom-
ing momentum k transferred by q and the number ν of
the phonon mode. The purpose of this work is to
sequentially derive electron–phonon interaction from a
 © 2005 Pleiades Publishing, Inc.
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realistic p–d multiband model for cuprates in the
strong-correlation regime [12] and to realistically
describe the phonons that interact most strongly with
electrons.

In the general case, we can distinguish diagonal and
off-diagonal contributions to the electron–phonon
interaction in the nodal representation. Strong electron
correlations and the diagonal electron–phonon interac-
tion were simultaneously taken into account in [13–17].
It was found that the following three phonon modes
interact most strongly with electrons: the longitudinal
breathing mode (oxygen-ion vibrations in the CuO2

plane that deform the Cu–O bond), the apical breathing
mode (vibrations of apical oxygen ions that deform the
Cu–O bond along the c axis), and the bending mode
(oxygen-ion vibrations in the CuO2 layer normal to the
Cu–O bond) (Fig. 1). Neutron-scattering experiments
revealed the maximum softening of the breathing mode
at the boundary of the Brillouin zone, at the (π/a; 0; 0)
point [18, 19]. The joint effect of EPI and spin-fluctua-
tion interaction on the superconducting pairing without
regard for strong electron correlations was analyzed
in [20]. As follows from the results of all these works,
the breathing mode interacts most strongly at a phonon
quasi-momentum q ~ Q = (π/a; π/a) and breaks pairing
with the  symmetry; the bending mode has max-

imum interaction at small q; and the apical breathing
mode has a matrix interaction element that is indepen-
dent of the in-plane wavevector q. Oxygen-ion vibra-
tions normal to the CuO2 plane strongly modulate the
ionic component of the chemical bond in the cuprates
by changing the Madelung potential; hence, they
strongly interact with electrons [11].

Kinks in ARPES experiments at the nodal (k =
(π/2a; π/2a)) and antinodal (k = (π/a; 0)) points have
different boson frequencies and different temperature
dependences; therefore, their analysis requires a
detailed description of EPI, in particular, the descrip-
tion of the dependence of the matrix elements g(ν)(k, q)
on not only the transferred momentum q but also on the
incoming momentum k [21]. The latter dependence can
only be caused by the off-diagonal part of EPI. When
the authors of [22, 23] derived EPI, they took into
account strong electron correlations within the frame-
work of the three-band p–d model and diagonal and off-
diagonal EPIs and only considered the breathing mode.
As a result, they constructed an effective t–J model with
EPI. In this work, we investigate the interaction of
strongly correlated electrons with all three modes given
above and find diagonal and off-diagonal contributions
to EPI. By comparing the crystal structures and phonon
spectra of LSCO (T structure) and NCCO (T ' structure),
we could reveal the contributions to EPI that disappear
when passing from the T to the T ' structure and could
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explain why the EPI in the T ' structure is significantly
weaker than that in the hole cuprates.

2. DERIVATION
OF ELECTRON–PHONON INTERACTION 

USING A MULTIBAND p–d MODEL
FOR LAYERED CUPRATES

The Hamiltonian of the CuO2 layer in the multiband
p–d model can be written as follows (in the hole repre-
sentation) [24]:

(1)

Here, niλσ = ajλσ ,  is the operator of production
of a hole on the site i ≡ Ri in the orbital state λ with the
spin projection σ and the energy εiλ; µ is the chemical

potential;  is the matrix element of an atomic jump;

and  and  are the matrix elements of the Cou-
lomb and exchange interactions, respectively. Unlike
the three-band p–d model [25, 26], the multiband
model takes into account both the  and  ≡

 copper orbitals (although the other three t2g orbitals

can also be included, they are filled by electrons and
their energy levels in the electron valence band are well
below the low-energy range (E ≤ 1 eV) to be studied
here). For oxygen ions lying in the CuO2 layer, we take
into account the px and py orbitals, and the pz orbitals of
the apical oxygen (which are present in the T structure
and are absent in the T ' structure) are also considered.
Important microscopic model parameters are the fol-
lowing: tpd is a hopping between the  copper and

the in-plane oxygen; tpp is a hopping between neighbor-

H pd εiλ µ–( )niλσ tij
λλ 'aiλσ

† a jλ'σ

λλ '

∑
ijσ
∑+

iλσ
∑=

+ Vij
λλ 'niλσn jλ'σ' Jij

λλ 'aiλσ
† aiλσ'a jλ'σ'

† a jλ'σ–( ).
λλ '

∑
ijσσ'

∑

aiλσ
† aiλσ

†

tij
λλ '

Vij
λλ ' Jij

λλ '

d
x

2
y

2–
d

3z
2

r
2–

d
z

2

d
x

2
y

2–

(a)

Cu

CuO2

Oapex

OapexOCu
CuO2

(b) (c)

Fig. 1. Schematic diagram for atomic displacements for
(a) the breathing mode, (b) the bending mode, and (c) the
apical breathing mode.
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ing (Ox and Oy) oxygen ions; and  and  are hop-
pings between copper and the apical oxygen and the in-
plane and apical oxygen, respectively. From the Cou-
lomb interactions, we distinguish the intra-atomic
interactions of two holes in one (Ud is the Hubbard
parameter) and different (Vd) orbitals, the correspond-
ing interactions (Up and Vp) for oxygen, the Coulomb
interaction of neighboring copper and oxygen (Vpd),
and the interaction of neighboring oxygen ions (Vpp).
From the exchange interactions, we distinguish intra-
atomic (Hund) exchange parameters Jd and Jp . A
detailed analysis of Hamiltonian (1) and various matrix
elements, as well as a procedure for the calculation of
the band structure of quasiparticles with allowance for
strong electron correlations using a generalized tight-
binding (GTB) method, are given in [12, 27].

After the Wannier functions have been constructed
in the framework of the GTB method, Hamiltonian (1)
is written as the sum of intracell (Hc) and intercell (Hcc)
parts [12, 27]

(2)

Here, the f and g sites are only related to the copper sub-
lattice (the cell is the CuO6 or CuO4 cluster), since the
Wannier functions are centered at the Cu sites. The
superscripts a and b indicate the symmetries of the
Wannier functions: the  copper states are hybrid-

ized inside the cell with the molecular b1g orbital of the
in-plane oxygen, and the  copper states are hybrid-

ized with the a1g states of the in-plane oxygen and the
pz states of the apical oxygen. Apart from one-particle

p–d and p–p hoppings inside the cell, the  and 
Hamiltonians contain intracell Coulomb interactions.
For example, Up and  are involved in all three Hf

terms. However,  only contains Coulomb and
exchange interactions, since the Wannier functions
inside the cell are orthogonal. They are mixed due to
hoppings between neighboring cells, and this mixing is

contained in the  term.

To take into account strong electron correlations
within the framework of the GTB method, we first
exactly diagonalize the Hf Hamiltonian and use its com-
plete set of eigenstates {|p〉} to construct the Hubbard X

operators  ≡ |p〉〈 q|. In the second stage, the intercell
Hamiltonian part Hcc is written in the X representation,
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and it has the same operator structure (~tfgXfXg) as the
hopping Hamiltonian in the standard Hubbard model.
This fact allows us to find the Green function and a
band structure using perturbation theory. A dispersion
equation for the calculation of a band structure in the
GTB method has the form (in the paramagnetic phase)

(3)

where the coefficients γλσ(m) of the representation of
the one-electron operators in terms of the Hubbard X
operators,

, (4)

are calculated after the exact diagonalization of Hf . The
Ωm energies have a one-particle meaning, and they are
defined as resonances between multielectron terms |p〉
and |q〉: Ωm = Ep – Eq . The filling factors Fm = 〈Xpp〉  +
〈Xqq〉 , just like the Ωm energies, are calculated after the
exact diagonalization of Hf . Finally, the intercell hop-
ping matrix elements Tλλ '(k) are defined by different
p−d and p–p hoppings. For example, electron produc-
tion at the bottom of the conduction band of undoped
La2CuO4 or Nd2CuO4 is related to a resonance between
the vacuum (|0〉 , the d10p6 configuration) molecular
orbitals and the one-hole (|σ〉, σ = ±1/2; a mixture of the
d9p6 and d10p5 configurations) molecular orbitals. Hole
production near the valence band top is related to reso-
nances ΩS between the one-hole |σ〉 states and the two-
hole |s〉  1A singlet that is mixed with the band of triplet
excitations ΩT (|1, σ〉  |2, T〉) with the participation
of the two-hole 3B triplet.

In the one-hole sector of the Hilbert space, the
blocks of the Hf matrix with the b and a symmetries
have the form

(5)

(6)

where the hopping parameters τ and the energies of the
oxygen b and a orbitals are renormalized as compared
to the initial atomic values due to the construction of the
Wannier functions. The corresponding matrices in the
two-hole sector have a large dimension; they are given
in an explicit form in [12, 27] and are not discussed
here.
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After diagonalizing the intracell Hc part and after
passing to the X-operator representation, we can write
electron Hamiltonian (1) as

(7)

At low energies near the bottom of the conduction band
and the top of the valence band, we restrict ourselves to
the following set of |nγ〉 terms: n = 0, |0〉; n = 1, |σ〉, σ =
±1/2; n = 2, singlet |s〉  and triplet |T, M〉 , M = 0, ±1 [12].
Indices m, m' denote various hole excitations. For this
set of |nγ〉 terms, the disappearance of a hole with a spin
σ in Eq. (4) is described by the following quasiparti-
cles: at m = 0, (0, σ); at m = 1, ( , s); at m = 2, ( , T0);
and at m = 3, (σ, T2σ).

As usual, when EPI is derived in terms of the GTB
method, it is necessary to take into account the modula-

tion of the intra-atomic (εiλ) and interatomic ( )
parameters upon atomic displacements. Moreover, in
our case, EPI is contributed by the modulation of the
Coulomb interatomic interaction. It is important that
the modulation of the one- and two-particle Hamilto-
nian parameters due to atomic displacements contrib-
utes to not only the one-particle but also the two-parti-
cle terms; in the general case, it also contributes to the
multiparticle terms Enγ (where n is the number of elec-
trons, and γ is the set of quantum numbers) that deter-
mine the resonance energies Ω in Eq. (3), whence
a diagonal contribution to EPI appears. The modulation
of various atomic-jump and Coulomb-interaction
parameters also causes an off-diagonal contribution to
EPI. As a result of atomic displacements, the energies
of the |nγ〉 terms become site-dependent:

(8)

Similarly, the hopping and interaction parameters
depend on the difference in the sites Ri – Rj = Ri0 –
Rj0 + uij , uij = ui – uj . In a linear approximation, we
have

(9)

Here, a set of the phenomenological gnγ and Vmm'

parameters specifies the diagonal and off-diagonal con-
tributions to EPI. As a result, we obtain electron Hamil-
tonian (7), in which all energies belong to the undis-
turbed lattice (i.e., Enγ(0) and tfg(0)), and the EPI Hamil-
tonian

(10)

in the system of strongly correlated electrons.
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Using the breathing mode as an example, we con-
sider characteristic displacements and modulation of
the corresponding Hamiltonian parameters. Figure 1
shows a fragment of the CuO2 layer and the directions
of oxygen-ion displacements for the three phonon
modes under discussion. For the breathing mode, a dis-
placement of the O2– ion along the Cu–O bond (Fig. 1a)
changes the Madelung potential and, thus, the d-level
energy in the crystal field:

(11)

In the approximation that is linear in displacements,
modulation of the εp level on oxygen is absent because
of the symmetry, since the contributions from the left
and right copper ions are canceled (Fig. 1a). As a result,
we have modulation of the charge transfer energy: ∆i =
εp – εi( ) = ∆0 – g · ui . Analogous linear-in-dis-

placement contributions appear in the parameters of
hoppings between copper and the in-plane oxygen
(tpd(i) = tpd(0) + δtpd), between oxygen and the oxygen
inside the CuO2 layer (tpp(i) = tpp(0) + δtpp), and
between the apical oxygen and the in-plane oxygen
( (i) = (0) + ); they also appear in the param-
eters of the Coulomb interaction of copper with oxygen
(Vpd(i) = Vpd(0) + δVpd) and of oxygen with oxygen
(Vpp(i) = Vpp(0) + δVpp).

In [12], the parameters of Hamiltonian (1) were con-
sidered as phenomenological and were found from a
comparison with ARPES experimental data for
undoped Sr2CuO2Cl2 oxychlorides. These parameters
have recently been calculated using the LDA and
LSD + U band-theory methods [28]. All hopping inte-
grals were found to be of the same order of magnitude:
tpp ≈  ≈ 0.4–0.5tpd . The displacement dependence of
the parameters has not been calculated; therefore, in
this work we cannot describe EPI without using fitting
parameters. The modulation corrections to the hopping
integrals are assumed to be of the same order of magni-
tude: δtpd ~ δtpp ~  ~ .

Apart from the modulation of the Coulomb interac-
tions and the crystal field, all these linear-in-displace-
ment modulations renormalize the energies of the one-
hole b1g doublet |σ〉 and the two-hole 1A singlet and 3B
triplet, which results in the modulation of the ΩS and ΩT

energies (diagonal contribution to EPI). The off-diago-
nal contribution results from the modulation of Tλλ ' in
dispersion equation (3). Since the distance depen-
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dences of all matrix elements of Hamiltonian (1) are
unknown, we introduce two parameters of the diagonal
and off-diagonal EPIs for each electron band and each
phonon mode (ν). Using the completeness condition

(12)

for the multielectron basis of the cell, we can eliminate
one parameter of the diagonal EPI and write

(13)

As usual, the displacement vector is represented in the
form

(14)

where Mα is the ion α mass, Rα is the ion radius vector
in the Rf cell, eα, ν is the polarization vector, and ϕq, ν =

bq, ν +  and bq, ν( ) are operators of annihila-
tion (production) of phonon ν with the q wavevector.
Neglecting the copper-ion displacements (which are
small as compared to the oxygen-ion displacements),
for the breathing optical mode (ν = 1) we find

(15)

As a result, the diagonal part of EPI for the ν mode can
finally be written as

(16)

where for the breathing mode we have

(17)

The off-diagonal part of EPI for this mode is

(18)

X f
0 0, X f

σ σ, X f
S S,

X f
T M TM,

M 1–=

1

∑+ +
σ
∑+ 1=

Hdia
ν( ) u f ν,

f

∑=

gσ
ν( )

X f
σσ gS

ν( )
X f

SS gT
ν( )

X f
T M TM,

M

∑+ +
σ
∑× .

u f ν,
1

N
--------

eα ν,

2Mαωq ν,

--------------------------ϕq ν, iq R f Rα+( )( )exp ,
q α,
∑=

b q– ν,
† b q– ν,

†

u f 1,
2i

2MON
--------------------

ϕq 1,

ωq 1,

--------------e
iq R f⋅

q

∑=

× ex Ox( )
qxa
2

--------sin ey Oy( )
qya
2

--------sin+ .

Hdia
ν( ) 1

N
-------- gdia m,

ν( ) q( )Xk q+

†
m Xk

mϕq ν, ,
m

∑
kqν
∑=

gdia m,
1( ) q( )

2igm
1( )

2MOωq 1,

--------------------------=

× ex Ox( )
qxa
2

--------sin ey Oy( )
qya
2

--------sin+ .

Hoff
1( ) Vmm'

1( ) u f 1, ug 1,+( )X f

†
mXg

m'⋅
mm'

∑
fg

∑=
JOURNAL OF EXPERIMENTAL A
and can be represented as

(19)

where

(20)

and γ(q) = (cosqxa + cosqya)/2.
For the apical breathing mode (ν = 2), the displace-

ments of the apical oxygen ions along the z axis modu-
late the crystal field on copper and, thus, δεd , the
Cu−Oap bond length, the  hoppings, and the 
hoppings between the apical and in-plane oxygen
(Fig. 1b). All these effects contribute only to the diago-
nal EPI, since they change the parameters only inside
the Rf cell. Of course coupling between neighboring
CuO2 layers also appear; however, we restrict ourselves
to only one-layer cuprates in this work. Strong EPI for
this mode and its doping-induced softening were pre-
dicted in [29].

For a two-dimensional vector q = (qx, qy), we have
q · Ra = 0; therefore, we can write

(21)

so that

(22)

depends only weakly on q through the ωq, 2 dispersion.
The off-diagonal part of EPI for the apical breathing
mode is absent:

(23)

For the bending mode (ν = 3), displacements in the
tetragonal phase are transverse to the Cu–O bond
(Fig. 1c), and the microscopic nature of EPI for this
mode is not so obvious. Indeed, because of the symme-
try, the Cu–O bond lengths, the crystal field, and the tpd

hopping cannot be modulated in the linear-in-displace-
ment approximation; their modulations are propor-
tional to the displacement squared [13]. Linear contri-
butions appear only in the corrugated CuO2 layer owing
to orthorhombic distortions, and they are small due to
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Fig. 2. EPI matrix element for the breathing mode at the kn nodal point: (a) the total element, (b) the diagonal part, and (c) the off-
diagonal part.
the small angle of corrugation. It should be noted that,
in [13] and most related works, EPI is derived from an
analysis of displacements using a simplified Hubbard
model or the three-band p–d model with absent apical-
oxygen states. In our p–d multiband model, the pres-
ence of the apical oxygen leads to the modulation of the
distance between the in-plane and apical oxygen
(Fig. 1c). As a result, the  and  parameters are
modulated in the linear-in-displacement approxima-
tion. Moreover, for this mode, the modulation of the
Madelung potential (the ionic component of the chem-
ical bond) contributes significantly to EPI [11], since
oxygen-ion vibrations transversely to the CuO2 plane
are weakly shielded.

Finally, the diagonal EPI with the bending mode can
be written in the form of Eq. (16) with the matrix ele-
ment

(24)

The matrix element of the off-diagonal EPI with the
same mode is

(25)

By summarizing the results of this section, we write the
EPI Hamiltonian as

(26)
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qxa
2

-------- ez Oy( )
qya
2

--------cos+cos .

goff mm',
3( ) k q,( )

2Vmm'
3( )

2MOωq 3,

--------------------------=

× ez Ox( ) kx

qx

2
-----+ 

  a ez Oy( ) ky

qx

2
-----+ 

  acos+cos .

Hel–ph gmm'
ν( ) k q,( )Xk q+

†
m Xk

m' bq ν, b q– ν,
†+( ),

mm'

∑
kqν
∑=

gmm'
ν( ) k q,( ) δmm'gdia m,

ν( ) q( ) goff mm',
ν( ) k q,( ).+=
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The gdia and goff matrix elements for the three phonon
modes under study are given by Eqs. (17), (20),
(22)−(25).

It should be noted that the introduction of two phe-

nomenological parameters (  and ) for the
diagonal and off-diagonal EPIs for each mode is related
to not only a large amount of different microscopic con-
tributions but also to incomplete knowledge of the dis-
tance dependences of various parameters. For example,
even for the simplest particular case of EPI in the t–J
model with the breathing mode, two works ([22, 23])
solving similar problems give different results: a large
diagonal contribution (~0.25 eV) and a two orders of
magnitude smaller off-diagonal contribution in [22] in
contrast to virtually the same (~0.03 eV) diagonal and
off-diagonal contributions to EPI in [23]. When several
EPI mechanisms are taken into account, different con-
tributions begin to interfere; for instance, the contribu-
tion of δVpd decreases the contribution of δtpd by
approximately 30% [22]. When passing to a realistic
model with a large number of contributions to EPI, the
estimation errors of matrix elements accumulate; there-
fore, we think that the decision to restrict ourselves to
phenomenological parameters was reasonable.

3. ANALYSIS OF THE SYMMETRY 
OF ELECTRON–PHONON INTERACTION

It is convenient to consider the dependences of the
matrix elements on k and q, which were obtained by
analyzing the atomic displacements in each mode,
using maps in which |g(ν)(k, q)|2 is presented as a func-
tion of the phonon momentum q at fixed values of the
initial electron momentum k. The values of k were cho-
sen according to ARPES data in which renormalization
of the effective electron mass, which indicates interac-
tion between electrons and collective excitations, was
detected in the nodal direction for kn = ((1 – δ)π/2; (1 –
δ)π/2) and in the nodal direction for kan = (π(1 – δ); δ)
(where δ ~ 0.1). Figures 2–5 show maps for the diago-

gm
ν( ) Vmm'

ν( )
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Fig. 3. EPI matrix element for the breathing mode at the kan antinodal point: (a) the total element, (b) the diagonal part, and (c) the
off-diagonal part.
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Fig. 4. EPI matrix element for the bending mode at the kn nodal point: (a) the total element, (b) the diagonal part, and (c) the off-
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Fig. 5. EPI matrix element for the bending mode at the kan antinodal point: (a) the total element, (b) the diagonal part, and (c) the
off-diagonal part.
nal and off-diagonal matrix elements for EPI with the
breathing and bending modes at the nodal and antinodal

points. All the maps were plotted for  =  = 1.

The total intensity | (q) + (k, q)|2 for quasi-

gm
ν( ) Vmm'

ν( )

gdia m,
ν( ) goff mm,

ν( )
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particles that are diagonal in the band index m,

(k, q) is characterized by interference of the gdia

and goff matrix elements. An example of interference is
shown in Fig. 2a for the breathing mode, where the
peak height at q = (3π/4, 3π/4) in the total matrix ele-

gmm
ν( )
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ment is smaller than that in the partial |goff(k, q)|2 con-
tribution (Fig. 2c) for the same q point.

For the nodal kn point, the |g(1)(kn, q)|2 maxima of
the breathing mode (Fig. 2a) near the q points equal to
(3π/4; 3π/4), (π; 0), and (0; π) correspond to an off-
diagonal contribution (Fig. 2c), and the diagonal part
(Fig. 2b) causes a weak maximum at the (π; π) point. (It
is easy to see that the off-diagonal contribution for q =
(π; π) becomes zero, just as in [23].) The maximum
effective electron–phonon interaction is determined by
vibrations with the wavevectors q located at the edges
of the Brillouin zone. It is these phonons that transfer an
electron from k ~ kF into states with the final momen-
tum k' = k + q lying at the Fermi surface. The intensity
of interaction with electrons for the half-breathing
mode q = (π; 0) is higher than that for the full breathing
mode q = (π; π). This finding agrees well with experi-
ments. As was shown in inelastic neutron scattering
experiments, the spectrum renormalization with doping
for the (π; 0) mode is about 20%, whereas it is only 5%
for vibrations with the (π; π) wavevector [30, 31]. Note
that the softening and the line broadening and asymme-
try of the half-breathing mode were detected in a num-
ber of HTSCs (e.g., in LSCO [32], YBCO [33],
BKBO [34]). Moreover, the frequency of this vibration
(70−85 meV) falls in the range of the kink energy in the
nodal direction. The energy of the full breathing mode
is 85–90 meV, which is higher than this value.

The interaction of the breathing mode with electrons
having an initial momentum kan is effectively small.
The |g(1)(kan, q)|2 maximum at the (0; π) point (Fig. 3a)
corresponds to the scattering of electrons having an ini-
tial momentum kan near the Fermi surface into the final
state k' = k + q ≈ (π; π), which is far from the Fermi sur-
face. (Similar considerations are valid for the maxi-
mum at the (π; 0) point). Note that the diagonal contri-
bution at the maxima is small (Fig. 3b), and the off-
diagonal contribution is the main contribution (Fig. 3c).

For the bending mode, the effective interaction is
maximal at small values of the phonon momentum in
both the nodal (Fig. 4) and antinodal (Fig. 5) directions.
In both cases, the result depends on the diagonal contri-
bution to the total matrix element.

For the apical breathing mode, electron–phonon
interaction is independent of the k and q vectors.

Thus, an analysis of the atomic displacements of the
vibrations under study shows the following. The inter-
action of electrons at the nodal point is maximal for the
half-breathing mode with q = (π; 0) and for the bending
mode with small values of the wavevector q. The bend-
ing mode also strongly interact with electrons at the
antinodal point at small values of q. Moreover, the
matrix element squared (|g(1)(k, q)|2) for the half-
breathing mode is higher than that for the full breathing
mode q = (π; π) at any values of the initial electron
momentum k.
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4. ELECTRON–PHONON INTERACTION 
IN AN EFFECTIVE LOW-ENERGY MODEL

Intersite hoppings in Hamiltonian (7) contain intra-
band hoppings in the lower Hubbard hole band (m = 0,
the conduction band bottom in the electron representa-
tion) and in the upper Hubbard hole band (m = 1, the
valence band top). The corresponding Hubbard opera-

tors are  ≡  and  ≡ .

Moreover, there are interband hoppings with excita-
tion through a gap with charge transfer ∆ that are
described by the terms

(27)

The elimination of the interband hoppings result in the
effective low-energy one-band t–J∗  model [35]; for the
lower Hubbard band (electron doping), it can be written
in the form

(28)

Here, Jfg = 2( )2/∆ is the exchange integral; Sf and nf

are the spin operator and the operator of the number of
particles at the site; and  = –σ.

Off-diagonal EPI processes in Hamiltonian (10)
contain intraband processes of the form

(29)

Their elimination in the second order in V01 corre-

sponds to the corrections δJfg ~ (V01)2 /∆ to the
exchange integral, and we neglect them, since we
restrict ourselves to linear-in-displacement contribu-
tions. At the same time, a combination of two perturba-
tions (27) and (29) gives a linear-in-displacement cor-
rection to the exchange integral (spin–phonon interac-
tion):

(30)

Since the displacements are small and since V01u ! t01

in series (9), we have δJ ! J. The spin–phonon interac-

X f
0 X f

0σ X f
1 X f

σS–

t fg
01 X f

†
0 Xg

1 t fg
01 X f

σ0X f
σS– .=

Ht–J*
Ht–J H 3( ),+=

Ht–J ε1X f
σσ t fg

00 X f
σ0Xg

0σ

fgσ
∑+

fσ
∑=

+ J fg S f Sg⋅ 1
4
---n f ng– 

  ,
fg

∑

H 3( )
t fm

01 tmg
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∆
------------- X f

σ0 Xm
σσXg

0σ X f
σ0Xm

σσXg
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t fg
01

σ

V01u fgX f
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δJ fg
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tion Hamiltonian is

(31)

Analogous linear-in-displacement corrections also
appear in the three-center terms:

(32)

In (30) and (32), we ignore the corrections that are lin-
ear in displacements but small in the V01 · u/∆ para-
meter.

Thus, by making allowance for electron–phonon
interaction, we can write the effective low-energy t–J*
model as follows:

(33)

The band structure of the p-type cuprates is formed
with the participation of two-particle 1A1 singlet and 3B1
triplet and is more complex [12]; however, the contribu-
tion of the triplet band ΩT to the dispersion and the den-
sity of states manifests itself mainly below (by 0.5 eV)
the valence band top, near which the Fermi level is
pinned upon doping up to an optimum concentration
(x ≤ xopt). Therefore, to discuss the kinks and supercon-
ducting mechanisms, we may neglect the triplet band;
then, we obtain an effective hole Hamiltonian that is
identical to Hamiltonian (33) in which the operator X0σ

of the lower Hubbard hole band is replaced by the oper-

ator  of the upper band (m = 0  m = 1).
We now consider the simplest EPI contribution to

the electron mass operator,

(34)

Detailed computation of spectrum renormalizations is
beyond the scope of this work, and we only present

Hs–ph A fg q ν,( ) S f Sg
1
4
---n f ng–⋅ 

 
fgqν
∑=

× bq ν, b q– ν,
†+( ),

A fg q ν,( )
2it fg

01/∆
2M0ωq ν,

-------------------------e
iq R f Rg+( )⋅

=

× V01 x,
ν( ) δ f g x±, V01 y,

ν( ) δ f g y±,+( ).

Hel–ph
3( ) V01 t fmumg u fmtmg+( )

∆
--------------------------------------------------

f gmσ
∑–=

× X f
σ0Xm

σσXg
0σ X f

σ0Xm
σσXg

0σ–( ).

Heff Ht–J* Hph
0 Hel–ph Hs–ph Hel–ph

3( ) ,+ + + +=

Hph
0 ωq ν, bq ν,

† bq ν, ,
qv

∑=

Hel–ph g00
ν( ) q ν,( )Xk q+

σ0 Xk
0σ bq ν, b q– ν,

†+( ).
kqνσ
∑=

Xσ2

Σ k ε,( ) 1
N
---- ω g00

ν( ) q k,( ) 2
d∫

qν
∑=

× G k q ε ω–,–( )D q ω,( ).
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qualitative notes. First, electrons in the strong-correla-
tion regime in the t–J model are described as quasipar-
ticles in the Hubbard subband, and their spectral weight
is specified by the filling factor Fm in the numerator of
the Green function (see Eq. (3)). For electron doping in
Nd2 – xCexCuO4, we have

and for hole doping in La2 – xSrxCuO4 we have

This spectral weight of quasiparticles appears in the
Hartree–Fock Green function G in Eq. (34); as a result,
the dimensionless EPI parameter for free electrons,
λ0 = (g2/ωD)N(0), decreases by the filling factor: λ =
λ0(1 + x)/2.

Second, based on EPI intensity maps and on the
energy and momentum conservation laws, we can qual-
itatively analyze the modes that contribute to the kinks.
In this analysis, we assume that the electron energy in
the superconducting phase is described by the
Bardeen–Cooper–Schrieffer formula

,

the ∆k gap has the  symmetry, and ∆(k) =

∆0(coskxa – coskya)/2.
We now consider Σ(k, ε) at the nodal point kn = ((1 –

δ)π/2; (1 – δ)π/2), δ ≤ 0.1. For the breathing mode, we
have interaction maxima with transferred momenta
q1 = (3π/4; 3π/4) and q2 = (π; π) (Fig. 2). An electron
with kn – q1 is far from the Fermi surface, and the state
with kn – q2 is near the Fermi level. Here, E(kn – q2) ≈
∆(kn – q2) = 0 both above and below Tc; therefore, for a

kink energy ε(kn) = |E(kn – q) – |, we obtain ε(kn) =
70 meV, which corresponds to the breathing-mode
energy. An EPI maximum at the point q3 = (π; 0) (the
half-breathing mode) is also visible in Fig. 2. The vec-
tor kn – q3 ≈ (–π/2; π/2) is close to the nodal point;
therefore, this mode obeys the energy conservation law.
For the bending mode with an energy ω ≈ 35 meV, EPI
maxima are at the points q = (0; 0) and q = (π; π)
(Fig. 4) and the vectors kn – q are close to kn; however,
the energy conservation law with ε(kn) = 70 meV does
not hold true. Thus, contributions to the electronic-
spectrum renormalizations at the nodal point are caused
by diagonal EPI with the breathing mode and by off-
diagonal EPI with the half-breathing mode, with the
kink energy being temperature-independent because of
the gap symmetry ∆(k).

Similarly, for the antinodal point kan, EPI with the
breathing mode has maxima for q2 = (π; π) (from a
diagonal matrix element) and for q3 = (π; 0) (from an

F0 X00〈 〉 Xσσ〈 〉+ 1 x+( )/2,= =

F1 Xσσ〈 〉 XS S,〈 〉+ 1 x+( )/2.= =

E k( ) εk
2 ∆k

2+±=

d
x

2
y

2–

ωq
1( )
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off-diagonal matrix element) (Fig. 3). The state with
kan – q2 is close to the antinodal point and E(kan – q2) ≈
∆(π; 0) ~ ∆0 ≈ 35 meV (this is true of optimally doped
Bi2212, where kinks with energies of 40 meV at T =
100 K and of 70 meV at T = 10 K were detected [4]).
The state with kan – q3 lies far from the Fermi surface
and is of little interest. The contribution from the
breathing mode does not obey the energy conservation
law at both T > Tc and T < Tc . However, EPI with the
bending mode at q = 0 obeys all conservation laws
(Fig. 5). At T < Tc , we have

and at T > Tc we have

According to [4], a sharp decrease in the kink ampli-
tude at the antinodal point above Tc is caused by two
factors: a decrease in the density of states at εF in the
normal phase as compared to the superconducting
phase and temperature-induced smearing. Thus, as
in [4], we arrive at the conclusion that the kink at the
antinodal point is mainly contributed by the bending
mode.

5. DISCUSSION 

The consideration of EPI given above implied the
La2 – xSrxCuO4 structure (the T structure). Let us quali-
tatively discuss changes in the EPI when going to the
Nd2 – xCexCuO4 structure (the T ' structure). The T '
structure has no apical oxygen above and below the Cu
ions; therefore, the main change is caused by the
absence of the apical breathing mode with a strong EPI
(ν = 2 in our designations in Eq. (26)). Moreover,

(k, q) decreases substantially for EPI with the

breathing mode, since the  and  contribu-
tions, which give linear-in-displacement terms in EPI
for this mode (see discussion before Eq. (24)), disap-
pear.

As for EPI with the breathing mode, the basic con-
tribution is generated by oxygen-ion displacements in
the Cu–O plane; therefore, we conclude that the values

of (k, q) for the T and T ' structures differ only
slightly. Inelastic neutron scattering experiments also
indicate that the doping-induced changes in the phonon
spectra of the breathing mode in La2 – xSrxCuO4 and
Nd2 – xCexCuO4 are similar [19]. A comparison of the
EPIs in the T and T ' structures makes it clear why the
kink in the antinodal direction (0; 0)–(π; 0) is absent in
Nd2 – xCexCuO4: it is absent because the interaction
with the bending mode is smaller than that in
La2 − xSrxCuO4. If the EPI with the breathing mode
changes only weakly, it is unclear why the kink in the
nodal direction (0; 0)–(π; π) is absent. The ARPES data

ε kan( ) 70 ∆0 ωq
3( )+ ,≈=

ε kan( ) ωq
3( )

.≈

gmm'
3( )

δt pp' δV pp'

gmm'
1( )
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for Nd2 - xCexCuO4 in [36] imply weaker specific fea-
tures in this direction.

To develop a superconducting theory, the effective
Hamiltonian in which EPI is excluded using the Frolich
transform is of interest [37]. Until we restrict ourselves
to an effective Hamiltonian for the CuO2 layer, the non-
adiabatic effects caused by vibrations with wavevectors
qz along the c axis are insignificant [38]. For the t−J*
model with phonons (33), the Fröhlich transform in
terms of the X operators is nontrivial; therefore, we
briefly dwell on it. We write a Hamiltonian as

(35)

where Hel is the Hamiltonian of the t−J* model
(Eq. (33)) for the conduction band bottom (m = 0) or for
the valence band top (m = 1) and Hel–ph is described by
Eq. (26). In the canonical transformation HS =
exp(−S)Hexp(S), the S operator is chosen to be

(36)

As usual, we find the α and β coefficients from the con-
dition

(37)

and write Heff as

(38)

In solving Eq. (37), we neglect the interband contri-
butions in Eq. (36). First, the EPI interband matrix ele-
ments are always smaller than the intraband elements,
since the former elements only contain off-diagonal
contributions (see Eq. (26)); second, interband excita-
tions go through a large gap ∆ between the lower and
upper Hubbard subbands, so that the corresponding

contributions are ~ /∆ ! 1. In solving Eq. (37), we
also use a Hubbard-I type approximation in the [Hel, S]
commutator. As a result, for the m band we obtain

(39)

where tm(k) = exp(ikR). The dependence of α
and β on the filling factor Fm and, hence, the dopant
concentration appears as the effect of strong correla-
tions. As a result, the effective Hamiltonian can be writ-
ten as

(40)

H Hel Hel–ph,+=

S αkq
mm'b q–

† βkq
mm'bq+( )Xk q+

†
m Xk

m' .
mm'

∑
kqσ
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Hel–ph Hel S,[ ]+ 0=

HS Hel
1
2
--- Hel–ph S,[ ] .+=

gmm'
ν( )

αkq ν,
mm gmm

ν( ) k q,( )=

× tm k( ) tm k q+( )–( )Fm ωq ν,–[ ] 1– ,

βkq ν,
mm gmm

ν( ) k q,( )=

× tm k( ) tm k q+( )–( )Fm ωq ν,–[ ] 1– ,

tm R( )
k∑

Heff Ht–J* Hel–ph–el,+=
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where Ht–J* is described by Eq. (28) and Hel–ph–el is
defined as 

(41)

Here, m = 0 and m = 1 give effective Hamiltonians for
the cuprates with electron and hole doping types,
respectively.

In contrast to the analogous effective interaction of
weakly correlated electrons, the effective interaction in
the regime of strong electron correlations depends on
the occupation numbers and, hence, on the concentra-
tion, temperature, and the magnetic field.

6. CONCLUSIONS

We have derived EPI within the framework of a
multiband realistic model of cuprates in the regime of
strong electron correlations. The number of different
microscopic contributions is large, and they are caused
by the modulation of all interatomic-distance-depen-
dent parameters upon ionic displacements; these
include one-electron parameters (tpd and tpp hoppings
between various p and d orbitals and the one-electron
energies of p and d orbitals in the crystal field) and two-
electron parameters (Coulomb matrix elements). For
each vibration mode ν, we combine different micro-
scopic contributions to form two parameters that char-
acterize diagonal EPI (on lattice sites) and off-diagonal
EPI. Explicit dependences of the gdia(q) and goff(q)
matrix elements on the wavevectors were found for
three modes, namely, breathing, apical breathing, and
bending modes. A symmetrical analysis of these matrix
elements allowed the qualitative conclusion that EPI
with the breathing mode is involved in the formation of
a kink in an electronic spectrum in the nodal direction
(0; 0)–(π; π) and that the bending mode is responsible
for a kink in the antinodal direction (0; 0)–(π; 0).

It does not follow from our results that the kinks are
only caused by EPI. We do not exclude additive EPI
contributions and interaction with spin fluctuations.
Note that the recent calculation [39] of electronic-spec-
trum renormalizations by the nonperturbation varia-
tional Monte Carlo method, which also includes inter-
action with spin fluctuations, has not revealed kinks and
has detected weaker electronic-spectrum renormaliza-
tions.

A comparison of EPIs in the n-type cuprates with
the T ' lattice and in the p-type cuprates with the T lattice
showed a weaker EPI in the T ' lattice as compared to
the T lattice. However, the EPIs for the breathing mode

Hel–ph–el Vkk'q
mm Xk q+

+
m Xk' q–

+
m Xk'

m Xk
m,

m

∑
kk'qν
∑=

Vkk'q
mm gmm

ν( ) k q,( )gmm
ν( ) k' q–,( )ωq ν,=

× tm k( ) tm k q+( )–( )2Fm
2 wq ν,

2–[ ] 1–
.
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differ only weakly for these two types of cuprates. An
additional origin of electron–hole asymmetry in the
cuprates is related to different natures of the carrier
bands: in the hole cuprates, carriers are holes moving
along the oxygen pσ orbitals, whereas in the electron
cuprates carriers are predominantly electrons of the

 orbital of Cu.

The effects of strong correlations in EPI manifest
themselves in the filling factors Fm , which are self-con-
sistently determined via the occupation numbers of
multielectron terms and are functions of the carrier con-
centration, the temperature, and the magnetic field. The
same factors specify the nonintegral spectral weight of
the Hubbard quasiparticles, i.e., the specific features of
a band structure in strongly correlated systems.
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