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We consider numerically the L-, T-, and X-shaped elastic waveguides with the Dirichlet boundary conditions
for in-plane deformations �displacements� which obey the vectorial Navier-Cauchy equation. In the X-shaped
waveguide we show the existence of a doubly degenerate bound state with frequency below the first symmetri-
cal cutoff frequency, which belongs to the two-dimensional irreducible representation E of symmetry group
C4v. Moreover the next bound state is below the next antisymmetric cutoff frequency. This bound state belongs
to the irreducible representation A2. The T-shaped waveguide has only one bound state while the L-shaped one
has no bound states.
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I. INTRODUCTION

The question of the possible existence of bound states in
special quantum waveguides was raised more than 20 years
ago �1�. The simplest waveguide that supports a bound state
is a bent one �curved waveguide�. It is described by the two-
dimensional Helmholtz equation

��2 + k2���x,y� = 0 �1�

with Dirichlet boundary conditions �BCs�. Such waveguides
have no classically forbidden region �a classical particle
could move freely through such a system�, so the discovery
by Lenz et al. �2� and by Exner and Šeba �3,4� that such a
waveguide possesses a bound state was rather surprising. Ex-
ner and Seba �3,4� and Goldstone and Jaffe �5� then proved
that at least one bound state exists for all two-dimensional
waveguides of constant width, except waveguides of con-
stant curvature, which have no bound states. Bound states
were found also in more complicated structures: in the cross-
terminal structure �the X-shaped waveguide� by Schult et al.
�6� and Peeters �7�, and in the T-shaped waveguide by Lin et
al. �8�.

Equation �1� exactly describes propagation of TE electro-
magnetic modes in waveguides �3,9,10�, which allowed con-
firmation of the existence of the bound states experimentally
�9,11�. Recently vectorial bound states were considered nu-
merically in three-dimensional electromagnetic waveguides
�12�. In the present paper we study the existence of bound
states in L-, T-, and X-shaped elastic waveguides. In what
follows, we shall assume that they consist of an isotropic
material except for a case to be stipulated. To reduce the
dimensionality of the problem, one can consider only
waveguides of the form of a thin plate or an infinite rod with
constant cross section. The displacements in the plate or the
rod decouple then into two classes, the in-plane and the an-
tiplane vibrations �13,14� �for plates, this is only true as long
as the wavelength is much smaller than the thickness of the
plate�. The problem is thus reduced to two spatial dimen-
sions. We will focus here on the in-plane waves for which
the wave equation is still vectorial, which makes it more
complex than the scalar Helmholtz equation �1�. The wave
field can be decomposed into two polarizations, which have
different wave speeds. Furthermore, depending on the BCs

imposed, different waves generally couple at the surface of
body. These characteristics make vibrating solids more diffi-
cult to investigate than standard quantum or microwave
transmission �15,16�. In particular the bound states have
been considered rigorously only in a semi-infinite elastic
stripe �17� for zero Poisson ratio. Because of the free bound-
ary conditions these bound states are embedded in the con-
tinuum, i.e., they are the bound states in continuum first pre-
dicted by von Neumann and Wigner �18,19�.

In what follows we will study the bound states in L-, T-,
and X-shaped elastic waveguides by numerical methods.

II. THE STRAIGHT ELASTIC WAVEGUIDE

We consider the propagation of elastic waves in
waveguides. The partial differential equation is the linear
Navier-Cauchy equation �13,14�

��2u + �� + �� � ��u� + �u�2 = 0 �2�

where u�x ,y� is the displacement field in the waveguide,
� ,� are the material-dependent Lamé coefficients, and � is
the density. In what follows we will use dimensionless coor-
dinates x→x /d, y→y /d where d is half the width of the
waveguide. Then Eq. �2� in terms of components of the elas-
tic displacement u= �u ,v� in the Cartesian coordinate system
takes the following form:

cl
2�2u

�x2 + ct
2�2u

�y2 + �cl
2 − ct

2�
�2v

�x �y
+ �2u = 0,

cl
2�2v
�y2 + ct

2�2v
�x2 + �cl

2 − ct
2�

�2u

�x �y
+ �2v = 0, �3�

where �2=�d2�2 /E, cl,t are dimensionless wave velocities
for thin plates

cl
2 =

1

1 − 	2 , ct
2 =

1

2�1 + 	�
, �4�

and E and 	 are the Young modules and the Poisson ratio,
respectively. The Poisson ratio is the only parameter that
affects the solution of Eq. �3�. Formally Eq. �3� can be re-
duced to the Helmholtz equation �1� in the limit cl→ct or
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	→−1. In fact the Poisson ratio ranges from 0 to 0.5 �13�.
Therefore this limit is physically unreasonable. We direct the
axis x along the straight waveguide, while the axis y is di-
rected across the waveguide.

The general solution of the elastic equation �2� for straight
waveguides is given, for example, in textbooks �14,20,21�.
The solutions differ in parity relative to y→−y. The sym-
metrical solution is

u = �ikA cos�py� + qB cos�qy��eikx,

v = �− pA sin�py� + ikB sin�qy��eikx, �5�

and the antisymmetrical solution has the form

u = �ikA sin�py� − qB sin�qy��eikx,

v = �pA cos�py� − ikB cos�qy��eikx �6�

where A and B are coefficients, one of which can be found
from the BCs,

p2 =
�2

cl
2 − k2, q2 =

�2

ct
2 − k2. �7�

The dispersion equations for the free BCs are given in
�14,20,21�. However, for the free BCs the eigenvalues of the
elastic equation �3� �2 start from zero �zero cutoff fre-
quency�. This zero corresponds to free motion of the system
as a whole. Therefore, in this case bound states with eigen-
frequency below the propagation band do not exist. In what
follows we consider waveguides with fixed BCs �the Dirich-
let ones�

u�x, ± 1� = 0, v�x, ± 1� = 0. �8�

Then the dispersion equations take the following form:

pq

k2 = −
tan q

tan p
,

pq

k2 = −
tan p

tan q
�9�

for the symmetric modes and the antisymmetric ones, respec-
tively. The results of the numerical computation are shown in

Figs. 1 and 2. Unlike the case of free BCs the frequency
spectra of the elastic waveguides for the Dirichlet boundary
conditions have nonzero cutoff frequencies. In particular, the
lowest cutoff frequency for the first symmetric mode is

�s =



2
cl =




2
� 1

2�1 + 	�
. �10�

As shown in Fig. 2 the cutoff frequency of the antisym-
metric mode is given by k=0 and equals

�a = 
ct = 
� 1

1 − 	2 , �11�

provided that the Poisson ratio is small enough. If, however,
the Poisson ratio exceeds 0.183, the minimum of the fre-
quency spectrum is shifted to k�0. The cutoff frequency as
dependent on the Poisson ratio is shown in Fig. 6 by solid
lines.

FIG. 1. Frequency spectra of an infinite straight waveguide with
the Dirichlet BCs for real �k�0� and imaginary wave numbers �k
�0�. Solid lines are for the antisymmetric modes, dashed lines are
for symmetric ones. 	=0.345 �aluminum�.

FIG. 2. The same as in Fig. 1. The frequency spectra for the
lowest symmetric mode for three different values of the Poisson
ration 	=0 �dashed line�, 0.345 �solid line�, and 0.5 �dotted line�.

FIG. 3. The lowest eigenvalue of the closed X-shaped structure
as dependent on the ratio L /2d where L and 2d are the arm length
and width, respectively. The lowest cutoff frequency �0.958� is
shown by the dashed line; the asymptotic value of the frequency of
the first bound state �0.916� is shown by the solid line.
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III. X-, T-, AND L-SHAPED WAVEGUIDES

There are many methods to find bound states �6,9,22,23�.
Here we use the simpler but time-consuming method of
brute-force numerical solution of Eq. �3� for the restricted
structure as an eigenvalue problem with further asymptotic
extension of the arm length L. Hence the final solution does
not depend on the BCs at the end of the arm we imply
the Dirichlet BCs there. To perform this procedure we
approximate Eqs. �3� by finite-difference equations for

FIG. 4. Bound state patterns in X-shaped waveguide for the
lowest frequency �1=0.916. �a� shows solution for the deformation
u, �b� for v, and �c� for the vectorial deformation u= �u ,v�.
	=0.345 �aluminum plate�.

FIG. 5. Patterns of the next antisymmetric bound state in the
X-shaped waveguide. �a� shows the solution for the deformation u.
The solution for v can be easily obtained from the solution for u by
a 90° rotation. �b� shows the vectorial deformation.
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u�x ,y�Þu�a0i ,a0j�=uj
i, v�x ,y�Þv�a0i ,a0j�=v j

i:
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i = 0. �12�

The results of computation for the lowest eigenvalue of the
aluminum X-shaped structure as dependent on the arm length
L are shown in Fig. 3. One can see that the procedure of
extension of the arm’s length is converging rather fast and
gives the frequency of the lowest bound state �1=0.916,
which is below the cutoff frequency of the first symmetric
mode �s=0.958 given by Eq. �10� for a specific value of the
Poisson ratio 	=0.345 �aluminum�. Figure 4 illustrates the
bound state corresponding to the lowest eigenfrequency. Im-
mediately one can see from Fig. 4�c� that there is a second
degenerate bound state which differs from the former by 90°
rotation of the vectorial deformation. Eigenfunctions of the
cross structure are classified in five irreducible representa-
tions of the symmetry group C4v �24�, one of which, E, is
two dimensional. Therefore the doubly degenerate bound

states with frequency �1=0.916 belong to the irreducible
representation E. This result crucially differs from that in a
quantum cross structure in which the lowest nondegenerate
bound state forms the one-dimensional representation A1 as
can be seen from the solution shown by Schult et al. �6�. The
degenerate solutions differ from each other only by rotation
by 90°.

Computation reveals also the next bound state with fre-
quency �2=1.356 which is below the cutoff frequency �a of
the first antisymmetric mode shown in Fig. 2. This solution is
nondegenerate and belongs to the irreducible representation
A2 as seen from Fig. 5�b�. This bound state again differs from
the result for the quantum cross structure in which the next
bound state forms the irreducible representation B2. Any
bound states that belong to different irreducible representa-

FIG. 6. The cutoff frequencies shown by solid lines and the
frequency of the lowest symmetric bound state �a� and the first
antisymmetric one �b� shown by dashed lines. The value of the
frequency at k=0 given by formula �11� is plotted by the dash-
dotted line. The dotted line shows the bound-state frequency in the
T-shaped structure.

FIG. 7. Bound-state patterns in the T-shaped waveguide. �a�
shows the solution for the deformation u, �b� for v, and �c� for the
vectorial deformation u= �u ,v�. �=0.943, 	=0.345 �aluminum
plate�.
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tions of the symmetry group C4v were not found in our com-
putations. The frequency of the bound states depends on the
elastic material via the Poisson ratio 	 ranging from 0 to 0.5
�13�. However, as computation shows, both bound states ex-
ist irrespective of the Poisson ratio as illustrated in Fig. 6.
Next, our computations reveal one bound state in the
T-shaped waveguide shown in Fig. 7 but we did not find a
bound state in the L-shaped waveguide, in contrast to the
quantum case �2,3�. The dependence of the bound-state fre-
quency on 	 is shown in Fig. 6�a�.

The bound-state frequencies can be detected by resonance
peaks in elastic power transmission provided that
waveguides of different material are attached to the struc-
tures considered above �25�. We took waveguides of material
with lower density compared to the material of the inner
region as shown in Fig. 8. Specifically the ratio of densities
was taken as 0.8. This construction has the cutoff frequency
of the attached waveguides below the bound-state frequency.
As a result this frequency becomes accessible for propagat-
ing modes in the waveguides and gives rise to typical reso-
nant peaks in the transmission as shown in Fig. 9. The reso-
nance width decreases with extension of the inner material.

IV. CONCLUSIONS

Numerical solution of the two-dimensional Navier-
Cauchy equation �3� describing the vectorial vibrations
shows different bound states in waveguides of the form of a
thin plate, provided that the Dirichlet BCs are adopted. The
X-shaped waveguide is the richest one, in which we reveal
two types of bound states as in the quantum waveguide �6�.
However, in the elastic X-shaped waveguide the bound state
with the lowest frequency of vibrations is doubly degenerate
and belongs to the two-dimensional irreducible representa-

tion E of symmetry group C4v. The next bound state forms
the irreducible representation A2. The T-shaped waveguide
has only one bound state while the L-shaped one has no
bound states unlike the quantum case. We have shown also
that these bound states exist irrespective of the choice of the
Poisson ratio 	, although the frequencies of the bound states
depend on 	.

Similar to the approach of Berggren and Ji �25�, we con-
sidered the elastic power transmission through an X-shaped
waveguide fabricated of two elastic materials with different
mass densities as shown in Fig. 8, and showed resonant
peaks caused by the bound state in the inner material. We
have to note that although the Dirichlet BCs cannot be
achieved completely, they can be satisfied approximately if
an elastic waveguide is fixed at the boundaries with a mate-
rial with rigidity substantially exceeding the rigidity of the
waveguide.
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�3� P. Exner and P. Ŝeba, J. Math. Phys. 30, 2574 �1989�.
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