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1. INTRODUCTION 

As is well known, strong electron correlations split
the one-electron band in the Hubbard model into the
lower and upper Hubbard bands (LHB and UHB,
respectively). As the width of this band (2

 

W

 

) increases,
the gap between the LHB and UHB decreases and, as
the bandwidth reaches the critical value 

 

W

 

c

 

 = 

 

aU

 

(where 

 

U

 

 is the Hubbard parameter of intraatomic Cou-
lomb repulsion and 

 

a

 

 ~ 1), the Mott–Hubbard transition
takes place [1, 2]. An increase in the bandwidth may be
related to a decrease in the interatomic distance with
increasing pressure or upon isovalent substitution in
solid solutions with different ionic radii (“chemical”
pressure). The Hubbard parameter 

 

U

 

 is assumed to be
independent of pressure. 

For 3

 

d

 

 metal compounds with predominantly ionic
bonding (oxides, halides, etc.), the effects of strong
electron correlations determine their dielectric and
magnetic properties in the state of Mott insulators.
Ideas underlying the Hubbard model have to be supple-
mented with allowance for the multiorbit character and
the presence of anionic 

 

sp

 

 states. In the low-energy
region, the effective Hamiltonian can nevertheless be
represented using the generalized Hubbard model,
which is constructed on the basis of local 

 

d

 

n

 

, 

 

d

 

n

 

 + 1

 

, and

 

d

 

n

 

 – 1

 

 many-electron terms by analogy with the usual
Hubbard model based on the local 

 

d

 

1

 

, 

 

d

 

2

 

, and 

 

d

 

0

 

 terms.
An important difference of the generalized Hubbard
model from the standard one is that the magnitudes of
spins of the 

 

d

 

n

 

, 

 

d

 

n

 

 + 1

 

, and 

 

d

 

n

 

 – 1

 

 terms can acquire various
values within 0 

 

≤

 

 

 

S

 

 

 

≤

 

 5/2. 

If a cation has an unfilled 

 

d 

 

shell in the 3

 

d

 

n

 

 configu-
ration, an effective Hubbard parameter can be intro-

duced as 

 

U

 

eff

 

 = 

 

E

 

0

 

(

 

d

 

n

 

 + 1

 

) + 

 

E

 

0

 

(

 

d

 

n

 

 – 1

 

) – 2

 

E

 

0

 

(

 

d

 

n

 

) [3]. This
quantity determines the gap between the upper Hub-
bard band with the energy 

 

Ω

 

c

 

 = 

 

E

 

0

 

(

 

d

 

n

 

 + 1

 

) – 

 

E

 

0

 

(

 

d

 

n

 

) and
the lower Hubbard band with the energy 

 

Ω

 

v

 

 = 

 

E

 

0

 

(

 

d

 

n

 

) –

 

E

 

0

 

(

 

d

 

n

 

 – 1

 

), where 

 

E

 

0

 

(

 

d

 

n

 

) is the energy of the ground term
in the 

 

d

 

n

 

 configuration. Depending on the relation
between 

 

Ω

 

v

 

 and the energy 

 

ε

 

v

 

 of the top of the occupied
band (formed predominantly by the 

 

p 

 

states of the
anion), the dielectric gap 

 

E

 

g

 

 is determined either by 

 

U

 

eff

 

for 

 

Ω

 

v

 

 > 

 

ε

 

v

 

 (the Mott–Hubbard insulator according to
classification [4]) or by 

 

E

 

g

 

 = 

 

Ω

 

c

 

 – 

 

ε

 

v

 

 for 

 

Ω

 

v

 

 < 

 

ε

 

v

 

 (the
dielectric with charge transfer). 

The aim of this study was to elucidate the influence
of the interplay of various spin states of 

 

d

 

n

 

 ions and the
effect of crossovers between these states on the electron
structure under conditions of decreasing interatomic
distances. It has been established that, in crystals with a
local cubic symmetry of cations, 

 

U

 

eff

 

 depends on the
crystal field 

 

∆

 

 = 10

 

Dq

 

, which increases with the pres-
sure. At the points of spin crossovers, the dependence

 

U

 

eff

 

(

 

∆

 

) exhibits a change, which is different for various

 

d

 

n

 

 configurations. In particular, 

 

U

 

eff

 

 decreases upon the
crossover for 

 

d

 

5

 

 ions and increases for 

 

d

 

6

 

 ions. In this
study, the dependences 

 

U

 

eff

 

(

 

∆

 

) were obtained for 1 

 

≤

 

n

 

 

 

≤

 

 9. In the systems with 

 

d

 

5

 

 ions (Fe

 

3+

 

, Mn

 

2+

 

), a new
mechanism of the Mott–Hubbard transition is revealed,
which is determined by a decrease in the electron cor-
relation energy with increasing pressure. 

2. SPIN CROSSOVERS IN 

 

d

 

n

 

 TERMS 

For ionic crystals, the energies of terms for 

 

d

 

n

 

 con-
figurations in a cubic crystal field have been determined
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by numerical methods using the so-called Tanabe–Sug-
ano diagrams [5]. This section reproduces these results
within the framework of a simplified model, which pro-
vides simple analytical expressions for the energies of
terms.This model assumes that (i) all intraatomic Cou-
lomb matrix elements are independent of the orbit num-
ber, (ii) the eg and t2g electrons possess the energies
+6Dq and –4Dq, respectively, and (iii) each pair of par-
allel spins provides an energy gain of –J (J > 0 is the
Hund exchange parameter). Constructing the distribu-
tion of n electrons over the t2g and eg orbitals, one can
readily determine the energy of a term with the given
spin S. 

The d2 configuration is represented by the term with
a spin of S = 1 and the energy 

(1)

which corresponds to the ground state for all parame-
ters. Here and below, EC(dn) is the Coulomb (spin-inde-
pendent) part of the energy. For the d3 configuration,
the ground state also always has the high spin S = 3/2
and the energy 

(2)

In the case of d4 ions, there are three possible spin
states: 

(a) the high-spin (HS) state with S = 2 and the
energy 

(3)

(b) the intermediate-spin (IS) state with S = 1 and
the energy 

(4)

(c) the low-spin (LS) state with S = 0 and the energy 

(5)

As can be seen, the LS state is always higher by J than
the IS state, while the HS and IS states have comparable
energies. For ∆ = 10Dq < 3J, the HS state is the ground
state, whereas for ∆ > 3J, the state with S = 1 becomes
the ground state. In other words, the HS–IS crossover
takes place at ∆ = 3J. 

For d5 ions, there are two competitive terms: 
(a) the HS state with S = 5/2 and the energy 

(6)

(b) the LS state with S = 1/2 and the energy 

(7)

while the intermediate state with S = 3/2 is always
higher than these two. Here, the HS–LS crossover takes
place (like that for d4 ions) at ∆ > 3J. 

EHS d2( ) EC d2( ) 8Dq– J ,–=

EHS d3( ) EC d3( ) 12Dq– 3J .–=

EHS d4( ) EC d
4( ) 6Dq– 6J ;–=

EIS d4( ) EC d4( ) 16Dq– 3J ;–=

ELS d2( ) EC d2( ) 16Dq– 2J .–=

EHS d5( ) EC d5( ) 10J ;–=

ELS d5( ) EC d5( ) 20Dq– 4J ,–=

In the case of the d6 configuration, the IS state is also
always higher than the HS and LS terms, which have
comparable energies:

(a) the HS state with S = 2 and the energy 

(8)

(b) the LS state with S = 0 and the energy 

(9)

but the HS–LS crossover takes place at a lower value of
the crystal field (∆ = 2J) than in the case of d4 and d5

ions.
For the d7 configuration, the possible terms are as

follows: 
(a) the HS state with S = 3/2 and the energy 

(10)

(b) the LS state with S = 1/2 and the energy 

In this configuration, the HS–LS crossover takes place
(like that for d6 ions) at ∆ = 2J. 

The d8 configuration has only the HS state with
S = 1 and the energy 

(11)

Finally, the d9 configuration has a single state with S =
1/2 and the energy 

(12)

For example, Fig. 1 shows the distributions of electrons
over d orbitals for the HS and LS terms of the d5 con-
figuration, which illustrate the calculation of energies
for these terms. 

3. THE MOTT–HUBBARD TRANSITION 
INDUCED BY THE SPIN CROSSOVER

AT HIGH PRESSURES
The effective Hubbard parameter for the d5 configu-

ration is Ueff(d5) = E(d6) + E(d4) – 2E(d5). An analysis
of the terms of d4, d5, and d6 configurations and related

EHS d6( ) EC d6( ) 4Dq– 10J ;–=

ELS d6( ) EC d6( ) 24Dq– 6J ,–=

EHS d7( ) EC d7( ) 8Dq– 11J ;–=

ELS d7( ) EC d7( ) 18Dq– 9J .–=

EHS d8( ) EC d8( ) 12Dq– 13J .–=

E d9( ) EC d9( ) 6Dq– 16J .–=

(a) (b)

eg

t2g

Fig. 1. Schematic diagrams of electron distribution for the
d5 configuration in the (a) high- and (b) low-spin states. 
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crossovers shows that, in Ueff calculations, one can dis-
tinguish three regions of the ∆/J parameter: 

(i) ∆/J < 2. In this case, all terms occur in the HS
state and the effective Hubbard parameter is 

(13)

where U(d5) = EC(d6) + EC(d4) – 2EC(d5).
(ii) 2 < ∆/J < 3. In this interval, the d6 configuration

passes to the LS state, while the d5 and d4 terms remain
in the HS state, which yields 

(14)

(iii) ∆/J > 3. Here, the d6 and d5 configurations are
in the LS state and the d4 configuration is in the IS state,
so that 

(15)

Figure 2 presents a plot of the effective Hubbard
parameter Ueff(d5) versus crystal field, which shows
that the electron correlations significantly decrease
with increasing ∆, the total decrease being δUeff =
5J − ∆0. For the typical (of 3d electrons) values of J =
0.8 eV and ∆0 = 1−2 eV, this yields δUeff = 2–3 eV.
As the pressure increases, the interatomic distance
decreases and the crystal field parameter increases.
Since the variations of interatomic distances are rela-
tively small, we can assume that, with a good accuracy,
this growth can be described by a linear relation as

(16)

which is apparently violated only at the points of the
first-order phase transitions accompanied by a jump in
the lattice parameters and the unit cell volume. At such
points, the ∆(P) value for isostructural transitions also
changes in a jumplike manner, while the case of transi-
tions involving a change in the crystal symmetry
requires calculation of terms in more detail with allow-

Ueff d5( ) U d5( ) 4J ∆,–+=

Ueff d5( ) U d5( ) 8J 3∆.–+=

Ueff d5( ) U d5( ) J .–=

∆ P( ) ∆0 α∆P,+=

ance of the low-symmetry crystal field components. In
many cases, such components are small as compared to
those for the cubic symmetry and, hence, can be
ignored. Apparently, this situation takes place in FeBO3
and GdFe3(BO3)4. Spin crossovers and the entire com-
bination of changes in the electron, magnetic, and opti-
cal properties of these compounds were studied in our
previous publications [6–8]. The jump in Ueff observed
in these ferroborates was caused by the first-order
phase transition involving a volume change at P ≈
50 GPa. 

The effective Hubbard parameter Ueff has a quite
simple physical meaning, representing the energy nec-
essary to provide for the d electron hopping between
atoms. Indeed, we have two dn ions in the initial state,
while the transfer of an electron from one of these ions
to another yields the final state with dn + 1 and dn – 1 ions.
This very energy gives the criterion for the Mott–Hub-
bard transition: 

(17)

where the band halfwidth W also depends on the pres-
sure as 

(18)

It should be noted that the present study is not aimed at
the development of a theory of the Mott–Hubbard tran-
sition, which was described (within the framework of
the Hubbard model) using various methods including
split higher Green’s functions [9], coherent potential
approximation [10], a diagram technique for Hubbard’s
X-operators [11], and dynamic mean-field theory [12].
We will discuss the realization of criterion (17). As was
mentioned in the Introduction, the quantity Ueff = U0 in
the standard Hubbard model has a constant value that is
independent of pressure. The insulator–metal transition
in this model is determined by an increase in the kinetic
energy of electrons with increasing pressure. It is the
pressure-induced growth in W (so-called bandwidth
control) that accounts for the transition. 

As was shown above, the situation for d5 ions
(where an increase in the bandwidth is accompanied by
a decrease in the correlation energy) significantly dif-
fers from that in the Hubbard model. Figure 3 illustrates
different variants of the Mott–Hubbard transition for
the d5 configuration by showing the left- and right-hand
sides of criterion (17) as functions of pressure. For
comparison to the mechanism of band broadening, the
dashed line indicates a constant level of U0 = U +
4J − ∆(0). Three variants of the linear pressure depen-
dence of the bandwidth W(P) with various coefficients
(αW1 > αW2 > αW3) correspond to different scenarios of
the transition. In case 1 (strong dependence of the band-
width on the pressure), the Mott–Hubbard transition
proceeds on the background of the HS terms d5, d4, and
d6. Here, the points of the intersection of W1(P) with
Ueff(P) and the constant level U0 (PC1 and , respec-

WC aUeff,=

W P( ) W0 αWP.+=

PC1*

1

0
1

(Ueff – U)/J

2 3 4 ∆/J
–1

2

3

4

Fig. 2. A plot of the effective Hubbard parameter (Ueff) ver-

sus crystal field for the d5 configuration. 
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tively) differ rather slightly and the main mechanism
occurs via band broadening. In case 2 (moderate pres-
sure dependence of the bandwidth W2(P)), the transi-
tion takes place in the vicinity of crossovers for all
terms (d5, d4, and d6). The true transition corresponds
to a significantly lower pressure PC2 than that ( )
corresponding to the mechanism of band broadening.
Finally, in case 3 (weak dependence of the bandwidth
on pressure), it proceeds on the background of LS terms
d5, d6, and the IS term of the d4 configuration. Here,
PC3 �  and the weak dependence on pressure of the
bandwidth W3(P) makes the transition via band broad-
ening impossible, whereas a decrease in the correlation
energy Ueff(P) due to the spin crossover significantly
decreases the PC3 value. Thus, the spin crossover induc-
ing the Mott–Hubbard transition is the dominating
mechanism in case 2 and especially in case 3. 

In order to quantitatively determine the transition
pressure, let us denote by PI and PII the pressures corre-
sponding to the bending points in Fig. 3. These special
points obey the relations ∆(PI) = 2J and ∆(PII = 3J),
which yield 

(19)

Assuming for simplicity that the constant coefficient in
criterion (17) is a = 1, we can write the following con-
ditions for the transition due to the band broadening at

 and due to the spin crossover at PC in case 2
(Fig. 3): 

(20)

(21)

where U0 = U + 4J – ∆0 is the effective Hubbard param-
eter at zero pressure. Then, the critical pressures can be
expressed as follows: 

(22)

(23)

It is difficult to compare PC and  without knowledge
of particular parameters. However, taking into account
that PC ≤ PII, expression (23) for PC can be approxi-
mated as follows: 

(24)

This relation indicates that PC <  (since ∆0 < 3J).
The numerical estimates of parameters for FeBO3 and
BiFeO3 will be presented below (see Section 6). In par-
ticular, the data for BiFeO3 indicate that PC � . 

PC2*

PC3*

PI

2J ∆0–
α∆

------------------, PII

3J ∆0–
α∆

------------------.= =

PC*

U0 2 W0 αWPC*+( ),=

U 8J 3∆ PC( )–+ 2 W0 αPC+( ),=

PC*
U0 2W0–

2αW

-----------------------,=

PC

U0 2W0– 4J 2∆0–+
2αW 3α∆+

---------------------------------------------------.=

PC*

PC PC*
5J ∆0–

2αW

------------------.–≈

PC*

PC*

4. ELECTRON CORRELATIONS ENHANCED
BY THE SPIN CROSSOVER

FOR THE d6 CONFIGURATION 

An analysis of the energies of various spin terms for
the d5, d6, and d7 configurations as determined from
Eqs. (6)–(10) indicate that the effective Hubbard
parameter, which can be expressed as 

, (25)

also behaves differently in the three regions of the ∆/J
parameter: 

(i) ∆/J < 2. In this case, all terms occur in the HS
state and the effective Hubbard parameter is 

(ii) 2 < ∆/J < 3. In this interval, the d5 term repre-
sents the HS state, while the d6 and d7 terms correspond
to the LS state, which yields 

(iii) ∆/J > 3. Here, all configurations are in the LS
state and 

In contrast to the d5 configuration, where Ueff decreases
with increasing crystal field (and pressure), the d6 con-
figuration exhibits the opposite trend: the correlation
energy increases with pressure and the maximum
growth is observed in the region of spin crossovers. The
possible variants are illustrated in Fig. 4, where the

Ueff d6( ) E d7( ) E d5( ) 2E d6( )–+=

Ueff U J .–=

Ueff U 3∆ 7J .–+=

Ueff U J– ∆.+=

U – J

2W0

Ueff, W

P

U + 2J

U0

PC3PC1 PI PC2 PII PC2
*

1
2

3

Fig. 3. Schematic diagram illustrating the proposed mecha-
nism of the Mott–Hubbard transition: the solid curve shows
Ueff(P); the horizontal dashed line indicates the constant U0
level; dash–dot lines 1, 2, and 3 correspond to different
dependences of the Hubbard band width on the pressure as
described by Eq. (18) with αW1 > αW2 > αW3, respectively;
points PC1, PC2, and PC3 correspond to the Mott–Hubbard
transition. 
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dash–dot lines 1–4 correspond to different pressure
coefficients . 

In case 1 (strong dependence of the bandwidth W on
pressure P), the Mott–Hubbard transition proceeds on
the background of the HS terms d5, d6, and d7. Here, the
transition mechanism is completely determined by the
band broadening. In case 3 (moderate dependence of W
on P), the spin crossover significantly increases the gap
and the critical pressure (PC3) as compared to those for
the mechanism of band broadening. In case 4
(αW < α∆), the transition is impossible and the dielectric
phase is retained for all values of parameters. Finally, in
rather unusual case 2, the increasing pressure induces
the sequence of insulator–metal–insulator–metal tran-
sitions; that is, intermediate metallic and dielectric
phases appear in the vicinity of spin crossover. This
case is possible under the following conditions: 

(26)

5. EFFECTIVE HUBBARD PARAMETERS
FOR OTHER CONFIGURATIONS 

Using the results of analysis in Section 2, one can
readily show that the effective Hubbard parameter for
d2, d4, and d7 configurations is independent of the pres-
sure and has a constant value of Ueff = U – J. In other
words, the spin crossovers that take place for d4 and d7

ions do not lead to the dependence of Ueff on pressure.
In the d1 and d9 configurations, the spin crossovers are
absent and Ueff has the same value (U – J). In the mul-
tiorbit case, the lower level in the d2 configuration cor-
responds to S = 1, so that Ueff = U – J, where U is the

αWi

U J– W0–
PI

-------------------------- αW

U 2J W0–+
PII

------------------------------.< <

parameter characteristic of the orbitally nondegenerate
model with a singlet d2 term. 

For the d3 and d8 configurations, the spin crossovers
are manifested in the excited states (d4 and d7, respec-
tively). Nevertheless, this leads to the following depen-
dence of Ueff on the crystal field ∆ 

(a) For the d3 configuration:

(27)

(b) for the d8 configuration:

(28)

As can be seen, the correlation energy for these config-
urations linearly increases with pressure in the region
of HS terms d3, d4, d2 as well as d7, d8, d6, and reaches
saturation upon a crossover to the LS state. As a result,
the critical pressure for the Mott–Hubbard transition is
greater than that according to the band broadening
mechanism. 

6. DISCUSSION OF RESULTS
AND COMPARISON TO EXPERIMENT 

In recent years, the phenomenon of spin crossover at
high pressure in 3d metal oxides has been extensively
studied. This interest is primarily related to basic prob-
lems of the physics of the condensed state, in particular,
to the formation of a dielectric state due to strong elec-
tron correlations and the Mott–Hubbard transition. In
addition, the properties of iron oxides at high pressures
are of interest in geophysics, since these compounds
enter into the composition of many minerals constitut-
ing the Earth’s mantle [13]. Spin crossovers have been
found and studied in various crystals, including FeBO3
[14], GdFe3(BO3)4 [7], and BiFeO3 [15], where all
cases involve Fe3+ ions in the d5 configuration. An anal-
ysis of experimental data using the many-electron
approach described above requires knowledge of both
the parameters at P = 0 (including the Coulomb inter-
action parameter U, the exchange interaction parameter
J, the bandwidth 2W, and the crystal field ∆) and the
pressure coefficients αW and α∆. For ferroborates, these
parameters have been determined from a comparison to
the experimental data [6, 7] and calculated from first
principles [16]. 

For FeBO3, the dielectric gap decreases from 3 eV
in the HS state to 0.8 eV in the LS state. This behavior
agrees well with the decrease in Ueff as depicted in
Fig. 3. In FeBO3 and GdFe3(BO3)4, the band halfwidth
W is small and its pressure dependence is weak because
of low p–d hybridization typical of oxyborides. This is
related to the fact that the sp hybridization inside the
BO3 group is very pronounced and the p orbitals of oxy-
gen are deformed so strongly that their hybridization

Ueff ∆( )
U J– ∆, ∆+ 3J<
U 2J , ∆ 3J ;>+⎩

⎨
⎧

=

Ueff ∆( )
U J– ∆, ∆+ 2J<
U J , ∆ 2J .>+⎩

⎨
⎧

=

U – J

2W0

Ueff

P

U + 2J

PC3PC1

1

2

3

4

Fig. 4. Plots of Ueff versus pressure P for the d6 configura-
tion. Dash–dot lines 1, 2, 3, and 4 correspond to αW1 >
αW2 > αW3 > αW4, respectively. 
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with the cation is negligibly small. This conclusion is
confirmed by ab initio calculations [17]. The pressure
dependence of the bandwidth W(P) in ferroborates cor-
responds to case 3 (Fig. 3), where the transition pres-
sure PC3 is greater than the maximum values (140 GPa)
for which the conductivity was experimentally studied
[18]. 

The model parameters for FeBO3 are as follows [8]: 

(29)

Accordingly, the transition pressure for FeBO3
(in case 3, Fig. 3) is as follows: 

(30)

An analogous spin crossover between HS and LS states
of Fe3+ in BiFeO3 takes place in the same pressure
range (about 50 GPa) as in ferroborates. However, in
contrast to ferroborates, the crossover in BiFeO3 is
accompanied by the insulator–metal transition [15].
The main distinction of the electron structure of BiFeO3
from that of ferroborates is related to a stronger p–d
hybridization, that is, a greater bandwidth W(P). This
situation is described by case 2 in Fig. 3, where the spin
crossover leads to a sharp decrease in Ueff. This
decrease induces the Mott–Hubbard transition at a
pressure (PC2) that is much lower than that ( ) corre-
sponding to the usual mechanism of band broadening.
This case apparently corresponds to BiFeO3. Unfortu-
nately, the model parameters for this compound are not
available. However, we can suggest that enhancement
of the covalent effects will primarily influence the
bandwidth and take the following estimates: 

Other parameters not directly related to the covalent
properties will be taken the same as for FeBO3
(see (29)). Then, using formula (22) and the data given
in (23), we obtain 

It should be noted that the calculation of PC using sim-
plified formula (24) yields PC = 41.7 GPa, which dem-
onstrates the validity of this formula for PII – PC � PC.
The experimental value for BiFeO3 is PC ≈ 54 GPa,
which confirms the adequacy of parameters used for
BiFeO3. 

The covalence not only increases the width of the d
band, but it can also contribute to the competition of
various spin states. Indeed, it was recently demon-
strated by means of the exact diagonalization of the
multielectron Hamiltonian of the MeO6 cluster for
Me = Fe2+, Co3+ (i.e., for the d6 cation) [19] that, for

U0 4.2 eV, J 0.8 eV, ∆0 1.5 eV,= = =

W0 0.36 eV, αW 0.002 eV/GPa,= =

α∆ 0.02 eV/GPa.=

PC U0 2W– 5J– ∆0+( )/2αW 250 GPa.= =

PC2*

W0 0.6 eV, αW 0.006 eV/GPa.= =

PC* 250 GPa, PC 44.4 GPa.= =

certain parameters of the system, the IS state with S = 1
can be stabilized. However, this conclusion is only
valid for a rather specific set of parameters and cannot
be treated as the general case. In the general case, the
main effects of the p−d hybridization are an increase in
the d–d hopping integral, the width of the d band, and
superexchange parameter. 

In conclusion, it has been established that the effec-
tive Hubbard parameter exhibits a dependence on pres-
sure, which is most pronounced in the vicinity of spin
crossovers. For d5 ions, the correlation effects are sig-
nificantly suppressed, whereas for d6 ions these effects
are enhanced with increasing pressure. In other config-
urations, the pressure dependence is either weak or
absent. 
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