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1. INTRODUCTION

It has become clear in recent decades that correla�
tion effects play a leading role in the formation of
physical properties of a large group of materials with
strong electron correlations (in particular, high�tem�
perature superconductors). The quasi�two�dimen�
sional structure of HTSC cuprates is also an important
factor determining the properties of these materials.

The most promising model for theoretical study of
quasi�two�dimensional systems with strong electron
correlations is the two�dimensional (2D) Hubbard
model [1]. In spite of its apparent simplicity, this
model helps to reveal general fundamental properties
of these materials. An important constraint in a
detailed theoretical description of properties of
strongly correlated systems is the fact that the kinetic
and potential energies are of the same order of magni�
tude. This means that perturbation theory is applicable
neither in the weak coupling limit nor in the strong
coupling limit. However, it is well known that an anal�
ysis of 2D systems based on the theories of dynamic
mean field, which are most advanced theories in the
Hubbard model [2–4], is impossible due to the disre�
gard of spatial correlations of particles in this theory. A
large number of recent publications devoted to the
development of a new class of theories can be classified

as quantum cluster theories [5]. The very idea of divid�
ing the entire lattice into clusters and to take into
account the interaction in a cluster and the interaction
between clusters in perturbation theory was presented
long ago [6–8]. Later, a number of theories were
developed based on this principle, e.g., the cluster
dynamic mean field theory (CDMFT) [9], dynamic
cluster approximation (DCA) [10], and cluster pertur�
bation theory (CPT) [11]. An analogous approach was
used in [12] for describing plaquette deformation of a
2D quantum magnet.

In these theories, the first step is the division of the
entire lattice into cluster and taking into account intr�
acluster interactions exactly. For this purpose, the
Lanczos method [13, 14] of exact diagonalization was
mainly used. It is shown below that this approach is
not correct without an appropriate control of the
number of states in the Hilbert state and may lead to
incorrect results. For this reason, the exact complete
diagonalization method taking into account all
excited states in each subspace of the Hilbert state of
local cluster states is used in our study.

The second step in constructing cluster theories is
the allowance for interactions between clusters. At this
stage, all quantum cluster theories differ significantly.
For example, in CDMFT and DCA, a self�consistent
approach is used to take into account the interaction
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of a cluster with the surroundings, while in the CPT,
this interaction is taken into account without the self�
consistent procedure in perturbation theory using the
concept of auxiliary fermions [15]. We will use the
technique of Hubbard X operators, which makes it
possible to write the interaction between clusters
directly and precisely in the language of X operators.
Further analysis of the model in the cluster represen�
tation can be carried out using various approximate
procedures developed for the Hubbard model.

It should be noted that we operate in the framework
of the 2D Hubbard model in the Hubbard�I approxi�
mation for intercluster jumps and confine our analysis
to the case of half�filling (without doping). However,
even in this simple (at first glance) version, the cluster
approach has made it possible to slightly clarify this
important physical phenomenon as the metal–insula�
tor (Mott—Hubbard) transition and revealed inter�
esting features of the electron band structure. In par�
ticular, we will demonstrate the existence of two char�
acteristic energy scales at finite temperatures; the
larger scale is associated with the formation of a
pseudogap in the vicinity of the Fermi level, while the
smaller scale is associated with temperature of the
metal–insulator transition.

In Section 2, the exact diagonalization method is
described. In Section 3, Hubbard X operators are con�
structed and a transition to this representation in the
2D Hubbard model is made. In Section 4, a Fourier
transition to the lattice representation and from the
reduced to extended Brillouin zone is described. In
Section 5, the results of numerical calculation of the
band structure of a 2D lattice are described, and the
dependence of the gap width on the Coulomb interac�
tion parameter U at a site is considered. The analogy
between the spin density wave with a long�range mag�
netic order and the given situation with a short�range
order is traced. Spin correlation functions for a cluster

are calculated. In Section 6, the temperature depen�
dences of the density of states are considered and it is
shown that the metal–insulator transition occurs con�
tinuously. The temperature of this transition is deter�
mined and its dependence on parameter U is con�
structed. The results are discussed in the conclusion.

2. EXACT DIAGONALIZATION

Let us consider the 2D Hubbard model

(1)

(2)

(3)

where  and aiσ are the production and annihilation
operators for an electron with spin σ at site i, niσ is the
density operator of electrons with spin σ (  = –σ), ε
is the energy of an electron at a site, μ is the chemical
potential, tij is the hopping integral, and U is the param�
eter of the Coulomb interaction at a site. In further
analysis, we will confine ourselves to only the nearest
neighbor approximation with jump amplitude t.

Let us pass from the single�site description to the
cluster description. We divide the square lattice into
2 × 2 clusters (Fig. 1). It should be noted in this con�
nection that the choice of this type of clusters pre�
serves the point symmetry group of the initial lattice.
Let us regroup the terms in Hamiltonian (1) to sepa�
rate the intracluster interactions from intercluster
interactions,

(4)

where f and g are the cluster indices. In further analy�
sis, we will normalize energy to hopping parameter t,
assuming that the latter is –1.

The next step after the division of the lattice into
clusters is the exact solution of the time�independent
Schrödinger equation with the intercluster part of
Hamiltonian (4). After an exact diagonalization pro�
cedure, we obtain exact cluster wave eigenfunctions
and corresponding energy eigenvalues. In connection
with this, it should be emphasized that, in exact diag�
onalization, we do not use the Lanczos method, in
which only the ground state and several excited states
are determined precisely. Therefore, in our case,
eigenvectors form an exact complete set.

For N = 4, the cluster wavefunction can be written
as the sum of three terms containing homeopolar
(with one electron per site), heteropolar (with a pair of
electrons), and doubly heteropolar parts (with two
pairs of electrons per site). In the limit U  ∞, only
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Fig. 1. Division of lattice into 2 × 2 clusters. Interaction
between nearest neighbors in a cluster is shown by solid
lines and interaction between clusters is shown by dashed
lines.
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homeopolar states are left, and wavefunction  has
the form [12]

(5)

Corrections to homeopolar function (5) were obtained
analytically for t � U in [6, 7].

3. CONSTRUCTION OF X OPERATORS

Since cluster wavefunctions form a complete
orthonormal basis, by definition, we can construct
Hubbard X operators for a cluster in the form

(6)

where f is the cluster index; α = α(p, q), and p and q
are the initial and final state, respectively. The prop�
erties of X operators be described in greater detail in
[1, 16–18].

Let us write the Fermi annihilation operator in
terms of the X operators,

(7)

(8)

where i is the intracluster index assuming values 1, 2,
3, and 4, and σ is the spin index. Here, it is shown
explicitly that matrix element γiσ(α) determines tran�
sitions from a part of the Hilbert space with N particles
in state m to the part of the Hilbert space with N – 1
particles in state m'. The production operator can be
written analogously.

Using the anticommutation relation between the
Fermi production and annihilation operators, we can
write the following sum rule:

(9)

(10)

where F(α) is the filling factor [17, 18]. Here, we have
introduced the f factor, i.e., the quantity that deter�
mines the extent to which the sum rule (expressing the
conservation of the total spectral weight of the elec�
tron) is observed. Calculations show that to obtain a
correct result, we must control this quantity from 0.99
to 1.00 (see Section 5 for details). It follows from rela�
tion (9) that the f factor is accumulated due to an
increase in the number of transitions from one part of
the Hilbert space to another (Fig. 2). Consequently,
the situation becomes possible, in which the f factor is
already close to 1.0, but not all transitions are taken
into account. This means that the remaining transi�
tions are unlikely and do not make a considerable con�
tribution to the total band pattern. This conclusion is
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confirmed by the results of calculations obtained in
this study.

Figure 2 shows the low�energy part of the Hilbert
space for N = 3, 4, and 5 in the energy range of about
U/2 relative to the lower energy level for each sub�
space. Here, the following scheme is used for denoting
a state: the number on the left indicates degeneracy
associated with the point symmetry group of the clus�
ter, the letter indicates the total spin and the corre�
sponding spin degeneracy multiplicity, and the sub�
script indicates the number of states with identical
total spins. In the subspace with N = 4, the ground
state is singlet S1 (in the notation used in [6, 7], it is the

term ).

4. TRANSITION TO LATTICE

Having defined the X operators on a cluster, we can
now write Hamiltonian (4) in the form

(11)

where εn is the energy of a cluster in state n, and  are
intercluster hopping integrals.

Let us carry out the Fourier transformation of X
operators. We take into account the fact that these
operators are defined for the clusters forming a qua�
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Fig. 2. Low�energy part of the Hilbert space with N = 3, 4,
and 5 for U = 8 (notation: S, total spin is 0; D, 1/2; T, 1; Q,
3/2; and P, 2; the number on the left indicates degeneracy
at the point symmetry group of the cluster).
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dratic superlattice with a period twice as large as that
of the initial lattice of sites. In our case, the number of
sites in a cluster is four; consequently, the total number
of clusters is smaller than the initial number of sites
also by a factor of four. Taking into account this cir�
cumstance, we obtain

(12)

where N* is the number of clusters in the superlattice

and  is the wave vector assuming the values in the
reduced Brillouin zone (Fig. 3). As a result, we obtain

(13)

Let us define two two�time Green’s functions on
the Fermi production and annihilation operators and
for Hubbard fermions in the representation of X oper�
ators:

(14)

(15)

where i and j are the intracluster indices and f and g are
the cluster indices. Here, we have used the notation
from [19].

After writing the equations of motion for Green
function (15) and using the Fourier transform (12), we
can obtain the following matrix equation in the Hub�
bard�I approximation:

(16)
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where

(17)

(18)

(19)

Expression (17) defines the cluster Green function,
which can be evaluated precisely and contains the
energy of the transition (quasiparticle energy) from
state q with number of particles N + 1 to state p with
number of particles N (18), as well as filling factor (19)
for Fermi quasiparticles, which is defined as the sum of
filling factors of the corresponding states. This
Green’s function has the form of a diagonal matrix.

Let us define the Fourier transform for the Fermi
operators

(20)

where N0 is the number of sites in the initial lattice and
k is the wavevector defined in the initial Brillouin zone
(see Fig. 3). It should be noted that this Fourier expan�
sion for X operators (12) is defined in the reduced Bril�
louin zone. Green’s function (15) is found to be
defined for the superlattice of clusters. To pass to elec�
tron Green’s function (14), we must establish the rela�
tion between Green’s functions (14) and (15). Using
expansion (7), we can obtain

(21)

After Fourier transformation (20) taking into
account expression (21), we can write the Fourier
transform of the electron Green function as

(22)

where Nc is the number of sites in the cluster (which is
four in our case).

Having determined the electron Green function
from formula (22), we can obtain the spectral function

(23)

It is well known that the spectral function must obey
the sum rule obtained from the anticommutation rela�
tion for the Fermi operators as follows:
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Fig. 3. Initial Brillouin zone (dashed lines), reduced Bril�
louin zone (solid lines) for the cluster superlattice.
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Above, we have introduced the concept of f factor (9),
which defines the extent to which equality (24) is sat�
isfied, i.e.,

(25)

We can now fully estimate the necessity of monitoring
the f factor at the first steps of computation of the com�
plete Green function. After the exact diagonalization
of a cluster and before calculating the Green function,
we can choose this number of Fermi quasiparticles
(Hubbard fermions described by transitions N + 1 
N in the Hilbert space; see Fig. 2), which will allow us
to obey the sum rule at the end of calculations. In an
ideal situation, we must include all transitions of the
Hilbert space in our analysis. However, since we per�
form numerical calculations in which an increase in
the number of transitions involves an increase the
computation time, it is very important to determine
the optimal number of transitions before calculations
without noticeably affecting the final result. This is
ensured by controlling the f factor at the beginning of
numerical calculations. Examples of this control are
given in the next section.

5. DISPERSION RELATIONS

One of the main methods for determining the
physical properties of any substance is the construc�
tion and analysis of the dispersion relations for quasi�
particles. In accordance with definition (17), the dis�
persion equation has the form

(26)

ωA k ω,( )d∫ f.=

det ω Ω α( )–( )δαβ F α( )Tαβ k̃( )–( ) 0.=

The solution to this equation gives bare dispersion
relations for all quasiparticles. This set contains both
dispersion relations hat define the bands, as well as dis�
persion�free levels. In other words, Eq. (26) also gives
false poles, which are cancelled out with the numerator
in the complete Green function. Spectral function (23)
makes it possible to find the spectral weight of all such
states for each value of the wavevector and, hence, to
select physically significant poles.

Let us consider once again the influence of the f
factor on the final result of calculation and the appli�
cability of the Lanczos exact diagonalization method.
It should be recalled that the magnitude of the f factor
is affected by the number of accountable transitions
between states differing by one particle in the Hilbert
space. In the case of half�filling for a 2 × 2 cluster, these
are transitions from states with N = 5 to the state with
N = 4 and from states with N = 4 to those with N = 3
(see Fig. 2). At zero temperature, the filling factor of
state 1S1 in the subspace with N = 4 is unity, while all
remaining states are unfilled. The allowance for quan�
tum fluctuations leading to a number of pairs on the
order of (t/U)2 in the limit of strong correlations is
beyond the accuracy of our approximation.

Figure 4 shows the dependence of the dispersion
relation on the number of accountable transitions.
Here, the following notation for the characteristic
points of the Brillouin zone is used: Γ ≡ (0, 0), X ≡ (π, 0),
and M ≡ (π, π). It can be seen that a gradual increase
in the number of transitions (i.e., an increase in the f
factor) leads to considerable changes in the band
structure, including changes in dispersion relations

Fig. 4. Dependence of dispersion relation on number of accountable transitions (f factor): f = 0.395 (a), 0.792 (b), 0.9995 (c); U =
8. States in Hilbert space, the transitions between which were taken into account in calculating the relevant dispersion relations,
are shown schematically.
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Fig. 5. (a) Dispersion curves (U = 0.5, f = 0.997); (b) enlarged dispersion region near the Fermi level; (c) density of states (U =
0.5, f = 0.997, δ = 0.0001); (d) enlarged region of density of states for U = 0.5.

and the redistribution of weight among them; however,
the result is qualitatively correct for all dispersion rela�
tions presented in the figure. This is primarily mani�
fested in the formation of the upper and lower Hub�
bard bands. Thus, the uncontrollable rejection of
excited states may lead to violation of the sum rule and
a variation of the band pattern in the whole. This is
precisely what occurs when we use the Lanczos exact
diagonalization method, in which only the ground
state and several excited states can be determined pre�
cisely due to the limitations of the method itself.

Figure 4c shows the band structure for six transi�
tions to the half�space with a number of particles
smaller by one, which forms the lower Hubbard band,
and six transitions to the subspace with a number of
particles larger by one, which forms the upper Hub�
bard band. In this case, the f factor is 0.9995, which
indicates that a larger number of accountable transi�
tions hardly changes the band structure. In fact, our
calculations, which take into account all remaining
transitions, shows that the emerging new states are dis�
persion�free, have almost zero spectral weight, and do
not change the band structure.

An analysis of the dispersion relations and the den�
sity of states revealed a number of interesting features.
Figure 5 shows the dispersion curves taking into
account the spectral weight and the corresponding
density of states for Coulomb repulsion parameter U =
0.5. As usual, in numerical calculations of the spectral
function and the density of states, the delta function is
replaced by the Lorentzian with half�width δ. In

Fig. 5, this parameter is 0.0001. Let us consider Fig. 5a
in greater detail, which clearly shows the band of free
electrons for the limiting case U = 0 with a peak at
point (π, π), a minimum at point (0, 0), and saddle
point (π, 0). At the same time, a weak shadow band
can also be seen (Fig. 5b), which takes a part of the
spectral weight from the main dispersion. The forma�
tion of the shadow band is associated with the presence
of the antiferromagnetic order. However, in the 2D
considered here, a long�range order can appear only at
zero temperature in accordance with the Mermin–
Wagner theorem. We calculate the electron structure
under the assumption of the absence of a long�range
magnetic order. Consequently, the shadow band can
only appear due to the formation of the short�range
antiferromagnetic order.

Figure 5c clearly shows two symmetric singularity,
which merge together in the limit U = 0, forming a
logarithmic divergence of the density of states at the
Fermi level, which is typical in this limit. Figure 5d
shows an enlarged region of the density of states near
the Fermi level. The fine structure with several singu�
larities can be seen clearly. We can single out three
characteristic scales of the gap, i.e., a gap at point
(π, 0) between the saddle singularities on dispersion
curves (see Fig. 5b), a gap in the vicinity of point (π/2,
π/2), and a minimal gap responsible for the actual gap
in the density of states. It can be seen from Fig. 5b that
the latter gap is not optical and is determined by the
segments of dispersion curves with a small spectral
weight at points (π/2, 0) and (π, π/2).

X

2

Г М Г

4

0

–2

–4

(a)
ω

k
X

0.05

Г М Г

0.10

0

–0.05

–0.10

(b)

ω

k

–4

(c)

ω

–0.1 0 0.1

(d)

ω

0.15

4

3

2

1

0

5

–2 0 2 4

4

3

2

1

0

N N

2Δ(π, 0)

2Δ(π/2, π/2)

2Δmin



JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS  Vol. 111  No. 4  2010

CLUSTER PERTURBATION THEORY IN HUBBARD MODEL EXACTLY 641

A detailed analysis of the dependence of minimal
gap width Δmin on parameter U shows that the gap in
the density of states at zero temperature exists for
indefinitely small values of U and increases with this
parameter (Fig. 6). This behavior can be compared
with the behavior of the gap which opens in the spec�
trum of states in the mean field theory due to the for�
mation of a spin density wave (SDW). At zero temper�
ature, we can find the SDW gap from the equation

(27)

(28)

We can obtain the dependence of this gap on parame�
ter U (Fig. 7). In formulas (27) and (28), wavevector k
runs over the antiferromagnetic Brillouin zone. It can
be seen that the behavior of both gaps with increasing
U is qualitatively the same, but our theoretical curve
lies below the curve calculated by formula (27). For
small values of parameter U, the dependence is expo�
nential, while for large values of U, it becomes linear.
Figure 7 also shows the temperature of transition from
insulator to metal upon an increase in U (see below).

The calculation of the spin correlation functions of
nearest neighbors in a cluster revealed the formation of
a short�range antiferromagnetic order. The verifica�

tion of the relation  = 2  shows that this
system exhibits the properties of an isotropic spin liq�
uid, for which the mean value of any spin component
is zero, and the correlation functions are the same for
the x, y, and z projections of spin.
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6. TEMERATURE EVOLUTION
OF THE DENSITY OF STATES

In the previous section, we have already considered
the fine structure of the density of states and obtained
the dependence of the gap width on Coulomb repul�
sion parameter U. We will now consider the tempera�
ture variations in the density of states, which lead to
one more very important physical phenomenon, viz.,
metal–insulator transition.

Above all, we must explain how the temperature
can affect the system. In all approximate approaches,
some contributions to the self�energy part (that
ensures, among other things, damping of quasiparti�
cles upon an increase in temperature) are discarded.
For this reason, in most publications devoted to anal�
ysis of the Hubbard model [20, 21], temperature
effects are taken into account in the broadening of
energy levels δ ~ T, which can be interpreted as the
effect of the imaginary part of the mass operator. On
the other hand, at a finite temperature, the possibility
of thermal population of excited states of the system
should not be disregarded. In our approach, such a
population can be taken into account explicitly allow�
ing for new transitions from excited levels (see Fig. 2)
with the corresponding filling factors. Exploiting this
possibility, we considered both of these factors simul�
taneously, choosing the linear temperature depen�
dence of δ (δ = T).

Figures 8 and 9 show two temperature evolutions of
the density of states at U = 0.5 and 2, respectively.
First, it can be seen that, in the entire temperature
range, there is no narrow peak at the Fermi level,
which is predicted by the dynamic mean field theory
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(DMFT) in the vicinity of the metal–insulator transi�
tion. Conversely, at low temperatures, the gap is
clearly manifested; this gap is blurred upon an increase
in temperature, and a broad peak appears at a certain
temperature (Fig. 8). It can be seen from Fig. 9 that at
low temperatures, the density of states exhibits a large
number of singularities which disappear upon heating,
and two bands merge into one. This means that the
state of the system experiences the metal–insulator
transition at a certain temperature. It should be noted
that, in this case, it is more appropriate to speak of the
crossover from the insulator to the metal because the
healing of the gap occurring at zero temperature
occurs gradually and smoothly. Our approximation
does not allow us to determine whether the electron
states are localized or delocalized at the Fermi level in
the pseudogap. Therefore, the transition temperature
is determined only roughly as the point at which a
noticeable density of states appears at the Fermi level;
this approach was used in [22]. Figure 7 shows the

dependence of temperature T* of this transition on
Coulomb repulsion parameter U. The value of this
transition temperature is much lower than the
pseudogap width in the density of states, which is
formed at finite temperatures. An analogous relation
between the gap width and metal–insulator transition
temperature was observed in [22].

A comparison of the density of states at a finite
temperature with the results obtained in [23], in which
the authors used the dynamic corrections to Green’s
function, revealed good agreement (Fig. 10). The gen�
eral pattern of the variations in the gap width as a func�
tion of parameter U is exactly the same; however, in
our case, the number of singularities that appear in the
density of states is larger because we precisely took into
account the short�range order in the band dispersion.

The cluster version of the dynamic mean field theory
(CDMFT approach) to analysis of the Hubbard model
was used in [21], in which densities of states are
obtained for different values of parameter U (Fig. 11c).
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Calculations were performed for the paramagnetic case
(solid curve in Fig. 11c), as well as the antiferromagnetic
case (dashed curve in Fig. 11c). The results of our cal�
culations (Figs. 11a and 11b) are in good agreement
with the behavior of the density of states in the antifer�
romagnetic case. This confirms once again the conclu�
sion that it is the short�range antiferromagnetic order
that determines the band structure and the densities of
states in strongly correlated systems.

7. CONCLUSIONS

The cluster perturbation theory for the 2D Hub�
bard model presented here demonstrates its consider�
able potentialities, even in the simplest case of half�
filling and paves new ways for further investigations of
the case with doping. Our calculations show that
allowance for the short�range magnetic order plays a
very important role in the formation of the band struc�
ture of strongly correlated systems. One advantage of
the approach described here is the possibility to con�
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trol the sum rule with the help of the f factor intro�
duced in this approach prior to the calculation of the
total Green function. The method of exact diagonal�
ization of a cluster makes it possible to take into
account the number of excited states, which ensures
the fulfillment of the sum rule to a high degree of accu�
racy. This possibility does not exist in the case of Lanc�
zos exact diagonalization, which is a considerable dis�
advantage of this approach.

The calculation of the spectral function has made it
possible to obtain the spectral weights of states and
revealed the shadow zone, which is not manifested in
standard methods for calculating the band structure.
An equally important result of this study is the obser�
vation of a gap in the density of state, which exists for
indefinitely small values of Coulomb repulsion param�
eter U. The calculation of spin correlations functions
and comparison of the density of states with the results
obtained by other authors revealed that the gap opens
due to the existence of the short�range antiferromag�
netic order.

An analysis of the temperature dependence of the
density of states shows that the peak in the density of
states at the Fermi level, which is predicted by calcula�
tions based on the dynamic mean field theory, does not
exist. Our calculations show that the metal–insulator
transition occurs continuously upon a change in tem�
perature. We have proved the existence of two charac�
teristic energy scales at finite temperatures, the larger
scaled being associated with the formation of a
pseudogap in the vicinity of the Fermi level, while the
smaller scale is associated with the metal–insulator
transition temperature. We hope that the cluster per�
turbation theory presented here with allowance for the
interaction with a large number of nearest neighbors in
the case of nonzero doping level will help to reveal fun�
damental features of systems with strong electron cor�
relations.
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