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Abstract

The high-energy branch of the spin-wave spectrum of CuB2O4 in the incommensurate magnetic phase was

investigated by means of a linear spin-wave theory. The influence of the intersubsystem interactions on the spectrum of

the ‘‘strong’’ subsystem was taken into account as the effective field in the framework of the mean-field approach. The

comparison with the inelastic neutron scattering experiment leads to the conclusion about the additional ‘‘spiral

anisotropy’’ appearance due to the dynamical interaction through the ‘‘weak’’ subsystem fluctuations (the ‘‘order due to

disorder’’ mechanism) in the incommensurate phase.
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1. Introduction

Intensive investigations of the magnetic struc-
ture of copper metaborate CuB2O4 during the last
few years have revealed the existence of different
types of magnetic ordering with a series of phase
transitions as a function of both temperature and
magnetic field [1–7]. The variety of magnetic
- see front matter r 2005 Elsevier B.V. All rights reserve
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structures can be explained by the existence in this
substance of two Cu2þ ions spin subsystems, which
are completely different. This difference first of all
is related to the strength of the main magnetic
interactions within each subsystem. Antiferromag-
netic (AF) exchange interaction between Cu2þ ions
located at 4b crystallographic positions with point
symmetry S4 forms the three-dimensional mag-
netic subsystem A with the Neel temperature
TN1 ¼ 20K. The average moment value of Cu2þ

ions in A-sites increases rapidly below TN1 and
reaches 0:94 mB at T ¼ 2K. The magnetic moment
d.
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of copper magnetic ions in the B-subsystem are
located at 8d positions (point symmetry C2)
and reaches only 0:54mB at the same temperature.
Such a reduction of the value of the moment when
T ! 0K in comparison with the saturation value
of the free S ¼ 1

2
Cu2þ ion is the signature of

either quasi low-dimensional [8] or frustrated [9]
exchange interactions in this subsystem. The
analysis of the exchange interactions in B-sub-
system showed the existence of dominant AF
interactions which formed zig-zag ladder chains
along the tetragonal axis [11]. The analysis of the
spin-wave (SW) spectrum of both subsystems at
T ¼ 12K in the previous papers [10,11] led to the
conclusion that interactions between subsystems
has a weak influence on the dynamical properties
of copper metaborate in this temperature
range. The consideration of the possible super-
exchange pathways Cu–O–B–O–Cu in CuB2O4

shows that AF interactions between A- and
B-subsystem are completely frustrated for AF
orientation of the moments within each subsystem.
It is the reason for the quasi-decoupled behavior
of the two subsystems. Below T s � 10K the
magnetic structure of CuB2O4 is incommensurate
along the tetragonal axis with propagation
vector which rises continuously from k ¼ 0 to
k ¼ 0:15 rlu (reduced lattice units) with decreasing
temperature [3,4]. This change in the magnetic
structure leads to the breaking of frustration
between the intersubsystem exchange interactions
and, as a result, to the increase of the influence
of these interactions on the dynamical
properties. The frustration-breaking leads to the
appearance of the gap in the SW spectrum of
the A-subsystem, observed with inelastic neutron
scattering experiments. The inelastic neutron
scattering experiments were performed at the
Institut Laue Langevin (ILL), Grenoble, at the
thermal triple-axis spectrometer IN22. The experi-
mental details were described in our first paper
[10].
2. Exchange interactions

In order to take into account the influence of the
intersubsystem interactions on the SW spectrum,
we consider the equilibrium orientations of the
Cu2þ spins in both subsystems within the mean
field approach. The Hamiltonian of the model

H ¼ Ja
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includes AF exchange interactions between near-
est-neighbors (NN) in both subsystems, AF
interaction between next-nearest-neighbors
(NNN) in B-subsystem, an AF exchange interac-
tion between the two subsystems (Jab) and
antisymmetrical exchange interactions between
NN both in the B-subsystem (Db) and between
subsystems (Dab). The allowance for the last two
interactions follows from the analysis of
the Lifshitz invariant of the thermodynamical
potential for copper metaborate symmetry [4,12].
The Dzyaloshinskii–Moriya interaction between
A-ions, antisymmetrical exchange interactions
between NNN in B-subsystem and exchange
interaction between ladders are neglected for
simplicity. In Eq. (1) the exchange interaction
between A- and B-ions (Jab) is considered between
ions which are separated by the distance Dz ¼ c=8
only (NN along the tetragonal axis). The
A-subsystem is considered as an easy-plane anti-
ferromagnet (Jx

a ¼ Jy
a ¼ Jxy

a 4Jz
a) [11] with the

equilibrium orientation of the magnetic mo-
ments within the tetragonal plane of the crystal.
Fig. 1 shows a simple representation of
the exchange interactions. A more complex
model including the possible Dzyaloshinskii–
Moriya interaction between A-ions and set of
exchange interactions between subsystems was
considered in Ref. [13]. Although including these
exchange parameters induce modifications, the
effective exchange field from B-subsystem on the
A-sites at T ¼ 2K is still the same for both
models.
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Fig. 1. A simple scheme for the exchange interactions in

CuB2O4. Vertical lines are the AF interaction Ja within A-

subsystem (central line) and the exchange NN interactions

within 4 ladders, passed through the each primitive cell of the

crystal. Dashed lines—NNN AF interactions within the B-

subsystem Jb2.
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3. Local exchange fields

The transition from the crystal axes (x; y; z) to
the local coordinates of each spin (xi; yi; zi) is
obtained by transforming the pair interactions of
Hamiltonian (Eq. (1))

Sx
i Sx

j þ S
y
i S

y
j ¼ ðSxiSxj þ SyiSyjÞ cosðai � ajÞ

þ ðSxiSyj � SyiSxjÞ sinðai � ajÞ,

Sx
i S

y
j � S

y
i Sx

j ¼ � ðSxiSxj þ SyiSyjÞ sinðai � ajÞ

þ ðSxiSyj � SyiSxjÞ cosðai � ajÞ.

The local axis xi is directed along the projection of
the average spins of i-ion onto the tetragonal
plane, zi ¼ z is the tetragonal axis, and yi ? xi.
The simple spiral (SS) structure can be considered
as a modulated commensurate AF structure [14].
Hence, the number of independent variables
(angles of orientation xi-axis within a plane) is
equal to the number of ions in the magnetic cell
plus the angle-step of the spiral. In CuB2O4 the AF
ordering occurs without doubling of the primitive
cell of the crystal. So, the number of angles of AF
structure is equal to the number of Cu-ions in the
primitive cell. Fixing one angle of A-subsystem as
a center point (a0 ¼ 0), we may obtain six
independent variables to describe the SS structure
in copper metaborate (Fig. 1). The local fields
along yi direction in the main field approach [15]
have the form

h0
y ¼ 2SaJxy

a ðsin aþ sinða� 2dÞÞ

þ Sbx Jab

X
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sin bi þDabðcos b1
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þDabðcos b2 � cos ðb2 � aÞÞÞ,

hb3
y ¼ hb1

y ðb12b3Þ; hb4
y ¼ hb2

y ðb22b4Þ, ð2Þ

where Sa;bx are an average spin of A-subsystem
and the projection onto the tetragonal plane of the
average B-spin accordingly. By elimination of this
transverse field, we can evaluate all angles of the
initial AF structure through the step of spiral d.
Then the longitudinal fields along the xi-directions
on A- and B-sites have the form

hA
x ¼ � 2Sa 2Jxy

a cos dþ
�

ðJab sin d=2�Dab cos d=2Þ2

Jb1 cos 2dþDb1 sin 2d

�
,

hB
x ¼ � 2SbxðJb1 cos 2d

þDb1 sin 2d� Jb2 cos 4dÞ. ð3Þ

This result shows that the addition longitudinal
field from B-subsystem on the A-sites hax (second
term in Eq. (3)) is expressed by the spiral step d
and is formally independent on Sbx. The exchange
parameters Jab;Dab; Jb1;Db1; Jb2 were determined
by minimization of the part of the free energy that
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depends on the spiral step

dF1 ¼ 2SadhA
x þ 4SbxdhB

x

for the known temperature dependence of the
incommensurability vector q0ðTÞ [4]. The value of
the exchange interaction between A-spins Jxy

a ¼

45K is derived from the analysis of the SW
spectrum at T ¼ 12K [10]. In A-subsystem the site
magnetization can be assumed to be equal to the
constant value gmBSa ¼ 0:9mB in the temperature
range 2KoTo12K. In B-subsystem, the mag-
netic moment size changes from 0:2mB at T ¼

12K to m0
b ¼ 0:54 mB at T ¼ 2K and can be

approximated by the Brillouin function

mb ¼ m0
bth

mbTN2

m0
bT

, (4)

where TN2 ¼ 12:6K—is the temperature of the
macroscopic magnetization arising in the B-
subsystem. The reorientation of the B-moments
from tetragonal axis z at T ¼ 12K to the
intermediate direction with the angle from z Y0 �

p=2:7 at T ¼ 2K [3] was approximated by
different power functions of temperature

Y ¼ Y0ð1� T=T � Þg, (5)

where T� is the temperature at which the
reorientation starts. The quantitative agreement
between theoretical and experimental dependences
of q0ðTÞ was obtained for some sets of the
exchange parameters for a different power g.
For all sets of parameters, the relative mean field
of the intersubsystem interactions (the second term
in Eq. (3)) h

mf
ab at T ¼ 2K was still almost

constant.

h
mf
ab ðTÞ ¼

habðdÞ
nSJxy

a

¼
2ðJab sin d=2�Dab cos d=2Þ2

nJxy
a ðJb1 cos 2dþDb1 sin 2dÞ

¼ 0:022� 0:003 ðT ¼ 2KÞ, ð6Þ

where n ¼ 4—a number of the NN in the A-
subsystem.
4. Spin-wave theory

The analysis of the upper (high energy) branches
in the spin-wave spectrum of copper metaborate
can be done in the framework of the linear
approach as it was done for T410K [10]. The
Hamiltonian of the ‘‘easy plane’’ antiferromag-
netic subsystem A in the local axes (xi; yi; zi) has
the form

H ¼ Jz
a

X
ij

SziSzj þ Jxy
a

�
X

ij

cosðai � ajÞðSxiSxj þ SyiSyjÞ
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!
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X

i

Sxi. ð7Þ

The part in the Hamiltonian that is quadratic in
the quantization operators after the Holstein–Pri-
makoff transformation [16] in the local axes
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where ~k is a vector in reciprocal space, leads to the
momentum representation of the Hamiltonian

H2 ¼
X

k

ðAðbþ1kb1k þ bþ2kb2kÞ � 2BðBkbþ1kb2k þ h:c:Þ

� 2CðBkbþ1kbþ2�k þ h:c:ÞÞ,

Bk ¼ expð�i~k �~c=4Þ cosð~k � ~b=2Þ

þ expði~k �~c=4Þ cosð~k �~a=2Þ, ð9Þ

where indexes 1 and 2 are related to different AF
sublattices. After separation on independent op-
tical and acoustical branches and diagonalization
of the square-law part, we obtain two SW
branches with eigenenergies

Ea;c
k

¼
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Fig. 2. Spin-wave spectrum of CuB2O4 at T ¼ 2K. Circles—

experimental data points obtained from inelastic neutron

scattering, solid and dash lines—result of the theoretical

analysis in the framework of the mean field theory and with

the additional Ising-like ‘‘spiral anisotropy’’ (see the text),

respectively for ð0; 0; qÞ, ðq; q; 0Þ and ðq; q; qÞ directions.
5. Comparison with the experiment and discussion

Because there are two types of SS domains due
to tetragonal symmetry of the chemical structure
with wave-vector propagating in z and �z direc-
tions, we are actually measuring contributions
from both the q0 and �q0 domains. We measured
the spin-wave spectrum along the high-symmetry
directions ½q; q; 0�, ½q; q; q� and ½0; 0; q�. So, in the
crystal reciprocal space ~q

~k ¼ ~q� ~q0,

where q? and qz are 2p
a

h, 2p
c

l and h and l are the
Miller indices, Eq. (10) simplifies to

Ea;c
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcos dð1� cosððqz � q0Þc=4Þ cosðq?a=2ÞÞ þ hsðdÞÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcos d� ðJz

a=Jxy
a Þ cosððqz � q0Þc=4Þ cosðq?a=2Þ þ hsðdÞÞ

q
,

ð11Þ

where hsðdÞ ¼ haxðdÞ=nSJxy
a . Fig. 2 summarizes our

results at T ¼ 2K. As for T ¼ 12K from our
experimental data, we have only clear evidence for
the acoustic dispersion branch because the inten-
sity of the optical branch is weak [10].
In agreement with the crystalline structure of
copper metaborate, the SW energy at the zone
boundary qzc ¼ 1, q?a ¼ 0 is equal to the energies
at the boundaries qzc ¼ 0, q?a ¼ 0:5 and qzc ¼

q?a ¼ 1 in the energy resolution limits. The
experimental value of the energy gap
DEð~q0Þ	2:7meV is larger than the theoretical
one that is obtained from the mean field result
(11) (solid line in Fig. 2). This discrepancy is due to
the mean-field approach that neglects the dynami-
cal interaction between subsystems through the
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Fig. 3. Spin-wave spectrum of CuB2O4 at T ¼ 12K. Two

branches for ð0; 0; qÞ direction correspond to the two spiral

domains (see the text).
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fluctuations of the magnetic moments (‘‘order due
to disorder’’ mechanism [17]). The dynamical
interaction between two subsystems with frustra-
tion of the intersubsystem exchange interactions
leads to the appearance of a temperature depen-
dent anisotropy in the exchange interaction within
subsystems (Shender collinearity) [18]. As it was
shown in Ref. [19], this anisotropy ‘‘should create
a gap in the pseudo-Goldstone mode . . ., which
has gapless at ~k ¼ 0 in harmonic order’’. Such
Ising-like anisotropy favors a collinear orientation
of the magnetic moments in the different sub-
systems [20] and in our case this mechanism must
lead to the additional effective Ising-like interac-
tion between the A-spins which follows from the
orientations of the B-spins. In the spiral phase this
anisotropy field turns within the tetragonal plane
when shifting along the z-axis, i.e. an additional
‘‘spiral anisotropy’’ (SA) appears. Taking into
account this anisotropy by adding the Ising-term
in the Hamiltonian (7)

HI ¼ aJxy
a

X
ij

SxiSxj, (12)

we obtain the total SA field

hax ¼ habðq0Þ þ aðTÞnSJxy
a , (13)

where habðq0Þ is a static mean field (6). The good
agreement between experimental date and SW
energy (11,13) (Fig. 2, dashed lines) was obtained
for the relative total field hsðT ¼ 2KÞ ¼ 0:06. So,
the dynamical Ising-like part of the effective SA
can be estimated as aðT ¼ 2KÞ ¼ 0:038. In order
to estimate the temperature dependence of aðTÞ,
we compare the SW spectrum (11,13) with the
experimental data at T ¼ 12K. At this tempera-
ture the wave vector of the incommensurate
structure (and the spiral step d) has become
extremely small q0p0:02 rlu. As a result the
frustration-breaking mean field decreases too:
h

mf
ab ðT ¼ 12KÞ ¼ 0:0008. So, at T ¼ 12K the

theoretical curves are in agreement with experi-
mental data for aðT ¼ 12KÞ ¼ 0 (Fig. 3). Note,
that accounting for the field h

mf
ab ðq0 ¼ 0:02 rluÞ

improves the agreement between the theoretical
and experimental results in comparison with SW
theory for the pure ‘‘easy-plane’’ AF [8].
6. Conclusion

We have investigated the spectrum of magnetic
excitations in copper metaborate in the incom-
mensurate magnetic phase at T ¼ 2K. The influ-
ence of the intersubsystem interactions on the spin
dynamics of the 3d-ordered magnetic subsystem A
was considered in the framework of mean field
theory as the frustration-breaking longitudinal
field. This field creates a gap in the SW spectrum
at the incommensurate vector �q0. The compar-
ison with results of inelastic neutron scattering
experiments showed that in the incommensurate
phase To10K an additional mechanism of ‘‘spiral
anisotropy’’ appears, which increases the SW



ARTICLE IN PRESS

S. Martynov et al. / Journal of Magnetism and Magnetic Materials 299 (2006) 75–81 81
energy gap. We assumed that this mechanism has a
dynamical (fluctuational) origin (so called ‘‘order
due to disorder’’) analogous to the Ising-like
additional interaction in another two-subsystem
magnetics with the frustration of the interactions
between subsystems.
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