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1. INTRODUCTION

The characteristic features of cuprates, such as high
superconducting transition temperatures, d�type sym�
metry of the order parameter, and strong electron cor�
relations in the system, put these materials in a sepa�
rate class of superconductors and initiated the search
for new Cooper pairing mechanisms. The question
whether the electron–phonon interaction could
ensure high superconducting transition temperatures
was widely discussed, and opposite opinions were
expressed on this topic [1–3]. Peculiarities of the crys�
tal structure [2] and experimental studies [4, 5] con�
firm that the electron–phonon interaction in the
superconducting states of cuprates is significant, but
they do not indicate that this interaction plays a lead�
ing role. It is well known that analysis of the isotopic
shift of the superconducting transition temperature
has played a key role in interpreting the origin of
superconductivity in normal metals. In high�tempera�
ture superconductors (HTSCs), for which the index of
isotope effect strongly depends on the doping level
[6⎯8], the situation is more complicated. As a matter
of fact, isotope�effect index αo in the optimal doping
range is minimal for most cuprates with oxygen substi�
tution; moreover, its value is an order of magnitude
smaller than the value predicted in the Bardeen–Coo�
per–Schrieffer (BCS) theory [9]. At the same time, an
increase in the value of αo is observed in weakly doped
and overdoped samples; in some systems, the isotope�
effect index in the low�doping region considerably
exceeds the BCS theory value (i.e., αBCS = 0.5). Such

a behavior of the isotope shift constant complicates
unambiguous interpretation of the role of the elec�
tron–phonon interaction in the superconducting state
of cuprates and necessitates analysis of the isotope
effect using various approaches. Here, we analyze the
isotope effect using a model combining the magnetic
and traditional phonon pairing mechanisms in the sys�
tem of strongly correlated electrons.

2. THEORY OF THE SUPERCONDUCTING 
STATE TAKING INTO ACCOUNT STRONG 

ELECTRON CORRELATIONS

It is well known that in a correct description of
HTSC systems, strong electron correlations must be
taken into account since these correlations control
strong changes in physical properties of cuprates upon
doping from antiferromagnetic Mott–Hubbard
dielectric to Fermi�liquid metals. Several approaches
to this problem have been developed. In analyzing the
superconducting state in cuprates, the exclusion of
two�particle states should exactly be taken into
account at all stages of calculation in the representa�
tion of Hubbard X�operators evaluating Green’s func�
tions using the diagrammatic technique [10] or
uncoupling of the corresponding equations of motion
[11]. An analogous prohibition imposed on doubly
occupied states also exists in the Monte Carlo varia�
tional method for projection wavefunctions [12], in
the theories of resonating valence bonds [13] and of
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renormalized mean field constructed in the Gutzwiller
approximation [14, 15].

Here, we develop a generalized tight�binding
method [16], in which a transition from the realistic
multiband p–d model of cuprates to the effective Hub�
bard model is carried out. Hubbard operators are con�
structed on the eigenstates of the Hamiltonian of the
CuO6 cluster, which are obtained as a result of its exact

diagonalization:  = |p〉〈q |. The upper and lower
bands of Hubbard fermions describe excitations of
one�particle and singlet two�particle states, respec�
tively. The elimination of interband transitions in per�
turbation theory [17, 18] leads to the effective low�
energy t–J* model. The Hamiltonian of the hole�
doped La2 – xSrxCuO4 system has the form

Here, μ is the chemical potential of the system, tfg and

 are the amplitudes of intraband and interband
jumps, Ueff is the dielectric gap with the charge transfer

energy, Jfg = /Ueff is the exchange interaction

parameter, and  ≡ –σ. Three�center correlated
jumps H(3) have the same order of magnitude as the
exchange integral and, according to [19], must be
taken into account in the theory of superconductivity.

In analyzing the superconducting d�wave state, pas�
sage from the Hubbard model to the low�energy t–J*
Hamiltonian indicates disregard for the retarded spin�
fluctuation pairing mechanism [11, 20]. Thus, we con�
fine our analysis to instantaneous exchange interaction
in the t–J* model. It was shown earlier [11] in the self�
consistent Born approximation for the mass operator
that the influence of retardation effects on d�type
superconducting pairing in the Hubbard model is
insignificant, which makes it possible to approximate it
by instantaneous interaction. At the same time, the
relation between retarded and nonretarded contribu�
tions to the pairing d�type interaction in real com�
pounds requires further investigation [21, 22].

The complete Hamiltonian of the system also
includes the electron–phonon interaction:
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In the case of strong electron correlations, the Fourier
transform of the effective interaction of electrons via
the exchange of virtual phonons can be written in the
form [23]

Disregarding the retardation effects, we can write the
effective electron–phonon interaction parameter in a
simpler form:

Here, g
ν
(k, q) is the matrix element of an electron with

initial momentum k and a phonon of the ν mode with
momentum q and oscillation frequency ωq, ν.

In a BCS�type theory with Hamiltonian (1), the
superconducting d�wave order parameter obtained in
the generalized Hartree–Fock approximation using
the irreducible linear operator method [24] has the
form [25]

(2)

Here, kB is the Boltzmann constant, T is the tempera�

ture,  is the superconducting phase dispersion, μ is
the chemical potential of the system, ϕk = (coskxa –
coskya)/2 is the angular part of order parameter Δk =
Δ0ϕk, and a is the lattice constant. The total coupling
constant describes the sum of the exchange and
phonon pairing mechanisms:

where x is the concentration of doped holes and the θ�
function confines as usual the phonon contribution to
a narrow layer on the order of Debye frequency ωD

near the Fermi surface. An equation with an analogous
structure was obtained earlier for the magnetic pairing
mechanism in the theory of resonating valence bonds
[13] as well as by the methods of decoupling of two�
time Green’s functions [26] and diagrammatic tech�
nique [10].

Let us consider in greater detail the electron–
phonon coupling constant λph = f(x)G. Dimensionless
parameter f(x) = (1 + x)(3 + x)/8 – 3C01/4 describes
its concentration dependence originating, as in the
case of the exchange mechanism, from the peculiar
statistics of Hubbard fermions. In contrast to bands of
free electrons, Hubbard subbands contain an odd
number of states per atom, which depends on doped
carrier concentration x in terms of their total number
nh = 1 + x. The emergence of spin correlation func�

tions C01 = 2  indicates interference of the mag�
netic and phonon pairing mechanisms. We believe that
the magnetic system is in the state of an isotropic spin
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liquid for which the mean value of any spin compo�

nent is zero:  = 0, α = x, y, z. Interatomic static

correlations functions differ from zero (  ≠ 0)
and are identical for all spin components so that

2  = . Here, n is the number of the coor�
dination sphere; i.e., C01 is the correlation function for
the nearest neighbors. In view of the antiferromagnetic
nature of correlations, C01 < 0, so that the interference
term with C01 increases the total phonon coupling
constant.

In deriving the equation for the order parameter,
we considered only three vibrational modes for oxygen
(buckling, plane breathing, and apical breathing
modes). The ab initio calculations of the electronic
structure and the electron–phonon interaction in
La2 – xSrxCuO4 demonstrated that the main contribu�
tion to the self�energy of electrons is due to the inter�
action of carriers with just these vibrations [27]. It
turns out that the momentum dependence of the
matrix elements of the electron–phonon interaction is
significant for the d�wave pairing [25]. For an isotropic
pairing of the s�type, the contributions from all
phonon modes are summed, while the coupling con�
stant in the �channel can be suppressed by cer�

tain vibrations. This is due to the fact that the interac�
tion between an electron and a phonon with large
transferred momenta q transfers the electron to a
region of the Fermi surface with another phase of the
order parameter, thus breaking the superconducting
pair. Conversely, oscillations for which the matrix ele�
ment has the maximal value for small transferred
momenta increase the coupling constant. This fact
reflects the competition of the buckling and breathing
modes in the expression for parameter G proportional
to the intensities of the matrix elements of the elec�
tron–phonon interaction:

(3)

An analogous conclusion was drawn earlier in the ran�
dom phase approximation in the 2D Hubbard model
[28], fluctuating exchange (FLEX) for the Eliashberg
equation [22], by the method of cluster perturbation
theory [30] and functional renorm�group method [31].

It should also be noted that zero contribution from
the apical breathing mode to the coupling constant,
which was also noted in [28], follows from the orthog�
onality of the electron momentum lying in the CuO
plane and the phonon wavevector. The strong elec�
tron–phonon interaction for this mode associated
with the Coulomb interaction weakly screened along
the c axis is confirmed in experiments, in which colos�
sal expansion of lanthanum cuprate films induced by
photodoping was observed [5]. At the same time, anal�
ysis of the isotope effect in experiments [32, 33] with
position�sensitive substitution O16  O18 indicates

Sα〈 〉

S0
αSn

α〈 〉

S0
z Sn

z〈 〉 S0
+Sn

–〈 〉

d
x

2
y

2–

G
vbuckl

2

ωbuckl

����������
vbreath

2

ωbreath

����������� .–=

that apical oxygen vibrations make zero contribution
to the isotope effect and, hence, to the emergence of
superconductivity.

The expression for normal phase dispersion ξk
appearing in Eq. (2) takes into account the short�
range magnetic order in the system:

Here, Cq and Kq are the spin and kinematic static cor�
relation functions describing the renormalization of
the quasiparticle spectrum beyond the Hubbard�I
approximation. A similar equation for the lower Hub�
bard band was considered in [34], in which a consider�
able modification of the quasiparticle spectrum in the
t–J* model by magnetic fluctuations was observed.
The parameters of the electronic structure of
La2 ⎯ xSrxCuO4 were determined in [35] by projecting
the band structure determined in the local�density
approximation onto the basis of Wannier functions
followed by the passage from the p–d to the t–J*
model using the generalized method of strong cou�
pling. Self�consistent calculation of the correlation
functions for the given parameters was performed
using the approach developed in [34, 36] by the
authors of [37], who studied the rearrangement of the
Fermi surface with doping in the normal phase of
HTSC cuprates.

3. ISOTOPE EFFECT

In analyzing the isotope effect, we pass from expres�
sion (2) to the equation for the superconducting transi�
tion temperature Tc, and further, in accordance with
the definition of αo = –dln(Tc)/dln(Mo), we obtain

(4)

It follows from this equation that the sign of the iso�
tope�effect index depends on the effective electron–
phonon interaction parameter G, which is considered
here as a free parameter in contrast to [25]. Due to the
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competition of various vibrational contributions (3),
this parameter can be either positive (which corre�
sponds to the sum of the exchange and phonon pairing
mechanisms) or negative (when the superconducting
state of the electron–phonon interaction is sup�
pressed). For any G > 0, isotope�effect index αo is also
positive; with decreasing phonon contribution to the
total coupling constant, the value of αo decreases and
becomes negative for G < 0 in the entire range of the
solutions (Fig. 1a).

The situation observed in cuprates is described by
curves with G > 0, for which the concentration depen�
dence αo(x) is in qualitative agreement with experi�
ment [6–8]. The minimum of the isotope effect corre�
sponds to the maximum of the superconducting tran�
sition temperature (Fig. 1b) defined in our approach
by the Van Hove singularity in the density of states
(Fig. 1c). Note that the value of index αo ~ (0.08–
0.11) characteristic of La2 – xSrxCuO4 in the optimal
doping region is reproduced in calculations with G/J ~
1, which is an indication of the strong electron–
phonon coupling. Finally, the stronger increase in the
isotope�effect index in the low�doping region for real
compounds undergoing a transition from the orthor�
hombic to the tetragonal phase may be associated with
an admixture of an s�symmetry component to the
superconducting order parameter of the �type

[38–41]. However, analysis of this problem is beyond
the scope of this article, as well as the effects of charge
ordering in the La2 – xSrxCuO4 structure leading to
anomalies in properties for x = 1/8.

Analysis of Eq. (4) also shows that the addition of
any nonphonon mechanism to the traditional mecha�

d
x

2
y

2–

nism of Cooper pairing leads to a decrease in the iso�
tope�effect index. Figure 2 shows that for a given dop�
ing level and G/J = 1.1, constant αo decreases by
almost half in the case describing the sum of the
phonon and exchange pairing mechanisms as com�
pared to the pure phonon mechanism. In accordance
with the above arguments, the contribution of the
electron–phonon interaction to superconducting
pairing in cuprates in this theory is comparable to the
exchange contribution in spite to the weakness of the
isotope effect under optimal doping.
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