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1. INTRODUCTION

Electron correlations play an important role in the
formation of various magnetic and transport proper�
ties of transition metal oxides. Many attempts have
been made in recent years to describe these properties
and primarily the metal–insulator transition, super�
conductivity in cuprates, and colossal magnetoresis�
tance in manganites. Mott [1, 2] and Hubbard [3]
demonstrated that it is the strong Coulomb d–d inter�
action that explains the existence of many transition
3d metal oxide compounds with a partly filled 3d band
in the form of magnetic insulators. A compound is a
metal if the width of the 3d band is larger than the
Coulomb d–d interaction. If, however, the Coulomb
interaction exceeds the bandwidth, 3d electrons are
localized, the compound becomes an insulator with
localized magnetic moments, and the dielectric gap
width is determined by the intensity of the electron–
electron interaction. In other words, a strong (Cou�
lomb or exchange) interaction of 3d electrons exceed�
ing or on the order of their kinetic energy (with the
electron bandwidth as a measure) renders these sub�
stances the properties of strongly correlated systems,
which complicates theoretical description of their
physical properties.

In [4], a scheme was proposed in which transition
metal compounds can be classified in accordance with
two regimes depending on the relation between
ligand�to�metal charge transfer energy ∆tr and Cou�
lomb energy U. In the Mott–Hubbard regime, in
which Dtr > U, band splitting occurs due to charge
fluctuations of the d—d and dn + dn  dn + 1 + dn – 1

types, while the splitting is proportional to U. In the
charge transfer regime, when ∆tr < U, the dn + dn 
dn + 1 + dn  type fluctuations (  denotes a hole in
ligands) form the p–d type splitting, and the band�
width is proportional to ∆tr.

The Mott–Hubbard single�band model (even with
charge�transfer effects included) is insufficient for a
comprehensive description of the properties of many
compounds of transition metals [5–8]. It has become
clear that these properties can be described only with
allowance for orbital, spin, charge, and lattice degrees
of freedom. For example, orbital and charge ordering
of manganese ions in manganites plays an important
role in the colossal magnetoresistance effect [9–13].
Usually, the electron–electron interaction is described
using (at best) the Kanamori approximation in which
only the density–density and exchange interactions
are preserved from the entire set of matrix elements.
The importance of including the total Hamiltonian for
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the electron–electron interaction was emphasized and
substantiated in [14], where the role of multiplicity
effects in the formation of the energy gap was demon�
strated:

In [15], it was shown how spin crossovers change the
value of U(dn) and affect the Mott–Hubbard transi�
tion. In other words, a comprehensive multiband the�
ory taking into account the Coulomb interaction com�
pletely is required for describing real multiorbital
Mott–Hubbard systems.

A cluster approach based on multiband Hubbard
models or p–d models was proposed for cuprates [16,
17] and manganates [18] for describing the structure of
the quasiparticle energy spectrum for systems with
strong electron correlations. In this approach, the
technique of Hubbard X operators and exact diagonal�
ization of MeO6 clusters (Me is a transition metal) is
used. However, two of the main advantages in using the
X operators is the conservation of a regular structure of
the Hilbert space at all computational stages and auto�
matic fulfillment of the condition excluding energy�
wise disadvantageous configurations with double fill�
ing of the same quantum state of one�electron orbitals.
The construction of Hubbard operators requires
knowledge of the wave eigenfunctions for each sector
(dn – 1, dn, dn + 1) of the Hilbert space under investiga�
tion. The algorithm for constructing such functions
for ionic crystals is well known, but allowance for
covalence requires its elaboration. Here, we propose
that the apparatus of the nj symbols and Rakah–
Wigner genealogical coefficients (generalized to the
case of point groups and widely used in crystal field
theory [19]) be employed for constructing multielec�
tron bases taking into account covalence and the
spin–orbit interaction. The basis constructed in this
way will be used for calculating the electron structure
of transition metal oxides with crossovers of multielec�
tron terms with different spins. This study contains the
required methodological material.

2. MODEL OF THE MeO6 CLUSTER TAKING 
INTO ACCOUNT ELECTRON 

CORRELARTIONS AND COVALENCE

Let us first recall the main concepts and notation in
the theory of molecular orbitals. To describe the elec�
tron states of a cluster, the molecular orbital method,
applicable to any multiatomic systems and widely used
in quantum chemistry, is employed [20, 21]. It is well
known that group theory makes it possible to draw a
number of general conclusions on the properties of
molecular orbitals. Knowing the symmetry of a clus�
ter, we can immediately establish the classification of

U dn( ) E dn 1–( ) E dn 1+( ) 2E dn( ).–+=

molecular terms from irreducible representations of
the corresponding point group [22]. Each electron of
the cluster can be described by a one�electron spin
orbital

where Φωγµ(r) is a molecular orbital transformed in
accordance with the µ line of irreducible representa�
tion γ of the point group under investigation; identical
representations γ are distinguished by index ω. In the
molecular orbital approximation in the form of a lin�
ear combination of atomic orbitals, we have

where (r) is a combination of atomic functions of
the nl shell of a metal ion, which is transformed in
accordance with irreducible representation γ (i.e., it is

a crystal harmonic) and (r) is an analogous com�
bination of atomic ligands (i.e., it is a linear combina�
tion of crystal harmonics of each ligand). Thus, the
correspondence between the orbitals of the central
atom and group orbitals of the ligands, which can be
combined to form molecular orbitals, has been estab�
lished (Table 1).

We will consider the orbitals of ligands with octahe�
dral symmetry using the system of coordinates shown
in Fig. 1. A schematic of molecular orbitals formed in
this case is shown in Fig. 2.

In crystal field theory, it is assumed that the t2g level
becomes lower, whereas the eg level becomes higher in
an octahedral field as compared to their positions in a
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Fig. 1. Coordinate axes chosen for ligands in a MeO6 octa�
hedral molecule (complex).
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Table 1. Classification of central atom orbitals and group orbitals of ligands in accordance with irreducible representations
for an octahedral molecule [21]

Representation Central atom orbitals Group orbitals of ligands

a1g s σ1 + σ2 + σ3 + σ4 + σ5 + σ6

eg

t2g

t1u

t1g –

t2u –

Note: Notations σ and π is used for p orbitals of ligands in accordance with the type of bonds in which they participate.

d
z

2

d
x

2
y

2–⎩
⎨
⎧ 2σ5 2σ6 σ1– σ2– σ3– σ4–+

σ1 σ2– σ3 σ4–+

dxz

dyz

dxy⎩
⎪
⎨
⎪
⎧ πy1 πx5 πx3 πy6+ + +

πx2 πy5 πy4 πx6+ + +

πx1 πy2 πy3 πx4+ + +

px

py

pz⎩
⎪
⎨
⎪
⎧ σ1 σ3 πy2 πx5 πx4 πy6––+–

σ2 σ4 πx1 πy5 πy3 πx6––+–

σ5 σ6 πy1 πx2 πx3 πy4––+–

πy1 πx5 πx3 πy6–+–

πx2 πy5 πy4 πx6–+–

πx1 πy2 πy3 πx4–+–⎩
⎪
⎨
⎪
⎧

πy2 πx5– πx4– πy6+

πx1 πy5– πy3– πx6+

πy1 πx2– πx3– πx4+⎩
⎪
⎨
⎪
⎧

free ion. Analysis of the effect of the electrostatic
potential produced by six point charges located at the
vortices of the octahedron around the central ion
shows that the former level becomes lower by 4Dq,
while the latter level becomes higher by 6Dq, where
10Dq is the splitting between the t2g and eg levels. In the
molecular orbital method, the change in the energy of
atomic orbitals upon the formation of a molecule is
more complicated and cannot be described so easily
(see Fig. 2). As a result, total splitting ∆ of the levels
acquires a covalent correction.

We will describe the MeO6 complex as a mixture of
ionic (dN(SΓ)) and covalent states with R holes in the
anion subsystem,

,

or

dN R+ LR SΓ( ), R 1 2 … 10 N–, , ,=

eg
l S1Γ1( )t2g

m S2Γ2( )SΓ

and

where m + l = N and n + k = R. This notation indicates

that l + n electrons on the eg orbital form the 
state, while m + k electrons on the t2g orbital form the

 state; in turn, the  and  states form the

 state. Analogously, the states of ligands (S3Γ3)

and (S4Γ4) are combined into the  state and,

finally,  and  form the complete wavefunc�

tion of the  state. We choose the scheme with a
strong crystal field because it allows us to approach in
a natural way the covalence problem, since one�elec�
tron wavefunctions with the same point symmetry of
the ion and its ligands are mixed in crystals (see above).
Symbols  and  denote a hole on oxygen group

eg
l n+ S1'Γ1'( )t2g

m k+ S2'Γ2'( ) S̃1Γ̃1{ }pσ
n S3Γ3( )

× pπ
k S4Γ4( ) S̃2Γ̃2{ }SΓ,

S1'Γ1'

S2'Γ2' S1Γ1 S2'Γ2'

S̃1Γ̃1 pσ
n

pπ
k S̃2Γ̃2

S̃1Γ̃1 S̃2Γ̃2

S̃2Γ̃2

pσ pπ
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orbitals in the eg and t2g symmetries (see Table 1):  =

 and  = . Henceforth, we will use the fol�

lowing notation:

The wavefunction transformed in accordance with
line M of representation Γ and characterized by total
spin S and spin projection MS will be denoted by
|ΓSMMS〉. This function can be written in the form

pσ
n

pσ
4 n– pπ

k pπ
6 k–

eg

dθ d
3z

2
r

2–
=

pθ
1

2 3
�������� 2σ5 2σ6 σ1– σ2– σ3– σ4–+( )=

dε d
x

2
y

2–
, pε

1
2
�� σ1 σ2– σ3 σ4–+( ),= =

⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

t2g

dζ dxy, pζ
1
2
�� πx1 πy2 πy3 πx4+ + +( )= =

dξ dyz, pξ
1
2
�� πx2 πy5 πy4 πx6+ + +( )= =

dη dxz, pη
1
2
�� πy1 πx5 πx3 πy6+ + +( ).= =

⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

Coefficients  on the right�hand side

transform direct product  ×  to a quasi�diago�
nal form and are analogous to the coefficients of vector
summation (these coefficients are referred to as the
Clebsch–Gordan coefficients of point groups), and

 and  are the matrices of representations Γ1 and
Γ2. Wigner proved that instead of Clebsch–Gordan
coefficients, we can introduce more symmetric 3Γ

symbols  for the SR group. For cubic

groups, the relation between these symbols is

where [Γ] is the dimension of representation Γ [23].
We have also introduced the Clebsch–Gordan coeffi�
cients  for the spin component

[24].

Γ1S1Γ2S2ΓSMMS| 〉 Γ1Γ2M1M2 ΓM〈 | 〉
M1M2

∑=

× S1S2MS1
MS2

SMS〈 | 〉
MS1

MS2

∑

× Γ1S1M1MS1
| 〉 Γ2S2M2MS2

| 〉.

Γ1Γ2M1M2 ΓM〈 | 〉

∆
Γ1 ∆

Γ2

∆
Γ1 ∆

Γ2

Γ1 Γ2 Γ

M1 M2 M

Γ1Γ2M1M2 ΓM〈 | 〉 Γ[ ]1/2 Γ1 Γ2 Γ

M1 M2 M
,=

S1S2MS1
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SMS〈 | 〉

(n − 1)d
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Group oxygen
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Fig. 2. Diagram of molecular orbitals and energy levels for an octahedral molecule with σ and π orbitals. Binding (b), nonbinding
(nb), and antibinding (ab) molecular orbitals are indicated.
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Let us write in explicit form the wavefunctions of
term 5T2g for an ion with the d6 configuration in an
octahedral field taking into account covalent admix�
ture of states with a single hole. Taking into account
the conservation of total spin S = 2 and symmetry T2g,
we can form from the initial state

 the two states,

while only one state, viz.,

can be formed due to the π bond. This can be repre�
sented by the following relations:

due to the π bond.
Since

The total state 5T2g can be written as the superposition

of an ionic (d6) and two covalent (  and )
components:

(1)

where M = ξ, η, ζ and MS = –2, –1, 0, 1, 2. Let us
consider the wavefunction for M = ξ and MS = 2; in
this case, we have

t2g
4 T

3
1( )eg

2 A
3

2( ) T
5

2gM MS,| 〉

t2g
4 T

3
1( )eg

3[ ] T
4

1pσ T
5

2gM MS,| 〉,

t2g
4 T

3
1( )eg

3[ ] T
4

2pσ T
5

2gM MS,| 〉,

t2g
5 eg

2 A
3

2( )[ ] T
4

1pπ T
5

2gM MS,| 〉.

t2g
4 T

3
1( )eg

3[ ] T
4

1pσ T
5

2gM MS,| 〉,

t2g
4 T

3
1( )eg

3[ ] T
4

2pσ T
5

2gM MS,| 〉,

t2g
4 T

3
1( )eg

2 A
3

2( ) T
5

2gM MS,| 〉

t2g
5 eg

2 A
3

2( )[ ] T
4

1pπ T
5

2gM MS,| 〉

due to the σ bond and

t2g
4 T

3
1( ) eg

3pσ[ ]
3
A2 T

5
2gM MS,| 〉

=  1

2
����� t2g

4 T
3

1( )eg
3[ ] T

4
1pσ T

5
2gM MS,| 〉

– 1

2
����� t2g

4 T
3

1( )eg
3[ ] T

4
2pσ T

5
2gM MS,| 〉.

d7pσ d7pπ

T
5

2gM MS,| 〉 C1 t2g
4 T

3
1( )eg

2 A
3

2( ) T
5

2gM MS,| 〉=

+ C2 t2g
4 T

3
1( ) eg

3pσ[ ]
3
A2 T

5
2gM MS,| 〉

+ C3 t2g
5 eg

2 A
3

2( )[ ] T
4

1pπ T
5

2gM MS,| 〉,

t2g
4 T

3
1( )eg

2 A
3

2( ) T
5

2gM = ξ MS = 2,| 〉

=  T1A2 M1M2, T2 ξ,〈 | 〉
M1M2

∑

(2)

Here, we assume that M1 = x, M2 = a2, and  =

= 1 are the only possible values for which this

expression differs from zero.
Analogously, we consider covalent component

. We first form the wavefunction

In this case, the 5T2g state for the  configuration
with M = ξ and MS = 2 assumes the form

(3)

Here, as well as in expression (2), we have M1 = x,

M2 = a2, and  =  = 1. For , it is more con�

venient to form the wavefunction

 for the ionic d7 configuration
first:

× S1 = 1S2 = 1 MS1
MS2

, S = 2 MS = 2,〈 | 〉
MS1

MS2

∑

× t2g
4 T

3
1M1 MS1

,| 〉 eg
2 A

3
2M2 MS2

,| 〉 ξ2η+θ+ε+=

=  dξ↑
+ dξ↓

+ dη↑
+ dζ↑

+ dθ↑
+ dε↑

+ 0| 〉.

MS1

MS2

d7pσ

eg
3pσ A

3
2a2 MS ',| 〉

=  EE M1
' M2

', A2 a2,〈 | 〉
M1

' M2
'

∑

×  S1
'  = 1

2
��S2

'  = 1
2
�� MS1

' MS2
',  S ' = 1 MS '  ,

MS1'
MS2'

∑

× eg
3 E

2
gM1

' MS1
',| 〉 pσ E

2
gM2

' MS2
',| 〉.

d7pσ

t2g
4 T

3
1( ) eg

3pσ[ ] A
3

2 T
5

2gM = ξ MS = 2,| 〉

=  T1A2 M1M2, T2 ξ,〈 | 〉
M1M2

∑

× S1 = 1S2 = 1 MS1
MS2

, S = 2 MS = + 2,〈 | 〉
MS1

MS2

∑

× t2g
4 T

3
1M1 MS1

,| 〉 eg
3pσ A

3
2M2 MS2

,| 〉

=  ξ2η+ζ+ 1

2
����� θ+ε2pε

+ θ2ε+pθ
+–[ ]
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+ dζ↑
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2
����� dθ↑
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When a hole at an oxygen atom is added, we obtain the

following expression for the  component of the
5T2g state:

(4)

where M1 = y, z; M2 = ζ, η;  =  = 1; and |0〉 is

the vacuum state .
As a result, the wavefunction for the 5T2g term can

be written in the form

(5)

Wavefunctions for the  configuration, l = 1, …, 4,

and the  configuration, m = 1, …, 6, are given in
Table 2. The recurrence formula considered in [25]
makes it possible to calculate the matrix elements of
the scalar operator of the Coulomb interaction

between the states originating from the  configu�
rations. Analogous formula (A.8) for matrix elements

=  T2A2 M1
' M2

', T1 M ',〈 | 〉
M1

' M2
'

∑

×  S1
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2
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'  = 1
2
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' MS2
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2
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MS1'
MS2'

∑

× t2g
5 T

2
2gM1

' MS1
',| 〉 eg

2 A
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=  T1T2 M1M2, T2 ξ,〈 | 〉
M1M2

∑
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2
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2
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 S = 2 MS = 2 , ,
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3
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4
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2gM2 MS2

,| 〉
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2
����� ξ2η2ζ+pη

+ ξ2η+ζ2pζ
+–{ }θ+ε+

=  1

2
�����dξ↑

+ dξ↓
+ dη↑

+ dη↓
+ dζ↑

+ pη↑
+ dη↑

+ dζ↑
+ dζ↓

+ pζ↑
+–{ }dθ↑

+ dε↑
+ 0| 〉,

MS1
MS2

d0L0

T
5

2gM = ξ MS = 2,| 〉 C1dξ↑
+ dξ↓

+ dη↑
+ dζ↑

+ dθ↑
+ dε↑

+ 0| 〉=

+ C2dξ↑
+ dξ↓

+ dη↑
+ dζ↑

+ 1

2
�����

× dθ↑
+ dε↑

+ dε↓
+ pε↑

+ dθ↑
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+ C3
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2
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+ dζ↓
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+–{ }

× dθ↑
+ dε↑

+ 0| 〉.

eg
l

t2g
m

eg
l t2g

m

of the Coulomb interaction  is given
in the Appendix (M is the total number of electrons in
the system) for the four�subshell case. In the limit n =
0 and total number M = l + m of electrons in the sys�
tem, relation (A.8) assumes the form of a recurrence

relation in the two�subshell case  [25].

Recurrence relation (A.8) describes the intra�
atomic interactions of electrons of a transition metal

( ), the interaction of holes at the anion with elec�

trons ( ), and the interaction between holes at

oxygen ( ), Since covalence is reduced to mixing

of ionic configurations dN without oxygen holes and of
covalent configurations with a single p hole, the role of
strong correlations for p holes is much less significant
than for d electrons. For this reason, instead of a com�

plete description of Coulomb interactions  and

, we use a simplified scheme, retaining only the
density–density interaction with parameters Vpd and
Up, respectively. The general scheme developed for

 can also be used in principle for ligand electrons;
this leads to the emergence of Rakah parameters for
ligands and for the cation–anion interaction, which
extremely complicates the problem in our opinion.

Coefficients C1, C2, and C3 in expression (1) are
obtained by diagonalization of the Hamiltonian
matrix for the 5T2g term in basis ϕ1, ϕ2, ϕ3:

where  and  are the jump integrals for the σ and
π bonds; A, B, and C are the Rakah parameters,

ppσ and ppπ are the Slater–Koster parameters [26], ∆tr

is the charge transfer energy, and

eg
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m pσ
n pπ

M l m n+ +( )–
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m
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For  = 0 and  = 0, we obtain, as in crystal field

theory, pure state  without a cova�
lent admixture.

Exactly the same procedure can also be used for
other terms. This gives the wavefunctions of the
ground and excited states of configurations dn – 1, dn,
and dn + 1.

3. SPIN–ORBIT INTERACTION

The components of 3D representation of Γ4 are
transformed analogously to vector components. This
means that the matrix elements of the orbital angular
momentum components at wavefunctions of triplet
states Γ4 and Γ5 differ from zero. Using the Wigner–
Eckart theorem, we can prove that it is convenient in
this case to use a pseudoangular momentum with
components that have the same matrix elements
(within manifold Γ4 and Γ5) as the matrix elements of
orbital angular momentum L = 1 in the p state:

〈L〉 = α ,

where coefficient α is controlled by the specific struc�
ture of orbital triplets Γ4 and Γ5, and angle brackets
indicate projection onto the triplet manifold. In par�
ticular, α = –1 for triplet Γ5 originating from the D
term; α = 1/2 if energy level Γ5 belongs to the F term,
and α = –3/2 for triplet Γ4 belonging to the F term
[27]. The existence of a finite angular momentum

〈L〉 = α  indicates the existence of a nonzero spin–
orbit interaction:

tpd
σ tpd

π

t2g
4 T

3
1( )eg

2 A
3

2( ) T
5

2g| 〉

l̃

l̃

λ L〈 〉 S⋅ αλ l̃ S⋅( ) λ̃ l̃ S⋅( ).= =

If we disregard the second�order effects associated

with the matrix elements of operator  corre�
sponding to transitions to excited cubic multiplets, we

can add total spin S and pseudomomentum  = 1. As

a result, we obtain multiplets  assuming all values
from |S – 1| to S + 1 [27, 28] (Fig. 3). The figure also
shows the splitting of multiplets of ions in crystal fields
of cubic symmetry; the wavefunctions of these multip�
lets are given in Table 3.

We will be using the formalism of a fictitious angu�
lar momentum [27], in which basis one�electron func�
tions ηX, ηY, and ηZ of triplet t2 are connected with

eigenfunctions | 〉 of operator  via formulas

(6)

In writing the eigenfunctions of the fictitious orbital
angular momentum of the cubic term, we will use the
following notation:

(7)

Expressions (6) and (7) differ in two respects: the
former control the one�electron wavefunctions of
cubic triplet t2, while the latter are multielectron wave�
functions of cubic triplet term T1 or T2. In this case,
the expression for the wavefunctions of various mul�
tiplets can be written in the form
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Fig. 3. Set of low�energy terms for (a) d5, (b) d6, and (c) d7 configurations of an ion in the octahedral field taking covalence into
account.
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Table 2. Wavefunctions for configurations  (l = 1, …, 4) and  (m = 1, …, 6) [19]

Configuration Wavefunctions Configuration Wavefunctions
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Table 3. Linear combinations of states |JMJ| for integer J = 1, 2, 3, 4 and half�integer values of J, which are transformed
according to irreducible representations of the cubic and the double cubic group

J States J States

J = 0

J = 1

J = 2

J = 3

J = 4

Note: Since the inclusion of covalence preserves the total orbital and spin angular momenta and changes only wavefunctions, linear
combinations of states |JMJ〉 have the same form as in the crystal field theory [19, 27].
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where wavefunctions  are given by a super�

position of configurations dN(SΓ) and (SΓ)
due to covalence.

Let us consider in greater detail the form of the
wavefunction of cubic term 5T2g (orbital triplet origi�
nating from term 5D) for the Co3+ ion in the octahedral
surrounding. Under the action of spin–orbit coupling,
the orbital triplet with fivefold degeneracy in spin
(S = 2) splits into a triplet, a quintet, and a septet (see
Fig. 3). The triplet is the lowermost energy level. These
results can easily be obtained considering that triplet
5T2g can be described by effective angular momentum

 = 1 with α = –1. Then the “term” with α = –1 and
S = 2 splits due to the spin–orbit interaction into

states with effective total angular momenta  = 1, 2, 3.
Since spin–orbit interaction parameter λ is negative
for configuration d6, we can expect that the multiplet
will be reversed. In fact, we obtain a normal multiplet
with the lower triplet state since α = –1.

For the ground level, we have  = 1, and the wave�

functions of states with  = ±1 are defined by vector
summation formulas:
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expression (7), we obtain
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in the case of a π bond. Ultimately, we can write func�
tion (8) in the form

4. MAGNETIC ANISOTROPY OF S IONS

Magnetic anisotropy of ferrimagnets with a high
symmetry of the crystal structure is assumed to be one�
ion type. Ferrites with the spinel or garnet structure
belong to this group of crystals.
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+–( )dθ↑

+ dε↓
+

+ 1

2
����� dξ↑
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+ pξ↑
+ dξ↓
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+ dη↓
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+
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+ dε↑
+

+ 1

2
����� dξ↑

+ dξ↓
+ dη↓

+ pξ↑
+ dξ↓

+ dη↑
+ dη↓

+ pη↑
+–( )dθ↓

+ dε↑
+

⎭
⎬
⎫

0| 〉.

In the one�ion approach to anisotropy analysis,
ions are classified into two categories: (i) ions with an
orbital angular momentum in the ground state and
(ii) ions with zero orbital angular momentum (i.e.,
ions in the S state, or S ions). Accordingly, two differ�
ent theoretical approaches have been developed for
describing magnetic anisotropy: the method of spin
Hamiltonian for S ions [29, 30] and the method of
Hamiltonian in the coordinate–momentum represen�
tation [31, 32] for ions with a nonzero orbital angular
momentum.

In the spin Hamiltonian method, the reasons for
anisotropy are not considered. It is only assumed that
the coefficients in the expression for the Hamiltonian
depend on the properties of cations and their sur�
roundings. These coefficients are estimated by fitting
the Hamiltonian spectrum to experimental spectra
(e.g., EPR spectra) without explaining their relation to
the physical properties of ions and crystals.

The knowledge of the mechanisms or processes of
the orbital angular momentum formation for S ions
would enable us to use a unified theoretical approach
for describing magnetic anisotropy of the entire set of
d ions [33].

Let us consider by way of example a d5 ion (Fe3+,
Mn2+) in cubic surroundings, in which the orbital
angular momentum in the ground state 6A1 is zero and
the spin–orbit interaction makes zero contribution.
As a consequence, the problem of magnetic anisot�
ropy arises. The emergence of anisotropy in the theory
of magnetism is usually considered in perturbation
theory in covalence. We will show that covalence
effects make a nonzero contribution to the spin–orbit
interaction even in the ground state.

Covalent admixture for the 6A1 multielectron term
follows the following scheme:

The total state can be written in the form

where M = a1, MS = –5/2, –3/2, –1/2, 1/2, 3/2, and
5/2; coefficients C1, C2, and C3 are determined by
exact diagonalization. For example, the contribution

of the state  we are interested

t2
3 A

4
2( )e3[ ] E

5
pσ A

6
1| 〉

t2
3 A

4
2( )e2 A

3
2( ) A

6
1| 〉

t2
4 T

3
1( )e2 A

3
2( )[ ] T

5
2pπ A

6
1| 〉

due to the σ bond and

due to the π bond.

A
6

1M MS,| 〉 C1 t2
3 A

4
2( )e2 A

3
2( ) A

6
1M MS,| 〉=
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2( )e3[ ]
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Epσ A
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3
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3
2( )[ ]

5
T2pπ A

6
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3
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2pπ A

6
1| 〉
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in to the total state  is 10% for parameters
typical of iron oxides.

A state with the  electron configuration is
formed as a result of transfer to the t2g shell at the d ion,
which exhibits an energy behavior in the crystal field

analogous to the behavior of the Γ5(
5T2g)  term; as

a result, the Fe3+ ion (which is a classical representa�
tive of S ions) passes to the effective P state, acquiring
an orbital angular momentum and changing its spin.
The effective P state is described by orbital angular

momentum  = 1 and orbital factor α = –1 (see Sec�
tion 3).

5. CONCLUSIONS

We have proposed a method for constructing the
wavefunctions of multielectron terms of a transition
metal ion taking into account covalence and the spin–
orbit interaction. For this purpose, we generalized the
apparatus of quantum mechanics for a free atom to the
case of point groups. This approach enabled us to take
into consideration the electron–electron interaction
for 3d ions most comprehensively. A recurrence for�
mula has been derived for calculating matrix elements
of the Coulomb interaction between multielectron
configurations with allowance for covalence. The pro�
cedure of construction and calculation was carried out
for the 5T2g term in the d6 configuration of the transi�
tion metal ion in the octahedral field. In each sector
(dn – 1, dn, and dn + 1) of the Hilbert space considered
here, a certain set of energy terms exists (see, for
example, Fig. 3), for which intersections and cross�
overs may take place. Applying the above technique for
each term, we can determine the eigenstates of a cell or
cluster with various numbers of electrons. Eigenstates
|p〉 obtained in this way can be used for constructing
Hubbard’s X operators. The explicit form of eigen�
states in the secondary quantization representation
makes it possible to calculate matrix elements

γλσ(m) =  (and (m) = ) of the
jump amplitudes of the corresponding root vectors

(pq). Such matrix elements could be calculated
taking advantage of the fact that annihilation operator

 (or production operator , where index σ
denoted spin projection Σ and µ denotes the line of
irreducible representation γ) is a double cubic tensor.
Using the Wigner–Eckart theorem, we then obtain

where the explicit form of wavefunctions 

and  is obviously unneeded. However,
such an approach requires knowledge of the reduced

matrix elements , the calculation of
which is a cumbersome and complicated process. The
multielectron basis constructed by us makes it possible
to consider real multiorbital systems with various
interactions using the generalized multiband Hubbard
model and to apply a large number of methods devel�
oped for the Hubbard model for studying such systems
(in particular, the generalized strong coupling method
for calculating the band structure of a quasiparticle
with allowance for the above�mentioned crossovers
emerging upon a change in external conditions).
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APPENDIX

Recurrence Formula for the Matrix Elements of the Coulomb Interaction

Since the wavefunction is completely antisymmetric, we can write

(A.1)

A
6

1M MS,| 〉

t2g
4 eg

2

t2g
4 eg

2

l̃

p〈 |aλσ q| 〉 γλσ
† q〈 |aλσ

+ p| 〉

αm

aµσ
γΣ aµσ

+γΣ

ΓSMMS〈 |aµσ
γΣ Γ 'S 'M 'MS'| 〉 1–( )

S ' Σ MS+ +
=

× Γ ' γ Γ
M ' µ M

S ' σ S

MS' σ– MS⎝ ⎠
⎜ ⎟
⎛ ⎞

ΓS〈 ||aγΣ| Γ'S'| 〉,

ΓSMMS| 〉

Γ 'S 'M 'MS'| 〉

ΓS〈 ||aγΣ| Γ 'S'| 〉

〈eg
l S1Γ1( )t2g

m S2Γ2( ) S̃1Γ̃1{ }pσ
n S3Γ3( )pπ

M l m n+ +( )– S4Γ4( ) S̃2Γ̃2{ }SΓ GM

× eg
l ' S5Γ5( )t2g

m ' S6Γ6( ) S̃3Γ̃3{ }pσ
n ' S7Γ7( )pπ

M l ' m ' n '+ +( )– S8Γ8( ) S̃4Γ̃4{ }SΓ〉

=  M
M 2–
�����������〈eg

l S1Γ1( )t2g
m S2Γ2( ) S̃1Γ̃1{ }pσ

n S3Γ3( )pπ
M l m n+ +( )– S4Γ4( ) S̃2Γ̃2{ }SΓ GM 1–

× eg
l ' S5Γ5( )t2g

m ' S6Γ6( ) S̃3Γ̃3{ }pσ
n ' S7Γ̃7( )pπ

M l ' m ' n '+ +( )– S8Γ8( ) S̃4Γ̃4{ }SΓ〉,
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where

is the Coulomb interaction operator.

The total M�electron functions with configuration  can be represented as the sum of the
products of the wavefunctions for the d and p states,

(A.2)

where ν runs through all transpositions of M – 1 electrons except the first one, T1i denoting the transposition of the

ith and first electrons. Wavefunctions  and  on
the right�hand side contain the coordinates of the first (l + m) and last (M – (l + m)) electrons, both functions being
antisymmetric. Consequently, expression (A.2) can be decomposed into two parts,  and ; for the first

term, we obtain

(A.3)

Analogously, wavefunction  for d electrons itself can be decomposed into two

parts,  and ; for the first part, we have

(A.4)

GM G ij( )
1 i j M≤<≤

∑
e2

ri rj–
������������

1 i j M≤<≤

∑= =

eg
l t2g

m pσ
n pπ

M l m n+ +( )–

eg
l S1Γ1( )t2g

m S2Γ2( ) S̃1Γ̃1{ }pσ
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× 1–( )νPν T11 T12– T13– …– T1M–( ) S̃1S̃2 m̃1m̃2S m, ,〈 〉 Γ̃1Γ̃2 γ̃1 γ̃2Γ γ, ,〈 〉
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γ̃1 γ̃2

∑

× eg
l S1Γ1( )t2g

m S2Γ2( )S̃1Γ̃1m̃1 γ̃1| 〉 pσ
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where ν' runs through all transpositions of l + m – 1 electrons except the first one. Substituting expression (A.4)
into (A.3), we decompose  into  and . For , we obtain

(A.5)

It should be noted in this connection that for all values of S 'Γ'm'γ', a nonzero contribution to (A.1) comes only
from S ' = S, Γ' = Γ, m' = m, and γ' = γ.
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Expressing summation over indices m and γ in terms of the Rakah coefficients, we can write |Xe〉 in the form

(A.6)

Functions , , and  can be found analogously.

Since orbitals d and p are mutually orthogonal, matrix element (A.1) can be split into components, each of
which is a matrix element of the Coulomb interaction among M – 1 electrons:

(A.7)

The final expression for the matrix elements has the form
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