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1. INTRODUCTION 

The self-organization of molecules into an anisotro-
pic molecular ensemble (crystal, liquid crystal, Lang-
muir–Blodgett film, etc.) with long-range (uniaxial or
biaxial) order of molecules and optical anisotropy of
the medium is accompanied by a change in the effective
molecular polarizability tensor 

 

γ

 

 due to intermolecular
interactions of the short- and long-range orders. The
effective molecular polarizability tensor 

 

γ

 

 is an indica-
tor of changes in polarization, electronic structure, and
molecular conformation in the medium, as well as in
intermolecular interactions, which reflect structural
transformations of the short- and long-range orders. It
is reasonable to expect that there are limitations on the
polarizability tensor 

 

γ

 

 due to the long-range orienta-
tional order of molecules and specific features of the
local anisotropy of liquid crystals as a general model of
anisotropic statistically ordered molecular media. To
date, these problems have not been formulated and the
paradigm of experimental and theoretical works on the
molecular optics and physics of liquid crystals (like
other anisotropic molecular media) has been repre-
sented by the equality [1] 

(1)γ i γ const= =

 

for the mean molecular polarizabilities in the isotropic
( ) and liquid-crystal ( ) phases. The use of relation-
ship (1) in the refractometry of liquid crystals in the
framework of different approaches [2–5] has revealed
nonphysical consequences that follow from experimen-
tal data [5–7]; however, the factors responsible for these
consequences remain unclear. Although a number of
theoretical and experimental works indicate that rela-
tionship (1) is violated as a result of intermolecular
interactions and the transformation of the conformation
or the electronic structure of molecules in liquid crys-
tals [6–8], the change in the paradigm “  = const”
requires rigorous limitations on the quantity  or the
ratio / , which can be verified experimentally. In [9],
we revealed that there is a strong nonlinear relation of
the polarizability tensor  to the anisotropy of the
Lorentz tensor 

 

L

 

 and the local-field tensor 

 

f

 

 in uniaxial
liquid crystals; we established rigorous limitations
from below on the ratio / , which suggest that rela-

tionship (1) is inadequate. The dependence 

 

∆

 

f

 

( )
offers a clue to explaining and eliminating nonphysical
consequences of relationship (1) and indicates the
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Abstract

 

—The problems on the relation of the mean effective molecular polarizability  to the long-range ori-
entational order of molecules (the optical anisotropy of the medium) in uniaxial and biaxial liquid crystals, the
local anisotropy on mesoscopic scales, and the anisotropy of the Lorentz tensor 

 

L

 

 and the local-field tensor 

 

f

 

 are
formulated and solved. It is demonstrated that the presence of the long-range orientational order of molecules
in liquid crystals imposes limitations from below on the molecular polarizability , which differs for uniaxial
and biaxial liquid crystals. The relation between the local anisotropy and the molecular polarizability  is inves-
tigated for calamitic and discotic uniaxial liquid crystals consisting of lath- and disk-shaped molecules. These
liquid crystals with identical macroscopic symmetry differ in the local anisotropy and the relationships between
the components 

 

L

 

||

 

 < 

 

L

 

⊥

 

, 

 

f

 

||

 

 < 

 

f

 

⊥

 

 (calamitic) and 

 

L

 

||

 

 > 

 

L

 

⊥

 

, 

 

f

 

||

 

 > 

 

f

 

⊥

 

 (discotic) for an electric field oriented parallel
and perpendicular to the director. The limitations from below and above on the molecular polarizability  due
to the anisotropy of the tensors 

 

L

 

 and 

 

f

 

 are established for liquid crystals of both types. These limitations indi-
cate that the molecular polarizability  depends on the phase state and the temperature. The factors responsible
for the nonphysical consequences of the local-field models based on the approximation  = const are revealed.
The theoretical inferences are confirmed by the experimental data for a number of calamitic nematic liquid crys-
tals with different values of birefringence and the discotic liquid crystal . 
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direction in which new limitations on the ratio /
should be sought. 

This work is devoted to the development and gener-
alization of the approach proposed in [9] to the investi-
gation of the relation of the molecular polarizability 
to the orientational ordering of molecules and the
anisotropy of the tensors 

 

L 

 

and 

 

f 

 

in uniaxial and biaxial
calamitic and discotic liquid crystals consisting of lath-
and disk-shaped molecules. In liquid crystals, the
molecular packing and the local anisotropy are deter-
mined by the steric repulsion of molecules and the
molecular shape. The difference in the local anisotropy
of uniaxial calamitic (nematics N, smectics Sm

 

A

 

, Sm

 

B

 

)
and discotic (nematics N

 

D

 

, discotics Col

 

h

 

(

 

o

 

,

 

d

 

)

 

) liquid
crystals manifests itself in the relationships 

 

L

 

||

 

 < 

 

L

 

⊥

 

, 

 

f

 

||

 

 <

 

f

 

⊥

 

 (calamitic) and 

 

L

 

||

 

 > 

 

L

 

⊥

 

, 

 

f

 

||

 

 > 

 

f

 

⊥

 

 (discotic) between the
components of the tensors 

 

L 

 

and 

 

f 

 

for an electric field
oriented parallel (

 

||

 

) and perpendicular (

 

⊥

 

) to the direc-
tor 

 

n 

 

[6, 7]. The known methods for experimentally
determining the components 

 

L

 

j

 

 for liquid crystals of
both types [6, 7, 10] make it possible to use the values
of 

 

L

 

j

 

 as characteristics of the local anisotropy of these
objects. 

In Section 2, we establish the limitations from below
on the ratio /  due to the occurrence of the long-
range orientational order of molecules in uniaxial liq-
uid crystals. In Section 3, we investigate the relation of
the molecular polarizability tensor  to the tensors 

 

L

 

and 

 

f

 

 in uniaxial calamitic and discotic liquid crystals.
We reveal the factors responsible for the nonphysical
consequences of approximation (1) as it is used in the
framework of different approaches [2–5], and we deter-
mine the conditions for eliminating these consequences
and limitations (following from them) on the ratio /
from below and above. Section 4 involves the experi-
mental verification of the results obtained for calamitic
nematic liquid crystals with different values of birefrin-
gence and the discotic liquid crystal Col

 

ho

 

. In Section 5,
we summarize the main results and conclusions. 

2. LONG-RANGE ORIENTATIONAL ORDER
OF MOLECULES AND THE MOLECULAR 

POLARIZABILITY 

Let us consider an optically biaxial liquid crystal
with point symmetry group 

 

D

 

2

 

h

 

 (biaxial nematics N

 

b

 

,
smectics Sm

 

A

 

b

 

), 

 

C

 

2

 

h

 

 (smectic Sm

 

C

 

), or 

 

D

 

2

 

 (quasi-nem-
atic layer of cholesterics) consisting of molecules with
point symmetry group 

 

D

 

2

 

h

 

, 

 

C

 

2

 

D

 

, or 

 

D

 

2

 

. The intrinsic
coordinate system of matrices 

 

S

 

jk

 

, 

 

αα

 

 is chosen as the
laboratory coordinate system (

 

j

 

, 

 

k

 

 = 

 

X

 

, 

 

Y

 

, 

 

Z

 

), and the
intrinsic coordinate system of matrices 

 

S

 

jj

 

, 

 

αβ

 

 is chosen

γ γ i

γ

γ γ i

γ

γ γ i

γ

 

as the molecular coordinate system (

 

α

 

, 

 

β

 

 = 

 

x

 

, 

 

y

 

, 

 

z

 

),
where the Saupe matrix has the form [11] 

(2)

Here, 

 

θ

 

j

 

α

 

 is the angle between the 

 

j

 

 and 

 

α

 

 axes and the
brackets 〈…〉 indicate statistical averaging over molecu-
lar orientations in the liquid crystal. The permittivity ten-
sor εjk of the liquid crystal in the optical transparency
range is diagonal in the laboratory coordinate system and

has components εj = , where nj are the principal refrac-
tive indices of the liquid crystal. The components of the
tensors fjk and Ljk, which are also diagonal in the same
coordinate system, are related to each other and to the
quantities εj by the expression [6, 7] 

(3)

The molecular polarizability components γj averaged
over molecular orientations have the form [7] 

(4)

Here, we used the designations  = (γxx + γyy + γzz)/3,
∆γ = γzz – (γxx + γyy)/2, and ∆γ' = γxx – γyy for the polariz-
ability parameters and the parameters of the uniaxial
(S, G) and biaxial (R, P) orientational order of mole-
cules: 

(5)

For a liquid crystal with N molecules per unit volume,
the components εj, fj, and γj are related by the following
expression: 

(6)

Then, we use the known inequality for positive quanti-
ties xj:

(7)

which reduces to the equality for equal quantities xj .
With allowance made for relationships (3) and (6), set-
ting xj = 4πNγj and 1/xj = Lj + (εj – 1)–1, and taking into
account that TrL = 1, we obtain the limitation on the
polarizability  from below:

(8)

S jk αβ,
1
2
--- 3 θ jα θkβcoscos δ jkδαβ–〈 〉 .=

n j
2

f j 1 L j ε j 1–( ).+=

γ X γ ∆γ
3

------ S R–( )–
∆γ '
6

-------- G P–( ),–=

γ Y γ ∆γ
3

------ S R+( )–
∆γ '
6

-------- G P+( ),–=

γ Z γ 2∆γS
∆γ 'G

3
-------------.+ +=

γ

S SZZ zz, , G SZZ xx, SZZ yy, ,–= =

R SXX zz, SYY zz, ,–=

P SXX xx, SYY xx,– SXX yy,– SYY yy, .+=

ε j 1– 4πN f jγ j.=

x1 x2 x3+ +( ) 1/x1 1/x2 1/x3+ +( ) 9,>

γ

4πNγ ε j 2+( ) ε j 1–( ) 1–

j

∑ 9.>
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In order to check relationship (1), we determine the
limitation on the ratio / . Setting xj = εj – 1 in for-

mula (7), we have the inequality  >

3(  − 1)–1. By adding unity to each side of this inequal-
ity, we find 

(9)

With due regard for this relationship, we introduce the
parameter r1b > 1 for the biaxial liquid crystal by means
of the expression 

(10)

In the isotropic phase, we have εi – 1 = 4πNifi  and fi =
(εi + 2)/3. With the use of the designations r = C/Ci, 

(11)

(where ρ and ρi are the densities of the liquid-crystal
and the isotropic phases, respectively), formula (8) can
be rearranged to the form 

(12)

In [12, 13], the order parameters (5) for the smectic
liquid crystal SmC was estimated from the refractive
indices with the use of formulas (3) and (6) within the
approximation Lj = 1/3 [1]. Within paradigm (1), this
approximation corresponds to the conditions [1] 

(13)

The temperature dependence CB(T) noted in [13] does
not correspond to the constancy of the quantity CB. In
order to check the equality Ci = CB and, in view of its
use for determining the extraordinary refractive index
for uniaxial nematic liquid crystals [14], we establish
the limitations on the quantities CB and CB/Ci. Setting
xj = εj + 2 in relationship (7), we obtain the inequality

 > 3(  + 2)–1. By multiplying each side of
this inequality by (–1) and adding unity to them, we
have 

(14)

At the same time, setting xj = ρ(εj + 2)(εj – 1)–1 in rela-
tionship (7) with allowance made for formula (10), we
find CB > C/r1b or 

(15)

Therefore, the equality Ci = CB is possible only for the
liquid crystal with r(T, λ) > 1, at a particular tempera-

γ γ i

ε j 1–( ) 1–

j∑
ε

ε j 2+
ε j 1–
-------------

j

∑ 3
ε 2+
ε 1–
-----------.>

r1b
1
3
---

ε j 2+
ε j 1–
------------- ε 1–

ε 2+
-----------.

j

∑=

γ i

C
ε 1–

ρ ε 2+( )
--------------------, Ci

εi 1–
ρi εi 2+( )
----------------------= =

γ /γ i r/r1b.>

Ci CB
1

3ρ
------

ε j 1–
ε j 2+
-------------

j

∑≡ const.= =

ε j 2+( ) 1–

j∑ ε

3
ε 1–
ε 2+
-----------

ε j 1–
ε j 2+
-------------, C CB.>

j

∑>

r CB/Ci r/r1b.>>

ture point of the mesophase, and at a specific light
wavelength λ. Since the quantities r and r1b for the liq-
uid crystals are close to unity [3–7], limitations (15)
explain the approximate equality Ci ≈ CB [1, 15]. 

For the uniaxial liquid crystals (N, SmA, SmB) with
R = P = 0 and two independent components of the ten-
sors Lj, fj, γj, and εj in the case of the light wave polar-
ized parallel (j = ||) and perpendicular (j = ⊥) to the
director n || Z, the use of the quantities  = (ε|| + 2ε⊥)/3
and Q = (ε|| – ε⊥)/(  – 1) enables us to represent the
parameter r1 (expression (10)) in the form 

(16)

If the conditions εZ = ε|| and (εX + εY)/2 = ε⊥ are satisfied
upon transition from the biaxial phase to the uniaxial
phase, from relationship (10) in the approximation qua-
dratic in ∆ε' = (εX – εY), we obtain 

(17)

At identical densities of the above phases, this leads to
the limitations of the first level:

(18)

These limitations reflect the existence of the long-range
uniaxial or biaxial orientational order of molecules
(optical anisotropy of the liquid crystal) and do not
depend explicitly on the anisotropy of the tensors L and
f. This means the mutual complementarity of local-field
effects determined by the properties of the tensors L
and f [6, 7] and the effects associated with the change in
the molecular polarizability in the anisotropic medium. 

The anisotropic properties of the tensors L and f are
determined by the long-range orientational order of
molecules, the optical anisotropy of liquid crystals [6],
and their local anisotropy [7]. In order to reveal the
higher level limitations on the ratio / , it is necessary

to analyze the dependences Lj( ) and ∆f( ). It should
be noted that the known methods for experimentally
determining the components Lj for biaxial liquid crys-
tals [7] have not been used to date. In this respect, we
will restrict our consideration to the case of uniaxial liq-
uid crystals. 

3. ANISOTROPY OF THE TENSORS L AND f
AND THE MOLECULAR POLARIZABILITY  

The approach used in our study consists in revealing
and analyzing the nonphysical consequences of rela-
tionship (1) using refractometry as the simplest and
most direct method for determining the molecular
polarizability . The conditions for the elimination of
these consequences will permit us to obtain the sought
limitations on the quantity . 

ε
ε

r1 1
6Q2

ε 2+( ) 3 Q–( ) 3 2Q+( )
---------------------------------------------------------.+=

r1b r1
∆ε '( )2 ε 1–( )

2 ε⊥ 1–( )3 ε 2+( )
-----------------------------------------.+=

γ /γ i r/r1 r/r1b.>>

γ γ i

γ γ

γ

γ

γ
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Relationship (1) underlies the known method for
determining the components Lj in uniaxial liquid crys-
tals from refractometric data [2]. With due regard for
relationships (6) and TrL = 1, the equality  =  is
equivalent to the Saupe–Maier–Neugebauer equation
[2] for calculating the component L⊥; that is, 

(19)

For the calamitic nematic liquid crystals, the sign of the
anisotropy ∆f SMN = (f|| – f⊥) > 0 obtained using this
method in the visible and IR spectral ranges contradicts

the experimental data [6, 7], the components  for
some objects do not correspond to the real anisotropy of
the pair correlation function g2(R) of molecules in liq-
uid crystals [7], and the temperature dependences

(T) for a number of liquid crystals exhibit a non-
monotonic nonphysical behavior [5]. The factors
responsible for the anomalous solutions of Eq. (19), as
a rule, have been attributed to inaccuracies in the mea-
surement of the parameters ni, j , ρi, and ρ [16]. With the
aim of revealing the real factors responsible for these
anomalies, we determine the dependences of the quan-
tities ∆f and L⊥ on the parameter A = /  by the
method that differs from that used in [9]. We consider
calamitic and discotic uniaxial liquid crystals sepa-
rately.

3.1. Calamitic Liquid Crystals (N, SmA, SmB)

We introduce the parameter q = (∆γS +
∆γ'G/2)/(3 ). Here, ∆γ > 0, the signs of the quantities
∆γ' and G coincide [7] and q > 0. From formulas (3) and
(6), we have 

(20)

The term-by-term summation of these expression leads
to the equation for the parameter q:

(21)

Making allowance for relationship (16), the quantity B
can be written in the form B = 3r1/Ar. However, with
due regard for the right-hand side of expression (21),
we have 

γ i γ

3 εi 1–( )
ρi εi 2+( )
----------------------

1
3ρ
------=

×
ε|| 1–

1 1 2L⊥–( ) ε|| 1–( )+
---------------------------------------------------

2 ε⊥ 1–( )
1 L⊥ ε⊥ 1–( )+
-----------------------------------+ .

L j
SMN

L j
SMN

γ i γ

γ

4πNγ L j ε j 1–( ) 1–+[ ]

=  
1

1 a jq+
----------------- a|| = 2 a⊥ = –1,( ).

B
4πNγ

3
--------------

ε|| 2+
ε|| 1–
-------------

2 ε⊥ 2+( )
ε⊥ 1–

----------------------+≡

=  1
1 2q+
---------------

2
1 q–
-----------.+

B 3γ 1/γ || 2/γ ⊥+( )/3[ ]=

and, at γ|| ≠ γ⊥ (q ≠ 0), relationship (7) results in the ine-
quality B > 3. This corresponds to the requirement r1 >
Ar and limitation (18). At q > 0, the solution to Eq. (21)
has the form 

(22)

For liquid crystals with r > r1, approximation (1)
(A = 1) violates limitation (18) and corresponds to
complex values of the parameter q, which means that

/  > 1. From formulas (6) and (20), we can obtain
the relationship 

(23)

with the parameter 

(24)

Substitution of relationship (23) into expression (21)
leads to the equation for the quantity ∆f:

(25)

Here, we used the following designations: 

(26)

The solution to Eq. (25), which corresponds to q ≥ 0,
has the form 

(27)

and coincides with the result of substitution of relation-
ship (23) into formula (22) with due regard for the
expressions r1 – Ar = b1 – b and 9r1 – Ar = b2 – b. 

It should be noted that, for the isotropic phase of liq-
uid crystals, the relation Ci ~  is linear and the exper-
imental fact Ci = const [3–7] corresponds to the con-
stancy of the polarizability . For liquid crystals, the
dependence of the anisotropy ∆f (relationship (27)) on
b ( ) is nonlinear and an insignificant change in the
quantity b due to the change in the parameter A ( )
and/or C leads to a considerable change in the anisot-
ropy ∆f; in this case, the signs of the quantities ∆f and b
coincide with each other. As a result of the smallness of
the parameter Q � 3 and the closeness of the parame-

q
1

4r1
------- r1 Ar– r1 Ar–( ) 9r1 Ar–( )[ ]1/2+[ ].=

γ γ i

q
Q 3 Q+( ) ε 2+( )r0 ∆f 3 Q–( ) 3 2Q+( )–
3 3 Q+( ) ε 2+( )r0 ∆f 3 Q–( ) 3 2Q+( )+
--------------------------------------------------------------------------------------------------=

r0 1
2Q2 ε 1–( )

3 3 Q+( ) ε 2+( )
--------------------------------------.–=

∆ f 2 ∆f
3 Q+( ) ε 2+( )

6
----------------------------------- b1b2( )1/2 b–[ ]–

+ br0
3 Q+( )2 ε 2+( )2

2 3 Q–( ) 3 2Q+( )
------------------------------------------- 0.=

b Ar r0, b1–
2r0Q2

3 Q–( ) 3 2Q+( )
----------------------------------------,= =

b2 b1
6 Q+

Q
-------------⎝ ⎠

⎛ ⎞
2

.=

∆f
1
12
------ 3 Q+( ) ε 2+( )=

× b1b2( )1/2 b– b1 b–( ) b2 b–( )[ ]1/2–[ ]

γ i

γ i

γ
γ
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ters r0 and r1 to unity, the experimental fact of the close-
ness of the quantity r to unity [3–7] enhances the
dependence ∆f( ). For the liquid crystals with r > r1,
approximation (1) violates limitation (18) and results in
complex values of the anisotropy ∆f (expression (27)). 

The anisotropy ∆f is conveniently represented in the
form 

(28)

With due regard for this expression, from formula (27),
we find 

(29)

At A = 1, this relationship gives the solution to Eq. (19).
For the liquid crystals with r > r1, approximation (1)

corresponds to complex values of the component 
defined by relationship (29). At r1 > r > r0, Eq. (19) has

the solution  < L⊥k. Since L⊥k > 1/3, there are vari-

ants 1/3 <  < L⊥k and  < 1/3. In the case of a
nonmonotonic temperature variation in the difference
b = r – r0 between the function r(T) = C(T)/Ci that is
almost linear [17] and the downward convex function

r0(T) (expression (24)), the dependence (T) can
exhibit a minimum. This situation corresponds to the
conditions used by Haller [5], who was the first to
observe this minimum. Therefore, apart from the incor-
rectness of approximation (1), the presence of the non-

physical minimum in the dependence (T) sug-
gests the necessity of including the dependence C(T),
which is also important in order to exactly describe the
dependences nj(T) [17]. This extends the relation
between the refractometry and dilatometry of liquid
crystals, which up to now has been based on the
approximation C = const [18–21]. 

The limitations of the next levels on the ratio /
depend on the local anisotropy of liquid crystals and the
components L⊥. The local anisotropy of the liquid crys-
tals is characterized by the anisotropy of the surface
F(R) satisfying the condition g2(R) = const for the pair
correlation function of molecules g2(R), which is aver-
aged over the molecular orientations [7]. Here, R is the
radius vector between the centers of masses of two mol-
ecules. In the uniaxial nematic liquid crystal (smectic
liquid crystals A, B) on scales Rm < R � RM between the
molecular (Rm) and macroscopic (RM) scales, the sur-
face F(R) has the form of a spheroid (cylinder) elon-
gated along the director n [7]. This corresponds to the
requirement L⊥ > 1/3 for these liquid crystals. 

γ

∆f L⊥k L⊥–( ) ε 1–( ) 3 Q+( ),=

L⊥k
1
3
--- 1 Q

3 Q+
-------------+⎝ ⎠

⎛ ⎞ .=

L⊥ L⊥k
ε 2+

12 ε 1–( )
----------------------–=

× b1b2( )1/2 b– b1 b–( ) b2 b–( )[ ]1/2–[ ].

L⊥
SMN

L⊥
SMN

L⊥
SMN L⊥

SMN

L⊥
SMN

L⊥
SMN

γ γ i

It follows from formula (23) or (27) that, at b = b1,
the maximum possible positive anisotropy for calamitic
liquid crystals,

, (30)

corresponds to the values q = 0 and ∆εc = 4πN ∆fc > 0.
Substitution of relationship (30) into expression (28)
gives the component 

(31)

which contradicts the condition L⊥ > 1/3 and is non-
physical for calamitic liquid crystals. Making allow-
ance for formula (29), the requirement L⊥ > 1/3 is
equivalent to the relationship r2 > Ar, where 

(32)

This leads to the limitation of the second level:

(33)

For nematic liquid crystals with an anomalously low
birefringence ∆n = n|| – n⊥ and an inversion of the sign
of the anisotropy ∆f [22], the experimental values of
L⊥ > 1/3 and ∆f > 0 in the visible and IR spectral ranges
correspond to the limitations r2 > Ar > r0 or 

(34)

For calamitic liquid crystals with high and moderate
values of birefringence ∆n in the visible and IR spectral
ranges, the experimental values of L⊥ satisfy the ine-
qualities L⊥ > L⊥k and ∆f < 0 [6, 7]. In turn, they corre-
spond to values of b < 0 and the limitation of the third
level:

(35)

For conventional smectics A with a weak sinusoidal
modulation of the density along the director n and the
order parameters S that do not considerably exceed
those in the nematic phase, the difference between the
components L⊥(SmA) > L⊥(N) is insignificant [6, 7, 23].
The maximum component L⊥ = 1/2 [7] corresponds to
a locally quasi-two-dimensional smectic liquid crystal
with S ≈ 1 and the relationship d|| � d⊥ between the
interlayer spacing d|| and the intermolecular distance d⊥
in the layer. For real smectic and nematic liquid crys-
tals, the conditions L⊥ < 1/2 and ∆f < 0 correspond to
the limitations r0 > Ar > r3 or 

(36)

∆ f c

Q 3 Q+( ) ε 2+( )r0

3 Q–( ) 3 2Q+( )
---------------------------------------------=

γ

L⊥c
1
3
--- 1 9Q

3 Q–( ) 3 2Q+( ) ε 1–( )
--------------------------------------------------------– ,=

r2 1
6Q2 ε 1–( )

ε 2+( ) 3 Q–( ) 3 2Q+( ) ε 1–( ) 27+[ ]
-------------------------------------------------------------------------------------------.+=

γ /γ i r/r2.>

r/r0 γ /γ i r/r2.>>

γ /γ i r/r0.>

r/r3 γ /γ i r/r0.>>
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With due regard for expression (29), the quantity r3 is
defined by the relationship 

(37)

The inequalities r1 > r2 > 1 > r0 > r3 determine the hier-
archy of the limitations 

(38)

which depend only on the refractive indices and the
densities of the liquid-crystal and isotropic phases. 

3.2. Horn Procedure [4] 

This known procedure for determining the parame-
ter q is based on a combination of Eq. (21) with the
incorrect expression [3, 24, 25] 

(39)

The above expression is inconsistent with formula (20),
which is initial for Eq. (21). Expression (39) corre-

sponds to the equality /  = r (Ar = 1), which is valid

for values of bH = (1 − r0) > 0, ∆f H > 0, and L⊥k >  >
1/3 and limitations (34) irrespective of the nature of
molecules, the birefringence ∆n, and the spectral range.
This contradicts the experimental data [6, 7]. Since the
condition Ar = 1 is equivalent to the simultaneous ful-

fillment of conditions (1) and r = 1, the component 
corresponding to the Horn procedure coincides with the

solution  of Eq. (19) at r = 1. Function (23) can be
represented in the form 

(40)

where q0 = q(∆f = 0) = Q/3, σ is the correction for the
anisotropy ∆f, and the sign of σ is opposite to the sign
of the anisotropy ∆f. Substitution of formula (40) into
relationship (22) results in the expression 

(41)

Substitution of Ar = 1 and r1 given by formula (16) into
expression (41) leads to the relationship 

(42)

In view of the smallness of the parameter Q � 3, the
dependence σH(Q) < 0 is very weak, so that an increase
in the parameter Q with a decrease in the temperature
of the liquid crystal results in an increase in the magni-
tude |σH | and a decrease in the ratio qH/q0. The change
in the quantity σH upon variation in the parameter Q
with temperature in the mesophase is equal to a few
percent. This explains the constancy of the ratio qH/q0 =
(1 + σH) in the range of the nematic and smectic A liq-
uid-crystal phases [4]. At Q  0, owing to the trans-
formation of the chemical and electronic structures of
molecules, the quantities σH and qH/q0 tend to their lim-
iting values,

(43)

Therefore, the specific features and consequences of
the Horn procedure, which are usually attributed to
Eq. (21) [4, 16, 26], are consequences of a combination
of the correct equation with the incorrect relationship
(39) introduced in order to approach condition (1) to the
greatest possible extent [24, 25]. 

3.3. Discotic Liquid Crystals (ND, Colh(o,d)) 

In the planar molecules of these liquid crystals, the
z axis is perpendicular to the plane of the molecular
core and parallel to the symmetry axis Cn (n ≥ 3) of the
core. The molecular tensor γ is uniaxial with the anisot-
ropy ∆γ < 0. For these liquid crystals with permittivities
ε|| < ε⊥, we use the following designations: ∆γd = –∆γ,
qd = S(∆γd)/(3 ), and Qd = (ε⊥ – ε||)/(  – 1). The
replacement of the parameter q by –qd in Eq. (21) leads
to the solution 

(44)

The changeover from the parameters rm (m = 0, 1, 2) for
the calamitic liquid crystals to the parameters rmd for the
discotic liquid crystals is performed using the replace-
ment of the parameter Q by –Qd. The values of qd > 0
correspond to the condition r1d > Ar or 

(45)

The relationship qd(∆f) is represented in the form 

(46)

r3 1=

–
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--------------------------------------------------------------------------------------------------------------------- 1.–=
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3
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1
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Substitution of relationship (46) into expression (44)
gives the formula 

(47)

Here, we used the designations 

(48)

where d1 – d = r1d – Ar and d2 – d = 9r1d – Ar. The quan-
tities ∆f and d have opposite signs. Instead of Eqs. (28),
we have 

(49)

With allowance made for these equations, from expres-
sion (47), we obtain 

(50)

For liquid crystals with r > r1d , approximation (1) cor-
responds to complex values of L⊥ determined from for-
mula (50). At r1d > r > r0d , Eq. (19) has the solution

 > L⊥k . Since L⊥k < 1/3, we have variants 1/3 >

 > L⊥k and  > 1/3. In the case of a nonmono-
tonic temperature variation in the difference d = r – r0d

between the functions r(T) and r0d(T), the dependence

(T) can exhibit a nonphysical maximum. 

For nematic liquid crystals ND (discotic liquid crys-
tals Colh(o,d)), the surface F(R) has the form of a spheroid
(cylinder) oblate along the director n [7]. This results in
the requirement L⊥ < 1/3. It follows from formula (46)
that the values of qd = 0 and ∆εd = 4πN ∆fd < 0 corre-
spond to the maximum possible negative anisotropy for
discotic liquid crystals:

(51)

Substitution of relationship (51) into expression (49)
gives the component 

(52)

which contradicts the condition L⊥ < 1/3 for the discotic
liquid crystals and is nonphysical. The requirement
L⊥ < 1/3 is equivalent to the relationship r2d > Ar or the
limitation of the second level:

(53)

For nematic liquid crystals ND with anomalously low
values of ∆γd and ∆nd = n⊥ – n|| [7], the inversion of the
sign of the anisotropy ∆f is possible, when experimental
values of L⊥ < 1/3 and ∆f < 0 in the visible and IR spec-
tral ranges correspond to the limitations r2d > Ar > r0d or 

(54)

In the Horn approximation Ar = 1, these limitations and

relationships 1/3 >  > L⊥k should be satisfied
regardless of the nature of molecules, the birefringence
∆n, and the spectral range. This contradicts the experi-
mental data [7, 10, 27]. 

For nematic liquid crystals ND and discotic liquid
crystals Colh(o,d) with high and moderate values of bire-
fringence ∆nd in the visible and IR spectral ranges,
experimental values of L⊥ satisfy the inequalities L⊥ <
L⊥k and ∆f > 0 [7, 10]. They correspond to values of
d < 0 and the limitation of the third level:

(55)

The structure of the discotic phases Colh(o,d) repre-
sents a two-dimensional hexagonal lattice that consists
of molecular columns perpendicular to this lattice and
parallel to the director n, and the z molecular axes are
oriented along the columns [28]. For these phases with
an order parameter S ≈ 0.9, the experimental compo-
nents are L⊥ ≈ 0.17 [7, 10, 27]. The limiting value of
L⊥ = 0 corresponds to a locally quasi-one-dimensional
discotic liquid crystal with S ≈ 1 and the relationship
d|| � d⊥ for the intermolecular distance d|| in the column
and the distance d⊥ between columns. The real phases
Colh(o,d) and ND with values of L⊥ > 0 and ∆f > 0 corre-
spond to the limitations r0d > Ar > r3d or 

(56)

The quantity r3d is defined by the expression 

(57)

The inequalities r1d > r2d > 1 > r0d > r3d determine the
hierarchy of the limitations similar to that described by

relationship (38). Unlike qualitatively different depen-
dences γzz(S) and γxx(S) for calamitic and discotic liquid
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1
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crystals [7, 27], the limitations on the quantity  inde-
pendent of the molecular orientation with respect to the
director n differ only quantitatively for these types of
liquid crystals. 

4. OBJECTS OF INVESTIGATIONS, RESULTS, 
AND DISCUSSIONS 

The results obtained were verified using the follow-
ing three calamitic nematic and columnar discotic liq-
uid crystals: 

,

,

,

.

The CHCA nematic mixture of homologs (TNI =
92°C [17, 22], where TNI is the temperature of the nem-
atic–isotropic liquid phase transition) has the lowest
birefringence ∆n and is the sole known object with the
inversion of the sign of the anisotropy ∆f [6, 7, 22]. The
nematic liquid crystals 5BCO (101°C [17, 29]) and
3O7T (65°C [30, 31]) are characterized by moderate
and high values of birefringence ∆n. For the CHCA
[22] and 5BCO [29] nematic liquid crystals, we have
the experimental dependences L⊥(T) measured by inde-
pendent spectral methods. The THE7 discotic liquid
crystal with the temperature of the transition from the
hexagonal ordered columnar phase Colho to the isotro-
pic phase TCol–I = 92.5°C [10, 27, 32] is the only repre-
sentative of discotic liquid crystals with the known val-
ues of the component L⊥(T) measured by several spec-
tral methods [7, 10, 27]. In the cited works, the
temperature dependences of the densities ρi and ρ and
the refractive indices ni, j(λ) at different wavelengths
are tabulated. 

For the CHCA nematic liquid crystal, the values of
ρi, ρ, and ni, j (λ = 589 nm) [17, 22] over the entire
mesophase range ∆T = TNI – T = 70°C lead to r/r1 > 1
and complex solutions of Eq. (19), which means the
violation of relationship (1) and the inequality /  > 1

γ

H2n + 1Cn

OH…

O…

O

HO
CnH2n + 1HH

(CHCA)

H11C5 C N

(5BCO)

H7C3O C C C7H15

(3O7T)

R R

RR

R R

R: – OC7H15

(THE7)

γ γ i

following from limitation (18). Only at ∆T = 72.5°C,
the inequality r = 1.0028 < 1.0029 = r1 is satisfied and

Eq. (19) has a real but nonphysical solution  =
0.3032 < 1/3 for calamitic nematics. For the CHCA
nematic liquid crystal, the experimental values L⊥ > 1/3
[22] obtained by the independent method from the
dichroism of the electronic absorption band of the
impurity probe molecule (λmax = 336 nm) at λ = 589 nm
result in ratios ( / )exp = Γ/(3Ci) (where Γ is the right-
hand side of formula (19)) that satisfy relationship (34)
expected for the given liquid crystal with the inversion
of the sign of the anisotropy ∆f. In the nematic phase
range, the ratio ( / )exp varies from 1.004 to 1.006,
which indicates a high sensitivity of the anisotropy ∆f
to the molecular polarizability . In the case of the
CHCA nematic liquid crystal, the values of σH (expres-
sion (42)) vary from –0.144 (∆T = 1°C) to –0.154 (∆T =
72.5°C) and almost coincide with the limiting values of

 = –0.143 and  = –0.152 (relationship (43)) at
the same values of ∆T, which should be expected for the
liquid crystal under consideration with the lowest val-
ues of ∆n and Q. 

For the 5BCO nematic liquid crystal, the values of
ρi, ρ [17], and ni, j (λ = 589 nm) [17, 29] lead to the ine-
quality 1 > r > r0. Equation (19) has solutions 1/3 <

 < L⊥k and ∆f SMN > 0 with a nonmonotonic

decrease in the quantity (T) with an increase in the
temperature T and a minimum at ∆T ≈ 4°C, which is
associated with the nonmonotonic variation in the dif-
ference between the linear function r(T) [17] and the
downward convex function r0(T). However, the inde-
pendent experimental values of L⊥ [29] obtained from
the dichroism of the IR absorption band assigned to the
C≡N molecular vibrations (λmax = 4.5 µm) decrease
monotonically with an increase in the temperature T,
obey the inequality L⊥ > L⊥k, and correspond to a weak
anisotropy ∆f < 0 in the IR and visible ranges. The use
of these values of L⊥ at λ = 589 nm results in the ratio
( / )exp that satisfies limitation (35) and varies from
1.002 to 1.004 in the mesophase range ∆T = 40°C. For
the 5BCO nematic liquid crystal, the values of σH vary
from –0.168 (∆T = 0.5°C) to –0.175 (∆T = 38°C) and

are very close to the limiting values of  = –0.165

and  = –0.170 at the same values of ∆T. 

The dependences (∆T) following from expres-
sion (29) at A = 1 for the 3O7T nematic liquid crystal
are plotted in Fig. 1. Their strong dependence on the
wavelength is inconsistent with the meaning of the
quantities Lj as structural characteristics of liquid crys-
tals [2] and the experimental data [6, 7]. At ∆T = 0 (λ =
546 nm) and ∆T = 0 and 2°C (λ = 436 nm), the complex

L⊥
SMN

γ γ i

γ γ i

γ

σlim
H σlim

H

L⊥
SMN
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SMN

γ γ i
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H
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values of   (absent in Fig. 1) correspond to exper-

imental values of r/r1 > 1 and the ratio /  > 1 (rela-
tionship (18)). At the points ∆T = 30°C (λ = 436 nm)

and ∆T = 15°C (λ = 546 nm) with  (∆T, λ) = 1/3,
expression (13) is valid, which confirms the conse-
quences of limitations (15). At λ = 436 nm (546 nm),

the values of   < 1/3 over the entire nematic phase
range (∆T < 15°C) contradict limitation (33). These
nonphysical consequences of approximation (1) are
eliminated taking into account an increase in the quan-
tity 1/A = /  > 1 in formula (29) with an increase in
∆T. It can be seen from Fig. 1 that an increase in the
ratio /  to r/r0 leads to values of L⊥ = L⊥k with a weak
dependence on the wavelength λ. In this case, at λ =
436 nm (644 nm), an increase in the quantity ∆T from
0 to 30°C results in a monotonic increase in the ratio
r/r0 from 1.030 to 1.040 (from 1.007 to 1.011). In actual
fact, for the 3O7T nematic liquid crystal as a homolog
of the class of tolanes with a high birefringence ∆n and
the anisotropy ∆f < 0 [6, 7], the ratio r/r0 is the lower
limit of the ratio /  in relationship (18) and the vari-

ation in the ratio /  is stronger. 

The dependences (∆T) < L⊥k, which correspond
to the Horn procedure and follow from expression (29)
at Ar = 1, depend only weakly on the wavelength λ. For

λ = 644 nm, the equality  ≈  expected for the
given liquid crystal is observed at the points ∆T = 15

L⊥
SMN

γ γ i

L⊥
SMN

L⊥
SMN

γ γ i

γ γ i

γ γ i

γ γ i

L⊥
H( )

L⊥
H( ) L⊥

SMN

and 20°C with r ≈ 1. At r > 1, the inequality  >

 is satisfied over the entire mesophase range (∆T <
15°C) at λ = 436 and 546 (644) nm. At λ = 589 nm, the
values of σH vary from –0.184 (∆T = 0) to –0.188 (∆T =

30°C) and are very close to the limiting values of  =

–0.180 and  = –0.183 at the same values of ∆T.
Therefore, at λ = 589 nm, the values of σH (relationship
(42)) for each of the three nematic liquid crystals
CHCA, 5BCO, and 3O7T with a considerably different
birefringence ∆n almost coincide with the limiting

value  over the entire mesophase range. This con-
firms the consequences of formula (42). 

For the THE7 discotic liquid crystal, the values of
ρi, ρ, and ni, j (λ = 589 nm) [32] result in a constant
value of Ci = 0.2818 in the range ∆T from –1 to –5°C in
the isotropic phase. In the discotic phase, the inequality
r < r0d is satisfied and approximation (1) obeys limita-

tion (55). The values of   < L⊥k following from for-
mula (19) or (50) at A = 1 are presented in Fig. 2. The
temperature dependences of these parameters exhibit a
behavior opposite to that for the calamitic liquid crys-
tals (Fig. 1). The sign of the anisotropy ∆f SMN > 0 cor-
responds to the experimental data [7, 10, 27]; however,

the values of  are significantly overestimated and

the function  (∆T) is nonmonotonic. Both these
consequences of relationship (19) suggest the limita-
tion of approximation (1). Unlike the calamitic nematic
liquid crystals, the dependence r0d(T) for the THE7 dis-
cotic liquid crystal with an insignificant variation in the
birefringence ∆n(T) and the order parameter S(T) is
very weak and almost linear, whereas the function r(T)

L⊥
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H
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Fig. 1. Temperature dependences of the quantities 

(closed symbols) and L⊥k (open symbols) calculated from
relationship (29) at A = 1 and A = r0/r (b = 0) for the nematic
phase of the 3O7T liquid crystal at λ = (�, �) 436, (�, �)
546, and (�, �) 644 nm. Solid, dashed, and dot-dashed lines
indicate the temperature dependences of the parameter

 calculated from relationship (29) at Ar = 1 for λ = 436,

546, and 644 nm, respectively. The dotted line represents
the value of L⊥ = 1/3. 
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Fig. 2. Temperature dependences of the quantities (�)

, (�) L⊥k , and (�)  for the discotic phase of the

THE7 liquid crystal according to the calculations from
expression (50) at A = 1, A = r0d/r (d = 0), and Ar = 1,
respectively. 
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is upward convex and exhibits a maximum at ∆T ≈ 7°C.
A nonmonotonic variation in the difference r(T) –
r0d(T) leads to the appearance of the maximum in the

dependence (∆T) at ∆T ≈ 7°C. This nonphysical
consequence of approximation (1) can be eliminated
taking into account the parameter A in formula (50) and
an increase in the ratio /  with an increase in the
quantity ∆T. This is consistent with the experimental
data [27], according to which the polarizability  is
characterized by a stepwise increase upon the I–Colho

transition and then increases insignificantly with a

decrease in the temperature. The values of  > L⊥k

presented in Fig. 2 are almost independent of the tem-
perature and lead to anisotropies ∆f < 0 that contradict
the experimental data [7, 10, 27] even in sign. 

5. CONCLUSIONS 

The presence of limitations on the mean molecular
polarizability  due to the long-range orientational
order of molecules and the local anisotropy of the
medium leads to a number of consequences for the
molecular optics and physics of liquid crystals. An
unexpected strong nonlinear dependence of the anisot-
ropy of the tensors L and f on the molecular polarizabil-
ity  makes it possible, within the framework of a uni-
fied approach, to explain the factors responsible for the
nonphysical consequences of local-field models based
on approximation (1) and other assumptions regarding
the molecular polarizability  and to eliminate the
long-known problems involved in interpreting refracto-
metric data for liquid crystals. 

The independence of limitations (18) of the first
level from the anisotropy of the tensors L and f suggests
the mutual complementarity of local-field effects deter-
mined by the properties of the tensors L and f [6, 7] and
the effects associated with the change in the molecular
polarizability as a result of intermolecular interactions.
It becomes clear that both factors should be taken into
account in interpreting the optical and spectral proper-
ties affected by the polarizability tensor , such as the
birefringence, the molecular optical activity, and Ray-
leigh and Raman light scattering in liquid crystals. 

The revealed hierarchy of limitations κ3 > /  >
κ0 > κ2 > κ1 involves the parameters κm(ni, nj, ρi, ρ),
which depend on measured quantities and can be veri-
fied for each specific object. In the present work, all
these limitations on the ratio /  were confirmed
using the calamitic and discotic liquid crystals with
unknown (3O7T) and known (CHCA, 5BCO, THE7)
values of Lj determined by the independent experimen-
tal methods. The results pointed to violation of approx-
imation (1) and the dependence of the molecular polar-
izability  on the phase state of the liquid crystal and

L⊥
SMN

γ γ i

γ

L⊥
H( )

γ

γ

γ

γ

γ γ i

γ γ i

γ

the temperature in the mesophase range. This implies
the mutual dependence of the polarizability tensor γ and
the Saupe molecular order matrix (2) or the orienta-
tional order parameters (5) of molecules. The given cir-
cumstance should be taken into account in describing
the phase transitions and the phase diagram topology
for liquid crystals. 

The approach proposed and used in this study for
liquid crystals is applicable to other optically and struc-
turally anisotropic molecular media, such as crystals,
colloidal solutions, surfactant layers, supramolecular
ensembles, and cell membranes. As a characteristic of
the adaptive properties of molecules with respect to a
changing anisotropic environment, the molecular
polarizability γ is an important quantity for self-orga-
nized anisotropic ensembles of biological molecules.
At present, the importance of the problems under con-
sideration stems from the interest expressed in the
interrelation between the structure and properties of
materials on nanoscales, as well as from capabilities of
nanotechnologies and supramolecular chemistry in the
design and assembly of artificial molecular structures. 
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