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1. INTRODUCTION

The symmetry of the crystal structure of a magnet
determines the magnetic anisotropy and (to a consid�
erable extent) the type of magnetic ordering. Combi�
nations of the order parameter (magnetic moment) in
the free energy expansion (Ginzburg–Landau func�
tional), which are invariant to specific magnetic sym�
metry transformations, make it possible to analyze the
form of the possible magnetic structure and the condi�
tions of its formation [1, 2]. The invariance of energy
relative to time inversion in zero magnetic field makes
it possible to confine the symmetry analysis of mag�
netic anisotropic interaction to the symmetry ele�
ments of a crystallographic point group. In a micro�
scopic description of a magnet, magnetic symmetry is
taken into account in the form of the g�factor, one�ion
anisotropy, and anisotropy of spin–spin interaction
even at the stage of writing the spin Hamiltonian. The
microscopic Hamiltonian must also be invariant to
symmetry transformations (anisotropic Hamiltonian
components associated with these transformations
and distributed in space must be transformed onto one
another). An example of the effect of a spatial distribu�
tion of anisotropic interaction on the type of magnetic

ordering is the antisymmetric Dzyaloshinski–Moriya
exchange [3, 4]:

(1)

It emerges as a result of spin–orbit interaction and
hence reflects the symmetry properties of the spatial
distribution of orbitals of magnetic ions and surround�
ing ligands; it is transformed upon a transition from
one pair of interacting spins to another depending on
the local symmetry operation generating this transfor�
mation. If the transition is performed via an inversion
operation that does not change the components of the
axial vectors of magnetic moments and has a center at
a magnetic ion r, such an invariant pair of anisotropic
terms of the Hamiltonian has the form

If the rotational binary axis (2z) changing the signs of
the vector components perpendicular to this axis
passes through magnetic ion r instead of the inversion
center, the sum of the vector products will be preserved
only for the z components of scalar triple product (1).
For the remaining two components (x, y), we obtain
the difference

HD Dr r ',
Sr Sr '×[ ].
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If we consider the spatial distribution for antisymmet�
ric exchange in one direction (labeling spins in this
direction and taking into account the transposition
rules of the vector product), we obtain the correspond�
ing Hamiltonians differing in the x and y components:

(2)

The first of these Hamiltonians describes the antisym�
metric staggered Dzyaloshinski–Moriya (SDM)
exchange and leads to alternation of magnetic
moment canting and, as a consequence, to weakly fer�
romagnetic ordering of the magnet with predominant
antiferromagnetic exchange [5, 6]. The second type of
antisymmetric exchange is the uniform Dzyaloshin�
ski–Moriya (UDM) exchange, which leads to a devi�
ation of magnetic moments in the same direction
(fixed rotation of magnetization) [7–9]. A magnetic
structure formed in this case has a magnetic lattice
period that generally does not coincide with the mul�
tiple period of the crystal lattice (incommensurate
magnetic structure). For d ions with “frozen” orbital
moments, the value of D is much smaller as a rule than
the symmetric Heisenberg exchange, and such a struc�
ture has a long period. A necessary condition for the
existence of antisymmetric exchange (1) in both cases
is the absence of an inversion center between interact�
ing ions [10]. However, in contrast to the SDM
exchange, a necessary condition for the UDM
exchange is the absence of an inversion center at the
magnetic ion as well. If the inversion center and the
rotational axis are simultaneously preset at a magnetic
ion, the components of “vector” DS, which are trans�
verse to the direction of the axis, must be zero. Only
the component parallel to the axis may differ from
zero.

We must make the following general remark con�
cerning the analysis of the Dr, r' transformation by
symmetry operations. The representation of the anti�
symmetric exchange Hamiltonian in the form of scalar
triple product (1) is just a convenient analytic form.
The transformation of components of Dr, r' is defined
by a transformation of invariants constructed on mag�
netic moment components. Consequently, it is conve�
nient to use the available expressions for invariants rel�
ative to symmetry transformations [10] connecting
individual pairs of interacting spins, to transform these
components with the help of the symmetry operations
transforming pairs of spins into one another and then
to determine the components of Dr, r' corresponding to
invariants of the new pair. This procedure can be
replaced by the transformation of vector Dr, r' itself if
we take into account its axiality and antisymmetry rel�
ative to spatial inversion r  r' [2]. Both methods for
determining the spatial distribution of antisymmetric

Hxy
S DS 1–( )i Si Si 1+×[ ]xy,

i

∑=

Hxy
U DU Si Si 1+×[ ]xy.

i

∑=

exchange lead to the same results. However, the appli�
cation of symmetry transformations to both cofactors
of the scalar product in (1) leads to incorrect results.
For example, the inversion center between a pair of
spins leaves the product invariant since the sign rever�
sal due to spatial inversion occurs twice.

In the presence of symmetry elements transform�
ing pairs of interacting spins with different orienta�
tions in space into one another, a distribution over the
directions of vector Dr, r' for different pairs appears.
The symmetry of such a distribution is controlled by
crystallographic symmetry and is generally three�
dimensional. The existence of an incommensurate
magnetic structure formed as a result of UDM
exchange occurring in highly symmetric crystals was
established first for cubic crystals of MnSi and FeGe
[11, 12]. A characteristic feature of a highly symmetric
distribution of the UDM exchange is the nearly isotro�
pic behavior of the helicoid in a magnetic field. How�
ever, analysis of the helicoid structure was performed
for only one component even in the case when the 2D
distribution of the Dr, r' components of a tetragonal
crystal in the microscopic Hamiltonian was written in
explicit form [13]. Such a generally accepted approach
to describing an incommensurate magnetic structure,
which is based on the 1D distribution of antisymmet�
ric exchange, can be treated only as a model simplifi�
cation for a low�symmetry case. The existence of a tet�
ragonal rotational axis in a tetragonal crystal, which
transforms pair interactions in the basal plane into one
another, imposes constraints on the transverse compo�
nents of antisymmetric exchange: a 2D spatial distri�
bution of the UDM exchange is formed. In the general
case, the longitudinal weakly ferromagnetic compo�
nent of the SDM exchange is preserved. The magnetic
moment distribution in such a system is much more
complicated than in the 1D case.

It is convenient to describe the magnetization dis�
tribution in an incommensurate magnetic structure by
introducing modulation vector k and polarization vec�
tor m [14] since it is these two vectors that are detected
in experiments on neutron scattering. In the case of a
simple spiral structure formed in the case of a 1D dis�
tribution of the UDM exchange in the absence of
anisotropy in the polarization plane, one vector k and
one vector m are sufficient since the magnetic moment
components vary as harmonic functions of coordi�
nates, and the polarization plane in space remains
unchanged. The presence of any type of magnetic
anisotropy that removes degeneracy in the polariza�
tion plane of an incommensurate magnetic structure
complicates the spatial distribution of magnetization
(necessitates the introduction of a set of vectors k
defining the law of this distribution). In experiments,
this is manifested in the emergence of additional peaks
in the neutron scattering spectrum. Traditionally, such
a structure is referred to as a “soliton lattice” [1, 14].
In the case of an isotropic mechanism of formation of
an incommensurate magnetic structure as a result of
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the competition of Heisenberg exchanges between dif�
ferent magnetic neighbors, the direction of propaga�
tion of the incommensurate magnetic structure (k)
and the polarization plane are not interrelated (the lat�
ter is fixed by magnetic anisotropy, e.g., one�ion
anisotropy). In the case when an incommensurate
magnetic structure is formed by anisotropic mecha�
nisms (in particular, antisymmetric exchange), the
polarization plane of the magnetic structure and the
spatial modulation vector are interrelated, and the for�
mation of a complex structure with a set of vectors k
must also lead to spatial modulation m.

The goal of this study is to analyze the ground state
of a system of spins coupled by predominant antiferro�
magnetic exchange with different types of antisym�
metric exchange existing simultaneously in a tetrago�
nal crystal (2D distribution of uniform component DU
and 1D weakly ferromagnetic component DS).

2. HAMILTONIAN AND INVARIANTS

The importance of studying the effect of spatial dis�
tribution of antisymmetric exchange in a magnet with
a tetragonal crystalline structure on the ground state is
obvious. The existence of a tetragonal plane with
mutually perpendicular equivalent directions ensures
the distribution of Dr, r' with a varying orientation of
the DU component. The symmetry element defining
the spatial distribution (generating element) in our
case is the tetragonal axis. It is also convenient to sin�
gle out the symmetry operation limiting possible anti�
symmetric combinations of the components of inter�
acting pairs of spins (limiting operation). The latter is
not necessary for determining nonvanishing compo�
nents of Dr, r': the combination of two generating ele�
ments can also preserve only quite definite compo�
nents of Dr, r' for each bond. In a tetragonal crystal, the
role of generating elements can be played by the heli�
cal axis and slip and reflection planes, as well as other
operations transforming various pairs of interacting
spins into one another. Limiting symmetry operations
can be simple binary axes or reflection symmetry
planes passing between interacting spins.

Let us consider the simplest case with a generating
tetragonal axis and limiting binary axes parallel to the
tetragonal plane (Fig. 1). Since simple and inversion
tetragonal axes transform the spatial indices of Dr, r' in
different ways, this leads to different relative orienta�
tions of tetragonal components of DU, which in turn
leads to its own peculiarities of the incommensurate
magnetic structure in these cases. Consequently, fol�
lowing the proposed method for obtaining invariants
of the antisymmetric exchange Hamiltonian [15], we
will consider both these cases simultaneously,
although incommensurate magnetic structures with a
simple tetragonal axis at an ion are not known (as a
rule, such an axis exists simultaneously with an inver�
sion center). Invariant antisymmetric combinations of

the second�order magnetic components for binary
axes (see Fig. 1) have the form [10]

(3)

where mα and lα are the local components of the ferro�
and antiferromagnetism vectors constructed on the
magnetic moments connected with each axis sepa�
rately. For example, in the notation used in Fig. 1, we
have

(4)

The tetragonal axis at magnetic ion Sij leaves the com�
bination of groups a from formula (3) invariant:

(5)

The second invariant constructed on combinations of
groups b from formula (3) has the form

(6)

Here and below, the upper and lower signs of the anti�
symmetric y component correspond to the cases with
a simple and inversion tetragonal axis, respectively.
The absence of an inversion center at a magnetic ion
can be ensured by alternating displacement of groups

2x: a ) mxly mylx, b ) mxlz– mzlx;–

2y: a ) mxly mylx, b ) mylz– mzly,–

2x: m r( ) Sij Sij 1– ; l r( )+ Si j Sij 1– ,–= =

2x' : m r( ) Sij Sij 1+ ; l r( )+ Si j Sij 1+ ,–= =

2y: m r( ) Si j Si 1 j– ; l r( )+ Si j Si 1 j– ,–= =

2y' : m r( ) Sij Si 1 j+ ; l r( )+ Si j Si 1 j+ .–= =

Si 1 j–
x Sij

y Si 1 j–
y Sij

x– Si 1 j+
x Sij

y Si 1 j+
y Sij

x–+

+ Sij 1–
x Sij

y Sij 1–
y Sij

x– Sij 1+
x Sij

y Sij 1+
y Sij

x
.–+

Si 1 j–
y Sij

z Si 1 j–
z Sij

y– Si 1 j+
y Sij

z Si 1 j+
z Sij

y+–

−+ Sij 1–
x Sij

z Sij 1–
z Sij

x– Sij 1+
x Sij

z Sij 1+
z Sij

x+–( ).

Sij + 1

Si + 1jSij

Si − 1j

Sij − 1

2x'

2x

2y'2y

4, 4
−

Fig. 1. Symmetry elements of the tetragonal crystal struc�
ture: the tetrad axis is directed along the tetragonal axis on
magnetic ions and simple binary axes are parallel to the
tetragonal plane.
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of ligand ions, paired displacement of ligands or ligand
groups along the tetragonal z axis, or the correspond�
ing distortions of the ligand surroundings. In the case
of the tetragonal inversion axis, a tetrahedral sur�
rounding in the nearest magnetic neighbors is formed
(coordination number Z = 4). The strongest interac�
tion in the system, viz., the Heisenberg exchange,

(7)

is assumed to be isotropic so that the anisotropic prop�
erties obtained for the ground state completely reflect
the action of antisymmetric exchange. In the actual
case, tetragonal anisotropy must also be present in the
Heisenberg exchange anisotropy, but its magnitude for
the S ions of the 3d group is much smaller as a rule
than the antisymmetric exchange (if the latter is per�
mitted by the symmetry):

(8)

It will be shown below that a collinear structure is
formed along the tetragonal axis z; consequently, the
third index of summation over sites is omitted only to
simplify the form of Hamiltonian (8), but the magnet
remains three�dimensional.

The invariants of the expansion of the thermody�
namic potential (Ginzburg–Landau functional) can
be obtained for T = 0 by passing from discrete Hamil�
tonian (8) to a continual distribution of the magnetic
energy density, which was used earlier in analysis of
incommensurate magnetic structures [16]. Local
ferro� and antiferromagnetism vectors m(r) and l(r), as
well as Sij (4), will indicate the average values of oper�
ators. In the continual transition, it is convenient to
introduce for an antiferromagnet two magnetic sublat�
tices α and β with a smooth (infinitely differentiable)
dependence of magnetization on r. This allows us to
omit higher�order derivatives in the expansion of the
moments of sublattices in the description of a long�
periodic incommensurate magnetic structure:

(9)

Here, a are the vectors connecting the nearest mag�
netic neighbors (see Fig. 1).

J � DU S, ,

H HJ HU HS+ + J Sij Si 1+ j,⋅ Sij Si j 1+,⋅+( )
i j

∑= =

+ DU ex Si j Si 1+ j,×[ ]⋅ ey Sij Si j 1+,×[ ]⋅±( )
ij

∑

+ DS 1–( )i j+ ez

ij

∑ Si j Si 1+ j,× Si j Si j 1+,×+( ).⋅

Sr a+ Sr a
∂Sr

∂r
������� a2

2
����
∂2Sr

∂r2
�������� ….+ + +=

The magnetic energy density for the UDM
exchange at a site of each sublattice can be written in
the form

(10)

or in the form symmetrized in both sublattices:

Here and below, index r on the spin variables is omit�
ted to simplify notation. Passage to ferro� and antifer�
romagnetism vectors m = Sα + Sβ and l = Sα – Sβ

completes the derivation of the UDM exchange
invariant in standard form:

(11)

This invariant is a particular (tetragonal) case of the
Lifshits generalized invariant [1]. The SDM exchange
components give the sum of vector products instead of
their difference (10); as a result, their contribution to
the magnetic energy is given by the spatially homoge�
neous invariant

(12)

For finite temperatures, the expansion of the free
energy contains terms with higher powers of the order
parameter; in addition, the coefficients of quadratic
invariants are themselves functions of temperature.
However, the coefficients of inhomogeneous and
homogeneous invariants are proportional to parame�
ters DU and DS as before. In the limit T  0, in which
the free energy entropy term vanishes, the coefficients
of these invariants must tend to ZaDU/4 and ZDS/2,
respectively, defining together with (11) and (12) the
energy of the volume containing only one spin for each
interaction.

3. MEAN FIELD APPROXIMATION

We will determine the equilibrium orientation of
sublattice spins in the mean field approximation. If all
spins are in identical (in magnitude) mean fields (one�
subsystem case), the minimization of free energy can
be reduced to determining the mean field extremum
[16]. For the spatially nonuniform magnetization dis�
tribution over directions we are interested in, this boils
down to solving differential equations. The number of

εU
DU

2
����� ex Sr Sr a+× Sr Sr a–×–( )⋅{

a

∑=

± x y( ) } Z
2
��DUa ex Sr

∂Sr

∂x
�������×⋅ x y( )±

⎩ ⎭
⎨ ⎬
⎧ ⎫

≈

εU
Z
4
��DUa ex Sα

∂Sβ

∂x
�������× Sβ

∂Sα

∂x
�������×+⎝ ⎠

⎛ ⎞⋅ x y( )±
⎩ ⎭
⎨ ⎬
⎧ ⎫

.≈

IU my
∂mz

∂x
������� mz

∂my

∂x
�������– ly

∂lz

∂x
�����– lz

∂ly

∂x
�����+=

± mx
∂mz

∂y
������� mz

∂mx

∂y
�������– lx

∂lz

∂y
�����– lz

∂lx

∂y
�����+⎝ ⎠

⎛ ⎞ .

IS mxly mylx.–=
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such equations is determined by the number of inde�
pendent variables over which the energy is varied. In
determining the ground state (T = 0), the absolute val�
ues of spins can be fixed, assuming that the spins are
equal to the saturation moment. If we confine our
analysis to the form of Hamiltonian (8) quadratic in
spin variables, the equivalence condition for all spins
relative to the mean field makes it possible to avoid the
self�consistency procedure for the equilibrium ampli�
tude (absolute value) of the spin for T > 0 as well, since
all fields from paired interactions are proportional to
the same value of the average spin. Thus, we are left
with four equations connecting the four functions
defining the distribution of orientations of the
moments of two sublattices. Instead of the variation of
the longitudinal field, we can use an equivalent proce�
dure at making the transverse fields vanish at the spins
of each sublattice. The order of derivatives in the
expansion of the terms of Hamiltonian (8) is limited
by condition (7); for antisymmetric exchange, we
retain only the first derivatives with respect to coordi�
nates.

In the mean field approximation, we can write
antisymmetric Hamiltonians (8) in the form

(13)

where

(14)

In the continual representation, for sublattice α with
even sum i + j, we have

(15)

Fields hU are even, while fields hS are odd relative to
transpositions of indices of sublattices α and β. The
absence of derivatives with respect to coordinate z
directed along tetragonal axis c indicates that the anti�
symmetric exchange in our case does not lead to a spa�

HU S, hi j
U S,

i j

∑ Sij,⋅=

hi j
U DU

2
����� ex Si 1– j, Si 1+ j,–( )×{=

± ey Si j 1–, Si j 1+,–( ) },×

hi j
S 1–( )i j 1+ + DS

2
����� ez Si 1– j,(×{=

+ Si 1+ j, Si j 1–, Si j 1+, ) }+ + .

hα

U x, Z
2
��DUa

∂Sβ

z

∂y
�������, hα

S x,
+−

Z
2
��DSSβ

y
,= =

hα

U y, Z
2
��DUa

∂Sβ

z

∂x
�������, hα

S y, Z
2
��– DSSβ

x
,= =

hα

U z, Z
2
��DUa

∂Sβ

y

∂x
�������

∂Sβ

x

∂y
�������+−⎝ ⎠

⎛ ⎞ , hα

s z,– 0.= =

tially nonuniform spin density distribution in this
direction.

It is convenient to carry out the separation into
transverse and longitudinal components in the polar
system of coordinates {r, θ, ϕ} (Fig. 2):

(16)

For sublattice α, we have

(17)

Sα β,

x S θα β, ϕα β, ,cossin=

Sα β,

y S θα β, ϕα β, , Sα β,

zsinsin S θα β, ,cos= =

hα β,

ϕ hα β,

x ϕα β,sin– hα β,

y ϕα β, ,cos+=

hα β,

θ hα β,

x θα β, ϕα β,coscos=

+ hα β,

y θα β, ϕα β,sincos hα β,

z θα β, ,sin–

hα β,

r hα β,

x θα β, ϕα β,cossin=

+ hα β,

y θα β, ϕα β,sinsin hα β,

z θα β, .cos+

hα

U ϕ, Z
2
��DUaS θβsin–=

× ϕα

∂θβ

∂y
�������sin± ϕα

∂θβ

∂x
�������cos+⎝ ⎠

⎛ ⎞ ,

x

y

z

Sα

eϕ

er

eθ
θα

ϕα

ϕβ

Sβ

Fig. 2. Polar system of coordinates. Unit vectors are shown
only for one quasi�antiferromagnetic sublattice α.
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(18)

(19)

(20)

(21)

(22)

The field components of the Heisenberg exchange
with the nearest neighbors can be written (correct to
the second derivatives inclusively) in the form

(23)

(24)

hα

U θ, Z
2
��DUaS=

× θα θβ ϕα

∂θβ

∂y
�������cos± ϕα

∂θβ

∂x
�������sin–⎝ ⎠

⎛ ⎞sincos
⎩
⎨
⎧

+ θα θβ ϕβ

∂θβ

∂y
�������cos+− ϕβ

∂θβ

∂x
�������sin+⎝ ⎠

⎛ ⎞cossin

+ θα θβ ϕβ

∂ϕβ

∂x
�������cos ϕβ

∂ϕβ

∂y
�������sin±⎝ ⎠

⎛ ⎞
⎭
⎬
⎫

,sinsin

hα

U r, Z
2
��DUaS=

× θαsin θβ ϕα

∂θβ

∂y
�������cos± ϕα

∂θβ

∂x
�������sin–⎝ ⎠

⎛ ⎞sin
⎩
⎨
⎧

– θα θβ ϕβ

∂θβ

∂y
�������cos+− ϕβ

∂θβ

∂x
�������sin+⎝ ⎠

⎛ ⎞coscos

– θα θβ ϕβ

∂ϕβ

∂x
�������cos ϕβ

∂ϕβ

∂y
�������sin±⎝ ⎠

⎛ ⎞
⎭
⎬
⎫

,sincos

hα

S ϕ, Z
2
��DSS θβ ϕα ϕβ–( ),cossin–=

hα

S θ, Z
2
��DSS θα θβ ϕβ ϕα–( ),sinsincos=

hα

S r, Z
2
��DSS θα θβ ϕβ ϕα–( ).sinsinsin=

hα

J ϕ, Z
2
��JS=

× ϕβ ϕα–( ) 1 d1– d1'–( ) θβsin d2 θβcos+( )sin{

+ ϕβ ϕα–( ) d2' θβsin 2d3 θβcos+( ) },cos

hα

J θ, Z
2
��JS=

× θα ϕβ ϕα–( ) 1 d1– d1'–( ) θβsin(cos[cos{

+ d2 θβ )cos

– ϕβ ϕα–( ) d2' θβsin 2d3 θβcos+( ) ]sin

– θα 1 d1–( ) θβcos d2 θβsin+( ) },sin

(25)

where

(26)

Writing the field components in the polar system of
coordinates, we can take into account the following
peculiarity of this system. The single�valuedness con�
dition for the description necessitates that the domain
of one of the angles (polar θ or azimuthal ϕ) be con�
fined to interval {0, π}. In the description of spatial
variation of angle θ in standard form, this leads to a
stepwise jump in the values of angles and to sign rever�
sal in the rate of variation of angle θ upon crossing the
boundary of interval θ = π. Since it is the polar angle
that mainly experiences a variation in space (see
below), we impose a constrain on azimuthal angles 0 ≤
ϕa, β < π. These angles will define the position of the
vertical planes in which angles θα, β change (polariza�
tion planes) and not the angles proper (see Fig. 2). The
azimuthal angles of spin orientation of quasi�antifer�
romagnetic sublattices α and β coincide with these
angles for 0 ≤ θα, β < π and differ from these angles for
π ≤ θα, β < 2π. As a result, expressions (17), (20), and
(23) for fields hϕ of the sublattices acquire an addi�
tional factor (–1) if the corresponding angle θ
becomes larger than π. Therefore, with allowance for
the change in sign of functions θα, β, the signs of the
fields for each sublattice remain unchanged and dis�
play no singularities upon a change in polar angles
θα, β.

It is convenient to classify possible magnetic struc�
tures according to the form of the functional depen�
dence of angular functions on spatial variables.
Homogeneous structures in the ground state have no

hα

J r, Z
2
��JS=

× θα ϕβ ϕα–( ) 1 d1– d1'–( ) θβsin(cos[sin{

+ d2 θβ )cos

– ϕβ ϕα–( ) d2' θβsin 2d3 θβcos+( ) ]sin

+ θα 1 d1–( ) θβcos d2 θβsin–( ) },cos

d1 a2 ∂θβ

∂x
�������⎝ ⎠
⎛ ⎞

2 ∂θβ
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�������⎝ ⎠
⎛ ⎞

2

+ ,=
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derivatives with respect to coordinates (all di ≡ 0 in for�
mulas (21)). Structures of a simple helicoid type with
a linear dependence of angles on the coordinates of the
tetragonal plane contain only the first derivatives of
angles in formula (21) (di > 1 ≡ 0). The emergence of
second�order derivatives indicates that an incommen�
surate magnetic structure has a more complex coordi�
nate dependence of the spin orientation (nonlinear
modulation of the antiferromagnetic state).

4. PARTICULAR CASES

Let us consider particular cases, in which only one
type of antisymmetric exchange exists.

1. DS ≠ 0, DU = 0. From expression hϕ =
hJ, ϕ + hS, ϕ = 0, we obtain a homogeneous solution,
viz., weakly ferromagnetic canting of sublattices:

(27)

2. DS = 0, DU ≠ 0. The ground state with the maxi�
mum value of hr corresponds to the antiparallel orien�
tation of the moments of the sublattices in the vertical
plane, passing through the tetragonal axis,

with a linear modulation of the initial antiferromag�
netic structure,

In this case, hJ, ϕ = 0 and conditions hϕ = hU, ϕ = 0 gives
a simple relation between the modulations plane ϕ of

ϕα ϕβ–( )tan
DS

J
����� .–=

ϕ ϕα ϕβ, θα θβ– π,= = =

∂θα β,

∂r
���������� k const.–=

the helicoid and the direction of vector k of the incom�
mensurate magnetic structure in the plane:

(28)

where ϕk is the angle between the direction of vector k
and the tetragonal x axis. The absolute value of the
helicoid vector can easily be obtained from the equa�
tion for the longitudinal field extremum:

(29)

The value of the vector is independent of the orienta�
tion of the helicoid plane (and, accordingly, the direc�
tion of the vector)—the ground state is degenerate in
angle ϕ. Figure 3 shows the mutual orientation of the
polarization plane and the wavevector of the incom�
mensurate magnetic structure for various tetragonal
axes. In the case of a simple axis, the polarization
plane and the vector of propagation of the incommen�
surate magnetic structure are always orthogonal; in the
case of an inversion axis, the rotation of the vector of
the incommensurate structure leads to the rotation of
the polarization plane in the opposite direction.

5. GENERAL CASE DS ≠ 0, DU ≠ 0

Substitution of variables

∂θα β,

∂x
���������� ϕcos

∂θα β,

∂y
���������� ϕsin±

=  kx ϕcos ky ϕsin± k ϕ ϕk±( )cos 0,= =

ϕ ϕk± π
2
��, k kx

2 ky
2+ ,= =

∂hr

∂k
������ 0, k k0

DU

2aJ
������� .–= = =

θα β, θα β,

0 kα β, r⋅+=

(a)

y

x

k ϕ

ϕk ϕk

k

(b)

y

ϕ

x

Fig. 3. Mutual orientation of vector k of the incommensurate magnetic structure and the polarization plane in the cases with (a)
simple and (b) inversion tetragonal axes.
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makes it possible to single out the main linear part of
the functional dependence of angles θ on tetragonal
coordinates. The remaining nonlinear part of this
dependence is transferred to new variable kα, β. For
DS = 0, the variation of longitudinal field hr in this new
variable gives its value that is independent of the
angles; i.e., the rate of variation of θ remains
unchanged, which justifies the use of the linear
approximation di > 1 ≡ 0 (21). If both types of antisym�
metric exchange are simultaneously present in the tet�
ragonal magnet, we can use this approximation to find
the qualitative difference from a simple helicoid. The
algorithm of solution remains unchanged: we deter�
mine the relation between angles ϕα and ϕβ defining
the orientation of the polarization planes of quasi�
antiferromagnetic sublattices, discarding second�
order derivatives in exchange field hJ and setting
∂ϕ/∂r = 0; then we determine the extremum of the
longitudinal field in k. If the value of k corresponding
to the longitudinal field extremum contains the
dependence of angular variables, the form of this
dependence defines the type of the nonlinearity. The
latter can be taken into account as the corresponding
correction to the form of the solution. Naturally, the
amplitudes of all next corrections must contain higher
powers of smallness parameter ε = DU, S/J.

The first relation from four constraints defining two
pairs of angular variables of the sublattices obviously
remains unchanged for the linear approximation:

(30)

This relation is a consequence of the general rela�
tion between the angles θα – θβ = π, which follows
from the symmetry of the problem in angle θ (the

kα kβ k.= =

existence of particular solution θα = 0, θβ = π and
invariance of fields hθ and hr (13), (14), (16), (17),
(19), and (20) relative to the shift θ  θ + π). The

following two equations for angular variables  = 0
fix the cant of the polarization planes and their rela�
tion with the direction of k:

(31)

(32)

where R = ϕα – ϕβ. The helicoid becomes a double
helicoid (each quasi�antiferromagnetic sublattice has
its own polarization plane). The fourth equation (the
extremum of hr) gives

(33)

It can be seen that in the vicinity of the tetragonal
plane (θ  π/2), the rate of variation of angle θ
decreases, i.e., the SDM exchange lowering the energy
of the system due to canting of the components trans�
verse to the tetragonal axis ensures the total easy�plane
anisotropy of the magnet. The absence of a depen�
dence of vector k on the average azimuthal angle
(ϕα + ϕβ)/2 indicates that the ground state remains
degenerate relative to the orientation of the modula�
tion vector in the plane.

6. RESULTS AND DISCUSSION

The emergence of the dependence of the rate of
variation of polar angle θ on the doubled value of this
angle (second harmonic (28)) even in the first linear
approximation leads to the emergence of odd har�
monics in the momentum representation of spin vari�
ables

Figure 4 shows this relation qualitatively, in which

is the wavelength of the modulated helicoid. Axial
anisotropy of symmetric exchange leads to the same
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ϕ
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Fig. 4. Nonlinear modulation of the helicoid by the SDM
exchange. The rate k(θ) of variation of the polar angle and
the projection of the magnetic moment onto the tetragonal
axis as functions of the polar angle and coordinate, respec�
tively. The second harmonic in the rate leads to the third
harmonic in the projection of the magnetic moment.
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result. As a result of the action of the total axial anisot�
ropy, the inelastic neutron scattering spectrum con�
tains odd harmonics of the principal vector of the
incommensurate structure. Analysis of the effect of
anisotropy and determination of the relative ampli�
tude of higher (e.g., third) harmonics is beyond the
scope of this article. However, the linear approxima�
tion shows that the next correction (e.g., for axial
component Sz) can be sought in the form

where δ is the smallness parameter in which successive
approximations can be carried out.

Two more qualitative results of the mutual effect of
different types of antisymmetric exchange are worth
noting.

(i) It follows from relation (31) that the emergence
of a dependence of the rate k of variation of angle θ on
this angle leads to the emergence of a dependence of
the angle between the polarization planes of sublat�
tices R on angle θ as well. Consequently, we also have
∂ϕ/∂r ≠ 0. The polarization planes of the sublattices
are transformed into curvilinear surfaces (Fig. 5).

(ii) Local weakly ferromagnetic moment M emerg�
ing as a result of canting of neighboring spins by the
SDM exchange changes its magnitude and sign in the
interval {–Mmax, Mmax} upon a variation in angle θ,
remaining in the tetragonal plane. As a consequence,
the total weakly ferromagnetic moment in the system
in zero magnetic field is zero.

An example of a tetragonal antiferromagnet with a
helicoidal incommensurate magnetic structure is

Ba2CuGe2O7 with space group P 21m [13, 17–20].
The generating symmetry element for this antiferro�
magnet is the inversion tetragonal axis, while the lim�
iting element is the reflection symmetry plane passing
between interacting spins. The plane singles out
another antisymmetric combination of second�order
spin components. As a result, the modulation vector
lies in the tetragonal plane of the crystal and simulta�
neously in the vertical polarization plane of the heli�
coid.

Another tetragonal antiferromagnet with the crys�
tal structure corresponding to the necessary symmetry
requirements is copper metaborate CuB2O4 with space

group I 2d. Two nonequivalent positions of Cu2+ ions
in this substance form two magnetic subsystems,
which strongly differ from one another in the distribu�
tion and strength of exchange bonds in the subsystems
[21–25]. Strong antiferromagnetic exchange between
Cu2+ ions in the 4b crystallographic positions leads to
the emergence of a spontaneous moment in this sub�
system at TN = 20 K. As the temperature decreases, the
moment rapidly decreases to a value close to satura�
tion, indicating the classical “3D” nature of magnetic
ordering. A magnetic moment in the second sub�
system of ions in the 8d positions emerges at T ≈ 11 K

Sz S 1 δ–( ) k0cos r⋅ δ 3k0cos r⋅+( ),=

4

4

according to neutron diffraction data. A decrease in
temperature to T ≈ 2 K leads to an increase in the mag�
netic moment at the sites of this subsystem only to m ~
0.5 μB, indicating a weak and probably quasi�one�
dimensional exchange in this subsystem [26]. At T <
9.5 K, an incommensurate magnetic structure with a
modulation vector directed along the tetragonal axis is
formed in CuB2O4 due to removal of frustration in the
intersubsystem symmetrical exchange [16, 27]. It was
shown [28] that the high�temperature phase existing at
9.5 K < T < 20.0 K in zero external field is modulated.
An external magnetic field destroys this phase, trans�
forming the system into the weakly ferromagnetic state
[21, 29–33]. A small critical field of the high�temper�
ature incommensurate magnetic structure with its
weak temperature dependence [29] indicates that a
weak interaction in this subsystem is responsible for
the emergence of this structure simultaneously with
the emergence of a magnetic order in the “strong”
subsystem. The symmetry of the 4b subsystem [15]
ensures the coexistence of component DS along the
tetragonal axis and the required distribution of uni�
form antisymmetric exchange DU in the tetragonal
plane. The presence of satellite peaks in the inelastic
neutron scattering spectrum [23] and stage�by�stage
suppression of incommensurability by the field [34] at
T < 9.5 K indicate the mutual effect (superposition) of
two different incommensurate magnetic structures in
the transition region at T ≈ 9.5 K and at the phase
boundary of the low�temperature incommensurate
magnetic structure. All these facts lead to the conclu�
sion that two incommensurate magnetic structures of
different types and mechanismsof formation exist in
CuB2O4. The high�temperature incommensurate

x

y

Mmax−Mmax

Sβ(θ2 = π/2) Sα(θ1 = π/2)

Sα(θ2 = 3π/2) Sβ(θ1 = 3π/2)

Fig. 5. Projection of the polarization surfaces of the sublat�
tices and their moments for two values of angles θα = θβ –
π = π/2 and 3π/2 onto the tetragonal plane.
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magnetic structure at T > 9.5 K is formed by the 2D
distribution of the antisymmetric uniform Dzy�
aloshinski–Moriya exchange in the presence of the
weakly ferromagnetic component of this exchange. Its
modulation vector lies in the tetragonal plane, and the
polarization planes of the sublattices pass through the
tetragonal axis.

The importance of determining the types of all
magnetic phases in CuB2O4 (both commensurate and
incommensurate) is enhanced primarily due to strong
magnetoelectric effects detected in this material in
recent years [30–33]. Analysis of the spatial distribu�
tion of anisotropic magnetic interactions is an indis�
pensable part of the description of physical properties
of multiferroics since the magnetoelectric effects
directly depend on the direction of magnetization in
homogeneous phases, as well as on the orientation of
the modulation vector and the polarization plane in an
incommensurate magnetic structure.
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