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Long nonlinear two-dimensional traveling waves on a film driven by laminar gas flow are investigated
numerically via solving Navier-Stokes equations. The evolution of their shape, amplitude, and speed with
increasing Reynolds number is studied. The existence of solitary waves is demonstrated. A comparison be-
tween shear driven and gravity-capillary waves is made and discussed. It is shown that shear driven waves as
compared to gravity driven waves are much higher for equal film Reynolds numbers and much slower for equal
wave amplitudes.
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Since the pioneering work of Kapitza and Kapitza �1�,
gravity-capillary waves have been extensively investigated
both experimentally and numerically. Detailed experimental
studies of forced regular waves, including solitary waves,
have been made �2–4�. Numerous numerical simulations in-
cluding direct numerical solution of Navier-Stokes equations
�5–7� have been performed. On the contrary, nonlinear waves
driven on the film surface by gas flow are much less inves-
tigated. Gas sheared liquid films are encountered in numer-
ous technological processes and play an essential role in
many devices for ground and space applications.

There are many works dealing with the problem of linear
and weakly nonlinear stability for two-layer flow. A review
of the latest results can be found elsewhere �8–10�. Many
fewer papers consider strongly nonlinear shear driven waves.
They have been studied mainly experimentally �11–15�.
Only natural waves have been considered, which are often
three dimensional and quite irregular. There are no experi-
ments on forced regular waves like the experiments cited
above on gravity waves. We are aware of numerical investi-
gations �16,17�, but they studied two-layer flows with param-
eters essentially different—i.e., not gas driven liquid films.
Some nonlinear wave regimes in gas-film systems were also
studied in Refs. �8,10,18�, in particular in connection with a
flooding problem. As for the solitary waves, only the authors
of Refs. �13,14� considered some large amplitude waves as
being solitary, though their photographs and surface tracings
are not as convincing as those obtained for the gravity-
capillary solitary waves �1–3�. Craik �12� observed some
very long waves for the thin films �he called them “slow
waves”�, which one might assume to be solitary ones, but
there is not enough evidence for that conclusion. Demekhin
�18� reported that no solitary waves were obtained among
nonlinear solutions for the gas-film system. The objective of
this work is, therefore, to investigate if solitary waves can
exist in gas driven liquid film and to compare their charac-
teristics with that of well-studied gravity-capillary waves.

The statement of the problem is as follows. Two-
dimensional �2D� thin-film flow is driven by gas flow in a
channel �Fig. 1�. The gas is assumed to be incompressible.
We also consider gas flow with moderate Reynolds number,
so it is assumed to be laminar. The density and kinematic
viscosity of the liquid and gas are equal to �1 ,�1 and �2 ,�2,
respectively. We use the thickness h of undisturbed film as a
length scale and also the viscous time scale h2 /�1. Then, the

whole two-phase flow is governed by the following dimen-
sionless equations:

�
Du

Dt
= div P + We K����n + �Geg, �1�

div u = 0, �2�

P = − pI + 2��S . �3�

Here D �Dt = � � �t +u ·� is the material derivative, P is
the Navier-Stokes stress tensor, S is the strain rate tensor,
We=

�0h

��1
2 is the Weber number ��0 is the surface tension�, K is

twice the mean curvature of the interface, ���� is the delta
function of �= (y− f�t ,x�)��1+ fx

2 , y= f�t ,x� is the equation
of the interface, n is the unit normal, G= gh3� 3�1

2 is the
Galileo number �g is the gravity acceleration�, eg is the unit
vector directed along the gravity force, and � and � are the
piecewise constant dimensionless density and kinematic vis-
cosity, which are equal to unity for the liquid and to �2 /�1
and �2 /�1 for the gas, respectively.

A numerical method of particles for incompressible fluid
is used �19� that is a conservative combination of the particle
approach and Galerkin method. A detailed description of the
method, including applications to film flows, can be found
elsewhere �20,21�. Here we just briefly outline some pecu-
liarities that are characteristics of the problem under consid-
eration. We investigate periodic 2D waves; therefore, the
flow is assumed to be periodic in the streamwise direction.
No-slip boundary conditions hold at the channel walls. The
stress continuity at the interface is naturally approximated

FIG. 1. Sketch of the flow.
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due to the Galerkin method implementation. Nevertheless, in
order to obtain a more accurate approximation and to avoid
Gibbs’ effect, the solenoidal basis functions for the velocity
field are matched to the interface. Namely, the stream func-
tion is approximated by the second-order B-splines �21� on a
rectangular mesh in �x ,z� space, where z=y− f�t ,x�. There-
fore, the velocity component tangential to the interface can
have a discontinuous normal derivative at y= f�t ,x� in accor-
dance with the stress continuity condition. The resulting ve-
locity field decomposition has the following form:

u�t,x,y� = rot�0,0,��y� + ��y� � 	ij�t�Li�x�Lj�z�� , �4�

where ��y�=sin2�
y /H� is a “shape function” �21� provid-
ing the no-slip condition at the walls. The functions Lk are
one-dimensional second-order B-splines. As far as the sec-
ond item on the right-hand side of Eq. �4� provides only a
null total flow rate through the channel, the first item ��y�
=Q�3�y /H�2−2�y /H�3� specifies the constant dimensionless
volumetric flow rate Q for the whole two-phase flow. In gen-
eral, there is some freedom in choosing the functions � and
�, because the sum over B-splines will anyway provide an
approximation of a given solenoidal velocity field, having
total flow rate Q and vanishing at the wall. It is recom-
mended, however, to choose � and � being smooth and
having as small gradients as possible. The ones, chosen
above, are among the simplest appropriate representatives.

The code has been validated in the problem of a flat liquid
film driven by gas flow, which has an exact solution with
piecewise parabolic profile. The common procedure of mesh
refinement has also been used throughout the calculations.
The parameters of the numerical scheme are chosen to pro-
vide a difference of about 1% when both the space and time
resolutions are doubled.

We only consider here the case of a thin film in a large
channel, so we assign H=10h in all calculations �Fig. 1�. We
also fix the ratios �2 /�1=10−3 and �2 /�1=10 and the Weber
number We=104, which approximately corresponds to the
air/water system with about a 130-�m-thick film. One of the
main goals of this paper is to compare shear driven waves
with gravity �or any other body force� driven waves. In order
to have a pure case of a single external force, we neglect
gravity in the calculations for shear driven waves in the
present research. In practice, this situation may arise either

for very thin films over a vertical wall, when the Galileo
number G is small as compared to the shear stress, or for film
flows in microgravity, where the shear is an attractive alter-
native as a driving force. Thus, there remain just two dimen-
sionless parameters of the problem: a volumetric flow rate Q,
which accounts for the shear stress, and the dimensionless
length of the domain, L, which is actually the wavelength. It
should be noted that liquid film flow is much thinner and
much slower than gas flow; therefore, its volumetric flow
rate is of the order of 10−3 of that for gas. Therefore, Q is
practically equal to the gas flow rate and the Reynolds num-
ber for the gas flow is Reg=Q�1 /�2.

The results on the gravity driven waves, presented below
for the sake of comparison, are obtained for the film falling
down a vertical wall—i.e., for the vector eg directed along
the bottom—without ambient gas and at the same fixed We
=104. Thus, there are also just two parameters: Galileo num-
ber G, which accounts for the driving force, and the wave-
length L.

All calculations are started from the film being at rest. Its
thickness at t=0 is slightly disturbed according to f�0,x�
=1+0.05 cos�2
x /L�. The gas Reynolds number for the dis-
cussed below results on stationary waves is within the range
of Reg=600–1700. When Reg is low, the disturbances may
decay or they may lead to wave motion, but the latter re-
mains nonstationary. A detailed study of long-wave instabil-
ity can be found elsewhere �8,9�, and it is beyond the scope
of this paper. We give here just two examples for illustration.
For L=100 the initial disturbances decay at Reg=330 but
they grow at Reg=500, which is in agreement with experi-
mental stability diagram �15� for the air/water system in a
thin channel with close aspect ratio H /h. For L=400 the
wave motion is nonstationary at Reg=580, but at Reg=650
stationary solitary waves appear. It is worth mentioning also
that a linear analysis �Ref. �9�, Fig. 8� predicts the wave-
length of the preferred mode to be about L=90 for a water
film of thickness 200 �m at Ref =7, which is close to the
wavelengths and film Reynolds numbers considered in the
present research.

While increasing Reg, the stationary waves evolve from
almost sinusoidal waves to nonsymmetric ones and then to
the solitary waves �Fig. 2�a��. The latter have shape and
phase speed practically independent of the length L of com-
putational domain for L�200. The Reynolds number of the
film flow, Ref, is calculated directly as the dimensionless
volumetric flow rate averaged over the wave period. Figure
2�b� shows a comparison between profiles of the gravity-

FIG. 2. Profiles of stationary shear driven waves: �a� dimensionless wavelength L=100, �1� Reg=580, Ref =2.9, �2� Reg=830, Ref

=4.8, and �3� Reg=1470, Ref =13.8 and �b� wavelength L=200; solid line, shear driven wave at Reg=830; dashed line, gravity wave at
G=26; x0, abscissa of the wave crest.
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capillary solitary wave and the shear driven one of equal
amplitude �earlier �20�, the shape of calculated gravity-
capillary solitary wave was shown to be in excellent agree-
ment with Kapitza and Kapitza’s experiment �1��. One can
see that waves of different origins are generally similar. Still,
the shear driven wave has a steeper backward slope, more
mildly sloping front, and quite a different precursor capillary
wave train.

A much greater difference can be observed as the ampli-
tude and wave speed are concerned. Figure 3�a� shows that at
equal values of Ref, the shear driven waves are much higher.
On the other hand, they are much slower as compared to the
gravity waves of the same amplitude �Fig. 3�b��. Comparison
between the waves for L=200 leads to a qualitatively similar
result. Dashed lines show the phase speed for the linear ki-
nematic waves—that is, C0h /�1=G for the gravity waves �2�

and C0h /�1�6Q�
Hh2�H+h�

�H−h�4 � H+h
H−huint for the gas driven waves

when �=�2�2 /�1�1�1, where uint is the dimensionless ve-
locity at the interface. The latter expression follows from the
mass conservation equation f t+qx=0, where the dimension-
less liquid flow rate q can be found from an exact solution of
the flat film flow driven by gas. It reads q�Q� 3Hh2+h3

�H−h�3 for

�=�2�2 /�1�1�1. The plot in Fig. 3�b� may give a mislead-
ing impression that the phase speed of linear kinematic
waves depends on A. The point is that there is a one-to-one
correspondence between the amplitude A of stationary waves
and driving force �shear stress or body force�. And C0 is the
speed of kinematic waves that would appear if this force
were applied to the flat film. One can see that nonlinear
waves inherit the distinction between phase speeds of linear
kinematic waves for shear driven and gravity flows.

It should be noted that all observed shear driven waves, as
well as gravity waves, are supercritical; i.e., their phase ve-
locity is greater than phase velocity of linear kinematic
waves �Fig. 3�b��. For weakly nonlinear waves this differ-
ence is small but it grows significantly with increasing am-
plitude. We did not observe “slow” shear driven waves,
which were reported in Refs. �12,18�. Our results for nonlin-
ear waves qualitatively agree with the results of linear stabil-
ity analysis �9�, where all the unstable long waves are super-

critical. The wave speed of the largest long waves measured
in Ref. �14� was also always 2–3 times larger than the veloc-
ity at the interface, the latter being equal to the phase speed
of linear kinematic waves for H�h.

It should be noted that the numerical experiment de-
scribed above is different from laboratory experiments �1–3�
on the investigation of stationary gravity waves. The latter
deal with “spatial” evolution of forced waves on a film fall-
ing down an inclined or vertical substrate. Here we simulate
this flow considering “temporal” evolution of waves in a
periodical domain. A similar approach for gravitational
waves was earlier used in Refs. �5,6,20�. The main difference
is that in numerical calculations the mean film thickness is
preserved, while the mean flow rate �averaged over the wave
period� is variable until the stationary waves saturate. The
situation in laboratory experiments is the opposite. Keeping
this in mind, one can compare calculated results with those
obtained in experiments. It was shown �Ref. �2�, Fig. 8.18�

FIG. 3. Comparison between characteristics of shear driven and gravity waves for L=100: �a� amplitude A /h=max f�t ,x� versus film
Reynolds number Ref and �b� phase speed C versus amplitude. Dashed lines indicate the phase speed of the linear kinematic waves.

FIG. 4. Universal dependence of the phase speed on the prop-
erly scaled amplitude �see text and previous figure for the notations�
�1� best fit to the experiment on gravity waves ��2�, Fig. 8.18�.
Calculations of gravity waves: �2� L=200 and �3� L=100. Calcula-
tions of shear driven waves: �4� L=200, �5� L=100, �6� L=400, and
�7� L=50.
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that proper scaling gives a universal linear dependence of the
phase speed on the wave amplitude for gravitational waves
on a vertical film, regardless of their wavelength. This de-
pendence is plotted in Fig. 4 as a dashed line. Our calcula-
tions for gravity driven waves give close results. The dis-
crepancy is within the limits of previously reported �5,6,20�
difference between experiments and calculations. Here h0 is
the thickness of flat Nusselt flow that has the same flow rate
�Reynolds number� as stationary wave flow—i.e., the thick-
ness that an initial part of film flow would have in an experi-
ment. For the shear driven waves h0 is also the thickness of
flat film flow driven by gas with the same Ref as the corre-
sponding stationary wave flow. The main result in Fig. 4 is
that the phase velocity of such waves also exhibits a univer-
sal dependence, with the only exception being the shortest

waves �L=50� of small amplitude. And this dependence is
quite different from that for gravity waves.

In summary, we have numerically investigated nonlinear
stationary traveling waves on a thin liquid film driven by gas
flow. It has been shown that there exist solitary shear driven
waves. They have slightly different shape and much smaller
phase speed as compared to gravity-capillary waves of the
same amplitude. They also have much greater amplitude at
the same magnitude of film Reynolds number. All the ob-
tained shear driven waves are supercritical. We have not ob-
served “slow” waves reported in Refs. �12,18�. The universal
dependence of the phase speed on the wave amplitude �both
specially scaled� is revealed.

This work was supported by a grant of the Siberian Divi-
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