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High-

 

T

 

c

 

 superconducting cuprates (HTSCs) consist
of two major classes: a 

 

p

 

-type class, which stands for
hole-doped cuprates (La

 

2 – 

 

x

 

Sr

 

x

 

CuO

 

4

 

 (LSCO),
Bi

 

2

 

Sr

 

2

 

CaCu

 

2

 

O

 

8 + 

 

δ

 

 (Bi2212), YBa

 

2

 

Cu

 

3

 

O

 

7 + 

 

δ

 

 (YBCO),
etc.); and an 

 

n

 

-type class, which includes electron-
doped cuprates (Nd

 

2 – 

 

x

 

Ce

 

x

 

CuO

 

4

 

 (NCCO),
Pr

 

2 

 

−

 

 

 

x

 

Ce

 

x

 

CuO

 

4

 

 (PCCO), etc.). Despite the similar crys-
tal structure and the presence of the common base ele-
ment—CuO

 

2

 

 plane—in all HTSCs, the experimentally
observed properties of these two classes are quite dif-
ferent (see, e.g., [1, 2]).

To properly describe strong electron correlations in
cuprates, we have to start with an appropriate model
and an appropriate set of parameters. As a starting
model that adequately describes the electronic structure
of the cuprates, it is convenient to use the three-band
Emery 

 

p

 

–

 

d

 

 model or the multiband 

 

p

 

–

 

d

 

 model [3].
While the former is simpler, it does not contain some
significant features such as copper  orbitals and 

 

p

 

z

 

orbitals of the apical oxygens. The nonzero occupancy
of  orbitals was revealed in XAS and EELS experi-

ments, which give a 1.5–10% occupancy for  orbit-

als [4, 5] and a 15% doping-dependent occupancy for 

 

p

 

z

 

orbitals [6] in all 

 

p

 

-type HTSCs. In order to take into
account these facts, the multiband 

 

p

 

–

 

d

 

 model was used
to derive an effective low-energy model by excluding
the intersubband hopping between low (LHB) and
upper (UHB) Hubbard subbands via canonical transfor-
mations. The obtained effective Hamiltonian [7] is
asymmetric for 

 

n

 

- and 

 

p

 

-type systems: for electron-
doped systems, the usual 

 

t

 

–

 

J

 

* model (

 

t

 

–

 

J

 

 model with
three-center-interaction terms) takes place, while the
effective singlet–triplet 

 

t

 

–

 

J

 

* model corresponds to 

 

p

 

-

 

1

 

The text was submitted by the authors in English.

d
z

2

d
z

2

d
z

2

 

type superconductors. The reason why this asymmetry
arises is as follows. There are two low-lying two-hole
states: the Zhang–Rice-type singlet 

 

1

 

A

 

1

 

g

 

 and the triplet
state 

 

3

 

B

 

1

 

g

 

. In the three-band model, the triplet state lies
above the singlet state by an energy 

 

∆

 

ST

 

 = 

 

ε

 

T

 

 – 

 

ε

 

S

 

 

 

∝

 

 2 eV
and is unimportant in the low excitation-energy limit.
However, it is a model-dependent result, and in the
multiband 

 

p

 

–

 

d

 

 model, 

 

∆

 

ST

 

 decreased due to the Hund
coupling of two holes in  and  copper orbitals

and due to the additional hopping  from the  cop-

per orbital to the 

 

p

 

z

 

 orbital of the apical oxygen. For
realistic values of the parameters in the multiband 

 

p

 

–

 

d

 

model, 

 

∆

 

ST

 

 

 

≤

 

 0.5 eV [8, 9]. Thus, we conclude that we
cannot drop out singlet–triplet mixing, and the compli-
cated structure of the valence band near the binding
energies ~0.5 eV in 

 

p

 

-type cuprates is related to the
triplet band and singlet–triplet hybridization. In the 

 

n

 

-
type system, there is no triplet state in the 

 

d

 

10

 

p

 

6

 

 config-
uration and the effective model is much simpler (

 

t

 

–

 

J

 

*
model). Both the 

 

t

 

–

 

J

 

* model and the effective singlet–
triplet 

 

t

 

–

 

J

 

* model contain three-center interaction
terms whose importance for the superconducting phase
was shown in [10]. The model parameters are not free,
since there is a strict relationship between the micro-
scopic parameters and the effective model parameters
[11, 12]. The microscopic parameters were determined
in the framework of the generalized tight-binding
method for undoped LSCO and NCCO and remain con-
stant with doping. Since the dependence of the model
parameters on distance is known from the explicit con-
struction of Wannier states in the CuO

 

6

 

 unit cell, the
subsequent calculations are performed with inclusion
of the hoppings and exchanges up to the fifth coordina-
tion shell. Since most experimental data show convinc-
ingly that the symmetry of the superconducting order
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parameter is of the  type, in this work we will

consider only this pairing symmetry.

The effective models were investigated in the frame-
work of the equation-of-motion method in the general-
ized Hartree–Fock approximation. To solve the equa-
tions obtained, we have used a decoupling procedure
that includes the short-range magnetic order beyond the

Hubbard-I approximation: 

 

〈 〉

 

   +

 

C

 

fg

 

 and 

 

〈 〉

 

  

 

C

 

fg

 

. Here, 

 

n

 

p

 

 is the occu-

pancy of the one-particle states, and 

 

C

 

f

 

σ

 

 = 

 

〈 〉

 

 =

2

 

〈 〉

 

 are the spin-correlation functions.

In order to calculate spin-correlation functions Cfσ,
the two-dimensional t–J model of the CuO2 planes was
used. The self-energy equations on Green’s functions
built with the Hubbard operators were obtained with
the help of the Mori formalism that makes it possible to
present these functions as continued fractions. The ele-
ments of these fractions for electron and spin Green’s
functions contain correlation functions for neighboring
sites, while the other elements of the fractions are
higher-order Green’s functions. The latter can be
approximated by decoupling with vertex corrections
[13, 14]. The vertex corrections are determined from
the zero-site magnetization restriction in the paramag-
netic case under consideration. This condition in com-
bination with the self-energy equations on electron and
spin Green’s functions, and the self-consistency condi-
tions for the correlation functions form a closed set of
equations that is solved iteratively for a fixed chemical
potential and a fixed temperature. The results of the cal-
culations with small clusters [15, 16] are in good agree-
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ment with exact diagonalization and quantum Monte
Carlo studies. In this work, we calculated the spin cor-
relation function in the above-described approach from
the spin Green’s function on a 20 × 20 grid.

A comparison of the t–J* model with the effective
singlet–triplet t–J* model is illustrated in Fig. 1. A ten-
dency that is general to both models can be seen: the
interplay of spin fluctuations and three-center-interac-
tion terms gives a tendency to restore antiferromagnetic
(AFM) symmetry of the Brillouin zone—a local sym-
metry around (π/2, π/2) and (π, 0) points appears in the
dispersion curve due to the development of a short-
range order. This leads to the appearance of a saddle
point near (π, 0.4π) which gives an additional Van Hove
singularity [17]. This singularity gives an additional
“dome” of superconductivity at a low doping concen-
tration with a maximum Tc(x) at xopt ≈ 0.15 (see Fig. 2).
The well-known “dome” of superconductivity at higher
concentrations with xopt ≈ 0.53 is due to another Van
Hove singularity corresponding to the saddle point at
(π, 0). These results can be qualitatively explained as
follows. In the Bardeen–Cooper–Schrieffer theory,
Tc ∝ exp(–1/N(εF)V), where N(εF) is the density of
states at the Fermi level and V is the effective attraction.
So, if there is a singularity in the density of states, then,
upon doping, εF will reach this singularity, and there
will be a maximum in Tc(x).

In p-type systems, apart from the spin-fluctuation
mechanism typical of the t–J model, there is an addi-
tional spin–exciton mechanism of pairing [18], and the
phase diagram Tc(x) for the effective singlet–triplet
model is different from the phase diagram of the usual
t–J model. Namely, in the nearest-neighbor approxima-
tion, neglecting three-center-interaction terms and spin
fluctuations, the optimum doping level is changed from
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Fig. 1. Quasiparticle dispersion and partial density of states for p-type cuprates in the t–J* model (dotted curve) and in the singlet–
triplet t–J* model (solid curve corresponds to the singlet subband, and the dot-and-dash curves correspond to two triplet subbands).
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x = 0.33 typical of the t–J model to x = 0.315, and the
maximum value of Tc(x) increases as well. Also, a new
“dome” of superconductivity appears around x = 0.6
due to a triplet subband (see inset in Fig. 2). However,
taking into account the three-center terms, the spin fluc-
tuations beyond the Hubbard I decoupling, and the hop-
pings and exchanges up to the fifth coordination shell,
the influence of the singlet–triplet-induced supercon-
ducting pairing becomes small, as is seen from Fig. 2.
The “dome” of superconductivity connected with the
triplet subband shifts to higher doping concentrations
(x > 0.8) and does not reveal itself in experiment.

In conclusion, we can say that we used the approxi-
mation that includes spin fluctuations beyond the Hub-
bard I approximation to investigate the superconduct-
ing phase with a -gap symmetry in the effective

low-energy model for cuprates. For the p-type cuprates,
the influence of the singlet–triplet hybridization is ana-
lyzed. First, due to this hybridization, the spin–exciton
mechanism of superconducting pairing takes place. A
comparison with the t–J* model shows that the spin–
exciton mechanism leads to a small contribution to the
phase diagram: the optimum-doping level becomes
slightly lower and the maximum Tc becomes slightly
higher. The smallness of this contribution is directly
connected with the smallness of the hybridization
matrix element between the singlet and triplet sub-
bands. Also, an additional “dome” of superconductivity
appears due to the triplet subband. However, this

d
x

2
y

2–

“dome” is located at too-high doping concentrations
and can be neglected. In the p-type cuprates, our
approach and approximations give only qualitative
agreement with the experimental picture: our theory
properly predicts only the value of optimum doping
xopt ≈ 0.15, but the value of Tc(xopt) = 20 K and the width
of the superconducting “dome” is half as those
observed experimentally. The distance between the
chemical potential at optimum doping and the Van
Hove singularity corresponding to a flat dispersion
around (π, 0) in our approach is equal to 0.52 eV, while
in experiment it is less than 0.03 eV in all p-type sys-
tems [19]. We suppose that the main mechanism of
superconductivity is the spin-fluctuation exchange, but
in order to explain the complicated phase diagram of
p-type HTSCs, one have to take into account other fea-
tures of these compounds. Namely, the electron–
phonon interaction and the magnetic frustrations,
which take place in underdoped region and lead to a
nonuniform magnetic state, the incommensurability of
spin fluctuations, and the phase separation observed in
p-type cuprates.
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Fig. 2. Phase diagram of p-type cuprates: the Tc(x) dependence calculated in the t–J* model (dashed curve) and in the singlet–triplet
t–J* model (solid curve) are shown. The inset demonstrates the calculated Tc(x) dependence for both these models in the nearest-
neighbor approximation without three-center-interaction terms and without spin fluctuations.
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