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The generalized tight-binding method presents a practical realization of the scheme that describes
quasiparticles in a strongly correlated electron system and consists of exact intra-cell diagonaliza-
tion of the model Hamiltonian and perturbative treatment of the inter-cell hoppings. In the
present paper this method and its ab initio modification are applied to undoped and weakly
doped HTSC cuprates. Results are in very good agreement with the experimental ARPES data on
various compounds. Starting with a multiband p–d model the realistic effective low-energy
Hamiltonian of strongly correlated electrons interacting with spin fluctuations and phonons is
derived both for hole- and electron-doped systems. Without electron–phonon interaction the pure
magnetic mechanism of pairing does not provide the correct value of Tc even for single-layer
La2−xSrxCuO4 and Nd2−xCexCuO4. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2199450�

I. INTRODUCTION

The last 20 years after the discovery of superconductiv-
ity in cuprates1 have been a time of intensive theoretical and
experimental studies of these and related materials. The rich
phase diagram of doped cuprates proves that physics of cu-
prates is much more complicated than that of conventional
metallic superconductors. Now it is clear that it is strong
electron correlations �SEC� that result in many unusual prop-
erties both of the normal and superconducting phases. Due to
SEC a conventional band theory fails to give a description of
cuprates in a wide doping region, especially in the
underdoped–optimally doped interval. Without a reliable ab
initio method the theory has to involve a model approach,
and a large variety of models with different mechanisms of
pairing have been proposed. That is why the study of the
electronic properties in the undoped cuprates and its evolu-
tion with doping is so important: it gives the basis for more
reliable description of the superconducting state and mecha-
nism of superconductivity. There are several reviews in the
literature on the subject;2–6 a lot of new interesting results
have appeared recently that will be considered in this paper.
We want to discuss not only the achievements, but also the
unsolved problems in this field.

The paper is organized as follows: the Sec. II contains a
description of the generalized tight-binding �GTB� method
developed for SEC systems.7–9 The band structure and com-
parison to ARPES data is discussed in the Sec. III. Section
IV contains the effective electronic Hamiltonians for n- and
p-type doped cuprates and the magnetic mechanism of pair-
ing. Section V is devoted to the electron–phonon interaction
in systems with SEC. The conclusion and a discussion of
some future perspectives are given in Sec. IV.

II. THE GENERALIZED TIGHT BINDING METHOD FOR
STRONGLY CORRELATED ELECTRON SYSTEMS

The failure of conventional single electron approach in
systems with SEC makes it necessary to reconsider what the
renormalized electron is when the interaction between elec-
trons is much larger then its kinetic energy. Evidently that
conventional free-electron starting point with a perturbative
treatment of correlations is not an adequate approach. Very
often the electron in the SEC limit is discussed as a compos-
ite particle: spinon–holon, slave-boson, slave-fermion, and
other representations are known in the literature �e.g., see
Ref. 10�. All of these decompositions are made by hand, and
the very fact of their existence proves that none of them is
true. We will define an electron as a combination of quasi-
particles with charge e and spin 1/2 with odd spectral weight.
This language is based on the exact Lehmann
representation.11

At T=0 there is the exact representation for a single-
electron Green function

G��k,�� = �
m
�Am�k,��

� − �m
+ +

Bm�k,��
� − �m

− � , �1�

where the electron addition energy �m
− and electron removal

energy �m
− , given by

�m
+ = Em�N + 1� − E0�N� − � ,

�m
− = E0�N� − Em�N − 1� − � , �2�

have the same meaning as the quasiparticle �QP� �electron
and hole� in the Landau Fermi-liquid theory. The matrix el-
ements

LOW TEMPERATURE PHYSICS VOLUME 32, NUMBER 4-5 APRIL-MAY 2006

1063-777X/2006/32�4-5�/6/$26.00 © 2006 American Institute of Physics483

http://dx.doi.org/10.1063/1.2199450
http://dx.doi.org/10.1063/1.2199450
http://dx.doi.org/10.1063/1.2199450


Am�k,�� = �	0,N�ak��m,N + 1
�2,

Bm�k,�� = �	m,N − 1�ak��0,N
�2, �3�

provide the charge e and spin 1/2 for each QP, and the odd
spectral weight provides less than a free-electron spectral
weight, which is equal to 1. Here �m ,N
 denotes the mth
many-electron eigenstate of a system with N electrons,

H�m,N
 = Em�m,N
 . �4�

Thus we read Eq. �1� in the following way: the electron is a
linear combination of different QP with charge e, spin 1/2,
and odd spectral weight.

Thus the Lehmann representation gives us the proper
language to describe the renormalized electron in the SEC
system. But it is useless practically, because we do not know
the exact eigenstates �m ,N
 and eigenenergies Em, and we
cannot calculate the QP energy and its spectral weight. The
GTB method is a perturbative realization of this language.
The Hubbard X-operators14 appear to be a most adequate
mathematical tool for this language.

The GTB method7–9 consists of 3 steps:
i� exact diagonalization of the multielectron Hamiltonian

inside the unit cell �for cuprates we take a CuO6 �CuO4�
cluster as unit cell�;

ii� construction of the Hubbard operators with the help
of cell eigenstates �p
:

Xf
pq ↔ Xf

n. �5�

Here we introduce a simpler notation in which each pair
�p ,q� of the initial q and final p states is denoted by a num-
ber n;

iii� the intercell hoppings and interactions t̂�q� are con-
sidered as a perturbation by the diagram technique for X
operators.15,16 The series of perturbation theory are con-
structed for the matrix Green function,

Dnn��k,�� = 		Xk
n�Xk

n�+


�, �6�

rather than for the electron Green function related to the
former in the X representation as

G���,��k,�� = �
nn�

����n�����
* �n��Dnn��k,�� . �7�

Analysis of a general structure of the Green function �6�
revealed the following generalized Dyson equation:9

D̂�q,�n� = ��G�0��q,�n��−1 + �̂�q,�n��−1P̂�q,�n� , �8�

where G�0��q ,�n� is the Hartree–Fock Green function in the
X-operator diagram technique �that is equal to the Hubbard-I
approximation result�, and given by

�Ĝ�0��q,�n��−1 = �Ĝ0��n��−1 − P�q,�n�t̂�q� , �9�

and Ĝ0��n� is the local �intracell� propagator. Besides the

self-energy �̂�q ,�n� there is also a strength operator
P�q ,�n�, which determines the QP spectral weight �oscilla-
tor strength�. The strength operator was introduced early in
the spin operator diagram technique.17 The Hartree–Fock ap-
proximation is equivalent to the Hubbard-I approximation

for the intercell hopping t̂. In this approximation the disper-
sion equation for the QP bands is given by

det�nn��� − �n�/F�n� − tnn��k� = 0. �10�

The QP band structure in GTB depends on a set of mi-
croscopic model parameters that should be fitted to some
experimental data or calculated separately. The set of param-
eters of the multiband p–d model proposed by Gaididei and
Loktev18 has been fitted in Ref. 8 to ARPES data for
Sr2CuO2Cl2, and it was fixed to study the doping dependence
of the QP band structure.19 Recently a hybrid LDA+GTB
scheme has been developed that allows one to find the pa-
rameters by the ab initio method.20

III. DOPING-DEPENDENT QUASIPARTICLE BAND
STRUCTURE

We calculate the QP band structure in the framework of
the multiband p–d model.18 The exact diagonalization of the
model Hamiltonian for CuO6 cluster results in a set of fol-
lowing terms �in a hole representation� shown in the Fig. 1.
Here vacuum state �0
 corresponds to the d10p6 configuration,
single-hole ��
, �= ±1/2 states are the hole molecular orbit-
als �mixture of d9p6 and d10p5� with b1g symmetry. The most
important difference of the multiband model compare to the
three-band model21,22 is quite small difference in energies in
the 2-hole sector of Hilbert space between the 1A1g singlet
�with large contribution of the Zhang–Rice d9p5 configura-
tion� and 3B1g triplet. That is why we have to consider both
singlet and triplet final states for hole-addition excitation
from the b1g initial state.

The QP band structure obtained by the GTB method and
corresponding experimental ARPES data are shown for two
undoped cuprates: Sr2CuO2Cl2 �Fig. 2a�,8 and
Bi2Sr2Ca1−xYxCu2O8+y �Fig. 2b�.23 The dots with vertical bar
represent the ARPES data. The bands shown in Fig. 2 from
the top of the valence band separated by the charge-transfer
gap, Eg�2 eV, from the bottom of the conductivity band.
Keeping in mind singlet and triplet final states for forming
the top of the valence band fermionic QP, one may call these

FIG. 1. A scheme of the local multihole eigenstates of the multiband p–d
model. Only lowest in energy terms for nh=1 and nh=2 are shown. Curved
dashed lines with arrows indicate different quasiparticle excitations.
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bands “singlet” and “triplet.” The hybridization of singlet
and triplet bands is nonzero. Usually, the triplet band con-
tribute well below the top of the valence band. Nevertheless,
in the Fig. 2b the maxima at �0,0� and �	 ,	� points at high
Y concentration are related to the triplet band. The aniso-
tropic chemical pressure results in increasing Cu–in-plane O
distance and decreasing Cu–apical O distance and corre-
sponding changes of the oxygen p– p hopping.23

Situated just above the top of the valence band is the
dispersionless band, which is shown by the dotted line in
Fig. 2a. We call it the “virtual” band;8 this band cannot ap-
pear in the conventional single electron approach. Its spectral
weight and dispersion are proportional to the doping x and
the concentration of magnons.24 Therefore, for undoped
compounds, in the Hubbard-I approximation used in GTB
method, the “virtual” band is formed by excitation from the
empty �at T=0� spin minority single hole orbital b1g to the
empty �for doping X=0� two-hole singlet 1A1g, and thus its
spectral weight is zero. With hole doping in La2−xSrxCuO4

the 1A1g singlet becomes occupied with probability x, and the
virtual band transforms into the in-gap band with spectral
weight proportional to x �Fig. 3�.8 We emphasize that it is not
an impurity band, because there is no disorder in the model.
All parameters of the Hamiltonian are fixed the same as at
x=0, and only the hole concentration nh=1+x varies with
doping. Of course, this is a rather simplified approach that
requires further investigation to understand the evolution of

the band structure and the Fermi surface with doping. While
the doping dependence of the chemical potential calculated
from the GTB band structure25 is in good agreement with the
experimental data,26 the evolution of the Fermi surface with
doping does not agree with the ARPES data. We suppose
three factors may be important: 1� the dynamical self-energy
contribution that exists in GTB beyond the Hubbard-I ap-
proximation, 2� an electron–phonon interaction also results
in the self-energy renormalization of the QP band structure
and the Fermi surface in the normal phase, 3� an impurity
scattering of the QP due to compositional disorder induced
by La/Sr substitution.

IV. THE EFFECTIVE LOW ENERGY HAMILTONIAN FOR
MAGNETIC MECHANISM OF PAIRING

In the GTB method for undoped cuprates we have the
filled valence band, the empty conduction band, and the in-
terband hopping. Similar to the procedure of derivation of
the t–J model from the Hubbard model, we may exclude the
interband hopping by the unitary transformation. It appears
that the effective low energy Hamiltonians are different for
the hole- and electron-doped cuprates.27 The projected basis
of the unit cell for n-type doping is similar to the t–J model
basis: vacuum state �0
 and a single-hole state ��
, �= ↑ ,↓
�see Fig. 1�. That is why the effective Hamiltonian for
electron-doped cuprates is given by the t– t�– t�–J* model.28

Here the star denotes that the three-site correlated hopping
H3 is included. This term is proportional to J and usually
omitted in the derivation of the t–J model. As will be dis-
cussed below, this term strongly suppress the Tc in the t–J*

model.29

For the hole-doped cuprates the projected basis is more
complicated in comparison to the t–J model �Fig. 1� and
includes single-hole ��
, �= ↑ ,↓, singlet �S
, and triplet
�T ,M
, M = +1,0,−1 local states. That is why exclusion of the
interband hopping results in the two-band effective model,
called in Ref. 27 the singlet–triplet t–J model. The Hamil-
tonian of the singlet–triplet t– t�– t�–J* model is investigated
in Ref. 30.

FIG. 2. The quasiparticle dispersion for the top of the valence band in
Sr2CuO2Cl2

8 �a� and in Bi2Sr2Ca1−xYxCu2O8+y
23 �b� and its comparison to

the ARPES data.

FIG. 3. The doping dependence of the quasiparticle band structure.8
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A magnetic mechanism of superconductivity with
d-symmetry in the framework of the t–J model is well
known.31,32 Due to the three-site correlated hoppings several
additional diagrams for the anomalous self-energy part
appear.29 Their main effect is a renormalization of the cou-
pling constant in the equation for Tc:

1 =
n · J/2

N
�

q

�cos qx − cos qy�2


̃q − �
tanh


̃q − �

2Tc
, �11�

where 
̃q is a quasiparticle energy in the normal state, also
renormalized by three-site interactions.29 The coupling pa-
rameter J of the t–J model is replaced by a parameter
n ·J /2�J /2. The suppression of Tc by the three-site corre-
lated hopping is shown in Fig. 4a. Instead of 100 K at the
optimal doping in the t–J model we have 4 K in the t–J*

model due to the effect of H3.
A similar calculation of the Tc for hole-doped cuprates in

the framework of the singlet–triplet t– t�– t�–J* model with
model parameters obtained ab initio20 also can reproduce up
to 50% of Tc in La2−xSrxCuO4.30 Possible higher-order cor-
rections usually only decrease Tc of the mean-field-type ap-
proximation. Thus we conclude that pure spin-fluctuation
mechanism of pairing is not enough to get the experimental
value of Tc, and some other mechanisms must be involved.

V. ELECTRON–PHONON INTERACTIONS IN STRONGLY
CORRELATED CUPRATES

Despite the fact that strong correlations and d-wave me-
diated pairing suggest the importance of a spin-based pairing
interaction, a number of experiments, such as IR and Raman
spectroscopy, neutron scattering, transport, tunneling,
ARPES, etc., give convincing evidence the electron–phonon
interaction �EPI� is sufficiently strong in HTSC oxides and
contributes to pairing �see special issue Phys. Status Solidi
242, No. 1 �2005��. With the purpose of further development

of the theory we should take into account both spin fluctua-
tions and EPI in the regime of strong electron correlations.

Having this in mind, we describe EPI in cuprates starting
from a realistic multiband p–d model. Changes of Hamil-
tonian parameters due to atomic displacements are calculated
to linear order in the displacements. In the framework of the
GTB method we obtain

Hel–ph = �
kq�

�
mm�

gmm�
��� �k,q��Xk+q

m �+Xk
m��bq,� + b−q,�

+ �gmm�
��� �kq�

=�mm�gdia,m
��� �q� + goff,mm�

��� �k,q� , �12�

where the Hubbard operator Xk
m annihilates a hole with qua-

siparticle index m and wave vector k, and operator bq,�
+ cre-

ates a phonon with wave vector q, mode index �, and fre-
quency ���q�. The total matrix element of the EPI is
presented as the sum of a diagonal part gdia,m

��� �q� depending
on q �scattering momentum of the electron�, and an off-
diagonal part g

off,mm�
��� �k ,q� depending also on k �initial mo-

mentum, see details in Ref. 33�.
We restrict consideration to three phonon modes which

are most strongly coupled to electrons,34 i.e., the vibration of
the in-plane oxygen along Cu–O plane and along the z axis
�breathing mode and buckling mode, respectively�, and the
vibration of the apical oxygen in the z direction �apex breath-
ing mode�. Explicit dependence of matrix elements on k and
q was obtained taking into consideration the symmetry of
atomic displacements for each mode. Plots of the EPI cou-
pling for the breathing and buckling modes are shown in Fig.
5 as a function of scattered momentum q for initial states an
the nodal knod and antinodal kantinod points, accordingly, since
in these directions bosonic renormalization of the electronic
band �so-called “kink”� was observed. Note, that the matrix
element of the apex breathing mode does not depend on k
and q. For a nodal fermion initial state, the coupling is larg-
est to the breathing mode for q= �	 ,0� and q= �	 ,	� �see

FIG. 4. Critical superconductive transition temperature in the magnetic
mechanism of pairing, calculated in the t–J* model28 �a�, and in the singlet-
triplet t– t�– t�–J* model29 �b�.

FIG. 5. Plots of the EPI coupling for breathing ��gbr�2� and buckling ��gbuc�2�
modes as a function of scattered momentum q for initial state in the nodal
�a�, �b� and antinodal �c�, �d� points.
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Fig. 5a�, and for the buckling mode with small value of q
�Fig. 5b�, because such phonons connect electrons with ini-
tial states k�kF to the final states on the Fermi surface. For
an antinodal fermion initial state, the breathing coupling is
weak �Fig. 5c�, while the buckling interaction has a maximal
value for small q �Fig. 5d�.

To analyze a possible kink formation35 we take into ac-
count the momentum dependence of the coupling and con-
sider conservation of energy and momentum assuming that
the electron energy in the superconducting phase is given by
the BCS formula E�k�= ±�
k

2+k
2 with order parameter hav-

ing d-wave symmetry. At the nodal point knod= ��1
−��	 /2 , �1−��	 /2� ,��0.1, the breathing mode has maxi-
mum coupling to the scattering momentum q1= �	 ,	� and
q2= �	 ,0�. At the same time we have E�knod−q1���knod

−q1�=0, and thus a kink energy is equal to 
�knod�
= �E�knod−q�−�q1 � =70 meV. This energy corresponds to
the breathing mode frequency at q1= �	 ,	�. Similarly, the
mode with q2 also satisfies conservation of energy. In that
way we find that the contribution to electron spectrum renor-
malization comes from coupling to a breathing mode with
q1= �	 ,	� and q2= �0,	� at the nodal point, and from cou-
pling to a buckling mode with small value of q at the antin-
odal point.

For constructing the theory of superconductivity it is of
necessity to obtain an effective Hamiltonian where EPI is
excluded in the manner of Fröhlich transformation.36 For the
low-energy single-band t–J* model this transformation is not
quite trivial. To perform it we neglect the interband excita-
tions and apply a Hubbard-I-type approximation. As a result,
the effective Hamiltonian can be written in the following
form

Heff = Ht−J* + Hel–ph–el,

Hel–ph–el = �
kk�q�

�
m

Vkk�q
mm �Xk+q

m �+�Xk�−q
m �+Xk�

m Xk
m,

Vkk�q
mm = gmm

��� �k,q�gmm
��� �k,− q��q,�

� ��tm�k� − tm�k + q��2Fm
2 − �q,�

2 �−1, �13�

where Ht−J* is the low-energy single-band t–J* model, the
quasiparticle index m is different for cuprates with hole or
electron doping type, and tm�k� is the dispersion of the free
electrons. Here Vkk�q

mm is the effective electron–electron inter-
action, which depends on the occupation factors Fm and
hence on the doping concentration, temperature, and mag-
netic field, in contrast to the theory of weakly correlated
electrons. The construction of the theory of superconductiv-
ity with both magnetic and phonon mechanisms of pairing in
the regime of SEC is still not finished; nevertheless we hope
such a theory may give answers to the main unsolved prob-
lems concerning the unusual aspects of the normal and su-
perconducting properties of the single layer cuprates. Con-
cerning the effect of interlayer coupling and increasing Tc

over 100 K in Y-, Bi-, Tl-, and Hg-based cuprates, these are
another set of problems we have not considered here.

VI. CONCLUSION

The GTB method and its ab initio modification de-
scribed in this paper give a correct description of the un-
doped and weakly doped cuprates both with hole and elec-
tron doping. It also allows one to construct a realistic
effective Hamiltonian to study the low-energy physics of
strongly correlated electrons interacting with spin fluctua-
tions and phonons. A lot of work still has be done to under-
stand the normal and superconducting states in cuprates, and
we believe our approach provides a solid background for
future progress in this field.
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