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1. INTRODUCTION

The experimental discovery of carbon nanotubes in
1991 [1] opened up new fields in engineering and fun-
damental physics. Owing to their nanometer sizes and
periodicity in one dimension inherent in these struc-
tures, carbon nanotubes possess a unique combination
of mechanical, chemical, and electrical properties [2].
One of the most interesting properties exhibited by car-
bon nanotubes (from the standpoint of practical appli-
cation) is their ability to adsorb atoms and molecules of
different types. Since carbon nanotubes have a very
large specific surface (of the order of several hundred
m

 

2

 

/g), they can adsorb considerable amounts of noble
gases, hydrogen, metals, water, etc. It should be noted
that, according to recent data, the limiting hydrogen
content in carbon nanotubes intended for the commer-
cial use of hydrogen in transport reaches 6–7 wt % [3].

Unfortunately, the experimental data available in the
literature on the hydrogen adsorption in carbon nanotubes
are very contradictory. For example, in the pioneering
work by Dillon 

 

et al.

 

 [4], it was noted that the hydrogen
content in single-walled carbon nanotubes can be as high
as 5–10 wt % at room temperature and a pressure of 4 

 

×

 

10

 

4

 

 Pa. Ye 

 

et al.

 

 [5] and Liu 

 

et al.

 

 [6] reported that the con-
tent of adsorbed hydrogen reaches 8.25 wt % at a temper-
ature of 80 K under a pressure of 10 MPa and decreases
to 4.2 wt % at room temperature under the same pressure.
As was shown by Chen 

 

et al.

 

 [7], the hydrogen content in

single-walled carbon nanotubes doped with alkali
metals varies from 10 to 20 wt %. According to Nütze-
nadel 

 

et al.

 

 [8] and Rajalakshmi 

 

et al.

 

 [9], the content
of electrochemically adsorbed hydrogen in single-
walled carbon nanotubes falls in the range from 0.4 to
4.0 wt %. Zhu 

 

et al.

 

 [3] produced single-walled carbon
nanotubes in which the content of adsorbed hydrogen
was approximately equal to 3.5 wt %.

This large scatter in the experimental data can be
explained by the differences in the materials and tech-
niques used in experiments on hydrogen adsorption in
nanotubes. Furthermore, no unified theory of hydrogen
adsorption in carbon nanotubes has been offered to
date. Although this problem has been studied by many
researches (see, for example, [10–12]), the mechanism
of hydrogen adsorption in nanotubes is not completely
understood.

Hydrogen adsorption has been theoretically studied
within different approaches. It is common practice to
use the Monte Carlo method (the diffusion and canoni-
cal variants) and molecular dynamics technique. The
diffusion Monte Carlo method [13] makes it possible to
calculate the thermodynamic quantities, correlation
functions, and the equilibrium density of particles with
the inclusion of the quantum effects through the calcu-
lated wave functions. However, the temperature effects,
as a rule, are disregarded in these calculations because
of the extremely complicated algorithm employed in
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—A method is proposed for calculating the adsorption of hydrogen in single-walled carbon nano-
tubes. This method involves solving the Schrödinger equation for a particle (hydrogen molecule) moving in a
potential generated by the surrounding hydrogen molecules and atoms forming the wall of the carbon nanotube.
The interaction potential for hydrogen molecules is taken in the form of the Silvera–Goldman empirical poten-
tial, which adequately describes the experimental data on the interaction between H

 

2

 

 molecules (including the
van der Waals interaction). The interaction of hydrogen molecules with carbon atoms is included in the calcu-
lation through the Lennard-Jones potential. The free energy at a nonzero temperature is calculated with allow-
ance made for the phonon contribution, which, in turn, makes it possible to take into account the correlations
in the mutual arrangement of the neighboring molecules. The dependences of the total energy, the free energy,
and the Gibbs thermodynamic potential on the applied pressure 

 

P

 

 and temperature 

 

T

 

 are calculated for adsorbed
hydrogen molecules. These dependences are obtained for the first time with due regard for the quantum effects.
The pressure and temperature dependences of the hydrogen density 

 

m

 

(

 

P

 

, 

 

T

 

) are also constructed for the first
time.
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the diffusion Monte Carlo method. The canonical
Monte Carlo method [14] takes into account the tem-
perature effects but with the use of the equations of
motion and interparticle potentials based on classical
mechanics. In this case, the quantum-mechanical
effects are ignored. Moreover, any Monte Carlo algo-
rithm includes a large number of configurations (

 

≈

 

10

 

6

 

),
which can significantly complicate calculations.

The molecular dynamics technique [15, 16] (the 

 

ab
initio 

 

method and variants based on the empirical inter-
particle potentials) makes it possible to calculate the
forces acting on atoms and, hence, to investigate the
atomic dynamics. Within this approach, atoms are
treated in terms of classical mechanics (i.e., they obey
the Newtonian equations of motion) rather than in
terms of quantum mechanics. Moreover, zero-point
vibrations of atoms, quantization of energy levels, and
tunneling effects are ignored within the molecular
dynamics approach. As a consequence, molecular
dynamics calculations cannot correctly predict even
qualitative results for motions of particles at low tem-
peratures when the kinetic energy of the particles is less
than the potential barrier height: 

 

E

 

kin

 

 < 

 

E

 

b

 

. However, it
should be noted that there are works in which quantum
effects are partially included in the molecular dynamics
algorithm for calculating simple systems [17].

In our recent paper [18], we proposed a new method
for calculating the equation of state of hydrogen mole-
cules adsorbed in single-walled carbon nanotubes. This
method takes into account the quantum-mechanical
effects that are responsible for the discrete energy levels
and for the disordering of an adsorbed particle between
the nearest neighbors. The proposed technique was
used to calculate the thermodynamic functions and the
equilibrium density of a one-dimensional chain consist-
ing of hydrogen molecules adsorbed inside extremely
narrow single-wall carbon nanotubes of the (3, 3) and
(6, 0) types (according to the notation proposed by
White 

 

et al.

 

 [19]). Those calculations included the
interaction of the introduced molecules with each other
and their interaction with the nanotube walls. When
calculating the thermodynamic functions at a nonzero
temperature, proper allowance was made for the
phonon contribution and the transitions of the studied
particle to excited levels. In the present paper, we
advance this method as applied to the calculation of the
hydrogen adsorption in single-walled carbon nanotubes
with diameters 

 

D

 

 = 13.56 and 27.13 Å, in which the
motion of hydrogen molecules cannot be considered
strictly one-dimensional motion.

The purpose of this work is to investigate theoreti-
cally the thermodynamic properties of hydrogen mole-
cules in carbon nanotubes with due regard for the quan-
tum effects at different temperatures. It is assumed that
the interaction of hydrogen molecules with each other
and their interaction with the nanotube walls are ade-
quately described by the pair interaction potentials.

2. CONSTRUCTION OF THE MODEL

Numerous experimental data indicate that hydrogen
molecules in the absence of catalysts are adsorbed on
the surface of carbon nanostructures only due to weak
van der Waals interactions without the formation of
strong covalent bonds (see, for example, [10]). In this
respect, we consider only the physical adsorption.
Hence, the interaction potential was taken in the form
of the Silvera–Goldman potential, which adequately
describes the experimental data on the interaction of H

 

2

 

molecules, including the weak van der Waals interac-
tion [13, 20]. The interaction of hydrogen molecules
with carbon atoms was included in the calculation
through the Lennard-Jones potential [14].

The behavior of hydrogen molecules was investi-
gated inside the (10, 10) and (20, 20) single-walled car-
bon nanotubes whose diameters were equal to 

 

≈

 

13.56
and 27.12 Å, respectively. Unlike the motion consid-
ered in [18], the motion of hydrogen molecules in the
(10, 10) and (20, 20) single-walled carbon nanotubes
cannot be treated as strictly one-dimensional: the mol-
ecules can be displaced from the nanotube axis and
located at a certain distance (determined by the van der
Waals radii) from the nanotube walls.

The model is based on the solution of the
Schrödinger equation for the wave function 

 

Ψ

 

i

 

(

 

r

 

)
describing the motion of the particle as a whole (for
example, a hydrogen molecule) in the potential repre-
sented as the sum of the potential 

 

V

 

C–H

 

(

 

r

 

), which is gen-
erated by the interaction of the hydrogen molecule with
carbon atoms of the nanotube wall, and the potential

 

V

 

H–H

 

(

 

r

 

), which is induced by the interaction between
the hydrogen molecule under consideration and the
neighboring hydrogen molecules; that is,

 (1)

Here, 

 

ε

 

i

 

 is the energy of the hydrogen molecule in the

 

i

 

th state and 

 

m

 

 is the mass of the hydrogen molecule.
It was assumed that the hydrogen molecules should

form a regular lattice. This lattice can be distorted as a
result of thermal displacements of the molecules. (Note
that these displacements will be included in the subse-
quent calculations through the phonon contribution).
Since the lattice formed by the hydrogen molecules
should be commensurate with the lattice of the carbon
atoms covering the surface of the nanotube, the lattice
of the hydrogen molecules on the surface of the nano-
tube should also be hexagonal.

The probability distribution of the particle position
at each temperature was calculated from the quantity

 

|Ψ

 

i

 

(

 

r

 

)

 

|

 

2

 

 averaged over the Gibbs distribution. The
potential acting on the hydrogen molecule from the
neighboring molecules was calculated under the
assumption that the positions of all the neighbors are
fixed and correspond to the maximum probabilities of

–
∆

2m
------- V r( )+⎝ ⎠

⎛ ⎞ Ψi r( ) εiΨi r( ),=

V r( ) VC–H r( ) VH–H r( ).+=
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their geometric distribution (the mean-field approxima-
tion).

It should be noted that the symmetry of the system is
similar to the cylindrical symmetry and that the hydro-
gen atoms (as well as the carbon atoms) form a graphite-
like lattice. For this reason, the unit cell used to simulate
the motion of the hydrogen molecule was chosen in the
form of a triangular prism that bounds the motion of the
molecule within the region whose projection onto the
surface of the single-walled carbon nanotube is depicted
in Fig. 1. The top of the triangular prism is located at a
distance of 1.5 Å from the surface of the single-walled
carbon nanotube, whereas the bottom of the prism is
positioned in the immediate vicinity of the tube axis
(

 

R

 

 = 0.1 Å). When the hydrogen molecules come closer
together to a distance shorter than the van der Waals
radius, the repulsive forces are enhanced drastically.
Hence, the boundary conditions were chosen so that the
probability of the hydrogen molecule escaping from the
prism was equal to zero. Then, the Schrödinger equation
with the potential describing the interaction of the
hydrogen molecule both with its neighbors and with the
nanotube atoms was numerically solved by partitioning
the cell in the cylindrical coordinates.

When analyzing the properties of the system at 

 

T

 

 

 

≠

 

0, we took into account that the particle can transfer to
the excited energy levels 

 

ε

 

i

 

 and calculated the average
energy of the particle from the Gibbs distribution:

 (2)

where 

 

Z

 

 is the partition function and 

 

k

 

B

 

 is the Boltz-
mann constant.

In this study, most attention was concentrated on
investigating the dependences of the density of
adsorbed particles and the equilibrium interparticle dis-
tance on external parameters, such as the pressure 

 

P

 

and the temperature 

 

T

 

. Since the equilibrium of the sys-

tem at external parameters {

 

P

 

, 

 

T

 

} 

 

≠

 

 0 is governed by the
minimum condition for the Gibbs thermodynamic
potential 

 

Φ

 

 = 

 

〈

 

U

 

〉

 

 – 

 

TS

 

 + 

 

PV

 

 = 

 

G

 

 + 

 

PV

 

 (where 

 

G

 

 is the
free energy, 

 

S

 

 is the entropy, 

 

P

 

 is the external pressure,
and 

 

V

 

 is the volume of the system), this potential should
be calculated with allowance made not only for the
internal energy 

 

〈

 

U

 

〉

 

 but also for the contributions of the
entropy 

 

S

 

 and the volume energy 

 

PV

 

. The free energy 

 

G

 

(per adsorbate molecule) involves two contributions:
(i) the free energy 

 

G

 

1

 

 related to the average energy of
particles 

 

〈ε〉

 

 (determined at fixed positions of the neigh-
boring molecules of the adsorbate) and to the entropy 

 

S

 

1

 

of their distribution over the energy levels and (ii) the
phonon contribution 

 

G

 

phon

 

 determined by the deviations
of these neighboring molecules from equilibrium posi-
tions. These deviations of the neighboring molecules
from the equilibrium positions lead to a change in the
energy levels of the molecule under consideration and,
correspondingly, to a change in the total energy of the
system. The change in the energy upon displacements
of the neighboring molecules gives rise to restoring
forces acting on the neighbors and leads to the contri-
bution 

 

G

 

phon

 

 to the free energy due to the phonon vibra-
tions of the adsorbed molecules at frequencies 

 

ω

 

ij

 

; that
is,

 (3)

 (4)

 (5)

The phonon frequencies were calculated from the
dispersion relation for phonons in the hexagonal struc-
ture formed by particles with mass 

 

M

 

, which are sepa-
rated by a distance 

 

d

 

 and interact with the nearest
neighbors through elastic constants 

 

f

 

(

 

r

 

, 

 

T

 

); that is,

 

(6)

Here, the wave vectors qx and qy change within the first
Brillouin zone of the hexagonal cell.

Then, we can calculate the free energy G at each

value of f(d, T). By using the formula P = – , it is

possible to determine the pressure P for each distance d.

The functions G(P, T) and Φ(P, T) can be determined
through inversion.

3. RESULTS AND DISCUSSION
The internal and free energies of particles and the

Gibbs thermodynamic potential Φ = Φ(P, T) were cal-

U〈 〉 1
Z
--- εi

εi

kBT
---------–⎝ ⎠

⎛ ⎞ ,exp
i

∑=

Z
εi

kBT
---------–⎝ ⎠

⎛ ⎞ ,exp
i

∑=

G G1 Gphon, G1+ U〈 〉 TS1,–= =

S1 kB Pi Pi( ), Piln
i

∑–
1
Z
---

εi

kBT
---------–⎝ ⎠

⎛ ⎞ ,exp= =

Gphon U〈 〉phon TSphon–=

=  
ηωi

2
--------- kBT 1

ηωi

kBT
---------–⎝ ⎠

⎛ ⎞exp–⎝ ⎠
⎛ ⎞ln+ .

i

∑

ωi qx qy d T, , ,( ) f d T,( )
M

------------------ 3 2 qx qy–{ }d( )cos qxd( )cos qyd( )cos+ +[ ] 3+±( ),=

f d T,( )
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Upot r T,( )〈 〉

∂r
2
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culated at different temperatures and average intermo-
lecular distances d. Then, the hydrogen density m(P, T)
(content, wt %) in the nanotubes under investigation at
each pressure P was calculated from the minimum con-
dition for the Gibbs thermodynamic potential Φ = Φ(P,
T). The data obtained are presented in Figs. 2 and 3. It
can be seen from these figures that, at different temper-
atures, an increase in the external pressure leads to a
sequence of phase transitions, which are accompanied
by a stepwise change in the density of adsorbed hydro-
gen molecules. This is explained by the manifestation
of the quantum properties of adsorbed hydrogen mole-
cules, which are characterized by a set of quantized
energy levels populated at nonzero temperatures. Fig-
ure 4 shows the dependence of the average energy of
the hydrogen molecule inside the (10, 10) single-walled
carbon nanotube on the temperature and pressure (P, T).
The dependence of the free energy of the hydrogen
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Fig. 2. Content of H2 molecules inside the (10, 10) single-
walled carbon nanotube.
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molecule inside the same nanotube on the temperature
and pressure is plotted in Fig. 5. As can be seen from
Fig. 5, the free energy of the hydrogen molecule is a
nonlinear function of the temperature and the distance
between hydrogen molecules. As a consequence, a vari-
ation in the pressure or in the temperature results in a
phase transition attended by a change in the density of
adsorbed hydrogen. The possibility of similar transfor-
mations occurring the system is indirectly confirmed by
the experimental data obtained in [3].

In order to prove that adsorbed hydrogen molecules
exhibit quantum properties, we calculated the pressure
and temperature dependences of the energy Etot(P, T)
and the density m(P, T) for the case in which the hydro-
gen molecules with an increased (by a factor of 100)
mass are adsorbed inside the (10, 10) single-walled car-
bon nanotube. The corresponding dependence is
depicted in Fig. 6.

The effect of the mass on the adsorption was esti-
mated according to the Arrhenius formula describing
the frequency of desorption of particles from the sur-
face [21]:

 (7)

where νadsorb is the frequency of desorption from the
surface, νvib is the frequency of surface normal vibra-
tions of the particle, and Ec is the cohesive energy of
particles on the surface. By assuming that m(P, T) ~

, we found that the capacity of adsorption of par-

ticles with mass m = 100  should increase by a fac-
tor of 10 (due to the square dependence of the fre-
quency νvib on the mass m). A comparison of Figs. 2 and
6 shows that the corresponding increase in the molecu-
lar mass does not lead to a tenfold increase in the den-

νadsorb νvib
Ec

kT
------–⎝ ⎠

⎛ ⎞ ,exp=

νadsorb
1–

mH2

sity m(P, T). This indicates that the quantum properties
of light adsorbed molecules must be taken into account.

Apart from the calculations of the physical adsorp-
tion of hydrogen inside the (10, 10) and (20, 20) single-
walled carbon nanotubes, we carried out the calcula-
tions of the adsorption of hydrogen molecules on the
outer surface of the nanotubes under investigation
(Figs. 7–9). It can be seen from Figs. 8 and 9 that, upon
the phase transition, the pressure increases linearly with
an increase in the temperature for both nanotubes. In
this case, the adsorption capacity inside the nanotubes
is higher than that outside them. A comparison of the
data presented in Figs. 2, 3, 8, and 9 shows that the
adsorption capacity (both inside and outside the single-
walled carbon nanotubes) decreases with an increase in

500 100 150 200 250 300 350 400 450

3.60

3.70

3.75

3.65

H2 content, wt %

Pressure, bar

T = 150 K
T = 200 K
T = 250 K

T = 600 K
T = 450 K
T = 300 K

Fig. 6. Content of H2 molecules with a mass of 200 au
inside the (10, 10) single-walled carbon nanotube.

3
4

5
6

7 600
500

400
300

200

200

400

600

800

1000

T, K

H
2–H

2 distance, Å

Fig. 7. Average energy of the H2 molecule outside the (10,
10) single-walled carbon nanotube.

T = 150 K
T = 200 K
T = 250 K

T = 600 K
T = 450 K
T = 300 K

0.8
500 100 150 200 250 300 350 400 450

0.9

1.0

1.1

1.2

1.4

1.5

1.6

1.7

1.8

1.3

H2 content, wt %

Pressure, bar

Fig. 8. Content of H2 molecules outside the (10, 10) single-
walled carbon nanotube.

100



PHYSICS OF THE SOLID STATE      Vol. 48      No. 2      2006

DENSITY AND THERMODYNAMICS OF HYDROGEN 407

the nanotube diameter. This behavior can be explained
by the fact that the effective potential of the attractive
van der Waals interaction of the hydrogen molecules
increases inside the nanotubes and decreases outside
them as the nanotube curvature increases.

4. CONCLUSIONS

Thus, we proposed a method for calculating the
thermodynamic functions and the equilibrium density
of hydrogen molecules adsorbed inside and outside sin-
gle-walled carbon nanotubes of various diameters. This
method makes it possible to take into account not only
the interaction between hydrogen molecules (in the
mean-field approximation) but also the interaction of
the hydrogen molecules with the walls of the carbon
nanotube. Within this approach, all the interactions,
including the weak van der Waals intermolecular inter-
action, are described by the Silvera–Goldman potential.

The proposed model correctly accounts for the
quantum-mechanical effects, which are responsible for
the discrete energy levels of the particle under investi-
gation, as well as for the transitions of the particle to
excited levels. The free energy at a nonzero temperature
was calculated with allowance made for the phonon
contribution. The phonon contribution makes it possi-
ble to improve the mean-field approximation and to
include the partial contribution from vibrations of the
neighboring particles with respect to their equilibrium
positions in the harmonic approximation. The method
was used to calculate the adsorption of hydrogen mole-
cules inside and outside the (10, 10) and (20, 20) single-
walled carbon nanotubes. It was demonstrated that vari-
ations in the pressure and temperature lead to a
sequence of first-order phase transitions, which are
accompanied by a stepwise change in the density of
adsorbed hydrogen upon adsorption outside and inside
the carbon nanotubes. The adsorption capacity inside

the carbon nanotubes is higher than that outside the
nanotubes and, in both cases, decreases with an
increase in the nanotube diameter. The maximum
adsorption capacity on both sides of the nanotubes
~14 Å in diameter can reach 3.5 wt % at a pressure of
up to 500 bar and at a temperature of 150 K.
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