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Abstract—Changes in the electronic structure in the normal phase of high- 7, superconductors (HTSCs),
viz., layered cuprates, are considered. The results of LDA + GTB calculations of the electron structure and
the Fermi surface of La, _ ,Sr,CuO, one-layer cuprates with allowance for strong correlations are compared
with ARPES and quantum oscillations data. Two critical points x,; and x,, are discovered at which the rear-
rangement of the Fermi surface takes place. In the vicinity of these points, changes in the thermodynamic
properties at low temperatures are determined using the Lifshits ideology concerning 2.5-order quantum
phase transitions. A singularity 6(C/T) o« (x — x,) 172 in the electron heat capacity agrees well with the available
experimental data in the vicinity of x.; = 0.15. Sign reversal of the Hall constant upon doping is also consid-

ered qualitatively.
PACS numbers: 64.70.Tg, 71.10.-w, 74.25.Jb
DOI: 10.1134/S1063776109110077

1. INTRODUCTION

HTSC cuprates have been actively studied for more
than 20 years and are apparently the best studied class
of condensed systems (save for the semiconductor
family). The properties of cuprates were found to be
peculiar. Not only the origin and mechanisms of
superconductivity, but also anomalous properties of
the “normal” phase (and primarily the pseudogap
state; see reviews [1—8]) are unusual. Vast information
on the electronic structure of cuprates was obtained
using angle-resolved photoelectron spectroscopy
(ARPES) [9], which revealed the rearrangement of the
Fermi surface from Fermi arcs at the center of the Bril-
louin zone at low doping levels into large hole pockets
centered at point (w, m) at high doping levels. New
results of measurements of quantum oscillations in
strong magnetic fields obtained during the last two
years for YBa,Cu;045 [10] and YBa,Cu,Og [11, 12]
single crystals, and which indicate the existence of
small hole pockets for weakly doped compounds,
apparently contradict the Fermi arcs detected by
ARPES. This contradiction was removed by taking
into account the interaction of holes with short-order
antiferromagnetic (AFM) fluctuations, which are
strong in the pseudogap state [13—16]. It was found
that half a hole pocket is formed by shadow-band
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states and is blurred due to strong scattering of quasi-
particles from these fluctuations. The other half of the
hole pocket could be observed only in modern ARPES
experiments using a UV laser, which makes it possible
to attain high energy resolution [17]. Such strong
interactions of charge carriers with magnetic inhomo-
geneities are typical not only of cuprates, but also
other transition-metals oxides with strong electron
correlations (e.g., manganites [18]).

Traditional methods of one-electron band theory
like local density approximation (LDA) in the density
functional method are insufficient for theoretical
description of the electronic structure of weakly doped
cuprates, the emergence of small hole pockets upon
doping of the La,CuQ, dielectric, and the dependence
of the Fermi surface on concentration. Strong correla-
tions should be taken into account. In the strong elec-
tron correlation mode, multiband realistic models of
the electronic structure of the CuO, layer can be
reduced in the low-energy excitation range to the
effective Hubbard model and to the /—J model [19—
23]. In the LDA + GTB hybrid scheme [24] based on
LDA ab initio calculations without fitting parameters
and taking into account strong electron correlations in
the generalized tight binding (GTB) method [19], the
low-energy ¢—t'—t"—J* model was obtained from
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microscopic analysis; all model parameters were also
calculated.

Small hole pockets with an area on the order of x
around the (n/2, ©/2) point appear when analyzing the
hole dynamics against the background of AFM spin
ordering using exact diagonalization methods [25] or
the quantum-mechanical Monte Carlo method [26,
27] for finite clusters, as well as for an infinite lattice in
various variational methods or in perturbation theory
[28—32]. When the long-range AFM order is violated,
the calculation of the electronic structure for the para-
magnetic state gives another type of dispersion with
the top of the valence band at point (w, ) [33]. The
Fermi surface in this case is a large hole-type surface
with the center at point (w, 7). Apologists for “univer-
sal metallic dispersion” still exist; they calculate the
band structure and the Fermi surface of La, _ ,St,CuQO,
and insist on the applicability of the rigid band model,
according to which the Fermi level is shifted under
doping relative to an invariable band [34]. After the
discovery of small hole pockets in weakly doped
cuprates in experiments on quantum oscillations [10—
12], scenario [34] becomes completely unconvincing.
Instead of the simple paramagnetic state of a normal
metal, a pseudogap state is formed in cuprates beyond
the AFM ordering region. Although the nature of this
state is still disputable, the role of fluctuating short-
range AFM order is obvious [5]. It was noted above
that it is the inclusion of the interaction of an electron
with fluctuating short-range AFM order that has made
it possible to match the quantum oscillations and
ARPES data for low doping levels. However, a short-
range AFM order with a correlation length of &,py =
10 A also exists in the optimal doping region [35]; con-
sequently, this should be taken into account not only
in analyzing weakly doped systems. At low tempera-
tures 7< 10 K, fluctuations are quite slow, with a char-
acteristic lifetime on the order of 10~ s on scales on
the order of €\ (the size of an AFM microdomain)
[36]. This time considerably exceeds the characteristic
time of restoration of equilibrium for the Fermi system
in ARPES measurements (~10~'3 s) [37] and the
period of revolution of an electron in a cyclotron orbit

on the Fermi surface (2m,' ~ 10~12s, where @, is the

cyclotron frequency in experiments [10, 11]). Thus,
calculating the dynamics of a quasiparticle with allow-
ance for short-range AFM order, we can disregard the
dynamics of the magnetic order itself and take into
account only its spatial inhomogeneity.

In this study, this approach is used to analyze the
dependence of the electronic structure and the Fermi
surface on concentration. In Section 2, the results of
calculating the electronic structure of quasiparticles in
the r—t'—t"—J* model are considered with allowance
for the static short-range AFM order, and the change
in the Fermi surface topology as a result of doping is
demonstrated. The area under the Fermi surface and
the Luttinger theorem are also discussed. In Section 3,
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the results are explained qualitatively. In Section 4, the
2.5-order quantum phase transitions in the charge car-
rier concentration are considered in accordance with
Lifshits’ publications [38, 39]; corrections to the elec-
tron heat capacity in the vicinity of the transition are
compared with the results of measurements [40]. In
the Conclusions, the concentration dependence of
transport properties is considered qualitatively.

2. THE FERMI SURFACE OF La,_,Sr,CuO,
AND ITS VARIATIONS
WITH THE DOPING LEVEL

We begin the LDA + GTB analysis [24] of the elec-
tronic structure using the LDA ab initio calculations
underlying the construction of the Wannier function
in the basis of p-orbitals for oxygen and e,-orbitals for
copper. In the Wannier representation, we write the
multiband p—d-model [41] with ab initio parameters
calculated. Then the p—d-model is written in the rep-
resentation of X operators using cluster perturbation
theory [19, 42], and the low-energy effective Hubbard
model with effective parameter U = E.1, where E¢t is
the dielectric gap with charge transfer [43], is con-
structed using the GTB method. In the Hubbard

model, operator Xj0  describes the annihilation of a
hole at site f in the lower Hubbard band (LHB) of
holes, which corresponds to electrons at the bottom of
the conduction band. Annihilation of a hole in the
upper Hubbard band (UHB) is described by operator

Xo° , which corresponds to the production of an elec-
tron at the top of the valence band. In constructing the
t—J model, we can either eliminate two-particle states
of holes and obtain the effective Hamiltonian for the
LHB, or eliminate two-particle states of electrons
(a vacuum of holes, which corresponds to the d'%p°-
configuration of the CuQg cell) and obtain the effec-
tive Hamiltonian for the UHB. It is the latter case that
is of interest for our study devoted to analysis of the
Fermi surface in hole-doped cuprates. All parameters
of the r—t'—t"—J* model obtained in this way for
La, _ ,Sr,CuO, were calculated using the LDA + GTB
approach (i.e., the Hamiltonian does not contain fit-
ting parameters). Here, J* indicates that we take into
account three-center correlated jumps with an ampli-
tude on the order of J.

The Hamiltonian of this model has the form

H_p = H_;+Hg),

Hey= 3 [(e= WX+ (6,- 20)X/]
he M)
11 125 152 1
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Here, J, = 2( tﬁgl )2/ Up, tfogl is the parameter of hopping
between the fth and the gth atoms with the LHB ~—
UHB transitions between the bands, S is the spin
operator, € and g, are the local energies of one and two
holes, and p is the chemical potential. Intraband hop-

ping parameters tjl-g1 were calculated up to the sixth

coordination sphere; it was found that the contribu-
tion of the fourth and subsequent neighbors to the dis-
persion relation is negligibly small. The introduction
of three hopping parameters ¢, ¢', and 7" is usually sub-
stantiated as the necessity of fitting dispersion to
ARPES. It can be seen, however, that there also exists
a microscopic substantiation of the introduction of
parameters #, ¢', and ¢". The model parameters (in
electronvolts) obtained for La,_ Sr,CuQO, are as fol-
lows:

t =0932, ¢ =-0.12, " = 0.152, 2
J =0298, J =0.003, J"=0.007.
For the Green’s function of a hole in the UHB
(6 =—o0),
G (k, E) = (GG, 3)

we can write the following exact representation (gen-
eralized Dyson equation) obtained from analysis of
the complete series of diagrams in perturbation theory
for the X-operators [44]:

G.(k E) = Po(k, £) 4

E-g)+n-P,(k By~ (k E)

(o

where #, is the Fourier transform of the hopping
parameter and P.(k, E) and ZG (k, E) are the force

and mass operators. The simplest Hubbard-I mean
field approximation corresponds to ZG =0, P, =

F;, = (X/f Y+ (X;2> . In this case, the spectral weight
of a quasiparticle is defined by filling factor F5, asthe
sum of the occupation numbers of the initial and final
states |2) and |G) . In the diagrammatic technique [45],
this factor is referred to as the end factor.

To take into account the short-range magnetic
order, we must go beyond the Hubbard-I approxima-
tion. The computational method is described in detail
in [46], where it was used for analyzing the dispersion
relation in the LHB. The method is based on project-
ing higher-order Green’s functions onto function (3)
and is a modification of the Mori projection tech-
nique. A similar method taking into account the
dynamics of spin correlations was used in [23, 47].
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Considering that the total number of holes per
La, _ ,Sr,CuO, molecule is n, = 1 + x and that the con-
dition of completeness of the basis for the Hilbert
space in the /—J model is

ZX“+X, =1, 5)

we can easily find occupation numbers (X;°)

(1 —x)/2 and (szz) = x. In this case, the filling factor

is Fy, = (1 + x)/2. As a result, Green’s function (3)
assumes the form

G, (k, E)
_ (1 +x)/2 ()

1+x z(k)

01,2

(tk ) /U~

1-x
ﬂt L

}K(q) + {rk_q— 1%‘ )

E—gy+p— h—

where the mass operator is

Y0 =

0142 0101
(t) —(1+x ) k fy

Ueff ff

01 01 01
o) 2t

Here, K(q) and C(q) denote the kinematic and spin
correlation functions,

K(g) = Y TN,

f-g
Ca) =" XN ()
f-g
— 2Zefi(f7g)'q(S§S§).
f-g

An analogous Green’s function for the lower Hub-
bard subband, which is filled in our case upon electron
doping, was obtained earlier in [48]. We assume that
the spin liquid is isotropic and the correlation func-
tions are the same for all three spin components. The
kinematic correlators can be expressed directly in
terms of electron Green’s function (3), while the spin
correlator for the r—J*-model (taking into account the
three-center terms) was calculated analogously to [48]
using the method developed for the Heisenberg model
in [49, 50]. The resultant static magnetic susceptibility
for the r—J-model is in good agreement with the results
of calculations based on other methods [51, 52].

Vol. 109 No.5 2009
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Fig. 1. Cross sections of the Fermi surface in La, _  Sr,CuO, for various doping levels. Modifications of topology take place at
x.1 = 0.15 and x,, = 0.24. Experimental ARPES data [57] are given in the lower left corner; the results obtained in [17] for x =

0.12 are shown in the lower right corner.

Self-consistent calculation of correlators (8) and
chemical potential p with parameters (2) has made it
possible to construct a family of Fermi surfaces for var-
ious doping levels (Fig. 1). For a low doping level, four
hole pockets exist near points (7m/2, ©/2) as expected
for a hole in the AFM phase. In the vicinity of point
x.; = 0.15, a constriction is formed on the (t, 0)— (7, )
line and the Fermi surface topology changes. For x,; <
x < x,, = 0.24, we have two surfaces centered at point
(m, ©). The smaller pocket is of the electron type (see
Fig. 3 below) and vanishes for x — x_,. The large hole
pocket becomes more and more rounded with increas-
ing x, and only this pocket is preserved for x > x_,.
Finally, for x = x,.;, the hole-type surface is trans-
formed into an electron-type surface with the center at
point I'.

It should be noted that the values of critical con-
centrations were calculated to a finite degree of accu-
racy. First, parameters of the r—¢'—¢"—J* model were
obtained as a result of a complex procedure of LDA
projection of wavefunctions in the basis of Wannier
functions and may slightly change if the basis of the
latter functions is modified. Second, the method for
determining Green’s functions (6) is approximate; the
inclusion of higher-order contributions may change
the quantitative values of critical points. It will be
shown in the next section that the qualitative pattern
will hardly change since it is determined by the general
properties of electron dispersion against the back-
ground of fluctuating short-range AFM order. It
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should also be noted that such modifications of the
Fermi surface were obtained for the Hubbard model
using a more refined approach, in which not only the
real, but also the imaginary part of the mass operator is
taken into account (see Fig. 15 in [47]), as well as in
calculations based on the spin-fermion model [53]
and Hubbard model taking into account spin density
wave fluctuations. An analogous transformation with
the emergence of a doubly connected Fermi surface in
the range of intermediate compositions was obtained
recently in the quantum-chemical ab initio calcula-
tions with allowance for multielectron (N — 1), N, and
(N + 1) configurations [56]. Qualitative agreement
between our results and the results of calculations [47,
53, 56] carried out using different approximations is
due to the fact that these results are based on same
main idea: the electronic structure is determines by
short-range magnetic order in all cases. However, the
evolution of the electronic structure is self-consis-
tently connected with the magnetic order evolution
only in our study.

In Fig. 1, our calculations of the Fermi surface are
compared to the ARPES data [57] obtained on
Bi,Sr, _,La,CuOg, , (Bi2201) single crystals for vari-
ous hole concentrations p per CuQO, cell, 0.05 < p <
0.18. This crystal, like La,_,Sr,CuO,, has a single
CuO,; plane in the unit cell; consequently, our calcula-
tions for one-layer cuprates are completely applicable
provided that p = x. As regards the model parameters,
we must assume, following [57], that these parameters

No.5 2009
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in the one-electron approach strongly depend on con-
centration even for the same substance with different
doping levels. The authors of [57] speak of the differ-
ence in the values of #'/¢ for Bi2201 and La, _ . Sr,CuO,
precisely in connection with the dependence on the
doping level (it can be seen from Figs. 5a and 5b in [57]
that the values of #'/f for the two substances almost
coincide for the lowest doping level). In our multielec-
tron approach, the same parameters were calculated
ab initio in the underdoped case and are assumed to be
independent of the doping level. For this reason, our
values of hopping parameters should not necessarily
coincide with the results of fitting in the one-electron
method. Since the lattice parameters of the copper—
oxygen layer for Bi2201 and La,_ Sr,CuQO, differ
insignificantly, we believe that qualitative comparison
of our results with experiment [57] is justified. It can
be seen that for concentrations of x = 0.05, 0.07, 0.10,
and 0.12, part of the hole pocket (arc) closest to point
I' is visible. Another part, which is closer to point
(m, ), has a small barely visible spectral weight. How-
ever, this part can be seen in the ARPES spectra even
for x = 0.10 and 0.12. In the lower right corner of the
figure, the results of recent ARPES measurements
with ultrahigh resolution [17] are shown for x = 0.12;
weak signals shifted relative to (n/2, ©/2) and having
an intensity an order of magnitude lower than the
intensity in the arc were observed. Thus, the “arc—
pocket” contradiction has been removed experimen-
tally. For x = 0.11, a small pocket was also observed in
[17], but it is not seen for x = 0.10 and 0.16. The
absence of a pocket for x = 0.10 cannot be substanti-
ated, but the situation for x = 0.16 is different. For x =
0.16 (i.e., after passage through the critical point), our
calculations are in good agreement with two cross sec-
tions of the Fermi surface. And although the Fermi
surface closest to point (n, m) in Bi-cuprate single
crystals is traditionally attributed to superstructural
reflections, such an exact coincidence of our calcula-
tion with experiments is hardly accidental. It cannot
be ruled out that the very fact of the formation of the
superstructure is associated with rearrangement of the
Fermi surface. Another possible scenario is associated
with the fact that the ARPES signal from the super-
structure masks one of the theoretically obtained cross
sections of the Fermi surface. Finally, the third and
most plausible explanation is associated with the effect
of scattering from AFM fluctuations, which sup-
presses the spectral intensities of the peaks corre-
sponding to the Fermi surface closest to the (w, 7)
point. This scenario will be discussed in detail in the
next section.

In the case of strong doping (e.g., for
TI,Ba,CuOg , , with p ~ 0.26), ARPES shows a large
hole pocket with the center at point (m, ) [58]. An
analogous Fermi surface was observed in ARPES mea-
surements for La, _ .Sr,CuO, with x=0.22. Our calcu-
lations for x > x_, show precisely this Fermi surface.
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Fig. 2. Dependence of the area of the hole-type Fermi sur-
face (in percent of the area of the Brillouin zone) on the
doping level (crosses). The solid curve corresponds to the
predictions of the generalized Luttinger theorem [60] in
accordance with the 2x/(1 + x) dependence. The experi-
mentally determined values of areas from [10, 11] are
shown by symbols (m for YBa,Cu3Og¢ 5 (»p = 0.1) and @ for
YB«"12CU408 (p = 0125)

According to the results obtained in [59], an electron
pocket is observed for La, _ ,Sr,CuO, even for x = 0.30.

Let us consider the concentration dependence of
the area under the Fermi surface and the situation with
the Luttinger theorem. Figure 2 shows the dimension-
less area of the Fermi surface as a percentage of the
area of the Brillouin zone. It should be noted that in
the conventional formulation, the Luttinger theorem
for Hubbard fermions does not hold because of the
redistribution of the spectral weight of a free electron
among various Hubbard fermions. Indeed, for free
electrons, each filled cell of the k-space contains two
electrons. For Hubbard fermions, for which the spec-
tral weight is defined in the general form by the force
operator (numerator of Green’s function (4))—while
in our approach it is determined by filling factor F5, =
(1 + x)/2—each filled cell contains (with allowance
for spin) not two but 2F;, = 1 + x electrons. As a

result, the generalized Luttinger theorem was pro-
posed for Hubbard fermions [60], in which each filled
state is taken into account with its own spectral weight.

In our case, for La, _,Sr,CuQ,, the hole concentra-
tion is n, = 1 + x, while the electron concentration is
n,=1—x. In accordance with dispersion relations for

electrons, the number N, of states occupied by elec-
trons (k) below the Fermi level was calculated for each
doping level (see Fig. 3b below). Taking into account
the spectral weight and carrying out summation over
spin, we find that the electron concentration is n, =

2F.,N, = 1 — x. This gives N, = (1 — x)/(1 + x).

Vol. 109 No.5 2009
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Fig. 3. (a) Qualitative scheme of formation of the band structure of electrons in the spin-liquid state from the electronic structure
in the paramagnetic phase; (b) results of our calculation of the dispersion relation from Green’s function (6) for various values of
concentration (Fermi level is determined from the condition € = 0); and (c) constant-energy sections for a doling level of 0.10,
indicating the change in the topology upon a decrease in energy of the same type as on the Fermi surface upon doping. The num-
bers on isolines correspond to dimensionless energy in the units of the hopping parameter e/z.

The number of states (k) occupied by holes is NZ =

1 — N, = 2x/(1 + x). This dependence is shown in
Fig. 2 by the solid curve; symbols indicate the numbers

N, of occupied electron states calculated using the

dispersion relation. The areas obtained in experiments
on quantum oscillations are also shown in Fig. 2. It is
very important that the Luttinger theorem in its con-
ventional formulation is obviously violated, indicating
the inapplicability of the standard pattern of a Fermi
liquid. However, we have demonstrated that the gener-
alization of the Luttinger theorem to the case of
strongly correlated Hubbard fermions correctly
describes the experimentally observed pattern. It
should also be noted that experimental data [10—12]
prevent us from determining the positions of small
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pockets in the Brillouin zone; consequently, it is the
closeness of the measured and calculated areas of the
Fermi surface that demonstrates qualitative agreement
with experiment and may indicate the position of
pockets.

3. THE QUALITATIVE PATTERN
OF ELECTRON DISPERSION AND ARPES
IN A SYSTEM WITH FLUCTUATING
SHORT-RANGE AFM ORDER

In this section, we use the results obtained in [13—
16], which show how AFM fluctuations transform a
hole pocket into a finite arc for a low doping level, and
we extend these ideas to the entire doping range in
which AFM fluctuations are strong. The resultant pat-

No.5 2009
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tern reproduces the changes in the Fermi surface
described above at the quantitative level.

It was shown in [16] that for electrons in a square
lattice, which are scattered in a static random field
imitating short-range AFM order with wavevector Q =
(m, m), the Green’s function can be written in the form

Gy(k, E)
_ E—c(k+Q)+ivk . )]
(E—e(k))(E—e(k+Q)+ivk)—|D|’

Here, |D| indicates the amplitude of fluctuating AFM
order and &(K) is the electron dispersion in the para-
magnetic state,

v = ]vx(k+Q)] + ]vy(k+Q)
v, (k) = 0e(k)/0k, ,.

In the absence of damping, function (9) describes an
electron in the state of a spin density wave with the
long-range AFM order. However, in the spin-liquid
concentration range, long-range order does not exist,
and instead of umklapp process (k) — &(k + Q), we
have a dynamic decay with a finite lifetime of 1/t ~ vk.

The thin curve in Fig. 3a shows typical dispersion
€(k) emerging in LDA calculations as well as in the 7—
J-model in the paramagnetic state. The dashed curve
shows the spectrum of the shadow zone e(k + Q)
reflected specularly from the Fermi level. As a result of
repulsion of two branches, a dispersion relation that
takes into account the short-range order (bold curve)
is formed. The peaks of the spectral function with
maxima corresponding to the dashed curve have a
finite width due to the finite lifetime. Figure 3b shows
the dispersion for various concentrations, which is
determined from Green’s function (6) and used above
for calculating the Fermi surface. The family of con-
stant-energy cross sections for the band structure
depicted in Fig. 3b for x = 0.10 is shown in Fig. 3c for
x = 0.10. A value of the chemical potential slightly
smaller than zero corresponds to x < x,; in Fig. 3 and
leads to small hole pockets near (n/2, /2). As the
chemical potential decreases, a new intersection with
the curve corresponding to the dispersion relation
along the (m, 0)—(m, ) line corresponds to x = x,,.
Decreasing further, the value of chemical potential
approaches the minimum at point (mt, ) of the band
(hence, it can be concluded that the small pocket near
(m, m) is of electron origin). At point x,,, the electron
pocket disappears. A further decrease in the chemical
potential corresponds to x > x,, and leads to the forma-
tion of a large hole pocket with the center at (wt, ©). In
this qualitative analysis, we have used the rigid band
model. Actual calculations given in Fig. 3b show a
strong dependence of dispersion on the doping level,
which means that the rigid band model does not hold
quantitatively. Nevertheless, it can be seen that the
qualitative pattern in Fig. 3a satisfactorily reproduces
the result of our calculation.

B

(10)
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Using this qualitative pattern, we can explain the
effect of quasiparticle damping on the observed
ARPES data. First, in accordance with the conclu-
sions drawn in [13—16, 47], it can be seen that for x <
X.;, there are two intersections with the hole pocket in
the (0, 0)—(m, m) direction. The intersection closer to
point I' is mainly formed by the &(k) zone without
damping, while the intersection closer to (w, 1) is due
to the contribution of damped states of the shadow
zone €(k + Q). For these states, damping blurs the
central peak, and these states are not seen in ARPES;
only the arcs are visible. A decrease in the spectral
weight of quasiparticles without their damping for a
region of the shadow zone in the hole pocket, which
also explains the formation of the arc, was obtained for
spin polarons in [53].

Second, we can extend this analysis to the range of
x > x,,. It can be seen that the larger pocket is formed
by undamped electrons, while the small inner pocket
is formed by damped electrons. This is apparently why
it is not seen in ARPES. At the same time, as x
approaches x,,, Fermi momentum kg tends to (m, 7).
In accordance with relations (10), velocity v = 0 at this
point. Thus, the small electron pocket for x — x,, is
formed by weakly damped quasiparticles. For x > x,,,
the large hole pocket is formed by undamped quasi-
particles and can be clearly seen in ARPES.

Further transformation of the hole Fermi surface
into the electron Fermi surface at x = x,; (according to
the data from [59], the electron Fermi surface is
formed for La, _,Sr,CuO, even for x = 0.30) occurs in
the strong doping region, in which the magnetic cor-
relation length is comparable to the lattice parameters.
In this case, analysis based on Green’s function (9) is
no longer applicable. Although our calculations based
on function (6) show the change in the Fermi surface
type from the hole- to electron-type surface at point
X.3, the value of x; = 0.53 itself is not large as com-
pared to the experimental value. This is not surprising
since perturbation theory in the X operator representa-
tion is applicable to a doped Mott dielectric with small
values of x.

4. PECULIARITIES OF LOW-TEMPERATURE
THERMODYNAMICS IN THE VICINITY
OF LIFSHITS TRANSITIONS

It was shown in previous sections that a constric-
tion appears on the Fermi surface at point x,, upon an
increase in the doping level, and the electron pocket at
point x,, disappears. These two singularities in the
Fermi surface topology lead to the 2.5-order electron
phase transitions according to Lifshits [38, 39] or, in
contemporary terminology, to quantum phase transi-
tions. The emergence of a new pocket on the Fermi
surface at € = g, leads to the addition of 6g(g) = (e —
€,.)? to the density of states. It should be noted that the
dispersion relation for cuprates is three-dimensional
in spite of clearly manifested anisotropy. Weak jumps
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Fig. 4. Variation of the Sommerfeld parameter in the vicin-
ity of the Lifshits transition (O) and experimental data for
y=C,/Tat T=10 K (m) borrowed from [40].

between the layers lead to corrugation of the Fermi
surface along vector k_, which was observed in ARPES.
For example, various cross sections of the Fermi sur-
face are considered in [33] using LDA calculations and
ARPES data. Consequently, we can use the results
obtained by Lifshits [38, 39] with minimal modifica-
tions. These modifications are due to a decrease in the
spectral weight of Hubbard fermions, which is
described by filling factor F'= (1 + x)/2 and appears in
the numerator of Green’s function (6).

In the vicinity of the critical point, the thermody-
namic potential has the form

Qu, ) = Qu(n, 7 +3Q. (11)

The correction appearing due to the formation of a
new pocket for € > g, can be written in the form

5Q = —ISN(s)fF(s)ds, (12)
0

where fr(¢) is the Fermi distribution function, and the

number of states with allowance for spectral weight is
(a~1)

0, e<g,
dN(e) = gal +x(8_8 )3/2 e> g (13)
3 2 < “

As aresult,at 7'<< z, where z =1 —
of z= 0, we obtain

€., in the vicinity

z2<0
2 (14)
_ 12_5(1 +x)alg ¥ - ’1‘—2(1 +x0) 7", z>0.

_45(1 +Xx)0 777
3Q =
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The z%/? singularity indicates a 2.5-order transition in
accordance with the Ehrenfest classification. In our
case, z varies depending on the doping level, z(x) = 0
forx =x,, and x = x,,.

We can easily show that the jump in Sommerfeld
parameter ¥y = C,/T, where C, is the electron heat
capacity, in the vicinity of the Lifshits transition is
given by

8y:_828F
8T
2
ﬁ(1+x)a@(l+3z+§i)
4 T 2 42 (15)
= xef‘z‘/r, z<0

2
%(1 +x)0czl/2, z>0.

The above calculations of the electronic structure
resulted in dependence z(x) in the vicinity of each crit-
ical point. This dependence is close to linear. Figure 4
illustrates the behavior of the electron heat capacity
near x = Xx,,, calculated for 7= 10 K. The experimental
points are plotted from the temperature dependences
of y = C,/T for various values of x in La,_ Sr,CuO,
[40]. The heat capacity and the electron contribution
to entropy in the normal phase were obtained by
extrapolation of the results of measurements above
superconducting transition temperature 7, to the
range of low temperatures. The experimental points in
Fig. 4 correspond to total parameter y, which is given
by the following expression in the vicinity of the tran-
sition:

Y(X) = vo(x) + 83 (16)
here, y, is a function of x, which is smooth in the vicin-
ity of transition, and &y has root singularity (15). The
dependence of the spectral weight on the doping level
also makes a contribution to the concentration depen-
dence of the heat capacity singularity.

In the vicinity of the second Lifshits transition
(x =x,,), analogous dependences of thermodynamic
parameters are observed. Since the electron pocket
disappears upon an increase in x, we have 7> 0 for x <
X.,. Since we are not aware of detailed experimental
data in the vicinity of x,, with a large number of points
for x, and since the dependence of singularity oy is
defined by the same formula (15), we do not plot its
dependence in the vicinity of x,,. In a later publication
[61] devoted to measurement of the electron heat
capacity of NdBa,Cu;0g, ,, Fig. 9 gives the concen-
tration dependence y(x) with weak singularities near
p=0.16 and 0.23, corresponding to our critical points
x,; and x,,. However, measurements in [61] were taken
at T= 200 K and all singularities are blurred.
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A series of rearrangements of the Fermi surface
upon doping was observed still earlier [29] using the
variational solution in the r—J-model. In [29], a small
hole pocket was obtained in the AFM phase in the
vicinity of point (n/2, m/2). An electron pocket with
the center at point (0, 0) was also obtained for a very
large value of x. However, the Fermi surface for inter-
mediate values of x is not in conformity with either our
surface or the experimentally observed one. The Lif-
shits quantum transition in cuprates was discussed ear-
lier mainly in connection with a change in the type of
the Fermi surface from the hole to the electron type,
which takes place in one-electron calculations when
the Fermi level intersects the saddle point (0, ) [62]).
In our case, this transition occurs at point x ;. Transi-
tions resulting in the formation of an electron pocket
at point x,, and its collapse at point x,, have not been
discussed to our knowledge.

5. CONCLUSIONS

The sign reversal in charge carriers under doping
has been discussed by many authors in recent years.
For a large value of x, the hole-type Fermi surface is
transformed into an electron-type surface; this was
deduced theoretically by many authors and observed
experimentally in La,_ Sr,CuO, films with x > 0.30
[63]. The sign reversal of Hall constant Ry, reported for
weakly doped cuprates is more surprising. For exam-
ple, in strong magnetic fields of 50—60 T suppressing
superconductivity, sign reversal of Ry was observed for
YBa,Cu;0, with p = 0.10, 0.12, and 0.14 [64], as well
asin La, _,Sr,CuO, with p = 0.11 [65]. All these sam-
ples belong to concentration range x < x,;, in which
only a hole pocket exists according to our calculations.
Probably, the results obtained in [66] may provide a
qualitative explanation of this effect. According to
[66], convex and concave parts of the Fermi surface for
2D metals with an arbitrary Fermi surface geometry
are characterized by opposite signs of the Hall con-
stant. In our case, for x < x,;, one side of the hole
pocket is convex and the other side is concave (see
Fig. 1).

As regards the second Lifshits transition at x = x,.,,
the measurements of low-temperature transport prop-
erties of La,,_,Nd,,Sr,Cu0O, in strong magnetic
fields up to 35 T suppressing superconductivity
revealed a modification of the Fermi surface at critical
point p* = 0.23 [67], which is very close to our point
X.,. In accordance with our results, measurements of
Ry at p = 0.24 indicate a large cylindrical surface con-
taining 1 + p holes. At p = 0.20 (i.e., below x,,), an
increase in the value of Ry(7) at low temperatures
indicates a modification of the Fermi surface. It
should be noted that critical point x,, itself for the
Bi2201 system can be juxtaposed to concentration
p. = 0.23, at which the Fermi level in ARPES measure-
ments coincides with the Van Hove singularity [68, 69].
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The existence of a quantum critical point to which
pseudogap temperature 7*(x) tends when 77— 0 has
been widely discussed in the literature, where the val-
ues of P ; = 0.19 [70] and 0.27 [71] can be encoun-
tered. These data are based on extrapolation and their
accuracy is not high. In addition, the pseudogap is
hardly the property of the ground state [8]. The critical
points obtained in this study are characteristics of the
ground state and are connected with the 2.5-order Lif-
shits phase transitions.
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