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1. INTRODUCTION

Solid solutions of oxides with the perovskite struc-
ture have attracted the attention of the researchers for
many decades due to their unusual phase diagrams and
extraordinary electromechanical properties [1–3].
Among numerous ferroelectric materials,
PbSc
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O
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 (PST) and PbSc
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Nd

 

0.5

 

O

 

3

 

 (PSN) solid
solutions are of particular interest. The physical proper-
ties and character of phase transitions in these com-
pounds depend on the degree of ordering of scandium
and tantalum (niobium) ions. Completely disordered
PST and PSN solid solutions manifest relaxor proper-
ties with a diffuse ferroelectric phase transition,
whereas ordered Pb

 

2

 

ScTaO

 

6

 

 and Pb

 

2

 

ScNbO

 

6

 

 com-
pounds behave as conventional ferroelectrics.

The high-temperature phase of disordered PST and
PSN solid solutions has the 

 

Pm

 

3

 

m

 

 symmetry (perovs-
kite structure), while ordered solid solutions have the

 

Fm

 

3

 

m

 

 symmetry (elpasolite structure). With a decrease
in temperature, both ordered and disordered solid solu-
tions undergo a ferroelectric phase transition to the
rhombohedral phase. The symmetry of the low-temper-
ature phase of PSN is 

 

R

 

3

 

m

 

. The symmetry of the low-
temperature rhombohedral phase of PST has not been
finally determined [4]. The ferroelectric phase transi-
tion and electromechanical properties of these solid
solutions have been experimentally investigated in
detail (see, for example, [5] and references therein). An
important feature of these compounds is their fairly

high (1500 K) temperatures of cationic ordering; thus,
the degree of this ordering can be controlled by appro-
priate thermal conditions. As was shown in [6–8], dis-
ordered solid solutions contain ordered nanoregions.
Their presence is confirmed by experimental investiga-
tions of the crystal lattice dynamics by the spectro-
scopic method [7, 8]. According to the symmetry, there
are no active Raman modes in the high-temperature
phase of disordered solid solutions; however, the inves-
tigations show that the spectra of ordered and disor-
dered compounds are almost identical. As a result of the
presence of ordered nanoregions, disordered solid solu-
tions exhibit a more complicated pattern of lattice dis-
tortion during a ferroelectric phase transition in com-
parison with ordered PSN and PST. In this case, as was
noted in [6, 9], not only the ferroelectric “soft” mode
plays an important role during phase transition but also
the antiferroelectric soft mode in PSN and the soft
mode (due to octahedron rotation) in PST.

Calculations of the ferroelectric phase transition and
physical properties within the local density functional
method were performed mainly for PSN, using a model
Hamiltonian and the local-mode approximation. A
brief review of the results obtained with indication of
the corresponding references can be found in Burton’s
paper [10].

In [11], the high-frequency permittivity, dynamic
Born charges, and the frequency spectrum of lattice
vibrations were calculated for ordered and disordered
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PSN and PST within the generalized Gordon–Kim
model of an ionic crystal, taking into account the mul-
tipole polarizabilities. It was found for all the com-
pounds under consideration that there is ferroelectric
lattice instability in the symmetric cubic phase. The
purpose of this study is to calculate (within the same
model of an ionic crystal) the temperature of the ferro-
electric phase transition and spontaneous polarization
in ordered and disordered PSN and PST.

In Section 2, we report the model Hamiltonian
describing the ferroelectric phase transition in com-
pletely disordered PSN and PST compounds with the
perovskite structure and in cation-ordered Sc, Nb(Ta)
solid solutions with the elpasolite structure. The
explicit form of the model Hamiltonian for the perovs-
kite structure was given in [12, 13]. Here, we report the
explicit form of the Hamiltonian for the elpasolite
structure. In Section 3, the parameters of the model
Hamiltonians for PSN and PST with the perovskite and
elpasolite structures are determined from calculations
of the total energy of the phases distorted with respect
to the eigenvectors of the ferroelectric mode. In
Section 4, we discuss the results of the Monte Carlo
calculation of the statistical properties of the com-
pounds under consideration. Finally, the main results of
this study are briefly formulated in Conclusions.

2. MODEL HAMILTONIAN
IN THE LOCAL-MODE APPROXIMATION

To calculate the temperatures of the ferroelectric
phase transition and the temperature dependence of
spontaneous polarization, we will use the approach
based on the local-mode approximation [12–14] to con-
struct the effective Hamiltonian.

As was noted in Introduction, the lattice vibration
frequencies for the compounds considered here were
calculated in [11] and unstable ferroelectric modes
were revealed in the oscillation spectrum. Table 1 con-
tains the eigenvectors of unstable ferroelectric modes,
high-frequency permittivities, and dynamic ion charges
for the ordered and disordered PSN and PST cubic
phases. It should be noted that, in the case of disordered
solid solutions with the perovskite structure, all the cal-
culations, of both the crystal lattice dynamics in [11]
and the total energies of undistorted and distorted (with
respect to the local-mode eigenvector) phases, reported
below, were performed within the virtual-crystal
approximation, i.e., for the Pb

 

〈

 

B

 

〉

 

O

 

3

 

 compound, where

 

〈

 

B

 

〉

 

 is a virtual ion. It can be seen in Table 1 that, for all
the compounds studied, lead ions have the largest dis-
placements in the soft ferroelectric vibration mode. The
Hamiltonian has the form

(1)

where 

 

S

 

i

 

 is the three-component (for both the perovs-
kite and elpasolite structures) local soft mode in a cell,
which is centered at Pb ions and is determined as 

 

S

 

α

 

 =

 

u

 

α

 

 (

 

u

 

 is the ion displacement amplitude and 
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is the mode eigenvector from Table 1); the term
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  Eigenvectors of the ferroelectric mode, permittivities, and dynamic charges (in 

 

e

 

 units) for disordered and ordered
PSN and PST
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is the anharmonic contribution to the local-mode
energy within a cell; and the term

(3)

describes the long-range dipole–dipole interactions

between local modes. Here, 

 

Z* = ξkα is the

dynamic charge of the local mode with ξkα and 

from Table 1 and  are the structural constants,
which depend on the lattice geometry and are calcu-
lated by the Ewald method. We should note here that
the energy of long-range dipole–dipole interactions
was calculated in [12, 13] using another expression:

Edip Si{ } S j{ },( ) 3 Z*( )2

ε∞ 2+
----------------- Qij

αβui
αu j

β

ij αβ,
∑=

Zdin
αk

αk∑
Zdin

αk

Qij
αβ

Edip Si{ } S j{ },( ) Z*( )2

ε∞
------------- Qij

αβui
αu j

β.
ij αβ,
∑=

However, Kvyatkovskii showed [15] that long-range
dipole–dipole interactions between crystal cells are
determined from formula (3). Finally, the term

(4)

describes the short-range interaction between local
modes within several coordination spheres. For the per-
ovskite structure, the explicit form of Jij, αβ was given in
[13], where the short-range interactions between local
modes are taken into account within three coordination
spheres. In the ordered PSN and PST solid solutions
with the fcc elpasolite structure, the number of nearest
neighbors is large; hence, for simplicity, we will restrict
ourselves to consideration of short-range interactions
within two coordination spheres. In this case, Jij, αβ for
the first and second coordination spheres can be writ-
ten, respectively, as

(5a)

and

(5b)

where rij = Rij/|Rij | are the direction cosines.

3. DETERMINATION
OF THE EFFECTIVE-HAMILTONIAN 

PARAMETERS

The parameters of the one-cell anharmonic poten-
tial, B and C, were found from the dependences of the
total energy of a crystal on the amplitudes of one, two,
and three components of uniform displacements in a
local mode. These dependences are shown in Fig. 1.

The parameters of short-range interactions between
local modes in different cells were determined from the
difference in the total energies of the cubic and dis-
torted phases. In this case, the energies of the distorted
structures were calculated with the ion-displacement
amplitude corresponding to the energy minimum in the
dependences shown in Fig. 1. For disordered solutions,
we used the distorted structures reported in [13] and,
respectively, the same designations for the parameters
of short-range interactions. For ordered PSN and PST,
a set of structures distorted with respect to the local-
mode vector is shown in Fig. 2. The parameters of
short-range interactions were determined from the sys-
tem of equations whose right-hand side is the differ-
ence between the total energies of the crystal in the dis-
torted and cubic phases, without anharmonic and
dipole–dipole contributions. These systems of equa-
tions are listed in Table 2, which contains also the
dipole contributions to the energy of distorted struc-
tures. The numerical values of the effective-Hamilto-

Eshort Si{ } S j{ },( ) 1
2
--- Jij αβ, Si

αS j
β

αβ
∑

i j≠
∑=

Jij αβ, a1 2 a2 a1–( ) rij α,+( )δαβ=

+ 2a3 1 δαβ–( ) rij α, rij β,
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Fig. 1. Dependences of the total energy of PSN and PST on
the local-mode amplitude. Open symbols and dotted lines
correspond to disordered compounds; filled symbols and
solid lines correspond to ordered ones. Circles, squares, and
triangles show the displacements of one, two, and three
local-mode components. The lines show the energies calcu-
lated according to (2) with the coefficients from Table 3.
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nian parameters, describing the ferroelectric phase
transitions in disordered and ordered PSN and PST, are
listed in Table 3.

4. RESULTS OF THE CALCULATION
OF STATISTICAL PROPERTIES

AND THEIR DISCUSSION

The statistical mechanics of disordered and ordered
solid solutions with the effective Hamiltonian (1) was
investigated by the standard Monte Carlo method [16].
The calculation was performed for a 10 × 10 × 10 sim-
ple cubic lattice (in the case of disordered solutions
with the perovskite structure) and a 12 × 12 × 12 fcc lat-
tice (for ordered solutions) with periodic boundary con-
ditions. To take into account the long-range dipole–
dipole interactions in the Monte Carlo procedure, the

structural constants  were previously calculated byQij
αβ

the Ewald method and were not changed any more [13].
The Monte Carlo procedure was started from both high
and low temperatures and with different initial configu-
rations (both completely disordered, with Sx = Sy = Sz =
0 at all lattice sites, and completely ordered, with Sx =
Sy = Sz ≠ 0). The temperature step was 10–20 K. For
each temperature, the first 4 × 104 Monte Carlo steps
were used to prepare the equilibrium state of the system
and were not involved in averaging of the thermody-
namic values; averaging was performed over next 104

steps. In the phase-transition range, the number of
Monte Carlo steps was doubled. The Monte Carlo
results for all the compounds under study are presented
in Figs. 3–5 and Table 4. Figures 3 and 4 show the tem-
perature dependences of the three components of the
transition parameter and internal energy for disordered
and ordered PSN and PST. It can be seen in Fig. 4 that
one phase transition from the paraelectric cubic to the

Fig. 2. Distorted structures used to calculate the effective-Hamiltonian coefficients for ordered solid solutions with the elpasolite
structure. The arrows show the direction of the local-mode displacement at a site; the solid lines show the unit-cell vectors of the
distorted structures.

1. q = (0, 0, 0)
Sx = Sy = 0; Sz = 1

2. q = (0, 0, 2π/a)
Sx = Sy = 0; Sz = 1

3. q = (0, 0, 2π/a)
Sx = 1; Sy = Sz = 0

4. q = (π/a, π/a, π/a)
Sx = Sy = Sz = 1

5. q = (π/a, 0, 2π/a)
Sx = Sz = 0; Sy = 1

6. q = (π/a, 0, 2π/a)
Sx = Sz = 1; Sy = 0
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ferroelectric rhombohedral phase with nonzero (and
approximately equal) values of all three components of
the order parameter occurs in ordered and disordered
PbSc0.5Ta0.5O3 solid solutions. In the case of both

ordered and disordered PbSc0.5Nd0.5O3 compounds
(Fig. 3), according to the Monte Carlo data, the phase
transition to the rhombohedral phase occurs through an
intermediate phase (orthorhombic or monoclinic) with
two nonzero components of the three-component order
parameter. The temperature range of existence of this
intermediate phase is several tens of kelvins. It is diffi-
cult to find the transition temperatures from the temper-
ature dependences of the order parameter and internal
energy (due to the presence of tails in the dependences
of the order parameter, which are related to the finite
sizes of the system, and almost smooth dependence of
the internal energy). We determined the phase-transi-
tion temperatures from the temperature dependences of
the individual contributions, Eanharm, Eshort , and Edip , to
the internal energy of the system, whose nonmonotonic
dependence is more pronounced. These dependences,
along with that of the internal energy, are shown in
Fig. 3. It can be seen that, in the case of PST, there is an
inflection at the point corresponding to the falloff tem-
perature in the dependences of the transition parameter.
At the same time, for POSITION, the dependences of
the individual contribution to the energy contain two
inflection points at the temperatures corresponding to
two-step decrease: first in one component and then in
the two remaining components of the transition param-

Table 2.  Energies of distorted structures (the expressions for the short-range energies of disordered compositions are taken
from [13])

Disordered solid solutions

PSN PST

Eshort, eV Edip, eV Eshort, eV Edip, eV

(a) 2j1 + j2 + 4j3 + 2j4 + 4j6 + A 106.8 –111.3 74.3 –77.5

(b) 2j1 – j2 + 4j3 + 2j4 – 4j6 + A –201.1 257.5 –110.1 179.2

(c) j2 – 2j4 – 4j6 + A 135.5 –128.7 94.9 –89.6

(d) –2j1 + j2 – 4j3 + 2j4 + 4j6 + A 151.1 –142.3 108.2 –99.0

(e) –j2 – 2j4 + 4j6 + A –23.2 71.1 53.7 49.5

(f) –2j1 – j2 + 4j3 + 2j4 – 4j6 + A 38.8 0.0 39.7 0.0

(g) j1 – 2j5 – 4j7 + A/2 –74.2 77.9 –46.6 54.2

Ordered solid solutions

PSN PST

Eshort, eV Edip, eV Eshort, eV Edip, eV

EΓ, z(x, y) = 2a1 + 4a2 + b1 + 2b2 + A 424.7 –436.0 289.3 –308.4

EZ, z = 2a1 – 4a2 + b1 + 2b2 + A –270.1 451.1 –195.8 319.1

EZ, x = –2a1 + b1 + 2b2 + A 260.7 –225.6 189.9 –159.5

EL = –12a3 – 3b1 – 6b2 + 3A –1511.0 2257.9 –733.1 1597.0

EW, y = –a2 + b1/2 + A/2 1.9 41.0 3.1 29.0

EW, xz = –a1 – a2 + b2 + A 118.9 –41.0 93.8 –29.0

Table 3.  Parameters of the model Hamiltonian (in eV)

Disordered solid solutions Ordered solid solutions

PSN PST PSN PST

j1 –35.48 –22.96 a1 –44.68 –34.93

j2 92.24 41.77 a2 87.24 61.06

j3 12.22 7.26 a3 152.17 101.79

j4 –8.05 –11.61 b1 14.76 3.66

j5 24.17 16.45 b2 –14.52 –13.02

j6 32.09 5.32

j7 1.61 2.66

A 40 51 A 180 137

B 1176 1193 B 5880 8343

C 1350 1602 C 8411 7970

z 5.28 4.31 z 7.41 6.08

ε∞ 3.55 3.32 ε∞ 3.58 3.32
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eter. The found values of the ferroelectric phase transi-
tion temperatures, along with the experimental values,
are listed in Table 4. According to the data of Table 4,
the results of the calculation of the ferroelectric phase
transition from the cubic to the rhombohedral phase in
PST qualitatively correctly describe the experimental
situation, specifically: in an ordered compound, transi-
tion occurs at a higher temperature in comparison with
a disordered one. The agreement between the calcu-
lated and experimental values of the transition temper-
ature can be considered as satisfactory. For PSN, the
results of the calculation are similar to those for PST
but are inconsistent with the experimental data, accord-
ing to which the ferroelectric transition to the rhombo-
hedral phase in an ordered compound occurs at a lower
temperature in comparison with a disordered one.
Moreover, according to the Monte Carlo data, there are
two phase transitions in PSN; i.e., the transition from
the cubic to the rhombohedral phase occurs through an
intermediate phase with two (nonzero) components of
spontaneous polarization, and the temperature range of

existence of this intermediate phase is several tens of
kelvins. To the best of our knowledge, there are no
experimental data on the existence of such a phase in
PSN. The spontaneous polarization Ps in the ferroelec-
tric phase is defined as

(6)

where Z* is the dynamic charge of the ferroelectric
mode, determined above, and averaging is over the last
104 Monte Carlo steps. Figure 5 shows the temperature
dependence of Ps for all four compounds considered
here and Table 4 contains the values of saturation polar-
ization, along with the experimental data. Table 4 gives
also the calculated and experimental values of maxi-
mum displacements of ions in the ferroelectric phase

Ps Z* ux
2 uy

2 uz
2+ +〈 〉 ,=
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3002001000
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0.15
E  – E0, eV
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–0.20
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–0.15
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Fig. 3. Temperature dependences of the local-mode amplitude (a, b) and energies (c, d) for ordered (a, c) and disordered (b, d) PSN.
In panels (a, b), circles, squares, and triangles indicate, respectively, the largest, intermediate, and smallest local-mode components.
The vertical dashed lines pass through the inflection points in the energy dependences.
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from the equilibrium positions of the cubic phase. One
can see good agreement between the calculated and
experimental values of both the spontaneous polariza-
tion and ion displacements.

5. CONCLUSIONS

In this study, we calculated the ferroelectric-phase
transition temperatures, spontaneous polarization, and
ion displacements in the ferroelectric phase for
PbSc0.5Ta0.5O3) and PbSc0.5Nd0.5O3 solid solutions by
the effective-Hamiltonian method. The calculation was
performed within the local-mode approximation for
polar lattice vibrations, applying the Monte Carlo pro-
cedure to determine the statistical properties. The
parameters of the effective Hamiltonian were derived
from the ab initio calculation of the total energy of the
crystal within the model of an ionic crystal, taking into
account the dipole and quadrupole polarizabilities of
ions. We obtained the following results.

(i) The calculated values of the spontaneous polar-
ization and ion displacements in the ferroelectric phase
are in good agreement with the experimental data for all
four compounds under consideration (ordered and dis-
ordered PSN and PST).

(ii) For ordered PSN and PST, the calculated ferro-
electric-transition temperature Tc exceed the experi-
mental values by factors of 1.5 and 2.0, respectively.
For disordered solutions, the calculated Tc, vice versa,
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Edip
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Fig. 4. The same as in Fig. 3 but for PST.

8006004002000
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Ps, C/m2

Fig. 5. Calculated temperature dependences of the sponta-
neous polarization for disordered (open symbols) and
ordered (filled symbols) PSN (squares) and PST (circles).
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are smaller than the experimental values by 130 and
75 K, respectively.

(iii) For the PSN solid solution, the Monte Carlo
data indicate a sequence of two ferroelectric phase tran-
sitions: paraelectric cubic phase  ferroelectric mon-
oclinic (or orthorhombic) phase with two polarization
components  ferroelectric rhombohedral phase
with three (nonzero) polarization components. The
intermediate phase exists in a fairly narrow temperature
range (of about 50 K). According to the experimental
data, this compound is characterized by a single-phase
transition from the cubic to the rhombohedral phase.
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Translated by Yu. Sin’kov

Table 4.  Phase-transition temperatures, spontaneous polarization, and ion displacements in the [111] direction for disordered
and ordered PSN and PST (the last two columns give relative displacements of the corresponding ions; the experimental data
are taken from [17])

Disordered solid solutions (perovskite structure)

Ion displacements, Å

Tc, K Ps, C/m2 Pb 〈ScNb(Ta)〉 O δPb–O δ〈B〉–O

PbSc0.5Nb0.5O3

calculation 220 250 0.26 0.17 0.05 –0.09 0.26 0.14

experiment – 380 – – – – 0.39 0.16

PbSc0.5Ta0.5O3

calculation 170 0.17 0.14 0.02 –0.06 0.20 0.08

experiment 275 0.33 – – – – –

Ordered solid solutions (elpasolite structure)

Ion displacements, Å

Tc, K Ps, C/m2 Pb Nb(Ta) Sc O δPb–O δ〈Sc〉–O

Pb2ScNbO6

calculation 400 490 0.24 0.14 0.02 0.07 –0.09 0.23 0.16

experiment – 350 0.26 – – – – 0.36 0.14

Pb2ScTaO6

calculation 610 0.24 0.17 0.02 0.04 –0.08 0.25 0.12

experiment 300 – – 0.0 0.0 – – –
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