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Effects of cross correlations between one-dimensional �1D� and three-dimensional �3D� random inhomoge-
neities on the wave spectrum in sinusoidal superlattices are studied theoretically. The situation when the gap in
the spectrum �the forbidden zone� at the first Brillouin zone boundary of the superlattice is closed under the
action of the 1D inhomogeneities is considered. The phenomenon of the partial opening of this gap is found
when the 3D inhomogeneities cross correlated with the 1D inhomogeneities add to the superlattice. The
appearance of the logarithmic resonance in the center of the forbidden zone under the action of the cross
correlations is shown. The physical nature of the effects in the wave spectrum of the superlattice that are
caused by the cross correlations and the relation of these effects with the asymptotic properties of the corre-
lation function of inhomogeneities are discussed.
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I. INTRODUCTION

Wave spectra in partly randomized superlattices have
been intensely studied in recent years in view of wide appli-
cation of such materials in various high-technology devices.
In addition, these materials are convenient models for devel-
oping new methods in theoretical physics for studying media
without translational symmetry. Several theoretical ap-
proaches have been developed to investigate such superlat-
tices: the introduction of the one-dimensional �1D� random
phase,1,2 modeling of violation of ordering in the sequence of
layers of two different materials,3–10 numerical simulation of
random deviations of the interfaces between the layers from
their initial periodic arrangement,11–13 postulation of the
form of the correlation function of the superlattice with inho-
mogeneities,14,15 application of geometrical optics approx-
imations,16 and development of a dynamic theory of compos-
ite elastic media.17

One more method for investigating effects of inhomoge-
neities in a superlattice on the wave spectrum was proposed
in our earlier publication �Ref. 18�, the method of random
spatial modulation of the superlattice period. It can be briefly
described as follows. The only parameter describing the ran-
dom medium and appearing in the expression for the aver-
aged Green’s function is the correlation function K�r� that
depends on the distance r between two points of the medium
�r=x−x��. Consequently, the first stage of solving the prob-
lem is reduced to determining function K�r� for the superlat-
tice that has some inhomogeneities of its structure; the sec-
ond stage involves the extraction of the spectral parameters
from the expression for the Green’s function containing this
correlation function using the standard approximate methods.
To determine the superlattice correlation function K�r�, we
developed an approach which is a generalization of the well-
known method for determining the time correlation function
for a random frequency �phase� modulation of a radio
signal19,20 to the case of a spatial �three dimensions in the
general case� random modulation of the superlattice period.
The advantage of this method is that the form of the super-
lattice correlation function is not postulated in it but is de-

rived from the most general assumptions concerning the na-
ture of random spatial modulation of the superlattice period.
It was shown that this function, in the general has a quite
complicated form, which is determined to a considerable ex-
tent by the dimensionality of inhomogeneities, the structure
of the interface between the layers, and so on. Knowledge of
the correlation functions corresponding to various types and
dimensionalities of inhomogeneities allowed us to apply the
methods to studying the averaged Green’s functions for de-
termining the eigenfrequencies, damping factor, and other
wave parameters in superlattices.18,21–27

Effects of inhomogeneities in the superlattices with the
finite thicknesses of interfaces,24 inhomogeneities with an-
isotropic correlation properties,25 as well as the mixture of
the 1D and three-dimensional �3D� inhomogeneities26,27 on
the wave spectrum of the superlattices have been studied in
these papers. Analyzing the mixture of inhomogeneities in
Ref. 26, we assumed that cross correlations between inhomo-
geneities with different dimensionalities are absent. In Ref.
27, effects of the mixture of cross-correlated 1D and 3D
inhomogeneities on the wave spectrum in the initially sinu-
soidal superlattice were studied. It was found out that the
cross correlation led to the partial suppression of the influ-
ence of inhomogeneities on the wave spectrum: the width of
the gap in the spectrum at the first Brillouin zone boundary
increased and the damping of waves decreased in compari-
son with the values of these parameters caused by the mix-
ture of 1D and 3D inhomogeneities in the absence of the
cross correlations. It was found out also that the cross corre-
lations led to the emergence of unexpected resonance effects:
a narrow dip or narrow peak at the center of the band gap
�depending on the sign of the correlation coefficient�. In Ref.
27, phenomena of the partial suppression of the influence of
inhomogeneities on the wave spectrum and the emergence of
the resonances at the center of the forbidden band were con-
sidered in the situation when rms fluctuations of the 1D in-
homogeneities were not so large that the gap in the spectrum
could be closed only under the action of this inhomogene-
ities. In the present work, we consider the opposite case of
enough large rms variations of the 1D inhomogeneities
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which lead to the closing of the gap in the spectrum. We
show that adding of the 3D inhomogeneities cross correlated
with these 1D inhomogeneities leads to a qualitatively an-
other phenomenon: the partial opening of the gap in the
spectrum with the increase of rms fluctuations of the 3D
inhomogeneities. The analysis of the physical reasons of the
effects studied in Refs. 26 and 27, as well as in the present
paper, is carried out.

II. MODEL AND METHOD

We recall shortly the main features of the model and
method used in Refs. 26 and 27. A superlattice is character-
ized by the dependence of a material parameter A on spatial
coordinates x= �x ,y ,z�. Parameter A�x� can be of any physi-
cal origin. It can be the density of the material or a force
constant for the elastic system of the medium, the magnetic
anisotropy, magnetization, or exchange constant for the mag-
netic system, and so on. We represent A�x� in the form

A�x� = A + �A��x� , �1�

where A is the mean value of the parameter, �A is its rms
deviation, and ��x� is a centered ����x��=0� and normalized
���2�x��=1� function. The function ��x� describes both the
periodic dependence of the parameter along the z axis of the
superlattice and random spatial modulation of this parameter,
which can generally be a function of all three coordinates x,
y, and z.

We consider a superlattice with a sinusoidal dependence
of the material parameter on the z coordinate in the initial
state �in the absence of inhomogeneities�. Following Refs. 26
and 27, we present the function ��x� in the form

��x� = �2 cos�q�z − u1�z� − u3�x�	 + �� , �2�

where q=2� / l is the wave number of the superlattice and l is
the superlattice period. The sinusoidal superlattice can be
considered as a particular case of the multilayer structure
with very smooth boundaries between the layers. In this the
positive and negative regions of the function ��x� along the z
axis correspond to the alternate layers of this multilayer
structure and zero points of the function ��x� correspond to
the boundaries �interfaces� between these layers. In the
framework of this interpretation, the function u1�z� models
random displacements of these interfaces from their initial
periodic arrangement �1D inhomogeneities�, and the function
u3�x� models random deformations of surfaces of these in-
terfaces �3D inhomogeneities�. The coordinate-independent
phase � is characterized by a uniform distribution on the
interval �−� ,��.

The wave equation for the time Fourier transformation in
the superlattice can be represented in the form

�2m + 
� −
�

�2
��x��m = 0, �3�

where the function m=m�x ,�� and parameters � and � are
different for the waves, of different nature. For spin waves,
Eq. �3� corresponds to the ferromagnetic superlattice with the

inhomogeneous parameter of the anisotropy 	�x� �A=	,
�A=�	 in Eq. �1�	 in the situation when the direction of the
external magnetic field H, the constant component of the
magnetization M0, and the magnetic anisotropy axis coincide
with the direction of the superlattice z axis. In this case, m
=Mx+ iMy , �= ��−�0� /
gM0 , �=�2�	 /
, where � is the
frequency, �0=g�H+ �	−4��M0	 is the frequency of the fer-
romagnetic resonance, g is the gyromagnetic ratio, and 
 is
the exchange parameter. For elastic waves in the scalar ap-
proximation in the superlattice with the inhomogeneous den-
sity of the material p�x� �A= p, �A=�p�, we have �
= �� /s�2 and �=�2�2��p� / ps2, where s is the elastic wave
velocity. For electromagnetic waves in the same approxima-
tion in the superlattice with the inhomogeneous dielectric
permeability ��x� �A=�, �A=���, we have �=��� /c�2 and
�=�2�2���� /�c2, where c is the speed of light.

The averaged Green’s function for Eq. �3� has the form

G��,k� =
1

� − k2 − M��,k�
, �4�

where M�� ,k� is the classical analog of the mass operator,
which can be represented in the Bourret approximation28 in
the form obtained in Ref. 23,

M��,k� = −
�2

8�
� K�r�

r
exp�− i�kr + ��r�	dr . �5�

The correlation function K�r� for a sinusoidal superlattice is
defined by the expression

K�r� = ���x���x + r����1�3
. �6�

The averaging in this formula must be carried out over the
random phase �, as well as over the random functions �1 and
�3, where

�1 = q�u1�z + rz� − u1�z�	 ,

�3 = q�u3�x + r� − u3�x�	 . �7�

In Ref. 26, we assumed that the random functions �1 and �3
are mutually uncorrelated and each of these functions obeys
a Gaussian distribution. In Ref. 27, the definition of the cross
correlations between the inhomogeneities of different dimen-
sionalities has been introduced. It was assumed that the posi-
tive cross correlations mean that the enhancement of rms
fluctuations of inhomogeneities of some dimensionality in
some region of the space leads to the enhancement of rms
fluctuations of inhomogeneities of the other dimensionality
in the same region and vice versa, irrespective of the sign of
these fluctuations. For a superlattice, this means that the in-
crease in the displacement of the interfaces irrespective of its
sign �1D inhomogeneities� must lead for the positive cross
correlations to the increase in the deformation of surfaces of
these interfaces �3D inhomogeneities�.

The reason for the emergence of such correlations in the
most general form may lie in the reasonable assumption that
any random instability in the setup for obtaining superlat-
tices, which causes an increase in the deviation of the thick-
ness of a layer from the preset value, might also increase the
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probability that the deformations of the surface of this layer
increase. To simulate such cross correlations, we introduced
in Ref. 27 a distribution function that described correlation
between absolute values �1 and �3 of random functions �1
and �3, leaving the functions themselves uncorrelated. The
averaging in Eq. �6� carried out with that function had led to
the following form of the correlation function:

K�r� = cos qrz�K1�rz�K3�r� + K13�r�� , �8�

where the expression in the braces is the decreasing part of
the correlation function, which consists of the sum of the
products of the decreasing parts of the correlation function
for the components of a mixture of 1D and 3D inhomogene-
ities, K1�rz� and K3�r�, and the cross correlation function
K13�r�. Analytic expressions of these function were given in
Refs. 27 and 26. Asymptotic formulas for these functions
will be given in Sec. IV, where we discuss the nature of
phenomena in the wave spectrum of superlattices caused by
the inhomogeneities. The correlation function, Eq. �8� was
substituted to Eq. �5�. After that, the integration in Eq. �5�
was performed using approximate expression for K1�rz�,
K3�r�, and K13�r�. At the boundary of the first Brillouin zone
of a superlattice k=kr�q /2, we obtained27 the following ex-
pression for the Green’s function in the two-wave approxi-
mation for �, k�

2, and k0
2kr

2:

G��� =
1

�
�X −

1

4

 1 − L

X − i�1�1
2 − i�3�3

2 +
L

X − i�1�1
2�

− �P�X��−1

. �9�

Here,

P�X� =
iN�1

12��3
2�1

2 �evE1�v� + eu−E1�u−� + eu+E1�u+�	 ,

�10�

where

E1�z� = �
z

� e−t

t
dt

is the integral exponential function, X= ��−kr
2� /� is the di-

mensionless frequency detuning from the value of �=kr
2,

�1=k�q /� and �3=k0q /� are the dimensionless correlation
wave numbers for 1D and 3D inhomogeneities, respectively,
�1 and �3 are the relative rms fluctuations of the random
functions u1�z� and u3�x�,

v = ibX, u± = −
1

2
ibX�1 ± i�3� ,

b = 
 N

2�1
4�3

3�3
2�1 − L��1/3

, N = L + 2�3�3D��3�3� − 1.

�11�

Here,

D�z� = e−t2�
0

z

et2dt

is the Dawson’s integral and L=exp�−3�3
2� is the asymptotic

form for K3�r� for r→�. The numerical cross correlation
factor � in Eq. �9� lies, in the general case, in the interval
−1���1, but Eq. �9� was obtained with the proviso that
�  1.

For �=0, Eq. �9� can be reduced to the expression for a
mixture of uncorrelated 1D and 3D inhomogeneities,26 while
for �3=0 or �1=0, Eq. �9� can be reduced to the expressions
for 1D or 3D inhomogeneities, respectively.

III. SUSCEPTIBILITY AND WAVE SPECTRUM

The Green’s function given by Eq. �9� describes the com-
plex dynamic susceptibility of the superlattice at k=kr, and
the equation for the complex frequency ��kr�=���kr�
− i���kr� follows from the equality to zero of the function
G��� denominator.

It is well known that the spectrum ��k� of waves in a
superlattice has a band structure. The first gap �forbidden
band� is formed in the spectrum for k=kr. In the absence of
inhomogeneities and the intrinsic damping of waves, the gap
width in the spectrum for k=kr �which corresponds to the
spacing between levels �+�kr� and �−�kr� of the split spec-
trum	 is equal to �. In this case, two �-shaped peaks spaced
by � will be observed on the imaginary part of the Green’s
function G����. With increasing rms fluctuations �1 of 1D
inhomogeneities, the gap ��=�+�−�−� between the spectral
levels decreases and ultimately vanishes for a certain critical
value of �1. The increase in �1 is accompanied by the in-
crease of the damping ���k�. The peaks on the G���� depen-
dence decrease and become closer with increasing �1, while
their half-widths � increase until these peaks merge into one
at a certain value of �1=�1c. The mode of variation of the
spacing ��m between the tops of the peaks corresponds to
the change in the difference �+�−�−� between the eigenfre-
quencies; however, there is no exact quantitative correspon-
dence between these quantities for �1�0 �the critical value
of �1=�1c corresponding to the ��m vanishing is less of the
critical value of �1 corresponding to the �� vanishing by
10–15% �Ref. 21�	.

Forms of the dependencies G���� which follow from Eq.
�9� at �=0 and �3=0 are shown in Fig. 1 by the thin curves
1 and 2, corresponding to the values of �1

2=0.053 and �1
2

=0.1, respectively �thick solid and dotted-dashed curves in
this figure will be discussed below�. The spacing between the
peaks ��m and half-width of these peaks � as functions of �1

2

are shown by thin solid curves 1D in Figs. 2�a� and 2�b�,
respectively. Since the shape of the peaks on the G���� de-
pendence becomes asymmetric with increasing �1, this graph
depicts the values of � corresponding to the right half-width
of the right peak �and, accordingly, the left half-width of the
left peak�.

Dependencies of ��m and � on �3
2 for 3D inhomogene-

ities �thin solid curves 3D in Figs. 2�a� and 2�b�	 strongly
differ from the corresponding dependencies for the 1D inho-
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mogeneities: the spacing ��m decreases more slowly than for
the 1D inhomogeneities and the gap in the spectrum, de-
creasing with the increase in �3

2, remains open at any values
of �3

2.
We are now coming to consideration of the phenomena at

the simultaneous presence of 1D and 3D inhomogeneities or,
in other words, to consideration of the mixture of 1D and 3D
inhomogeneities. In Ref. 27, these phenomena were studied
at values of rms fluctuations of the 1D inhomogeneities �1
��1c corresponding to the nonzero spacing ��m between the
peaks in the spectrum in the absence of the 3D inhomogene-
ities. Recall shortly the results obtained for this case. In Fig.
2�a�, the dependence of ��m on the sum of �1

2 and �3
2 is

shown, and this permits us to analyze the spacing ��m at
different relationships between rms fluctuations of 1D and
3D inhomogeneities. We begin our consideration with the
situation when 3D inhomogeneities are absent ��3=0� and
rms fluctuations of the 1D inhomogeneities increase from
zero to �1

2=0.14. The normalized spacing ��m /� in this case
decreases according to the initial part of the curve 1D in Fig.
2�a� from 1 to 0.6. Then, we add 3D inhomogeneities in-
creasing �3 and keeping �1=0.14. If cross correlations be-
tween the 1D and 3D inhomogeneities are absent, the depen-
dence of ��m /� on �1

2+�3
2 is described by the thin dashed

curve in Fig. 2�a� and the gap is closed ���m vanishes� at
�1

2+�3
2�0.35 ��1

2=0.14, �3
2�0.21�. At the presence of the

positive ���0� cross correlations between 1D and 3D inho-
mogeneities, the dependence of ��m /� on �1

2+�3
2 is sharply

changed and is described by the thin dotted-dashed curve in
Fig. 2�a�. The decrease of ��m on �3

2 becomes smoother and
the curve ��m��3

2� lies between those describing the depen-
dence of ��m on �3

2 for an uncorrelated ��=0� mixture and
for a medium with 3D inhomogeneities. Negative correla-

tions lead to a steeper descent of the function ��m��3
2� as

compared to that for �=0 and, hence, to the closure of the
gap for smaller values of �3

2 �see Fig. 3�a� in Ref. 27	.
These results match the behavior of the ���3

2� curves for a
mixture of inhomogeneities �see Fig. 2�b�	: the resonance
line half-width decreases for ��0 �thin dotted-dashed curve�
as compared to the ���3

2� curve for an uncorrelated mixture
of 1D and 3D inhomogeneities �thin dashed curve�. Thus, the
positive cross correlations for which the stochastic spatial
synchronization of intensity fluctuations of 1D and 3D inho-
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FIG. 1. The imaginary part of the Green’s function G� vs the
frequency � at the boundary of the Brillouin zone k=kr for the case
of 1D inhomogeneities with �1

2=0.053 �curve 1� and �1
2=0.1 �curve

2� and for the case of the mixture of 1D and 3D inhomogeneities
with �1

2=0.2 and �3
2=0.3 at the absence of crossing correlations

�thick solid curve, �=0� and in the presence of the crossing corre-
lations �dotted-dashed curve, �=0.6�.
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FIG. 2. �a� Spacing ��m between the peaks on the function
G���� and �b� half-width of these peaks � as functions of the sum
�1

2+�3
2 for �1

2�0, �3
2=0 �curve 1D�, �1

2=0, �3
2�0 �curve 3D�, for

the case of the mixture of 1D and 3D inhomogeneities without
crossing correlations for �1

2=0.14, �3
2�0 �thin dashed curves�, and

for the case of the mixture 1D and 3D inhomogeneities in the pres-
ence of the positive crossing correlations ��=0.6, �3

2�0� for �1
2

=0.14 �thin dotted-dashed curve�, �1
2=0.177 �thick dashed curve�,

�1
2=0.2 �thick dotted-dashed curve�, and �1

2=0.3 �dotted curve�.
Thick solid curve �b� corresponds to the closed gap at �=0, �1

2

=0.2, and �3
2�0.
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mogeneities takes place partly suppress the effect of a mix-
ture of 1D and 3D inhomogeneities on the wave spectrum:
the gap width at the boundary of the Brillouin zone increases
and wave damping decreases as compared to the effect ob-
served in a mixture of 1D and 3D inhomogeneities for �
=0. The negative cross correlations for which the intensity
fluctuations of 1D and 3D inhomogeneities have a tendency
to lie in different spatial regions lead to the opposite effect:
the gap decreases and the damping increases as compared to
those for �=0 �see Fig. 3�b� in Ref. 27	.

Let us consider now the phenomenon of suppressing the
effects of 1D inhomogeneities for the unexplored earlier case
of �1��1c corresponding to the closed gap in the spectrum
at the absence of 3D inhomogeneities. Let the rms fluctua-
tions of 1D inhomogeneities increase from zero to �1c

2

=0.177 at the absence of 3D inhomogeneities �curve 1D in
Fig. 2�a�	. The spacing ��m vanishes at this point, and only
one maximum remains in the curve G����. Then, the rms
fluctuations �3 of 3D inhomogeneities increase at �1=�1c. If
cross correlations between 1D and 3D inhomogeneities are
absent, the spacing ��m remains equal to zero at any values
of �3

2 �the shape of the maximum in the curve G���� will,
certainly, change	. At the presence of cross correlations, an
unexpected phenomenon happens with the increase of �3: the
gap in the spectrum again partly opens and, correspondingly,
the maximum in the curve G���� again splits up into two
peaks. The spacing between these peaks ��m /� vs �1

2+�3
2 is

shown in Fig. 2�a� by the thick dashed curve. One can see
that this spacing may be as much as 20% of the initial width
of the gap. This phenomenon can be observed also for
�1��1c. Let us increase the rms fluctuations of 1D inhomo-
geneities to �1

2=0.2 at �3=0. Then, we grow the rms fluctua-
tions �3 of 3D inhomogeneities saving �1

2=0.2. At the pres-
ence of the positive cross correlations, the gap in the

spectrum is opening as it is shown in Fig. 2�a� by thick
dotted-dashed curve. The function G���� is shown in Fig. 1,
namely, for this situation at �1

2+�3
2=0.5 ��1

2=0.2, �3
2=0.3�:

the thick solid curve corresponds to the absence of cross
correlations ��=0�, and the thick dotted-dashed curve corre-
sponds to �=0.6. The dotted curve in Fig. 2�a� describes the
process of opening the gap with increasing �3 at �1

2=0.3. By
comparing the thick dashed, dotted-dashed, and dotted
curves in Fig. 2�a�, one can see how the effect of opening the
gap decreases with the increase of the rms fluctuations �1 of
the 1D inhomogeneities. In Fig. 2�b�, the change of the reso-
nance line half-width with the increase of �3 at �1

2=0.2 at the
absence of the cross correlations �thick solid curve� and at
�=0.6 �thick dotted-dashed curve� is shown. It is seen that
the cross correlations at �1

2+�3
2�0.4 lead to the some de-

crease of the damping in the system. However, this effect is
not so clearly expressed as compared with the case when the
increase of �3

2 occurs at values of �1��1c �thin dashed ��
=0� and dotted-dashed ��=0.6� curves in Fig. 2�b�	.

IV. RELATION OF EFFECTS IN THE WAVE SPECTRUM
WITH ASYMPTOTIC PROPERTIES OF THE

SUPERLATTICE CORRELATION FUNCTION

It was shown earlier25–27 that effects of inhomogeneities
on the wave spectrum strongly depend on the asymptotic
behavior of the superlattice correlation function. We consider
in this section in more detail the relation between the phe-
nomena in the superlattice wave spectrum, which is due to
inhomogeneities and the asymptotic properties of correlation
functions of these inhomogeneities. Let the only 1D inhomo-
geneities u1�z� be present in the superlattice, which are char-
acterized by the rms fluctuation �1 and the correlation wave
number k�. The decreasing part K1�rz� of the superlattice cor-
relation function K�r� in this case has the finite correlation
radius �k��1

2�−1 and vanishes exponentially at rz→� �see
Refs. 26 and 27�. In this case ��=0, �3=0, and L=1�, only
one resonance term 1/4�X− i�1�1

2� is left in the braces in Eq.
�9� for the Green’s function G���. The interaction of this
resonance with the first term in the braces X describes all
peculiarities of the wave spectrum in the superlattice. The
damping of the waves in the resonance term is proportional
to the inverse correlation radius k��1

2, and its increase leads to
the vanishing of the spacing ��m at �1=�1c. Now, let the
only 3D inhomogeneities u3�r� be present in the superlattice,
which are characterized by the rms fluctuation �3 and the
correlation wave number k0. It was shown earlier26 that
the decreasing part of the correlation function K3�r� was di-
vided in that case on two parts by the asymptote K3���=L
=exp�−3�3

2�. The part of K3�r� which lies above this asymp-
tote is proportional to 1−L, characterized by the finite corre-
lation radius �k0�3

2�−1, and exponentially tends to zero for
r→�. The part of K3�r� which lies under this asymptote is
proportional to L and has infinite correlation radius. Two
resonance terms correspond to these parts of K3�r�, which
remain in the case of 3D inhomogeneities ��=0, �1=0� in
the braces in Eq. �9�: the term �1−L� /4�X− i�3�3

2�, where the
damping is proportional to the inverse correlation radius

−0.4 −0.2 0 0.2 0.4 0.6
−3

−2

−1

0

(ν − k
r
2)/Λ

(G
" −

G
" 0)Λ

FIG. 3. The difference between the imaginary parts of the
Green’s function for the mixture of the cross-correlated and uncor-
related 1D and 3D inhomogeneities �thick curves� and the form of
the logarithmic resonance described by the approximate formula
�Eq. �14�	 for �1

2=0.1, �3
2=0.1 �solid curves�, �1

2=0.14, �3
2=0.2

�dashed curves�, and �1
2=0.2, �3

2=0.3 �dotted curves�; �=0.6.
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k0�3
2, and the term L /4X, which describes waves propagating

without the damping. Owing to this latter term, the damping
of waves in the superlattice with 3D inhomogeneities is es-
sentially smaller than in the superlattice with 1D inhomoge-
neities with the same rms fluctuation �Fig. 2�b�	 and the
spacing ��m is essentially larger �Fig. 2�a�	. If the mixture of
both 1D and 3D inhomogeneities without crossing correla-
tions between them there is in the superlattice, the decreasing
part of the correlation function will be a product of the de-
creasing parts of the correlation functions of 1D and 3D in-
homogeneities K1�rz�K3�r�. This correlation function has a
complex structure, and its correlation radius is determined
by two parameters: �k��1

2�−1 and �k0�3
2�−1; the product

K1�rz�K3�r� exponentially tends to zero for r→�. Two reso-
nance terms are in the braces in Eq. �9� in this case ��=0,
�1�0, and �3�0�, as in the case of 3D inhomogeneities.
However, each of these terms describes damped waves: the
term proportional to 1−L makes a contribution to the damp-
ing determined by the sum of k��1

2 and k0�3
2 and the term

proportional to L makes a contribution to the damping deter-
mined only by k��1

2. Because of that, with the increase of rms
fluctuations of both 1D and 3D inhomogeneities, the de-
crease of ��m to zero and, correspondingly, the closing of the
gap in the spectrum occur �thin dashed curve in Fig. 2�a�	.

When cross correlations between 1D and 3D inhomoge-
neities appear, the function of the cross correlation K13�r� is
added to the product K1�rz�K3�r�. The function K13�r� has
long weakly decaying ��r−1� correlations. It is known that
for a correlation function with such asymptotic properties, a
finite correlation radius cannot be introduced. The term P�X�
determined by Eq. �10� corresponds to the function of the
cross correlation K13�r� in Eq. �9�. For discussing the effects
which are due to the cross correlations, we use the expansion
of the function E1�z� at z1 �see, for example, Ref. 29� and
the expansion of the term P�X� in the vicinity of X=0. As a
result, the approximate expression for P�X� takes the form

P�X� � −
iN�1

4��3
2�1

2
ln��bX� + i sgn�X�
�

6
� , �12�

where ��1.78 is the Euler’s constant. It is seen that the
cross correlations lead to the appearance, in the braces of Eq.
�9�, of the additional resonance term of the logarithmic form.
This form of the resonance is completely determined by the
asymptotic form r−1 of the cross correlation function K13�r�.
Let us consider the manifestation of this logarithmic reso-
nance in the form of the imaginary part of the Green’s func-
tion G����. We study for this purpose the function

�G���� = G���� − G0���� , �13�

where both G���� and G0���� are determined by Eq. �9�, but
G���� corresponds to ��0 while G0���� corresponds to �
=0. The function �G���� is shown in Fig. 3 by thick curves
for the three pairs of the values of �1

2 and �3
2: �1

2=0.1, �3
2

=0.1 �thick solid curve�; �1
2=0.14, �3

2=0.2 �thick dashed
curve�; and �1

2=0.2, �3
2=0.3 �thick dotted curve�. These

curves clearly depict the logarithmic resonance at the center
of the gap �=kr

2. For comparison, we consider an approxi-

mate expression for �G���� that corresponds to the expan-
sion of the exact Eq. �13� in powers of both � and X,

�G�X→0
�→0

= − �
4�1�1
2��1�1

2 + �3�3
2�

�1�1
2 + L�3�3

2 �2

P��X� , �14�

where P��X�=Im P�X�, and P�X� is described by Eq. �12�.
This approximate function �G���� is shown in Fig. 3 by

thin curves for the same three pairs of the values of �1
2 and �3

2

for which the exact function �G���� is shown by thick
curves. It is seen that differences between the thin and the
corresponding thick curves are not so large. The pictures
looks like that the switching on of cross correlations leads to
subtraction �at ��0� of the logarithmic resonance approxi-
mately described by Eq. �12� from the Green’s function
G0����, corresponding to the absence of the cross correlations.
Thick solid curve in Fig. 3 corresponds to the function G����
that is shown in Fig. 4 of Ref. 27 for �1

2=0.1, �3
2=0.1. In this

case, the width of the logarithmic resonance line is much less
than the spacing ��m between the maxima of the function
G���� for �=0 �solid curve in Fig. 4 of Ref. 27�. That is why
the switching on of crossing correlations between 1D and 3D
inhomogeneities gives rise to the resonance effects in the
center of the forbidden band: a narrow dip �at ��0� or nar-
row peak �at ��0�. Let us consider now the case of �1

2

=0.14 and �3
2=0.2 when the gap is closed under the action of

uncorrelated 1D and 3D inhomogeneities �Fig. 2�a�, the right
end of the thin dashed curve	 and only one resonance peak
remains on the curve G����. The logarithmic resonance at
these values of �1

2 and �3
2 becomes larger �dashed curves at

Fig. 3�, and the switching on of the positive cross correlation
leads to the splitting of one resonance peak onto two peaks,
that is, to the partial opening of the gap �the point on the thin
dotted-dashed curve at �1

2+�3
2=3.4 in Fig. 2�a�	. At last, we

consider the case �1
2=0.2 when the gap is closed due to only

1D inhomogeneities. The adding of the correlated with the
3D inhomogeneities leads to the further enhancement of the
logarithmic resonance �the dotted curves in Fig. 3� that will
cause the partial opening of the gap in the spectrum with the
increase of the rms fluctuation �3

2.
Thus, the effects of crossing correlations between 1D and

3D inhomogeneities considered earlier27 �the appearance of
the narrow resonance in the center of the forbidden band in
the superlattice wave spectrum and the slowing down of the
closing of the gap with the increase of �3�, as well as the
effect of opening the gap with the increase of �3 that was
found in the present work, are due to the same reason: the
appearance of the logarithmic resonance in the center of the
gap. This resonance, in its turn, is conditioned by the slowly
decaying ��r−1� term K13�r� in the correlation function of the
superlattice K�r�. From the physical point of view, it means
that the stochastic spatial synchronization between fluctua-
tions of 1D and 3D inhomogeneities leads to the appearance
of regions in the space, in which waves propagate with very
small damping. The experimental observation of the logarith-
mic resonance could be a test of the existence of the cross
correlations between 1D and 3D inhomogeneities in the
material.
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It should be emphasized that the slow decay ��r−1� of the
correlation function of the cross-correlated 1D and 3D inho-
mogeneities is the fundamental property of this function that
has no relations with any model. This law of the decay of
correlations corresponds to the intuitive supposition that the
correlation function of the cross-correlated 1D and 3D inho-
mogeneities must have the asymptotic behavior at r→� that
is the intermediate one between the asymptotic behaviors of
the 1D inhomogeneities �K1�exp�−�1

2k�r�	 and 3D inhomo-
geneities �K3�L=const�.

Effects of cross correlations between 1D and 3D inhomo-
geneities were investigated in the present paper as well as in
Ref. 27 for the superlattice with the sinusoidal initial modu-
lation. The question whether the phenomena found in these
papers are characteristics for another modulation profile or

only for the sinusoidal one arises. As it was shown ear-
lier,22,24 the spectral characteristics at the first Brillouin zone
boundary and their modifications under the action of inho-
mogeneities are determined, mainly, by the first Fourier har-
monic of the function describing the modulation profile. This
harmonic depends only weakly on the form of this function
when the latter changes from the sinusoidal to rectangular
form. That is why one would expect that the results obtained
here for the sinusoidal superlattice will be qualitatively the
same and for another forms of the modulation profile.

ACKNOWLEDGMENT

This work was supported by a Grant of the Russian Fed-
eration President, SS-6612/2006.3.

1 J. B. Shellan, P. Agmon, and P. Yariv, J. Opt. Soc. Am. 68, 18
�1978�.

2 Yu. Ya. Platonov, N. I. Polushkin, N. N. Salashchenko, and A. A.
Fraerman, Zh. Tekh. Fiz. 57, 2192 �1987� �Sov. Phys. Tech.
Phys. 32, 1324 �1987�	.

3 J. M. Luck, Phys. Rev. B 39, 5834 �1989�.
4 S. I. Tamura and F. Nori, Phys. Rev. B 41, 7941 �1990�.
5 N. Nishiguchi, S. I. Tamura, and F. Nori, Phys. Rev. B 48, 2515

�1993�.
6 G. D. Pang and F. C. Pu, Phys. Rev. B 38, 12649 �1988�.
7 J. Yang and G. Pang, J. Magn. Magn. Mater. 87, 157 �1990�.
8 D. H. A. L. Anselmo, M. G. Cottam, and E. L. Albuquerque, J.

Appl. Phys. 87, 5774 �1999�.
9 L. I. Deych, D. Zaslavsky, and A. A. Lisyansky, Phys. Rev. E 56,

4780 �1997�.
10 L. Kroon and R. Riklund, Phys. Rev. B 69, 094204 �2004�.
11 B. A. Van Tiggelen and A. Tip, J. Phys. I 1, 1145 �1991�.
12 A. R. McGurn, K. T. Christensen, F. M. Mueller, and A. A. Ma-

radudin, Phys. Rev. B 47, 13120 �1993�.
13 M. M. Sigalas, C. M. Soukoulis, C.-T. Chan, and D. Turner, Phys.

Rev. B 53, 8340 �1996�.
14 V. A. Ignatchenko, R. S. Iskhakov, and Yu. I. Mankov, J. Magn.

Magn. Mater. 140-144, 1947 �1995�.
15 A. G. Fokin and T. D. Shermergor, Zh. Eksp. Teor. Fiz. 107, 111

�1995� �JETP 80, 58 �1995�	.
16 A. V. Belinskii, Usp. Fiz. Nauk 165, 691 �1995� �Phys. Usp. 38,

653 �1995�	.
17 B. Kaelin and L. R. Johnson, J. Appl. Phys. 84, 5451 �1998�; 84,

5458 �1998�.

18 V. A. Ignatchenko and Yu. I. Mankov, Phys. Rev. B 56, 194
�1997�.

19 A. N. Malakhov, Zh. Eksp. Teor. Fiz. 30, 884 �1956� �Sov. Phys.
JETP 3, 701 �1956�	.

20 S. M. Rytov, Introduction to Statistical Radiophysics, 2nd ed.
�Nauka, Moscow, 1976�, p. 1 �in Russian�.

21 V. A. Ignatchenko, Yu. I. Mankov, and A. V. Pozdnyakov, Zh.
Eksp. Teor. Fiz. 116, 1335 �1999� �JETP 89, 717 �1999�	.

22 V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Phys.
Rev. B 59, 42 �1999�; J. Phys.: Condens. Matter 11, 2773
�1999�.

23 V. A. Ignatchenko, A. A. Maradudin, and A. V. Pozdnaykov,
Phys. Met. Metallogr. 91, S69 �2001�.

24 V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Phys.
Rev. B 65, 024207 �2002�.

25 V. A. Ignatchenko, A. A. Maradudin, and A. V. Pozdnyakov,
Pis’ma Zh. Eksp. Teor. Fiz. 78, 1082 �2003� �JETP Lett. 78, 592
�2003�	.

26 V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Pis’ma
Zh. Eksp. Teor. Fiz. 77, 335 �2003� �JETP Lett. 77, 285 �2003�	;
V. A. Ignatchenko, Y. I. Mankov, and A. A. Maradudin, Phys.
Rev. B 68, 024209 �2003�.

27 V. A. Ignatchenko and Yu. I. Mankov, Zh. Eksp. Teor. Fiz. 129,
710 �2006� �JETP 102, 625 �2006�	.

28 R. C. Bourret, Nuovo Cimento 26, 1 �1962�; Can. J. Phys. 40,
782 �1962�.

29 Handbook of Mathematical Functions, edited by M. Abramowitz
and I. A. Stegun �Dover, New York, 1964�.

PARTIAL RESTORATION OF THE WAVE SPECTRUM OF A… PHYSICAL REVIEW B 75, 235422 �2007�

235422-7


