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1. INTRODUCTION

The the exchange mechanism of pairing is consid-
ered to be one of the main mechanisms of superconduc-
tion in cuprates. In this respect, the reliable calculation
of the effective exchange parameter 

 

J

 

 is an important
problem. It is known that, in the undoped case, the Hub-
bard model in the strong-correlation limit 

 

U

 

 

 

�

 

 

 

t

 

 can be
reduced to the effective Heisenberg model with the
antiferromagnetic exchange parameter 

 

J

 

 = 2

 

t

 

2

 

/

 

U

 

 [1, 2].
The Hubbard model itself can be constructed as the
effective low-energy model from the more general
three-band 

 

p

 

–

 

d

 

 model [3] or the multiband 

 

p

 

–

 

d

 

 model
[4]. The localized spin is predominantly formed by the

 

d

 

9

 

p

 

6

 

 single-hole term, whereas the addition of the sec-
ond hole upon doping leads to the formation of the two-
hole Zhang–Rice singlet [5] in the three-band model or
a more general singlet 

 

1

 

A

 

1

 

g 

 

[4] in the multiband 

 

p

 

–

 

d

 

model. Excitations with the addition of an electron

 

d

 

9

 

p

 

6

 

  

 

d

 

10

 

p

 

6

 

 form the bottom of the empty conduc-
tion band, whereas excitations with the addition of a
hole 

 

d

 

9

 

p

 

6

 

  

 

1

 

A

 

1

 

g 

 

form the top of the valence band; as
a result, there exists a charge-transfer gap 

 

E

 

g

 

 between
the bottom of the conduction band and top of the
valence band. In [6], the interatomic exchange interac-
tion was calculated from the low-energy limit of the
multiband 

 

p

 

–

 

d

 

 model. In all previous works, the
exchange interaction parameter 

 

J

 

 was calculated with-
out regard for excited two-hole terms. Although each
contribution of an excited term is smaller than that of
the ground term due to an increase in the energy
denominator, the number of these contributions is not
very small and amounts to several tens. Therefore, their

 

total (large or small) contribution to the exchange inte-
gral is not obvious in advance.

The purpose of this study was to calculate the
exchange interaction parameter with allowance made
for all excited two-particle states. In the Hubbard

 

X

 

-operator representation, we constructed the projection
operators and obtained the general relationship for the
interatomic exchange interaction in the second order of
the perturbation theory in the parameter 

 

t

 

/

 

E

 

g

 

 

 

�

 

 1. It was
demonstrated that the two-hole singlet and two-hole
triplet terms make the antiferromagnetic (

 

J

 

A

 

) and ferro-
magnetic (

 

J

 

B

 

) contributions to the total exchange inter-
action parameter 

 

J

 

 = 

 

J

 

A

 

 – 

 

J

 

B

 

, respectively. The matrix
elements of interatomic hoppings were calculated with
the parameters obtained for the La

 

2

 

CuO

 

4

 

 compound
within the multiband 

 

p

 

–

 

d

 

 model in the framework of
the ab initio local density approximation in combina-
tion with the generalized tight-binding method [7]. It
turned out that the antiferromagnetic and ferromagnetic
contributions of the excited terms partially compensate
each other and the main contribution 

 

J

 

0

 

 = 2

 

t

 

2

 

/

 

E

 

g

 

 is
determined by the excitations from the top of the
valence band.

2. MULTIBAND 

 

p

 

–

 

d

 

 MODEL
WITH ALLOWANCE MADE 
FOR ALL EXCITED STATES

In the multiband 

 

p

 

–

 

d

 

 model [8], the Hamiltonian
includes the local energies of holes for oxygen and cop-
per in different orbitals ( , ), the intra-

atomic Coulomb and exchange interactions for copper
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and oxygen, hoppings, and the copper–oxygen Cou-
lomb interaction [6]. In the framework of the local den-
sity approximation in combination with the generalized
tight-binding method, the Hamiltonian parameters are
calculated from first principles. Then, the cluster
approach of the generalized tight-binding method [4] is
used to account adequately for strong electron correla-
tions. In this case, the crystal lattice is divided into unit
cells, so that the Hamiltonian is represented as 

 

H

 

0

 

 + 

 

H

 

1

 

,
where the component 

 

H

 

0

 

 is the sum of intracell terms
and the component 

 

H

 

1

 

 takes into account the intercell
hoppings and interactions. The component 

 

H

 

0

 

 is
exactly diagonalized, the exact electron molecular
orbitals 

 

|

 

n

 

, 

 

δ〉

 

 of the unit cell and the energies 

 

E

 

n

 

δ

 

 are
determined, and these quantities are used to construct

the Hubbard operators of the unit cell 

 

R

 

f 

 

:  =

 

|

 

n

 

δ〉〈

 

n

 

'

 

δ

 

'

 

|

 

. Thereafter, the component 

 

H

 

1

 

 is exactly writ-
ten in the 

 

X

 

-operator representation and the intercell
interactions are included in terms of the perturbation
theory. The procedure and results of calculations for a
CuO

 

2

 

 layer are described in our previous paper [9].
In the 

 

X

 

-operator representation of the Hamiltonian,
the component 

 

H

 

0

 

 is determined by the sum over the
unit cells; that is,

(1)

where 

 

ε

 

0

 

 is the energy of the vacuum term 

 

d

 

9

 

p

 

6

 

 in the
hole representation, 

 

ε

 

p

 

 is the energy of one-hole molec-
ular orbitals with the spin projections 

 

σ

 

 = ±1/2, and the
index p runs over all one-particle states of the CuO6
cluster. The term in square brackets describes the two-
hole terms either in the singlet state |n, s〉 or in the triplet
state |m, M〉 (M = –1, 0, +1). The indices n (1 ≤ n ≤ Ns)
and m (1 ≤ m ≤ NT) number all two-hole spin singlets
and triplets.

X f
nδ n'δ',

H0 ε0X f
00 εp µ–( )X f

pσ pσ,

pσ
∑+

⎩
⎨
⎧

f

∑=

+ Ens 2µ–( )X f
ns ns,

n 1=

Ns

∑ EmT 2µ–( )X f
mM mM,

m 1=

NT

∑+
⎭
⎬
⎫

,

The condition for the completeness of the set of
local Hubbard operators is represented in the form

 (2)

The energy-level scheme of the many-electron terms
determining the band structure of the La2CuO4 com-
pound is depicted in Fig. 1. The creation of an electron
at the bottom of the conduction band is determined by
the matrix element γλσ〈0 | = 〈0 |af λσ|b1g, σ〉, where the
index λ of the orbital corresponds either to the d orbitals
x2 – y2 and 3z2 – r2 or to symmetrized combinations of
the 2p atomic orbitals centered at the copper site Rf (b1g,
a1g orbitals [9]). The creation of a hole upon p-type
doping is determined by the matrix elements with the
participation of all two-hole terms; that is,

 (3)

In the X-operator representation, the hole annihila-
tion operator has the form

 (4)

Some matrix elements γλσ(n) and γλσ(m) are equal to
zero, and the corresponding two-hole singlets and two-
hole triplets do not contribute to one-particle excita-
tions. The two-hole states with nonzero matrix ele-
ments are involved in the formation of a complex
energy structure of the valence band and form singlet
and triplet Hubbard subbands between which there is a
hybridization. It should be noted that the singlet (trip-
let) band is a conventional name for the designation of
the electronic band with the spin S = 1/2 but with the
participation of final singlet (triplet) terms (see rela-
tionship (4)).

The representation of the off-diagonal operators X
can be simplified by introducing the root vectors αr(p, q)
corresponding to a pair of the initial and final states of the
operator Xpq = |p〉〈q |. In this notation, relationship (4)
takes the form

 (5)

where the integer index r numbers all one-particle exci-
tations in relationship (4); that is,

 

X f
00

X f
pσ pσ,

pσ
∑ X f

ns ns,

n

∑ X f
mM mM,

M

∑
m

∑+ + + 1.=

γ λσ n( ) b1g σ–,〈 |a fλσ ns| 〉,=

γ λσ m( ) b1g +σ,〈 |a fλσ m +2σ,| 〉.=

a fλσ γ λσ 0( )X f
0 σ, γ λσ n( )X f

σ– ns,

n

∑+=

+ γ λσ m( ) X f
σ m2σ, 1

2
-------X f

σ– m0,
+⎝ ⎠

⎛ ⎞ .
n

∑

a fλσ γ λσ r( )X f
r
,

r

∑=

r{ } 0 σ,( ); σ; ns( ); σ; m 2σ,( ); σ; m0–( ){ }.=

2s

2M

1M

1s

a1g

b1g0
nh = 0 nh = 1 nh = 2

Fig. 1. Energy-level scheme of the Hilbert space of the
terms of the CuO6 unit cell with the numbers of holes nh =
0, 1, and 2. The cross indicates the filled ground state |b1g, σ〉
of the d9p6 + d10p5 configuration in the undoped case.
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Moreover, in this notation, the Hamiltonian of the
intercluster hopping has the simple form

 (6)

where  is the matrix of hopping integrals of a hole
from the gth site (in the orbital state λ') to the fth site (in
the orbital state λ) and

 

Since each index r characterizes the band of quasi-
particles in a strongly correlated system (the band index
of the Hubbard band), the diagonal terms t rr in expres-
sion (6) describe the dispersion of the rth band and the
off-diagonal terms t rr' describe the hybridization of the
rth and r'th bands.

3. CONSTRUCTION OF THE EFFECTIVE 
EXCHANGE HAMILTONIAN

The exchange interaction appears in the second
order of the perturbation theory with respect to hop-
pings. This corresponds to virtual excitations from the
filled singlet and triplet bands through the insulating
gap to the conduction band (r = 0, α0 = (0, σ)) and back.
These perturbations are described by the off-diagonal

elements  with r ≥ 1 in expression (6). In the Hub-

bard model, there is only one such element t01, which
describes the hoppings between the lower and upper
Hubbard bands. In our case, the set of nonzero matrix
elements γλσ(r) with r ≥ 1 determines the interband hop-
pings. In order to eliminate them, we generalize the
projection operator method proposed by Chao et al. [2]
to the Hubbard model. Since the diagonal Hubbard
operators are projection operators, the X-operator rep-
resentation allows us to construct this generalization. In
our case, the total number of diagonal two-hole opera-

tors  is N = Ns + 3NT. By disregarding the exponen-
tially low temperature filling of excited one-hole terms
in the absence of doping when none of the two-hole
terms is filled, we can retain only one lower one-hole
term marked by the cross in Fig. 1. In this case, the con-
ditions for the completeness of the system of X opera-
tors is simplified and can be written in the form

 (7)

H1 t fg
λλ'

agλσ
+

agλσ

λλ'σ
∑

fg

∑ t fg
rr'

X f
r+

Xg
r '
,

rr'σ
∑

fg

∑= =

t fg
λλ'

t fg
rr'

t fg
λλ'γ λ r( )γ λ' r'( ).

λλ'

∑=

t fg
0r

X f
µµ

X f
00

X f
σσ

σ
∑ X f

µµ

µ
∑+ + 1.=

We choose a pair of neighboring sites (i, j) and con-
struct the set of projection operators pµ:

 (8)

 (9)

It is easy to check that each operator pµ is a projection
operator,

 (10)

and that these operators form a complete system and are
orthogonal,

 

By using the identity

 (11)

we calculate the diagonal and off-diagonal elements of
matrices (11). In this case, the term p0Hp0 corresponds
to the Hamiltonian component acting in the lower Hub-
bard band α0 = (0, σ), etc. It is easy to show that the
equality

 

is satisfied and that the diagonal elements pµH1pµ
describe the hoppings in the band µ and the off-diago-
nal elements pµH1pν correspond to the hybridization of
the bands µ and ν; that is,

 

We choose the off-diagonal matrix elements

 (12)

as a perturbation and perform the standard unitary
transformation

 

p0 Xi
00

Xi
σσ

σ
∑+

⎝ ⎠
⎜ ⎟
⎛ ⎞

X j
00

X j
σσ

σ
∑+

⎝ ⎠
⎜ ⎟
⎛ ⎞

,=

pµ Xi
µµ

X j
µµ

Xi
µµ

X j
n'n'

, q
n'

∑–+ µ N .≤ ≤=

pµ
2

pµ=

pµ pν δµν pµ, pµ

µ 0=

N

∑ 1.= =

H pµH pν,
µν
∑=

pµH0 pµ

µ
∑ H0=

pµH1 pν tij
µν

Xi
µ+

X j
ν
.

ij

∑=

H̃ ε( ) H̃0 εH̃1,+=

H̃0 pµH pµ,
µ
∑=

H̃1 pµH pν

µ ν±
∑=

H ε( )' e
iεS̃–

H ε( )e
iεS̃

=
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in such a way as to eliminate the linear (in ε) contribu-

tions of . If the matrix  satisfies the equation

 (13)

the transformed Hamiltonian has the form

 (14)

In order to solve Eq. (13), we multiply each term by
pµ from the left and by pν from the right. As a result, we
obtain

 (15)

This equation coincides in form with the corresponding
equation in [2] and differs from it only in the dimension
of matrices. Therefore, our derivation of the system of
operators pµ in the multidimensional case is actually a
generalization of the method proposed in [2].

It follows from Eq. (15) that the diagonal matrix ele-

ments have the form  = γpµ, where γ is a con-
stant. In order to solve the equation with respect to the

off-diagonal elements , according to [2], we
make the approximation pµHpµ  εµ. As a result, the
solution has the form

 (16)

and the effective Hamiltonian is represented as

(17)

4. ANALYSIS OF THE EXCHANGE 
CONTRIBUTIONS 

TO THE EFFECTIVE HAMILTONIAN

The calculation of the terms in Hamiltonian (17) for
the singlet and triplet bands leads to different results.
The interband transitions through the gap are described
by the commutator

 (18)

H̃1 S̃

H̃1 i H̃0 S̃,[ ]+ 0,=

H ' ε( ) H̃0 iε2
H̃1 S̃,[ ]–/2.+=

pµH pν 1 δµν–( ) i pµH pµ( ) pµS̃ pν( )+

– i pµS̃ pν( ) pνH pν( ) 0.=

pµS̃ pµ

pµS̃ pν

pµS̃ pν i pµH pν/∆µν, ∆µν εµ εν–= =

H ' ε = 1( ) pµH pµ
1
2
--- pµH pνS̃ S̃ pµH pν–( )

ν µ≠
∑+

µ
∑=

=  pµH pµ
1
2
---

pµH pν pνH pµ[ ]–

∆µν
----------------------------------------- ∫

⎩
⎪
⎨
⎪
⎧

µ ν≠
∑+

µ
∑

+ 
pµH pν( ) pνH pα( )

∆να
-------------------------------------------

pαH pµ( ) pµH pν( )
∆αµ

--------------------------------------------–
α µ≠
α ν≠

∑
⎭
⎪
⎬
⎪
⎫

.

p0H pν pνH p0,[ ]–.

For the nth singlet band αν = (–σ, nS), commutator (18)
is determined by the operators

 

The exchange contribution to the Heisenberg
Hamiltonian has the form

 (19)

where si and ni are the spin operators for s = 1/2 and the
number of particles at the ith site, respectively, and

 

For the mth triplet band, commutator (18) is deter-
mined by the terms

 

As a result, the ferromagnetic exchange contribution
to the Heisenberg Hamiltonian takes the form

 (20)

where JB(Rij) = (Rij) = 
and ∆m = Em – 2ε1. By summing up over all singlet and
triplet bands, we find the following expression for the
effective exchange interaction parameter:

 (21)

It can be seen from this expression that the contribu-
tions of the singlet and triplet bands to the exchange
interaction parameter have different signs. The antifer-
romagnetic interaction with the participation of the sin-
glet states is conventional. This contribution t2/U in the
Hubbard model describes the superexchange mecha-
nism. In our case, the excited singlet states also result
in the antiferromagnetic contribution, which decreases
with an increase in the energy of the excited term at the
expense of the denominator. The ferromagnetic contri-
bution of the triplet states is associated with the fact that
the spins of two holes upon triplet formation are ori-
ented parallel to each other and then hoppings from site
to site carry this parallel spin orientation.

X f
σ0

Xg
σ– ns,

Xi
ns σ'–,

X j
0σ',[ ]–.

σσ'

∑
fgij

∑
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1
4
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⎛ ⎞ ,
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/∆ns,
n 1=

Ns

∑= =
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2
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2
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5. NUMERICAL CALCULATIONS 
OF THE EFFECTIVE EXCHANGE PARAMETER

The eigenstates in the A1g and 3B1gbands can be rep-

resented in the form |ns〉 =  and |mM〉 =

 [9]. The spectral weights of the initial
hole configurations |Ai〉 and |Bi〉 are listed in Tables 1
and 2, respectively. The distinguishing feature of the
states with symmetry A1g (Table 1) is that the spectral
weight of the initial configurations in the ground state
amounts to 95%. The contribution of the polar configu-
ration distinguishes our ground state from the Zhang–
Rice state. Moreover, the dominant hopping integrals
tpd and tpp contribute to the exchange interaction param-
eter (21) with the same weight (Fig. 2a). For states in
the band with symmetry 3B1g, there are also preferred
configurations (Table 2). For example, this is the initial
configuration (b1gpz) in the ground state with a spectral
weight of 53%. However, since the corresponding hop-
ping integrals are considerably smaller, the band of the
triplet states is narrower than the band of the singlet
states and the antiferromagnetic contribution to the
exchange interaction parameter (21) is dominant.
Indeed, for the Hamiltonian parameters calculated in
the framework of the local density approximation in
combination with the generalized tight-binding
method, the calculations performed according to

Ani Ai| 〉
i 1=
9∑

Bmi Bi| 〉
i 1=
6∑

expression (21) lead to JA = 0.149 eV and JB = 0.003 eV
for the nearest neighbors and Jeff = 0.146 eV for the
total exchange interaction parameter. The largest con-
tribution (~73%) to the ferromagnetic interaction is
made by the excited (m = 3) triplet state with the largest

Table 1.  Spectral weights of the initial two-hole configurations in the singlet states

|ns〉 Ens, eV

|1s〉 –3.528 0.506 0.456 0.037 0 0 0 0 0 0

|2s〉 –0.360 0 0 0 0.008 0.001 0.389 0.000 0.598 0.004

|3s〉 1.0733 0 0 0 0.373 0.026 0.314 0.000 0.277 0.009

|4s〉 2.230 0 0 0 0.016 0.693 0.047 0.192 0.034 0.019

|5s〉 3.349 0.361 0.529 0.109 0 0 0 0 0 0

|6s〉 3.664 0 0 0 0.529 0.009 0.229 0.1323 0.090 0.011

|7s〉 6.299 0 0 0 0.071 0.215 0.004 0.670 0.001 0.040

|8s〉 11.018 0 0 0 0.002 0.058 0.017 0.005 0.000 0.917

|9s〉 11.439 0.132 0.014 0.854 0 0 0 0 0 0

A1n
2 dxb( ) A2n

2 bb( ) A3n
2 dxdx( ) A4n

2 a pz( ) A5n
2 adz( ) A6n

2 dz pz( ) A7n
2 aa( ) A8n

2 pz pz( ) A9n
2 dzdz( )

Table 2.  Spectral weights of the initial two-hole configurations in the triplet states

|mM〉 EmM, eV

|1M〉 –2.085 0.001 0.000 0.013 0.073 0.382 0.531

|2M〉 –0.661 0.196 0.316 0.052 0.398 0.026 0.013

|3M〉 1.552 0.274 0.215 0.018 0.430 0.057 0.007

|4M〉 3.289 0.021 0.002 0.015 0.006 0.518 0.438

|5M〉 5.433 0.452 0.445 0.094 0.000 0.003 0.006

|6M〉 9.520 0.057 0.022 0.809 0.093 0.014 0.001

B1m
2 dxa( ) B2m

2 ba( ) B3m
2 dxdz( ) B4m

2 bdz( ) B5m
2 dx pz( ) B6m

2 b pz( )

20

5
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J(n
) , %
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Fig. 2. Partial contributions (a)  of the singlet states and

(b)  of the triplet states to the exchange interaction

parameter (in percent with respect to the quantity JA + JB).
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n( )
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contribution from the initial (bdz) configuration (Fig.
2b). This ratio between the antiferromagnetic and ferro-
magnetic components is explained by the fact that the
contribution of the initial configurations to the
exchange interaction parameter JA(Rij) is proportional
to the dominant hopping integrals tpd and tpp. In combi-
nation with the high spectral weights of the configura-
tions (dxb) and (b)2 in the ground state, this leads to a
ratio |JA/JB | � 1. The contributions of the two-hole
ground states to the exchange interaction parameters
are estimated to be 97.2 and 3.7% for JA and JB, respec-
tively.

Together with small and comparable ferromagnetic
and antiferromagnetic contributions of the excited
states, this indicates that the constraint imposed in [9]
on the configurational space for high-temperature
superconducting materials results in an error smaller
than 1% in the calculation of the exchange interaction.

In the A1g band, the contribution of the ground state
is such large that the crossover of the singlet and triplet
states does not lead to a change in the sign of the
exchange interaction parameter and this interaction
remains antiferromagnetic. This inference can be made
from the analysis of the exchange interaction in high-
temperature superconducting materials with an unusual
electronic structure [11, 12]. In the structures investi-
gated in both works, the 3B1g states are located at the top
of the valence band. This effect is associated with the
chemical pressure upon replacement of Ca by Y in
Bi2Sr2Ca1 – xYxCu2O8 + δ (0.55 < x < 0.92) compounds in
[11] and with the external uniaxial pressure in the struc-
ture of La1 – xSrxCuO4 compounds in [12]. We calcu-
lated the exchange interaction parameter with the use of
the characteristics taken from [12]. It was revealed that,
at the hypothetical crossover point, the exchange inter-
action remains antiferromagnetic in character but
decreases in magnitude: Jeff ≈ 0.078 eV.

Therefore, despite the competition between the sin-
glet and triplet states for the ground state, the antiferro-
magnetic character of the exchange interaction is gov-
erned by the specific features of the crystal structure of
high-temperature superconducting materials and by the
chemical nature of their constituent elements.
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