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DYNAMICAL MAGNETIC SUSCEPTIBILITY OF THE PERIODIC

ANDERSON MODEL IN THE CHAOTIC PHASE APPROXIMATION

V. V. Val’kov∗† and D. M. Dzebisashvili∗

Using the diagram technique in the atomic representation in the generalized chaotic phase approximation,

we solve the problem of calculating the dynamical magnetic susceptibility of the periodic Anderson model

in the strong electron correlation regime. We express the dynamical magnetic susceptibility in terms of

four Matsubara Green’s functions describing partial contributions, which are calculated based on exact

solutions of integral equations.

Keywords: periodic Anderson model, generalized chaotic phase approximation, dynamical magnetic
susceptibility

1. Introduction

The periodic Anderson model (PAM) is most often used to interpret physical properties of strongly cor-
related systems (SCS) such as heavy-fermion intermetallides, compounds with mixed valencies, and Kondo
insulators. It is fundamentally important when taking fluctuation processes described by the PAM into
account to calculate the dynamical magnetic susceptibility (DMS) and clarify its features. In this respect,
we recall that the specific temperature dependence of the static magnetic susceptibility is among those
experimental factors that allow segregating heavy-fermion compounds (together with Kondo insulators)
into a special class of SCS. The features of the frequency dependence of DMS are essential when inter-
preting experimental data using electron spin resonance [1], [2]. Moreover, it is well known that acquiring
theoretical knowledge on those SCS properties that cannot be described by the mean field approximation
requires calculating dynamical spin and charge fluctuations. As an example, we note that taking the dy-
namics of magnetic fluctuations of a localized f subsystem into account turned out to be very important
for developing the theory of the s-wave superconductivity phase in skutterudite LaFe4P12 [3]. We stress
that according to contemporary views on SCS, the spin-fluctuation mechanism of Cooper instability plays
the leading role in forming the superconducting phase with an anisotropic order parameter [4]. Finally, we
note that analyzing the poles of the DMS allows determining the boundaries of magnetic structure stability
domains and constructing phase diagrams of the systems under consideration.

Two factors underlie the method for calculating the DMS in the PAM that we propose here. The first
factor is related to the observation that in the regime of an infinite Coulomb repulsion U of two electrons
from an f center, the diagram series for the Green’s function in the Hubbard model are topologically
equivalent to the series for the f-electron functions in the PAM. This equivalence was first established
in [5] and then in [6], [7]. The second factor is that the proposed method for calculating the DMS in the
framework of the Hubbard operator diagram technique (HDT) [8], [9] was developed for the Hubbard model
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at U = ∞. In those papers, the series for the spin Green’s functions was summed in the generalized chaotic
phase approximation (GCPA). In the diagram language, this approximation corresponds to taking all ring
diagrams into account. We note that the effectiveness of the chaotic phase approximation was previously
demonstrated when constructing the magnetic dielectric theory (see, e.g., [10]) in the framework of the
equation-of-motion method for two-time retarded Green’s functions.

The abovementioned equivalence of the diagram series for the Green’s function in the Hubbard model
and for the Green’s function for the localized electrons in the PAM [5]–[7] ensures the direct applicability
of the ideas in [8], [9] for calculating the f-electron susceptibility in the PAM. In addition to the Green’s
functions of localized electrons, we calculate the spin Green’s functions of the collectivized subsystem and
also the mixed Green’s functions.

2. The PAM Hamiltonian in the strong electron correlation
regime

The PAM Hamiltonian was first proposed in [11] as a generalization of the single-impurity Anderson
model [12] to the system of regularly distributed f centers. This model was studied theoretically based
on the atomic representation using the HDT and the generating functional method [5], [6], [13]. In the
strong electron correlation regime corresponding to a large value of the one-site Coulomb repulsion, we can
exclude states with two f electrons localized at the same site from the basis of one-ion states. Using the
atomic representation, we can take the above basis reduction into account naturally and then write the
PAM Hamiltonian in the form

̂H = ̂H 0 + ̂H int,

where
̂H 0 =

∑

�kσ

ξ�kσc+
�kσ

c�kσ +
∑

fσ

˜EσXσσ
f , ̂H int =

1√
N

∑

�kfσ

{V�ke−i�k �Rf c+
�kσ

X0σ
f + c.c.}. (1)

In the expression for ̂H 0, the first sum describes the ensemble of noninteracting conductivity electrons
placed in the external magnetic field H , which removes the degeneracy of the seed energy spectrum εk

with respect to the value of the projection of the spin momentum σ = ±1/2: ξ�kσ = ε�k − 2σμ
B
H − μ,

where μ
B

is the Bohr magneton. The chemical potential μ participates in this expression because we must
average over the grand canonical ensemble in what follows. The secondary quantization operators c+

�kσ
and

c�kσ respectively create and annihilate a conductivity electron in the state with the quasimomentum �k and
the spin projection σ. The second term in the Hamiltonian ̂H 0 takes the presence of localized f-electron
states with the initial energy E0 into account. In the magnetic field, the energy of these states contains the
Zeeman correction depending on the g-factor: ˜Eσ = E0 − σh − μ, where h = gμ

B
H . We use the Hubbard

operators in the atomic representation to describe f-ion states: Xm,n
f = |m〉〈n|. The vector |n〉 describes the

state without electrons for n = 0 and the one-electron state with the spin projection σ for n = σ (σ = ↑, ↓).
We forbid the appearance of double-electron states n = 2, as noted above. The interaction operator ̂H int

in (1) is responsible for hybridization processes between collectivized and localized electrons. The matrix
element V�k determines the intensity of these processes. The nondiagonal Hubbard operator X0σ

f = |0〉〈σ|
describes changing the f-ion valency.

3. Spin Green’s function of localized electrons

To calculate the DMS of a localized subsystem, we introduce the spin Green’s function

D+−
dd (x − x′) = −〈Tτ

˜X↑↓(x) ˜X↓↑(x′)〉. (2)
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In this definition, we use the four-dimensional coordinates x = (�Rf , τ) and x′ = (�Rf ′ , τ ′) for brevity, the
Hubbard operators in the Heisenberg representation are ˜Xα(x) = eτ�H Xα

f e−τ�H , and the angle brackets de-

note the thermodynamic average with the density matrix e−β�H / Sp{e−β�H } determined by Hamiltonian (1).
As is known [14], in the passage to the interaction representation(Xα(x) = eτ�H0Xα

f e−τ�H0), the scattering
matrix

S(β) = Tτe−
� β
0 dτ �H int(τ) (3)

arises, and Green’s function (2) becomes

D+−
dd (x − x′) = −〈TτX↑↓(x)X↓↑(x′)S(β)〉0

〈S(β)〉0
. (4)

The average 〈 · 〉0 is here taken with the density matrix e−β�H0/ Sp{e−β�H0} determined by the free-particle
Hamiltonian ̂H 0. In formula (3), the operator ̂H int(τ) is also taken in the interaction representation, and
the exponent is

−
∫ β

0

dτ ̂H int(τ) = −
∫ β

0

dτ
1√
N

∑

�p,f,σ

(

V�p e−i�p�Rf c+
�pσ(τ)X0σ

f (τ) + c.c.
)

. (5)

As shown in [5]–[7], we can explicitly pair the secondary-quantized Fermi operators in expression (4).
Indeed, we expand the S-matrix in powers of the hybridization interaction and take into account that only
expansion terms of even orders contribute. This follows because all means must contain equal numbers of
creation and annihilation operators in the normally ordered phase. For the same reason, raising expres-
sion (5) to an even power 2n, we obtain (2n)!/(n!)2 nonzero terms. Pairing all c operators with the c+

operators, we obtain the new effective scattering matrix

˜S(β) = Tτe−
�

dx dx′ �
σ tσ(x−x′)Xσ0(x)X0σ(x′) (6)

with the effective integral of localized electron hopping

tσ(x − x′) =
1
N

∑

�k

|V�k|
2ei�k(�Rf−�Rf′ )G

(0)
�kσ

(τ − τ ′), (7)

which has the Fourier transform
tσ(k) = |V�k|

2G
(0)
�kσ

(ωn). (8)

In these terms, the initial propagator of collectivized electrons has the standard form

G
(0)
�kσ

(ωn) ≡ G
(0)
kσ = (iωn − ξ�kσ)−1, (9)

where ωn = (2n + 1)πT , n = 0,±1,±2, . . . , is the Matsubara frequency. The c-operator pairing behavior
in the expression for the Green’s function D+−

dd therefore formally corresponds to replacing the scattering
matrix S(β) → ˜S(β), and instead of formula (4), we hence obtain the representation

D+−
dd (x − x′) = −〈TτX↑↓(x)X↓↑(x′)˜S(β)〉0

〈˜S(β)〉0
. (10)

We note that in this model, the c-operator pairing procedure for all the Green’s functions defined on X

operators alone means merely replacing S(β) → ˜S(β). If c operators participate in defining the Green’s
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function, then in addition to changing the S-matrix, we must change the structure of the Green’s functions,
as is shown in subsequent sections.

Analyzing formulas (6) and (10), we see that the dynamics of electrons of a localized subsystem can be
described in the framework of the effective Hubbard model with tunneling integral (7). By virtue of this,
we calculate the dynamical susceptibility of the localized subsystem using the results in [8], [9], where the
HDT method was used in the GCPA to calculate the spin Green’s function for the Hubbard model.

We define the prevalence order of Hubbard operators by the root vector 0↑ > 0↓ > ↑↓ and introduce
the graphic notation

(11)

We here define the fermionic Green’s function Gσ(x−x′) such that its Fourier transform satisfies the relation

Gσ(k)Pσ(k) =
∫

d(x − x′)e−ik(x−x′)(−)〈Tτ
˜X0σ(x) ˜Xσ0(x′)〉, (12)

where Pσ(k) is the end factor [15]–[17]. In this notation, we write the diagram series for D+−
dd in the form

. (13)

The spin Green’s function, represented here by the double dashed line and denoted by G↑↓ in what follows,
satisfies the Dyson equation

. (14)

The thin dashed line corresponds to the initial spin Green’s function g
(0)
↑↓ determined from the equation

g
(0)
↑↓ (x − x′)B↑↓ = −〈TτX↑↓(x)X↓↑(x′)〉0, (15)

where B↑↓ = 〈X↑↑ − X↓↓〉0 is the end factor Pσ in the zeroth approximation. In the momentum represen-
tation, we have

g
(0)
↑↓ (q) = (iωm − h)−1, q = (�q, ωm), ωm = 2mπT, m = 0,±1,±2, . . . , (16)

and correspondingly
G↑↓(q) = (iωm − h − Σ(q))−1, (17)

where Σ(q) is the mass operator for the magnon Green’s function.
We calculate the four-leg subdiagram Γ(k1 − q, k1; k2 + q, k2) (the black square in diagram (13)) using

the GCPA [8], [9], [17]. In this approximation, it satisfies the graphic equation

(18)
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In its analytic form, this equation is

Γ(k1 − q, k1; k2 + q, k2) = t↑(k1 − q) + t↓(k2 + q) +

+
T

N

∑

k3

(t↓(k3) + t↑(k1 − q))G↑(k3 − q)G↓(k3)Γ(k3 − q, k3; k2 + q, k2). (19)

Analogously to [8], [9], [17], its solution can be written as

Γ(k1 − q, k1; k2 + q, k2) =
1

d⊥(q)
[Φ(q) + t↑(k1 − q)(1 − Q(q)) +

+ t↓(k2 + q)(1 − Λ(q)) + t↑(k1 − q)t↓(k2 + q)Π(q)], (20)

where

d⊥(q) = (1 − Q(q))(1 − Λ(q)) − Π(q)Φ(q), (21)

⎛

⎜

⎜

⎜

⎜

⎝

Π(q)

Q(q)

Λ(q)

Φ(q)

⎞

⎟

⎟

⎟

⎟

⎠

=
T

N

∑

k1

⎛

⎜

⎜

⎜

⎜

⎝

1

t↓(k1)

t↑(k1 − q)

t↓(k1)t↑(k1 − q)

⎞

⎟

⎟

⎟

⎟

⎠

G↑(k1 − q)G↓(k1). (22)

The diagram expansion for the three-leg subdiagrams γΛ(k1 − q, k1; q) and γΠ(q; k2 + q, k2) in dia-
gram (13) implies that these amplitudes can be expressed in terms of four-leg subdiagram (18):

(23)

Using solution (20), we find

γΛ(k1 − q, k1; q) =
t↑(k1 − q)(1 − Q(q)) + Φ(q)

d⊥(q)
,

γΠ(q; k2 + q, k2) =
t↓(k2 + q)(1 − Λ(q)) + Φ(q)

d⊥(q)
B0.

(24)

The quantity B0, denoted by a small double circle in diagram (23), is determined by the expression

B0 = 〈X↑↑ − X↓↓〉0 − f( ˜E↑) + f( ˜E↓).

The graphic representation for the mass operator Σ in Eq. (14) in this approximation is

. (25)
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Setting analytic expressions into correspondence with graphs (25), we obtain the mass operator represen-
tation

Σ(q) =
B0Φ(q)
d⊥(q)

+ δμ(h), δμ(h) =
T

N

∑

k1

[t↓(k1)G↓(k1) − t↑(k1)G↑(k1)]. (26)

Taking the above equations for the four- and three-leg subdiagrams in diagram (13) into account, we
find the analytic expression for the Green’s function D+−

dd , which is known to be related to the DMS of the
localized subsystem (after analytic continuation),

D+−
dd (q) =

Π(q) + B0
˜D(0)(ωm)

d⊥(q) − Φ(q)B0
˜D(0)(ωm)

, (27)

where ˜D(0)(ωm) = (iωm − h− δμ(h))−1. Although the structure of expression (27) formally coincides with
that obtained in [8] for the t-model transversal dynamical susceptibility, we must remember that the specific
dependences on k and ωm of the functions in these expressions differ. Moreover, the complete solution of
the magnetic susceptibility problem requires calculating three new functions, which were not considered
in [8]. We present the solution of this part of the problem in the subsequent sections.

4. Mixed spin Green’s functions of localized and collectivized
electrons

The complete Matsubara DMS is given by the expression

χ⊥(τ − τ ′) = 〈Tτ
˜M+

f (τ)˜M−
f ′(τ ′)〉,

where M+
f = gμ

B
X↑↓

f + 2μ
B
σ+

f , M−
f = gμ

B
X↓↑

f + 2μ
B
σ−

f , and σ±
f is the conductivity electron spin flip

operator. Obviously, in addition to the already found D+−
dd , calculating χ⊥ requires knowing the mixed

Green’s functions D+−
dc and D+−

cd defined on the operators Xσσ̄ and σ∓ and also the spin Green’s function
of the collectivized electrons. In this section, we calculate the first two functions.

The function D+−
dc is determined by the expression

D+−
dc (x − x′) = −〈Tτ

˜X↑↓(x)σ̃−(x′)〉. (28)

Passing to the interaction representation and taking the relation between the operator σ−(x′) and the
secondary-quantized operators

σ−(x′) =
1
N

∑

�k�k′

e−i�Rf′ (�k−�k′)c+
�k↓

(τ ′)c�k′↑(τ
′) (29)

into account, we obtain

D+−
dc (x − x′) =

1
N

∑

�k�k′

e−i�Rf′ (�k−�k′)
−〈TτX↑↓(x)c+

�k↓(τ
′)c�k′↑(τ

′)S(β)〉0
〈S(β)〉0

. (30)

Pairing the c operators in the obtained expression, we can easily see that as in calculating D+−
dd , we

obtain the expression for effective S-matrix (6) with effective interaction (7). Because two of the c operators
are external, the result of passing to effective interactions does not result in merely replacing S(β) → ˜S(β),
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as was the case for the function D+−
dd , and additional sums appear. We thus obtain the expression for the

Fourier transform of the mixed Green’s function D+−
dc :

D+−
dc (q) =

T

N

∑

k1

V�k1
G

(0)
k1↑V

∗
�k1+�q

G
(0)
k1+q,↓FΠ(q; k1 + q, k1). (31)

The function FΠ(q; k1 + q, k1) here is the Fourier transform of the two-particle Green’s function

FΠ(x; xn, yn) = −〈TτX↑↓(x)X↓0(xn)X0↑(yn)˜S(β)〉0c, (32)

which is defined by the relation

∫

dx dxn dyn e−iqx+ipxn−ik1ynFΠ(x; xn, yn) =
N

T
δ(k1 + q − p)FΠ(q; p, k1). (33)

The subscript c on the right angle bracket in (32) indicates that only connected diagrams are taken into
account when calculating this mean by the Wick theorem. We write the graphic series for the function FΠ:

. (34)

Comparing this expression with Eq. (13), we observe that the analytic contribution of the first six diagrams
in (34) is the product of the functions D+−

dd and G↑ and the remaining four diagrams are expressed in terms
of the already known four- and three-leg subdiagrams. Following the HDT rules, we obtain

FΠ(q; k1 + q, k1) = D+−
dd (q)G↑(k1) + G↑(k1)G↓(k1 + q)F 0↓ ×

×
{

1 + G↑↓(q)γΠ(q; k1 + q, k1) +
T

N

∑

k2

G↑(k2)G↓(k2 + q) ×

× [Γ(k2, k2 + q; k1 + q, k1) + γΛ(k2, k2 + q; q)G↑↓(q)γΠ(q; k1 + q, k1)]
}

. (35)

Substituting this relation in Eq. (31), we obtain the desired expression for the mixed Green’s function:

D+−
dc (q) =

(χ1,↓(q) + χ3,↓(q)F 0↓)[Π(q) + B0
˜D(0)(ωm)] + χ2,↓(q)F 0↓(1 − Q(q))

d⊥(q) − Φ(q)B0
˜D(0)(ωm)

. (36)

The new functions χ introduced here are defined by the equations

⎛

⎜

⎜

⎝

χ1,σ(q)

χ2,σ(q)

χ3,σ(q)

⎞

⎟

⎟

⎠

=
T

N

∑

k1

V�k1−�q G
(0)
k1−q,σ̄V ∗

�k1
G

(0)
k1σGσ̄(k1 − q)

⎛

⎜

⎜

⎝

1

Gσ(k1)

Gσ(k1)tσ(k1)

⎞

⎟

⎟

⎠

. (37)
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We can analogously calculate the second mixed Green’s function

D+−
cd (x − x′) = −〈Tτ σ̃+(x) ˜X↓↑(x′)〉, σ+(x) =

1
N

∑

�k�k′

e−i�Rf (�k−�k′)c+
�k↑

(τ)c�k′↓(τ). (38)

But a simpler way to derive it is to note that the function D+−
dc (x−x′) becomes D+−

cd (x′−x), or D+−
dc (q) →

D+−
cd (−q) in the momentum representation, after the change of variable h → −h (σ → −σ). Because

B0 → −B0, ˜D(0)(ωm) → − ˜D(0)(ωm), Q(q) ↔ Λ(q), and Π(q) and Φ(q) remain unchanged under this
substitution, we find from expression (36) that

D+−
cd (q) =

(χ1,↑(−q) + χ3,↑(−q)F 0↑)[Π(q) + B0
˜D(0)(ωm)] + χ2,↑(−q)F 0↑(1 − Λ(q))

d⊥(q) − Φ(q)B0
˜D(0)(ωm)

. (39)

5. The DMS of collectivized electrons in the PAM

The spin Green’s function determining the magnetic susceptibility in the conductivity electron subsys-
tem is introduced standardly,

D+−
cc (x − x′) = −〈Tτ σ̃+(x)σ̃−(x′)〉. (40)

In the interaction representation with (29) taken into account, this function has the form

D+−
cc (x − x′) =

1
N2

∑

�p1...�p4

e−i(�p1−�p2)�Rf e−i(�p3−�p4)�Rf′ ×

× −1
〈S(β)〉0

〈Tτc+
�p1↑(τ)c�p2↓(τ)c+

�p3↓(τ
′)c�p4↑(τ

′)S(β)〉0. (41)

The c-operator pairings result in the structure of the expressions for the Fourier transform of the Green’s
function D+−

cc :

D+−
cc (q) =

T

N

∑

k1

G
(0)
k1−q,↑G

(0)
k1↓[1 + t↓(k1)D↓(k1) + t↑(k1 − q)D↑(k1 − q)] +

+
(

T

N

)2
∑

k1,k2

V ∗
�k1−�q

G
(0)
k1−q,↑V�k1

G
(0)
k1↓V

∗
�k2+�q

G
(0)
k2+q,↓V�k2

G
(0)
k2↑F (k1 − q, k1; k2 + q, k2). (42)

Here, Dσ(k) = Gσ(k)F 0σ in our approximation, and the Fourier transform F (k1, k2; k3, k4) of the two-
particle Green’s function

F (xl, yl; xn, yn) = −〈TτX↑0(xl)X0↓(yl)X↓0(xn)X0↑(yn)˜S(β)〉0c (43)

is determined by the relation

∫

dxl dyl dxn dyn eik1xl−ik2yl+ik3xn−ik4ynFΛ(xl, yl; xn, yn) =

=
N

T
δ(k1 − k2 + k3 − k4)F (k1, k2; k3, k4). (44)
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The function F (k1 − q, k1; k2 + q, k2) in the graphical representation is

(45)

Taking expression (13) into account, we find that the analytic contribution of the first six diagrams of this
series is

G↓(k1)D+−
dd (q)G↑(k2). (46)

Taking (34) into account, we find that the contribution of the four diagrams in the third line of (45) is

G↓(k1)(FΠ(q; k2 + q, k2) − D+−
dd (q)G↑(k2)). (47)

Analogously, for the four diagrams in the fourth line of (45), we obtain

(FΛ(k1 − q, k1; q) − G↓(k1)D+−
dd (q))G↑(k2). (48)

We calculate the contribution to F of the three last diagrams using the known expressions for the three-
and four-leg subdiagrams. Collecting all the terms of series (45) and combining like terms, we obtain the
expression for the two-particle Green’s function F (k1 − q, k1; k2 + q, k2):

F (k1 − q, k1; k2 + q, k2) =

=
(

T

N

)

δ(k1 − q − k2)D↑(k1 − q)D↓(k2 + q) +

+
G↓(k1)G↑(k2)

d⊥(q) − Φ(q)B0
˜D(0)(ωm)

{

D↓(k2 + q)(1 − Q(q)) + D↑(k1 − q)(1 − Λ(q)) +

+ [Π(q) + B0
˜D(0)(ωm)][1 + D↑(k1 − q)t↑(k1 − q)][1 + D↓(k2 + q)t↓(k2 + q)] +

+ D↑(k1 − q)D↓(k2 + q)[Φ(q) + t↑(k1 − q)(1 − Q(q)) + t↓(k2 + q)(1 − Λ(q))]
}

. (49)
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Substituting expression (49) in formula (42), we obtain the expression for the desired Green’s function

D+−
cc (q) =

T

N

∑

k1

G
(0)
k1−q,↑G

(0)
k1↓[1 + t↓(k1)D↓(k1)] · [1 + t↑(k1 − q)D↑(k1 − q)] +

+
(

T

N

)2
∑

k1,k2

V ∗
�k1−�q

G
(0)
k1−q,↑V�k1

G
(0)
k1↓V

∗
�k2+�q

G
(0)
k2+q,↓V�k2

G
(0)
k2↑

G↓(k1)G↑(k2)

d⊥(q) − Φ(q)B0
˜D(0)(ωm)

×

×
{

D↓(k2 + q)(1 − Q(q)) + D↑(k1 − q)(1 − Λ(q)) +

+ [Π(q) + B0
˜D(0)(ωm)][1 + D↑(k1 − q)t↑(k1 − q)][1 + D↓(k2 + q)t↓(k2 + q)] +

+ D↑(k1 − q)D↓(k2 + q)[Φ(q) + t↑(k1 − q)(1 − Q(q)) + t↓(k2 + q)(1 − Λ(q))]
}

, (50)

using which we can study the collectivized electron magnetic susceptibility in the PAM in the regime U = ∞.

6. Conclusion

Formulas (27), (36), (39), and (50) solve the considered problem of finding the DMS χ(�k, iωn) because
χ(�k, iωn), as mentioned above, can be expressed in terms of the functions D+−

dd (q), D+−
dc (q), D+−

cd (q),
and D+−

cc (q). We obtain the specific frequency dependences of χ(�k, iωn) on the real axis by analytic
continuation from the imaginary frequency axis to the complex plane. The obtained expressions for the
partial contributions, which determine susceptibilities for both the localized and collectivized subsystems,
then allow obtaining the full DMS even in the case where the localized state g-factor takes arbitrary values.
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