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1. INTRODUCTION

The key problem in the theory of high-temperature
superconductivity (HTSC) is the evolution of the band
structure with doping, starting from an antiferromag-
netic (AFM) insulator to paramagnet and superconduc-
tor. One interesting feature of the electronic structure of
the AFM phase of cuprates is the formation of so-called
in-gap states located inside the gap with charge transfer
between the valence and conduction bands.

The in-gap states in weakly doped cuprates were
discovered experimentally [1–3] and found theoreti-
cally [4–7] when calculating the properties of small
clusters of the 

 

t

 

–

 

J

 

 model, Hubbard model, and three-
band 

 

p

 

–

 

d

 

 model. Pinning of the chemical potential with
increasing doping, which was observed in experiment
[8], is also an indirect evidence for in-gap states. Calcu-
lations of the band structure of the CuO

 

2

 

 layer per-
formed within a multiband 

 

p

 

–

 

d

 

 model [9] in the gener-
alized tight-binding (GTB) approximation [10] with
explicit inclusion of strong electron correlations show
that an in-gap state in undoped cuprates has a zero spec-
tral weight and that, with increasing doping, it acquires
dispersion and a finite spectral weight proportional to
the concentration of holes [11, 12].

In all models of strongly correlated systems, the
motion of a hole in the presence of AFM ordering is
renormalized because of spin fluctuations, which is the

essence of the spin-polaron effect. Taking this effect
into account in the low-energy model of 

 

p

 

-type
cuprates, it was concluded in [13] that the interaction
between the hole and spin fluctuations is responsible
for the formation of an in-gap band. Even in undoped
cuprates, such as La

 

2

 

CuO

 

4

 

 (LSCO), Sr

 

2

 

CuO

 

2

 

Cl

 

2

 

(SCOC), and Ca

 

2

 

CuO

 

2

 

Cl

 

2

 

, (CCOC), in-gap states are
manifested as a small low-energy satellite, which can
be found in ARPES experiments. It was indicated that
points (

 

π

 

, 0) and (

 

π

 

/2, 

 

π

 

/2) of the Brillouin zone are the
most interesting for experiment, because at these points
the satellite peak is at its closest approach to the main
spectral peak at the top of the valence band. It was also
demonstrated that there are two contributions to the
spectral weight of the in-gap band in cuprates, namely,
the mean-field contribution, which is proportional to
the doping 

 

x

 

, and the spin-fluctuation contribution,
which is proportional to the magnon concentration
2

 

n

 

(

 

T

 

). This concentration depends on temperature,
which can lead to a temperature dependence of the sat-
ellite spectral peak. The objective of this paper is to
investigate the influence of the temperature on the for-
mation of in-gap states in undoped cuprates. The mag-
non concentration is calculated using the Heisenberg
model with inclusion of weak interlayer exchange and
weak in-plane spin anisotropy. This model is an effec-
tive low-energy model for undoped cuprates.
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Abstract

 

—The temperature evolution of in-gap states created by the spin polaron effect and located within the
gap with charge transfer between the valence and conduction bands is studied for the case of strong electron
correlations using the 

 

t

 

–

 

t

 

'–

 

t

 

''–

 

J

 

 model of antiferromagnetic undoped cuprates. The effect of temperature is taken
into account by temperature renormalization of the magnon concentration, which is calculated using the
Heisenberg model with inclusion of weak interlayer exchange and weak in-plane spin anisotropy, and by intro-
ducing a Lorentzian with a temperature-dependent half-width in the form corresponding to the marginal Fermi
liquid model. With increasing temperature, the spectral weight of the in-gap state, which is proportional to the
magnon concentration, grows leading to an increased intensity of the corresponding peak of the spectral func-
tion in all points of the Brillouin zone. At points (

 

π

 

/2, 

 

π

 

/2) and (

 

π

 

, 0), the main peak is approached by the sat-
ellite peak related to the in-gap band and, at points (0, 0) and (

 

π

 

, 

 

π

 

), the peaks move away from each other.
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2. DISPERSION AND SPECTRAL FUNCTIONS
OF IN-GAP STATES

The most general model of layered cuprates is the
multiband 

 

p

 

–

 

d

 

 model [9] including not only the 

orbitals of copper and the 

 

p

 

x

 

, 

 

y

 

 orbitals of in-plane oxy-
gen but also the  orbitals of copper and the 

 

p

 

z

 

orbitals of apex oxygen. The dispersion laws and spec-
tral densities of quasiparticles and the evolution of the
chemical potential with doping calculated within this
model in the GTB approximation for both 

 

p

 

-type [11,
12], and 

 

n

 

-type [14] compounds are in good agreement
with experimental data. The recently developed LDA +
GTB method [15] combining ab initio LDA calcula-
tions of the parameters of the multiband 

 

p

 

–

 

d

 

 model and
the explicit inclusion of strong electron correlations in
the GTB approximation made it possible to construct
an effective low-energy model for cuprates with param-
eters obtained from first principles. The 

 

t

 

–

 

t

 

'–

 

t

 

''–

 

J

 

*
model (

 

t

 

–

 

t

 

'–

 

t

 

''–

 

J

 

 model with inclusion of three-center
terms) is efficient for 

 

n

 

-type cuprates and, for 

 

p

 

-type
compounds with a complex structure of the valence
band top, the singlet–triplet 

 

t

 

–

 

t

 

'–

 

t

 

''–

 

J

 

* model is appro-
priate [16].

In this paper, we discuss undoped cuprates and low
excitation energies (~2

 

J

 

); therefore, the effect of sin-
glet–triplet hybridization on the valence band top is
negligibly small. For this reason, we study the spin-
polaron effect using the 

 

t

 

–

 

t

 

'–

 

t

 

''–

 

J

 

 model with the Hamil-
tonian

Here, 

 

t

 

fg

 

 is the hopping integral between sites 

 

f

 

 and 

 

g

 

, 

 

J

 

fg

 

is the exchange integral,  = 

 

|

 

p

 

f

 

〉〈

 

q

 

f

 

|

 

 is a Hubbard
operator (

 

|

 

p

 

f

 

〉

 

 and 

 

|

 

q

 

f

 

〉

 

 are states at site 

 

f

 

), 

 

S

 

f

 

 is the spin
operator, 

 

n

 

f

 

 is the particle number operator, and (

 

ε

 

1

 

 – 

 

µ

 

)
is the difference between the single-electron energy and
the chemical potential.

d
x

2
y

2–

d
3z

2
r

2–

Ht–J ε1 µ–( ) X f
σσ

f σ,
∑ t fgX f

σ0Xg
0σ

f g σ,≠
∑+=

+ J fg S f Sg
1
4
---n f ng–⎝ ⎠

⎛ ⎞ .
f g≠
∑

X f
pq

The spin and particle number operators can be
expressed in terms of Hubbard X operators as follows:

In the GTB approximation, an electron in a strongly
correlated system is described as a superposition of
quasiparticles related to excitations between multielec-
tron n- and (n + 1)-hole terms of the unit cell, which is
taken to be the CuO6 cluster. Figure 1 shows two quasi-
particles, β1 and β2, forming the top of the valence band
in the AFM phase (in the paramagnetic phase, the spin-
up and spin-down levels in the single-hole sector are
degenerate and, therefore, only one type of quasiparti-
cles β1 = β2 exists). The spectral weight of these quasi-
particles in the mean field approximation is determined
by the filing of the initial and final states, i.e., by the fill-
ing factors of single-particle states nAσ and nBσ, where
A and B enumerate the AFM sublattices and nS are the
filling factors of the lowest two-particle state (singlet
|S〉 of 1A1g symmetry). The filling factors nm = 〈Xmm〉 are
calculated self-consistently using the equation for the
chemical potential. In the Hubbard-I approximation,
for the hole concentration nh = 1 + x at a zero tempera-
ture, we have nA↑ = nB↓ = (1 – x), nA↓ = nB↑ = 0, and
nS = x. Therefore, the spectral weights of the quasipar-
ticles on the A sublattice are

It follows that it is β2 that forms the doping-dependent
in-gap band.

In order to go beyond the Hubbard-I approximation,
it is necessary to calculate one-loop corrections to the
self-energy [17]. In the ferromagnetic and AFM states,
the main contribution at low temperatures T � J comes
from spin-wave excitations (the spin-polaron effect)
[18]. According to [18], the main effect of spin excita-
tions is the spin-wave renormalization of the filling fac-
tors:

(1)

Here, nsf = n(T) – n(0), where n(0) and n(T) are the mag-
non concentrations at zero and finite temperatures,
respectively. Generally, nsf is related to the decrease in
the sublattice magnetization due to spin fluctuations

(2)

With Eq. (2), the spectral weights of quasiparticles on
the A sublattice are given by

S f
+ X f

σσ, S f
– X f

σσ,= =

S f
z 1

2
--- X f

σσ X f
σσ–( ), n fσ X f

σσ.
σ
∑= =

FA β1( ) nS nA↑+ 1, FA β2( ) nS nA↓+ x.= = = =

nA↑ 1 x–( ) 1 nsf–( ),=

nA↓ 1 x–( )nsf , nS x.= =

SA
z〈 〉 1 x–( ) 1/2 n 0( ) nsf+( )–[ ].=

FA β1( ) x 1 x–( ) 1 nsf–( ),+=

FA β2( ) x 1 x–( )nsf .+=

|↑〉
|↓〉

|S〉|0〉

n = 0 n = 1 n = 2β1

β2

Fig. 1. Hilbert space of the Hubbard model. The dashed
arrows indicate quasiparticle excitations in the upper Hub-
bard band.
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For small values of x and nsf , we have FA(β1) ≈ 1 – nsf

and FA(β2) ≈ x + nsf .
So, even at x = 0 (T ≠ 0), we get FA(β2) ≠ 0; i.e., the

spin-polaron effect should lead to the formation of in-
gap states even in undoped Sr2CuO2Cl2 and La2CuO4
compounds at a nonzero temperature.

We decouple the equations of motion for the elec-

tron Green’s function  for the t–t'–t''–J model in the
Hubbard-I approximation but take into account the
renormalization of the filling factors given by Eq. (1),
which corresponds to taking into account the main con-
tributions to the self-energy operator at low tempera-
tures [18]. As a result, we find the energy spectrum of
quasiparticles to be

(3)

where 

 and  are the hopping and exchange integrals in
momentum space, respectively, between nearest neigh-

bors; and  and  (  and ) are the hopping
(exchange) integrals between second and third nearest
neighbors, respectively.

The spectral functions Akσ(E) = – Im[Tr ] can

be written as

(4)

where

Taking into account the hopping integrals to third near-
est neighbors, we get

If nsf is zero, we immediately get one dispersion-free
state and one state with dispersion (which is determined
by intrasublattice hopping integrals t ' and t '')

(5)

Ĝkσ

Ek↑
± ε1 µ–

1
2
--- tk

A tk
A ' J0

B– J0
A– J0

A '– Kk±+[ ],+=

Kk = tk
A

tk
A '

J0
B

– J0
A

J0
A '

+ + +( )
2

1 2nsf–( )
2

4 tk
B

( )
2

1 nsf–( )nsf+ ;

tk
B J0

B

tk
A tk

A ' J0
A J0

A '

1
π
--- Ĝkσ

Ak↑ E( ) uk
2δ E Ek↑

+–( ) v k
2δ E Ek↑

––( ),+=

Ak↓ E( ) v k
2δ E Ek↓

+–( ) uk
2δ E Ek↓

––( ),+=

uk
2 1

2
--- 1 2nsf–( )2 J0

B J0
A– J0

A '– tk
A– tk

A '–( )
2∆Ek

--------------------------------------------------------,–=

v k
2 1 uk

2, ∆Ek– Ek↑
+ Ek↑

– .–≡=

tk
B 2t kxcos kycos+( ), tk

A 4t ' kx ky,coscos= =

tk
A ' 2t '' 2kxcos 2kycos+( ),=

J0
B 4J , J0

A 4J ', J0
A ' 4J ''.= = =

Ek↑
–

nsf 0= ε1 µ– J0
A– J0

A ' ,–=

Ek↑
+

msf 0= ε1 µ– tk
A tk

A ' J0
B.–+ +=

For nsf = 0, we have  = 0,  = 1, and only one non-

zero spectral function Ak↑(E) = δ(E – ) remains cor-
responding to the valence band top for p-type cuprates
(the state with dispersion given by Eq. (5)).

Since the hopping and exchange parameters in the
t−t '–t ''–J model are obtained using the LDA + GTB
method [15], the only unknown parameter of the prob-
lem is the magnon concentration n(T). In the next sec-
tion, we calculate this parameter or, more precisely, the
sublattice magnetization (2).

3. TEMPERATURE DEPENDENCE 
OF SPECTRAL FUNCTIONS

As noted in the previous section, the spectral weight
of quasiparticles is proportional to the magnon concen-
tration. Therefore, the evolution of the spectral func-
tions with temperature is mainly determined by the
temperature dependence of this concentration. Earlier,
when analyzing neutron diffraction experiments, we
estimated the magnon concentration to be n(0) ≈ 0.138
[13]. However, this estimate is insufficient for finding
the temperature dependence of the spectral peaks.
Undoped cuprates are AFM insulators. Therefore, we
employ the quasi-two-dimensional Heisenberg model
for spin 1/2 in order to describe the spin subsystem and
calculate the temperature dependence of the magnon
concentration. In [19], it was demonstrated that, in this
model, weak in-plane spin anisotropy η has a signifi-
cant effect on the Néel temperature. Therefore, we also
investigate the influence of this parameter on the tem-
perature dependence of nsf .

We write the Hamiltonian of the Heisenberg model
in the form

where J is the nearest neighbor exchange interaction; λ2
and λ3 (λi = Ji/J, where i = 2, 3) describe in-plane
exchanges between the second and third nearest neigh-
bors, respectively; η is the in-plane spin anisotropy;
and  describe interlayer exchanges. In the undoped
state, the low-temperature phase of La2CuO4 is orthor-
hombic, but the crystal structure of La2CuO4 becomes
tetragonal with doping (so-called T structure). This
structure is typical of the superconducting phase. For
this reason, the tetragonal structure was discussed in
many papers even when studying undoped LSCO. The
validity of this approach was illustrated in [19]. We also
deal with the tetragonal structure of LSCO.

uk
2

v k
2

Ek↑
–

Ĥ J SiSi δ1+

i δ1,
∑ η Si

zSi δ1+
z λ2 SiSi δ2+

i δ2,
∑+

i δ1,
∑+

⎝
⎜
⎛

=

+ λ3 SiSi δ3+

i δ3,
∑ λ⊥SiSi δ⊥ j

+

i δ⊥ j
,
∑ ⎠

⎟
⎞

,+

λ⊥ j
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The exact equation of motion for  can be linear-
ized using the Tyablikov approximation [20]

To calculate thermodynamic properties, we use the
two-time retarded commutator Green’s functions at
finite temperatures (f ∈ A, g ∈ B, where A and B specify
the magnetic sublattices)

Sl
+

iṠl
+

2J Sl
z〈 〉Sl δ1+

+ 1 η+( ) Sl δ1+
z〈 〉Sl

+

δ1

∑–
δ1

∑⎝
⎜
⎛

=

+ λ2 Sl
z〈 〉Sl δ2+

+ λ2 Sl δ2+
z〈 〉Sl

+

δ2

∑–
δ2

∑

+ λ3 Sl
z〈 〉Sl δ3+

+ λ3 Sl δ3+
z〈 〉Sl

+

δ3

∑–
δ3

∑

+ λ⊥ Sl
z〈 〉S

l δ⊥
FM+

+ λ⊥ S
l δ⊥

FM+

z〈 〉Sl
+

δ⊥
FM

∑–

δ⊥
FM

∑

+ λ⊥ Sl
z〈 〉S

l δ⊥
AFM+

+ λ⊥ S
l δ⊥

AFM+

z〈 〉Sl
+

δ⊥
AFM

∑–

δ⊥
AFM

∑ ⎠
⎟
⎞

.

S f
+ S f '

–〈 | 〉〈 〉 E
2
N
---- Gk

AA E( )eik f f '–( ),
k

∑=

Sg
+ S f '

–〈 | 〉〈 〉 E
2
N
---- Gk

BA E( )eik g f '–( ).
k

∑=

In the momentum representation, the Green’s functions
can be found to be

where

Here, zi (i = 1, 2, 3, ⊥) is the number of corresponding
neighbors. Therefore, for S = 1/2, the self-consistent
equation for the AFM order parameter S(τ) (τ = T/J is
the dimensionless temperature) can be written as

(6)

For τ  0 (cothx  1), we obtain the magnetization
at a zero temperature to be

In the opposite limit τ  τN (τN is the Néel tempera-
ture), we have S(τ)  0. Since coth(x)  1/x as
x  0, the critical temperature can be found from
Eq. (6) to be

Figure 2 shows the temperature dependence of the
sublattice magnetization for three different sets of
parameters η and λ⊥ (J = 0.141 eV, λ2 = λ3 = 0.0942
[19]). It is seen that the influence of the in-plane anisot-

Gk
AA E( ) 2S E Sn k( )+( )

E2 S2 n2 k( ) I2 k( )–( )–
----------------------------------------------------- 2S E Sn k( )+( )

E2 S2E2 k( )–
-----------------------------------,≡=

Gk
BB E( ) 2S E Sn k( )–( )

E2 S2 n2 k( ) I2 k( )–( )–
----------------------------------------------------- 2S E Sn k( )–( )

E2 S2E2 k( )–
-----------------------------------,≡=

Gk
AB Gk

BA E( ) 2S2I k( )
E2 S2 n2 k( ) I2 k( )–( )–
-----------------------------------------------------–= =

≡ 
2S2I k( )

E2 S2E2 k( )–
-------------------------------,–

n k( ) 2J 1 η–( )z1

z⊥

2
-----λ⊥ λ2z2 1 kx kycoscos–( )–+=

– λ3z3 1
2kxcos 2kycos+

2
----------------------------------------–⎝ ⎠

⎛ ⎞

–
z⊥λ⊥

2
----------- 1

kx ky–( )
2

--------------------
kz

2
----coscos–⎝ ⎠

⎛ ⎞ ,

I k( ) 2J
z1

2
---- kxcos kycos+( )=

+
z⊥λ⊥

2
-----------

kx ky+( )
2

--------------------
kz

2
---- .coscos

S τ( ) 1/2
I τ( )
----------, I τ( ) 2

N
---- n k( )

E k( )
----------- S τ( )E k( )

2τ
----------------------.coth

k

∑= =

S 0( ) 1/2
I1

-------, I1
2
N
---- n k( )

E k( )
-----------.

k

∑= =

τN
1/4
I2

-------, I2
2
N
---- n k( )

E2 k( )
-------------.

k

∑= =

0.05

0.050 0.10 0.15 0.20
τ

0.15

0.25

0.35

〈S
z A
(τ

)〉
η = 9 × 10–4, λ⊥ = 5 × 10–5

η = 10–6, λ⊥ = 5 × 10–5

η = 9 × 10–4, λ⊥ = 5 × 10–3

Fig. 2. Temperature dependence of the sublattice magneti-
zation for three different sets of parameters η and λ⊥ (J =
0.141 eV, λ2 = λ3 = 0.0942 [19]). The temperature scale is
given in dimensionless units (τ = T/J).
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ropy η on the magnetization is much stronger than that
of the interlayer exchange. An increased anisotropy sta-
bilizes the AFM order, and the Néel temperature
increases. The best fit to the experimental value of the
Néel temperature TN = 325 ± 5 K [21–23] is achieved
with the following parameter values: η = 9 × 10–4 and
λ⊥ = 5 × 10–5. We use them in the calculations below.
With these values, the magnetization at a zero tempera-
ture is S(0) = 0.3119.

Figure 3 shows quasiparticle dispersion curves for
various temperatures: T1 = 0 K, T2 = 196 K, and T3 =
327 K. The parameters of the t–t '–J model for p-type
cuprates are taken from [15, Table IV] and they are as
follows: t = 0.679 eV, t ' = –0.093 eV, J = 0.141 eV, and
J ' = J '' = 0.013 eV. It can be seen in Fig. 3 that the dis-
tance between the two branches of the quasiparticle
spectrum at points (π, 0) and (π/2, π/2) decreases with
increasing temperature.

Figure 4 shows the temperature dependences of the
spectral functions at several symmetry points of the
Brillouin zone. The employed approximation provides
no information about the width of the spectral lines,
because the expressions for the spectral functions con-
tain simple delta functions. We artificially widened the
spectral peaks using a Lorentzian with a half-width δ =

 (which corresponds to the non-Fermi-liq-
uid approach) and set E = 0.02 eV, which is equal to the
experimental resolution of ARPES measurements. In
addition to the main spectral peak, a small satellite
appears at an energy above –0.5 eV for nonzero values
of nsf . This satellite peak is the in-gap state due to the
spin-polaron effect, and its spectral weight is propor-
tional to nsf(T). With increasing temperature, the spec-
tral weight of the in-gap state, which is proportional to
nsf(T), increases, leading to an increased intensity of the

E2 π2T2+

–1.5

(π, π)

–2.0

(π, 0) (π, 0)(0, 0); (0, π)(0, 0)

–1.0

–0.5

0

0.5

E
(k

),
 e

V

(kx, ky)

T = 327 K

T = 196 K

T = 0 K

Fig. 3. Dispersion of quasiparticles along the main direc-
tions in the Brillouin zone of a square lattice at various tem-
peratures: T1 = 0 K (dotted line), T2 = 196 K (solid line), and
T3 = 327 K (dashed line).
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Fig. 4. Dependence of the spectral functions on temperature
(τ = T/J) at three symmetry points of the Brillouin zone: (a)
the amplitudes of the main peaks and (b) the amplitudes of
the in-gap satellites.
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Fig. 5. Variation of the spectral functions of the in-gap sat-
ellites with dimensionless temperature τ at three symmetry
points of the Brillouin zone. Arrows indicate the direction
of an increase in temperature.
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corresponding spectral peak at all points of the Bril-
louin zone. This pattern is in qualitative agreement with
the results from [26], where analogous calculations
were performed within the t–t '–t ''–J model by exact
diagonalization.

4. CONCLUSIONS

In this paper, we have taken into account the effect
of temperature through renormalization of the magnon
concentration, which has been calculated using the
Heisenberg model with inclusion of the weak interlayer
exchange and weak in-plane spin anisotropy. Because
of strong correlations, the renormalizations of the fill-
ing factors not only vary the intensities of peaks in the
spectral functions but also change their positions; i.e.,
they modify the momentum dependence of the quasi-
particle spectrum. As a result, both the relative energy
positions of the peaks (Fig. 5) and their intensities vary
with increasing temperature. The largest displacements
of the satellite peaks take place at point (0, 0). However,
because the matrix element of photoelectron excitation
is small near the Γ point, these changes cannot be
detected in ARPES experiments. Therefore, we pro-
pose studying the increase in the intensity of the satel-
lites at points (π, 0) and (π/2, π/2) indicated in Fig. 5 by
arrows, which is possible with the ARPES method.

The effects of the finite quasiparticle lifetime due to
scattering on thermal and spin fluctuations have been
modeled by introducing a finite-width Lorentzian
instead of the delta functions in Eq. (4). This approach
does not account for the strong k dependence of damp-
ing of the quasiparticles, which can cause substantial
smearing of the spectral peaks at certain k points and
make their observation impossible. However, as dem-
onstrated in this study, the intensity of the satellite spec-
tral peak at room temperature is nonzero for any
momentum. Therefore, strong suppression of the peak
intensity at certain k points does not preclude observa-
tions of the in-gap state.
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