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Abstract We study theoretically the electron–phonon inter-
action in NaxCoO2. For the A1g and E1g phonon modes
found in Raman experiments, we calculate the matrix el-
ements of the electron–phonon interaction. Analyzing the
feedback effect of the conduction electrons on the phonon
frequency ω, we investigate the doping dependence of these
two phonon modes. Due to the momentum dependence
of the electron–phonon interaction, we find the strongest
renormalization of the E1g mode around the Brillouin zone
boundary which should be observed in the neutron scatter-
ing. At the same time, the A1g mode shows the strongest
coupling to the conducting electrons around the Γ point and
reveals its doping dependence in the Raman experiments.
Our results shed light on the possible importance of the
electron–phonon interaction in the lamellar sodium cobal-
tates.
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1 Introduction

The discovery of superconductivity with Tc = 4.6 K in wa-
ter intercalated sodium cobaltate, NaxCoO2 · yH2O [1], is
of great interest on its own and also because of similarities
with layered cuprates. The sodium cobaltate has a quasi-
two-dimensional layered structure with CoO2 layers and
rich phase diagram as a function of the Na concentration,
which includes superconductivity at x ≈ 0.3, an insulating
phase at x ∼ 0.5, and unusual magnetism for x ≥ 0.6 [2].
In NaxCoO2, the Na ions reside between the CoO2 layers,
with Co ions forming a triangular lattice, and donate x elec-
trons to the partially filled Co-d(t2g) orbitals. Due to the
presence of a trigonal crystalline electric field, the t2g levels
split into the higher lying a1g singlet and the two lower lying
e′
g states [3]. Angle-Resolved Photo-Emission Spectroscopy

(ARPES) [4, 5] reveals a doping dependent evolution of the
Fermi surface, which shows no sign of the e′

g hole pockets
for 0.3 ≤ x ≤ 0.8. The observed Fermi surface is centered
around the Γ point and has mostly a1g character. It has been
argued that such an effect may arise due to strong electronic
correlations [6, 7, 9] or Na induced disorder [8]; however,
no consensus in the literature has been reached yet [10].

Despite of intensive studies of the electronic and mag-
netic properties little is known about the phonon excita-
tions and their doping evolution in NaxCoO2. Due to the
relatively low superconducting transition temperature, the
possible relevance of phonons for superconductivity cannot
be neglected. For example, the relevance of the electron–
phonon coupling in NaxCoO2 to superconductivity and
charge ordering has been discussed in the context of a t −V

model [11, 12]. In addition, due to some similarity to high-
Tc cuprates the understanding of the phonon renormalization
in the sodium cobaltates is of great importance.
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Here, we investigate the electron–phonon interaction in
the NaxCoO2 as a function of doping concentration for
various momenta. This work compliments our previous
study [13]. In particular, we concentrate on the two oxy-
gen phonon modes with A1g and E1g symmetries, which
were found in Raman experiments. Following the derivation
of the diagonal electron–phonon matrix elements for these
modes, we calculate the renormalization of the phonon fre-
quencies by conduction electrons. Due to the structure of the
electron–phonon matrix elements we obtain the strongest
renormalization of the in-plane E1g oxygen mode around
that Brillouin zone (BZ) boundary and no renormalization at
q = 0, which agrees with Raman experiments. At the same
time, such a renormalization should be visible in neutron
scattering and we propose to test it experimentally. Our re-
sults shed light on the possible role of the electron–phonon
interaction in this compound.

2 Tight-Binding Model

To describe the electronic subsystem we use a tight-binding
t2g-band model with parameters (in-plane hoppings and the
single-electron energies) derived previously from the ab-
initio LDA (Local Density Approximation) calculations us-
ing projection procedure for x = 0.33 [6].

The free-electron Hamiltonian of the t2g-band model in a
hole representation is given by

H0 = −
∑

k,α,σ

(
εα − μ

)
nkασ −

∑

k,σ

∑

α,β

t
αβ

k d
†
kασ

dkβσ , (1)

where nkασ = d
†
kασ

dkασ , dkασ (d†
kασ

) is the annihilation
(creation) operator for the t2g-hole with spin σ , orbital index

α, and momentum k, t
αβ

k is the hopping matrix element, and
εα is the single-electron energy. To obtain the dispersion,
we diagonalize the Hamiltonian (1) calculating the chemical
potential μ self-consistently. Due to the nonzero interorbital
hopping matrix elements, a1g and e′

g bands are hybridized.
However, only one of the hybridized bands crosses the Fermi
level. We refer to the diagonalized bands as εα′

k with the new
orbital index α′.

3 Electron–Phonon Interaction

In analogy to previous considerations for cuprates [14,
15], we derive the electron–phonon matrix elements, gkq,
for the A1g and E1g phonon modes depicted in Figs. 1(a)
and (b). Namely, to obtain the main contribution to the di-
agonal (intraband) part of the electron–phonon interaction,
we expand the Coulomb energy between Co and oxygen,
HC = ee∗

ε

∑
i,α′,σ,γ c

†
iα′σ ciα′σ ( 1

|Ri−ri,γ | + 1
|Ri−ri,−γ | ), in the

Fig. 1 (Color online) Schematic illustration of the A1g (a) and E1g

(b) phonon modes. The arrows indicate the oxygen displacement in
the CoO6 octahedra

small displacements of the oxygen ions. Here, e is the elec-
tron charge, e∗ = −2e is the oxygen ion charge, ε is the
dielectric constant, Ri are the Co ion positions, ri,γ are
the vector positions of the vibrating oxygens, and index γ

(−γ ) labels the three oxygen positions within CoO6 unit cell
above (below) the Co layer. Here, c†

iα′σ refers to the diagonal
form of the Hamiltonian (1).

After introducing the creation (annihilation) operator b
†
−q

(bq) for the phonon with momentum q, we arrive to the fol-
lowing form of the electron–phonon interaction

H
diag
el−ph =

∑

k,q,α′,σ
gα′α′

q c
†
kα′σ ck−qα′σ

(
bq + b

†
−q

)
. (2)

For the sake of simplicity, we assume the diagonal electron–
phonon interaction is independent on the orbital index α′.
Thus, for the A1g and E1g optical Raman-active phonon

oxygen modes, one finds g
A1g
q = g

A1g

diagF
A1g
q , g

E1g
q =

g
E1g

diagF
E1g
q , where the structure factors of the electron–

phonon interaction are

F
A1g
q = cos

q1 − q2

3
+ cos

q1 + q3

3
+ cos

q2 + q3

3
, (3)

F
E1g
q = cos

q1 − q2

3
− 1

2

[
cos

q1 + q3

3
+ cos

q2 + q3

3

]
. (4)

Here, q1 = (
√

3/2)qx − 1
2qy , q2 = qy , q3 = (

√
3/2)qx +

1
2qy , in units of 2π/a with a being the in-plane lattice con-

stant, gΓ
diag = − ee∗

ε
2LΓ√
d2+l2

3

√
�

2MωΓ
, where ωΓ is the corre-

sponding bare phonon frequency (Γ = A1g,E1g), LA1g
=

d = a/
√

6 is the distance between the Co and the oxy-
gen plane, LE1g

= l = a/
√

3 is the planar distance be-
tween Co and oxygen, and M is the oxygen mass. Assuming
that in the band insulator, Nax=1CoO2, the renormalization
of the phonons by the conduction electrons is absent, we
use ωA1g

= 588 cm−1 and ωE1g
= 470 cm−1. These val-

ues are close to those obtained by the first principles cal-
culations [16]. The resulting momentum dependence of the
structure factors for the both modes is shown in Figs. 2(a)
and 3(a) along the main symmetry directions on the first BZ.
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Fig. 2 (Color online) Results
for the A1g -phonon mode:
(a) the calculated momentum
dependence of the
electron–phonon coupling,
(b) the polarization operator at
ω0, and (c) the resulting phonon
frequency as obtained by
numerical solution of (5) with
constant bare phonon
frequency ω0. We present
results for two doping
concentrations, x = 0.33 and
x = 0.5

Fig. 3 (Color online) Results
for the E1g -phonon mode:
calculated momentum
dependence of (a) the
electron–phonon coupling
constant g2

q and (b) the
renormalized phonon
frequency ωq for two doping
concentrations, x = 0.33 and
x = 0.5

Interestingly, one sees that while the gq for the A1g mode
shows a maximum at the BZ center, the gq for the E1g

mode vanishes there. Therefore, for q = 0, the electron–
phonon coupling for the E1g channel is zero but should be
the largest one around the K and M points. The situation
is opposite for the A1g phonon mode: the largest coupling
to the conduction electrons occur in this case around the Γ

point of he first BZ. This explains the doping dependence
of the A1g phonon mode (and the doping independence of
the E1g mode) observed in Raman experiments where q = 0
point is probed [13].

In the following, we consider the renormalization of the
A1g and E1g phonons. The corresponding Dyson equation
reads:

D−1(q,ω) = D−1
0 (ω) − (

gα′
q

)2
�(q,ω), (5)

where D0(ω) = 2ωΓ

ω2−ω2
Γ +iδ

is the momentum-independent

bare phonon propagator. The polarization operator is given
by:

�(q,ω) = −2
∑

k

f (εα′
k+q) − f (εα′

k )

ω − εα′
k+q + εα′

k + iδ
, (6)

where f (ε) is the Fermi function. Note that due to inde-
pendence of the gq on the internal k momenta we have de-
fined the polarization operator without the g2 multiplication.
Previously, to find the renormalization of the bare phonon
frequency and to compare the results to the Raman experi-
ments we set q → 0 limit and solved (5) numerically as a
function of the doping concentration [13]. The main contri-
bution to the renormalization of the optical phonon modes
in Raman experiments comes from the interband transi-
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tions, i.e., terms with g
α′ 
=β ′
kq while intraband transitions have

been neglected. Here, we concentrate on the estimates of
the intraband contribution. Thus, for the sake of simplicity,
we consider only the a1g-conduction band with the nearest
neighbor hopping t = 0.2 eV. The results of our numerical
calculations are shown in Figs. 2 and 3. We find that the
Re�(q,ω0) is momentum dependent and at x = 0.33 the
maximum occurs around the antiferromagnetic wave vec-
tor, QAFM = K (see Fig. 2(b)). With increasing doping to-
ward x = 0.5, the nesting condition shifts away from the K

point of the BZ and the overall Re� decreases. This is ob-
vious since with increasing number of carriers the system
approaches the band insulator where the polarization opera-
tor is zero.

In Figs. 2(c) and 3(b), we show the resulting momen-
tum dependence of the phonon frequencies for the A1g and
E1g phonon modes along the main symmetry points of the
first BZ. The largest softening of the A1g phonon mode
arises around the Γ point as we have already previously no-
ticed [13]. At the same time, we find that the largest renor-
malization of the E1g mode is around the M point of the
BZ. Moreover, the large sensitivity of the renormalization
with respect to the variation of the electron–phonon cou-
pling constant is observed. In particular, we expect that the
observed in Na0.5CoO2 CDW/SDW transitions should be
visible in the experiments probing the phonon dispersions.
This would be interesting to check experimentally.

4 Conclusion

Summarizing, we have analyzed the doping dependence of
the electron–phonon interaction in NaxCoO2. For the two
phonon modes with A1g and E1g symmetries we calculate
the matrix elements of the electron–phonon interaction. An-
alyzing the feedback effect of the conduction electrons on
the phonon frequency, we investigate the doping dependence
of the A1g and E1g phonon modes. Due to the momentum
dependence of the electron–phonon interaction, we find the
strongest renormalization of the E1g mode around the Bril-
louin zone boundary, which should be observed in the neu-
tron scattering. At the same time, the A1g mode shows the

strongest coupling to the conducting electrons around the Γ

point, and thus reveals its doping dependence in the Raman
experiments.

Open Access This article is distributed under the terms of the Cre-
ative Commons Attribution Noncommercial License which permits
any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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