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We consider light transmission in a two-dimensional (2D) photonic crystal waveguide coupled with two
identical nonlinear defects positioned symmetrically aside the waveguide. With the coupled mode theory, we
show three scenarios for the transmission. The first one inherits the linear case and preserves the symmetry. In the
second scenario, the symmetry is broken because of different light intensities at the defects. In the third scenario,
the intensities at the defects are equal but phases of complex amplitudes are different. That results in a vortical
power flow between the defects similar to the dc Josephson effect if the input power over the waveguide is applied
and the defects are coupled. All of these phenomena agree well with computations based on an expansion of the
electromagnetic field into optimally adapted photonic Wannier functions in a 2D photonic crystal.
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I. INTRODUCTION

It is believed that future integrated photonic circuits for
ultrafast all-optical signal processing require different types
of nonlinear functional elements such as switches, memory,
and logic devices. Therefore, both physics and designs of such
all-optical devices have attracted significant research efforts
during the past two decades, and most of these studies utilize
the concepts of optical switching and bistability. One of the
simplest bistable optical devices that can be built up in photonic
integrated circuits is a single cavity coupled with an optical
waveguide or waveguides.! Its transmission properties depend
on the intensity of incident light when the cavity is filled
with a Kerr nonlinear material. If the characteristic optical
wavelength greatly exceeds the size of the nonlinear cavity,
it can be presented by a single isolated mode coupled with
the waveguide. Thereby the system becomes equivalent to the
single-level nonlinear Fano-Anderson model that describes a
nonlinear impurity embedded in a continuum. The system
has attracted interest over the past two decades because of
analytical treatment and its generality.>~'> On the other hand,
the system can be realized in the two-dimensional photonic
crystals (PhC).

For an extension of the number of nonlinear cavities (e.g.,
two) coupled with the PhC waveguide, one can expect, at
first sight, two bistable resonances. However, the interference
effects in the nonlinear system could give rise to a much more
rich variety of resonance phenomena. As was recently shown
in the framework of the nonlinear two-level Fano-Anderson
model,'® the resonances undergo crossing under variation of
a frequency, although the cavities are different. Moreover, the
resonance width could vanish to give rise to localization of
the resonance state [i.e., the bound state in continuum (BSC)].
Because of the lack of the superposition principle, the BSC is
displayed in the transmission as a resonance of rather unusual
shape. The two different cavities composed of a Kerr-type
material positioned aside the photonic waveguide, as shown
in Fig. 1(a), realize the nonlinear two-level Fano-Anderson
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relative to the inversion of the y axis, as shown in Fig. 1.
The system is even more simple compared to the system in
which two nonlinear cavities are aligned along the waveguide
considered by Maes et al.'*!> That system is symmetric
relative to the inversion of the x axis if equal power is injected
on both sides of the coupled cavities. Maes et al. have shown
that the reflected output power nevertheless might be different
on both sides of the defects due to nonlinear effects (i.e., the
symmetry of the system can be broken under the effect of input
power). Finally, the phenomenon of the symmetry breaking has
been developed in nonlinear optics'®2? with the establishment
of one or more asymmetric states that no longer preserve the
symmetry properties of the original solution. The symmetry
breaking was also found for the case of many coupled nonlinear
optical cavities in ringlike architecture.?!-??

In the linear case, both defects are excited by an input wave
with the same strength. In the nonlinear case, this excitation
shifts the resonance frequencies of the defects. Due to the
nonlinearity, it is possible that the symmetric solution is no
longer the only one at a certain input power or frequency of
input electromagnetic (EM) field. Then the system can drift
to a situation in which one defect is more excited than the
other, and thus an asymmetric state arises because of different
intensities of the EM field at the cavities. The scenario of
the symmetry breaking described in Ref. 14 is shown to be
realized in our case; however, it does not need application of
input power to both sides of the waveguide. Moreover, we
demonstrate a more fine mechanism of the symmetry breaking
when the defects are excited with the equal intensities but with
different phases.

II. PERTURBATION THEORY FOR THE DEFECT STATES

The light propagation in linear PhC is described by the
Maxwell equations
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FIG. 1. (a) Two defect rods composed of a Kerr medium marked
by filled circles, inserted into the square lattice photonic crystal of di-
electric rods. The 1D waveguide is formed by removing of linear chain
of rods. (b) Schematic system consisting of a waveguide side coupled
to two single-mode cavities. The cavities are coupled each other
via u.

We take the light speed ¢ = 1. However, if there are defects
with instantaneous Kerr nonlinearity, the displacement electric
vector interior to the defects has a nonlinear contribution®?
D(r 1) = eo(r)E(r 1+ X(q)[E(r N> E(r 1).2324 A substitu-
tion of the electric field in the form [E (F.t) = 2[E (Fre'" +

E *(F)e~'']into Eq. (1) and neglect by highly oscillating terms
such as €% allows us to write the Maxwell equations in the
same form as Eq. (1) with

() = €o(F) + L XD EGPEF)
+ LX) EXF E* (7). )

In what follows, we consider the 2D PhC with arrays of
infinitely long dielectric rods as shown in Fig. 1(a) in which the
electric field is directed along the rods while the magnetic field
is directed perpendicular to the rods [in the plane of Fig. 1(a)].
Then Eq. (2) simplifies as follows:**

€o(F) = €o(F) + 8e(7), 3

where §e¢ = %X(3)(w).

If the nonlinear contribution to the dielectric constant is
small, the Maxwell equation can be solved by the perturbation
theory. There is a remarkable analogy of electrodynamics
in dielectric media with quantum mechanics.">> That allows
us to use the well-known methods of quantum mechanical

perturbation theory and scattering theory. Let |¢/) = (g) be

the electromagnetic state in the photonic crystal. Then the
Maxwell equations (1) can be written as the Schrodinger
equation i|y/) = H|v) indeed with the Hamiltonian'3-26

—~ 0 L vx
H=( _ @7 4)
—iVx 0

Because of the perturbation of thg\ dielqgtric constant (3), the
Hamiltonian can be presented as H = Hy + V, where

ﬁ0= 0 Go(r)Vx ’ 7o 0 zS(e(r))Vx 7
—iVx 0 0 0

&)
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and
1 1 1
8 <—_,) = —5 — —>.- (6)
e(r) e(r) e(r)

Let us introduce (following, for example, Refs. 5 and 26)
the following inner product for the unperturbed system:

(Wly') /MMEE+WHM” @)

which obeys the following normalization and orthogonality
conditions for the bound eigenstates of the unperturbed
Hamiltonian Ho|1/fm) = O |V¥m):

Ul e e
<mwm=5/mmmawuﬁmw%

f €0(F)EFEyd®F = Sy )

Then the matrix elements for the perturbation, calculated by
the use of these eigenstates, are

_ ©n 32 2= 1
(m|Vin) = > /d reg(r)s <€(7)

One can see that the matrix (9) is not Hermitian, as was
noted in Ref. 26. The reason is that the unperturbed states
obey the inner product (7) with the dielectric constant €o(F),
while the eigenstates of the full Hamiltonian Hy + V obey
the inner product with a differ,gnt dielectric constant €(7).
Respectively, the Hamiltonian H is non-Hermitian with the
inner product (8).

In order to avoid this problem we must use the inner product,
which is not tied to a specific choice of the dielectric constant.
One way, given in Ref. 1, is by using only the magnetic field
for the state. Another way is to absorb the dielectric constant
in the scalar product by a new function as F= e(?)E . Then
the inner product becomes

)ﬁ@iﬁ.@)

W) wa+HHw* (10)

The value (y/|y) = 5 f[e(r)IEI2 + |H|*1d%F is proportional
to the energy of the EM field, which is important for the
derivation of the forthcoming coupled mode theory (CMT)
equations. That technique changes the Maxwell equations as
follows:

F N 1 -
V x =—H,

_ _VxH=F. (1)
Vewr) Ver)

The Hamiltonian takes the following form:

0 v/
jr - Jad
0 —iV x —A— 0 ’
€o(r)
0 i5(——)Vv 12
X
V= ! @
—iV x 6(m) 0
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Now the eigenstates of the full Hamiltonian can be

m

expanded over the eigenstates [m) = ( g ) of the unperturbed

m

Hamiltonian H,, where

E, ] ] .
V x — =iwyHy, VX H,=—iwye(r)F,.

Veor)

(13)
Then we obtain

m n - - 1 N N
(m|V|n) = M/d%eg/z(r)a( _ )E;;(r)En(r).
2 Ver)
(14)

One can see that the full Hamiltonian is Hermitian now.

III. COUPLED MODE THEORY OF TWO
NONLINEAR DEFECTS

Let each defect support a localized nondegenerate
monopole solution for the TM mode only, which has the
electric field component parallel to the infinitely long rods."?’
Other solutions (dipole, quadrupole, etc.) are assumed to be
extended in the photonic crystal for the appropriate cavity
radius r; and the dielectric constant,”’® and are thereby
excluded from c/(\)nsideration. Therefore, we have a two-level
description for H, with the eigenfrequencies

Wsq =W F+ U (15)

if the identical defects are coupled via the coupling constant
u. We denote the corresponding even (bonding) and odd
(antibonding) eigenmodes as v ,(X),x = (x,y), where the
wave function v is presented by the electric field only. Both
modes for specific PhC are shown in Fig. 13.

We consider that the dielectric constant €(x) changes at the
defects because of the Kerr effect

€, = (€0 + 2x V@I E®P)0x —x;), j=12. (16)

Here j enumerates the defects, & = 1 inside the defect rod
and 6 = 0 outside. As will be shown later (see, for example,
Figs. 15 and 20), the resonance spectra in the PhC waveguide
with coupled off-channel defects are located in a rather
narrow frequency domain. Therefore, we neglect the frequency
dependence in the nonlinear susceptibility x®(w) in the
following. Assuming that the defect rods are very thin and
that the nonlinear contribution in Eq. (16) is small compared
to €y, we obtain for the matrix elements (14)

3
|V In)~ =0 x D(@n + o)) LER)PYn) Yn(x)),
j=1.2

a7

where o is the cross section of the defects. Here we have only
two eigenfunctions, the even ¥,(x,y) = ¥,(x, — y) and the
odd v¥,(x,y) = —¥,(x, — y), as shown in Fig. 13 with the
eigenfrequencies (15). Finally, from Eq. (17), we obtain

5y ( w21 + 1) wo¢s<é>a<11 —h))’ as)
wodsPa(ly — L) w11 + )
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where ¢ = Yu(x1)V0 = ¥,(%0)V/0 ¢ = V(X))o =
—V.(x2)4/0, X; and x; are the positions of the defects in
the two-dimensional PhC, and I; = |E(xj)|2,j = 1,2 are
the int%nsities of the electric field at the nonlinear defects,
A=—3x®.

In cfrder to find electric fields at the defects, we must
constitute a way to excite the defect modes. Here we consider
that the EM field propagates from the left along the waveguide,
interacts with the nonlinear defects, reflects back, and transmits
to the right. Then the transmission process can be described
by the CMT stationary equations’’! for the even mode
amplitude A; and the odd mode amplitude A,,

[0 — oy — Aosp} (1) + L) + iT] A

— haopspa(li — I)A, = iNT Eip,
—AwoPsPa (I — D) A

+ [a) — Wq — )‘-wa(bg(]l + 12)]Aa = O,

the subscript “in” means input amplitude, and where only
the even mode is coupled with the waveguide because
of the symmetry. The equivalent model is shown in Fig. 1(b).
The CMT equations, in fact, are the Lippmann-Schwinger

19)

equation®>33
~ A, -~
(C() - Heff) <A > = lWEin’ (20)
where the complex matrix ﬁeff equals
Hox = Hy+V —iWW?, @1
and W = ({)F) describes the coupling of the defect modes

Y, with the waveguide.

The amplitudes A, and A, are given by inverse of the
matrix w — Hgff, where the matrix elements of the effective
Hamiltonian H.g in turn depend on the intensities /; and .
In order to write the equations of self-consistency for the
intensities at the defects /;, j = 1,2 we expand the electric field
at the jth defect over eigenmodes E(X;) =Y, An¥m(X;).
In the two-level approach, the expansion takes the following
form:

Ei = EX) = ¢SAS + ¢aAa,

(22)
E, = E(X2) = (bsAs - (/J)aAa’

where symmetry properties of the eigenmodes ,,(x) were
taken into account. Respectively,

L = 1§ As + duAal®s b =15 As — $Adl’s  (23)

which defines the equations of self-consistency after substi-
tution into Eq. (19). In general, they are rather cumbersome.
Let us, first, consider the more simple case of the isolated
defects so that the overlapping u can be neglected. Then the
values of the eigenmodes at the defects are equal, ¢ = ¢,.
Even in that simplified case, the solution of Eqs. (19) has
cardinal features different from the case of the single nonlinear
defect considered in Refs. 6,7, and 9—12. These features are
the result of the interference of EM flows reflected by the
nonlinear defects. If det(Hg — w) # 0, the amplitudes of the
mode excitement for the transmission can be easily found from
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Eq. (19) as follows:
A ivT Ein[w — wo(1 + 211)]
' o — wo(1 4+ 20D — 3 A% +iT[w — wo(1 + 201)]°
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ivT EpnwoA
[0 — wo(1 + 20D — @3 A? +iT[w — wo(1 + 201)]
(24)

a =

where I = (I} + I5)/2 and A = A(I; — I,). Here we took ¢, = ¢, = 1. By substituting these solutions into Eq. (23), we obtain

the following nonlinear equations of self-consistency:

L

TE2[w — wo(1 +201)]?

n

I

= o — wo(1 + 22 ) Plw — wo(l + 24 )2 + T2 w — wo(l + 24D’

(25)

TE2 [0 — wo(l + 2011)]?

The solution of these equations gives the steady state for the
transmission in the waveguide coupled with two nonlinear
defects.

Finally, we present the transmission amplitude in the
framework of the CMT:3%-31:34

t = Eyn — VT Ay, (26)
Here the odd amplitude A, does not contribute to the
transmission amplitude because of the symmetry.

In the forthcoming calculations, we choose the parameters
of the CMT model as follows: wy = 1,I' =0.01, and A =
—0.01. We consider the case of isolated defects u = O and ¢, =
¢, =1 and the case of coupled defects with u = 0.01,
¢s =1, and ¢, = 1.1. Rigorously speaking, these values u
and ¢,,¢, correlate with each other. However, in our model
case, we disregard this correlation.

IV. SYMMETRY PRESERVING SOLUTION

We start with the solution E; = E; that preserves the
symmetry. In this case the incident wave excites only the
symmetric even mode A

i~TE;,

Av = s
' w—wo(1+201)+ il

27)

0.5
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(O]

1.005

= o — wo(1 + 2A ) P[@ — wo(1 + 22 L) + M2[w — wo(1 + 22D

as follows from Eq. (24), with the only resonance frequency
wo(1 + 2X11) and the width 2I'. The self-consistency equation
for the symmetry preserving solution I = I, = I, simplifies

H{lw — wo(1 +2AD]* + T2} =TE.. (28)
That coincides with the equation of self-consistency for the
single off-channel nonlinear defect** and is equivalent to the
equation obtained in Refs. 7 and 9—12. The solution of this
cubic nonlinear equation is shown in Fig. 2 by dashed lines.
The frequency behavior of the intensities inherits the linear
case, as shown in the inset. With growth of the input power, the
resonance frequency shifts to the left because of the nonlinear
contribution 211, as seen from Eq. (27).

The frequency behavior of mode excitations |A,| and |A,| is
shown in Fig. 3 by dashed lines. As seen from Fig. 3(a), A, has
aresonance peak. Respectively, the transmission 7 = |t|?/E2
has a resonance dip at the frequency wo(1 + 211) = wo(1 +
20EZ2/T), as shown in Fig. 4(a) by the dashed line. The last
equality follows from Eq. (28).

In Figs. 5, 6, and 7 we present the dependence of
the intensities [;,l,, the mode amplitudes A;,A,, and the
transmission amplitude (26) on the amplitude of incident wave
Ein. All quantities shown have nothing spectacular for the
symmetry preserving solution.

FIG. 2. (Color online) Frequency behavior of the intensities at the isolated defects u = 0, which are the solutions of the self-consistent
equation (25). (a) Ey, = 0.01, (b) Ej, = 0.05. Here and in the forthcoming figures, dashed blue line shows the symmetry preserving solution.
Solid and dash-dotted red lines show the solutions of Eq. (25), which have different intensities at the defects /; and I, respectively. Gray thick
solid line shows the third phase parity breaking solution at which det(w — ﬁeff) =0.
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FIG. 3. (Color online) Frequency behavior of (a) the even |A,| and (b) the odd |A,| mode amplitudes of the model shown in Fig. 1(b) for
u = 0,E;, = 0.05. Dashed blue line shows the symmetry preserving solution, solid red line shows the symmetry breaking solution, and gray

thick line shows the phase parity breaking solution.

V. SYMMETRY BREAKING SOLUTION

For the transmission through the nonlinear symmetric
media, the symmetry might be broken.'*2?> Numerical solution
of Eq. (19), indeed, reveals the solution with I} > I, [i.e., the
nonlinearity gives rise to a breaking of the symmetry below
(above) the critical frequency w, for A <0 (A > 0)]. The
symmetry breaking solution is shown in Fig. 2 by solid lines
for 1, and dash-dotted lines for I5. There is also the solution
that differs from the former in that £, <> E,. If the solutions
are stable, a choice of the solution happens incidentally, as it
does for a phase transition of the second order in cooperative
systems.35 As shown in Figs. 8, 3(b), and 6(b), a value I} — I
or the odd mode amplitude A,, indeed, might serve as the
order parameter that characterizes the symmetry breaking.

It is easy to find a critical frequency w, at which the
symmetry breaking solutions arise foru = Oand ¢, = ¢, = 1.
By substituting the relations I} = I + % andl, =1 — % into
Eq. (25) and substracting the intensity /; from the intensity 1>,
we obtain

I[(8% - 3 A% + T2 = TEL (2 + o} A?),

(62 — w3 A%)? 4+ T2% = 4T EZ hao, (29)

transmission
<] o o
N ()] [o¢]

o
o

g [y

0 ,
0.96 0.98 1
®

where & = w — wo(1 4+ 211). By dividing these equations by
each other, we obtain a)(z)A2 = £(@Awyl — &). Then we obtain
the following equations for the critical value of the intensity
and critical frequency for A — 0:

£
4)»61)()
The second equation here defines the boundary of the symme-

try breaking solution in the axes w, Ey,. If |&.] < T" we have
approximately

c =

., &(E2+T7) =4 ELT. (30)

Elzn 6)‘w0Ei2n
~ —. 3D
r r

These estimations of the critical point agree with the results of
numerics given in Fig. 2.

It is surprising that there is the frequency at which the
intensity at one of the nonlinear defects turns to zero as shown
in Fig. 2. According to Egs. (25) that occurs at the frequency

~

Ic , W ~ W

wdip = wo(1 +8AEL/T). (32)

n

At this frequency we have A, = A, = E/2 = Em/«/F in
accordance with Egs. (24) and (22). By substituting this
equality into Eq. (26) we immediately obtain that the frequency
(32) defines the position of resonance dip for the symmetry

1.05

FIG. 4. (Color online) Frequency behavior of the transmission for the isolated defects (a) for £y, = 0.05 and (b) for the coupled defects for
E;, = 0.01. Dashed blue line shows the symmetry preserving solution, solid red line shows the symmetry breaking solution, and gray thick
line shows the phase parity breaking solution. Stars and open circles show stable domains of the solutions.
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|1’|2

FIG. 5. (Color online) Intensities at the coupled defects as a
function of Ej, for v = 0.95. For the symmetry preserving solution
(dashed blue line) and for the phase parity breaking solution (thick
gray line) the intensities coincide, while for the symmetry breaking
solution the intensities (solid and dash-dotted red lines) are different.
The point of BSC is shown by open bold circle.

breaking solution. As will be shown, that result of full
extinction of one of the nonlinear defects is observed in the
PhC system as well [Fig. 16(b)].

In Figs. 3(a) and 3(b) we show the frequency dependence of
the even and odd mode amplitudes |A;| and |A, |, respectively,
for Ej, = 0.05. One can see that, first, the incident wave begins
to excite the odd mode below w, for A < 0, and, second, |Ay]|
and |A,| show the bistability. The even mode A; displays a
resonance peak (solid line) with the resonance width twice
less than the resonance width of the peak for the symmetry
preserving solution (dashed line). Correspondingly, the trans-
mission in Fig. 4 demonstrates a narrow dip for the symmetry
breaking solution. In order to understand that phenomenon, let
us consider the resonance poles of the even and odd amplitudes
given by zeros of the denominators in Eq. (24),

2

ir ) r
112=w0(1+211)——:t wOAz_Z'

2
For the solution with A = 0 we had the only resonance pole
with the resonance half-width I". As Fig. 8 shows, there is
the frequency domain roughly between 0.98 and 0.99, where
wpA > I'/2 and where the resonance half-width is twice

(33)

A
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transmission

00 0.62 0.04 OEOG 0.08 0.1

in

FIG. 7. (Color online) Transmission amplitude 7 given by
Eq. (26) as a function of the input amplitude power E;, for the same
parameters as given in the previous figure. Dashed blue line shows
the symmetry preserving solution, solid red line shows the symmetry
breaking solution, and gray thick line shows the phase parity breaking
solution.

less than I' according to formula (33). Therefore, in this
frequency domain we can expect the resonance dip to be
twice narrower compared to the symmetry preserving solution
with A = 0.

The lesser the width of resonance, the more unstable the
resonance.! One can thereby see that the bistability of the
symmetry breaking solution is more profound in comparison
to the symmetry preserving solution. The resonance peak in
|Ag| for the symmetry breaking solution terminates at that
frequency where the odd mode amplitude |A,| arises, as seen
from Fig. 3(b). Close to this frequency, the amplitude A, has a
square root behavior that is typical for the order parameter in
phase transitions of the second order. The dependence of A,
on the amplitude of the incident wave demonstrates the same
behavior [see Fig. 6(b)].

VI. PHASE PARITY BREAKING SOLUTION

At last, there is the solution that has equal intensities at
the defects, but nevertheless a symmetry is broken because of
phases of the complex amplitudes E; and E;. This solution

1.5 (b)
1
TTwm
<<
0.5
0 \
0 0.1 0.2 0.3
E

in

FIG. 6. (Color online) Amplitudes (a) |A| and (b) |A,| as a function of the incident wave amplitude Ej, for the coupled defects with
the parameters @ = 0.95,u = 0.01,¢; = 1, and ¢, = 1.1. Dashed blue line shows the symmetry preserving solution, solid red line shows the
symmetry breaking solution, and gray thick line shows the phase parity breaking solution.
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FIG. 8. Difference between the intensities of electromagnetic field intensities at the defects for u = 0: (a) E;, = 0.01 and (b) E;, = 0.05.

Only the symmetry breaking solution is shown.

refers to the special case of Eq. (19) when the determinant of
the matrix @ — Heg equals zero (i.e., the inverse of matrix does
not exist). It occurs at

L=hL=1 o=w,l+2)]1). (34)

Then the solution of Eq. (19) exists for the even mode
amplitude

oy

iNTEjp _ En 35)
w—w,(1 +2x21) +il T’

while A, is undetermined yet.

Let us take, for a while, the defects to be linear. Then
the second equation in (34) shrinks to the isolated point w =
w,. As given by the CMT equations (19) and as seen from
Fig. 1, this odd mode has zero overlapping with the waveguide
and Eq. (34) thereby defines the bound state in continuum

(BSC).3*%° The solution of Eq. (19) (ﬁs ), with Ay given by
a

Ay =

Eq. (35) and arbitrary A,, is therefore a superposition of the
transport solution and the BSC.

For the nonlinear defects, the situation changes dramati-
cally. First, there is the whole frequency region @ > w, for
A >0orw < w, for A < 0, where det(w — Her) = 0 as seen
from Eq. (34). Equation (34) thereby defines the BSC with
eigenfrequency in whole region as dependent on the BSC in-
tensity. Second, the BSC cannot be independently superposed
to the transport solution for the nonlinear case. The BSC begins
to couple with the incident wave and cannot be defined as the
bound state if E;, 7% 0. We marked the BSC in Fig. 5 by the
open bold circle as a single point for fixed frequency.

(a) (b)

FIG. 9. Graphic solutions of (a) Eq. (36) and (b) Eq. (40),
respectively. Radius of circle is /1.

A. Isolated defects

First, let the defects be isolated (i.e., v = 0 and ¢y = ¢, =
1). On the one hand, we obtain from Eq. (35)

E\+E
Ac= = = Ea/VT, (36)
according to Eq. (22); that is, the even mode amplitude is
constant over the frequency, as shown in Fig. 3(a) by the gray
thick solid line. On the other hand, Eq. (34) directly shows that
the intensities at the defects do not depend on Ej,,
w — W

I = , 37
N 37

as shown in Fig. 5. Since |E|| = |E,| = VT the only way to
satisfy Eqs. (36) and (37) is to consider that the amplitudes
at the defects are E| = ﬁexp(i@) and E, = ﬁexp(—i@).
That is illustrated in Fig. 9(a).

With the use of Egs. (36) and (37), we obtain

20E2,
I'(w— wp)’
For E;, — 0 we have the following limits: 6 — 7 /2,E| —
ivI,Ey > —ivI, and E| + E, — 0, as seen from Eq. (38).
As soon as Ej, # 0, the defects amplitudes are seized to
oscillate in a fully antisymmetric way, as shown in Fig. 9(a).
We emphasize that phase difference 26 has nontrivial behavior
if the defects are nonlinear (A # 0) and the incident wave is
applied (Ej, # 0) as follows from Eq. (38). For the symmetry
preserving solution 6 = 0 (dashed line in Fig. 10), for the
symmetry breaking solution 26 = 0 or v (solid line in Fig. 10),
while for the present solution the phase difference 26 behaves
as an order parameter (gray thick dashed line in Fig. 10),
similar to A, shown in Figs. 3(b) or 6(b).

We define the present solution of the CMT equations (19)
with the zero determinant det(w — Hegr) = 0 as the phase parity
breaking solution. It exists for w < wp + 2)»Eizn/ I' for A < O.
Knowledge of the phase 6 allows us now to find the amplitude
of the odd mode

Ay =(E, — E)/2 =i

cos’f = (38)

Isinf. (39)

The frequency behavior of the even and odd amplitudes
|Ag| and |A,| are shown in Figs. 3(b) and 6(b).
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FIG. 10. (Color online) Difference between phases of the amplitudes E; and E; for u = 0.01 as a function of (a) the frequency for
E;, = 0.05 and (b) the amplitude of incident wave for v = 0.95. Dashed blue line shows the symmetry preserving solution, solid red line shows
the symmetry breaking solution, and gray lines show the phase parity breaking solution, u = 0 dashed and # = 0.01 solid. The BSC point is

shown by open bold circle.

Finally, by substituting Eq. (36) into Eq. (26) we obtain
t = 0 in whole phase parity breaking solution, as shown in
Fig. 4(a) by the gray thick dashed line.

B. Coupled defects

For the PhC structure shown in Fig. 1(a), the coupling
between the defects u is rather small compared to the coupling
between the waveguide and defects \/F Nevertheless, an
account of the coupling between the defects has a principal
importance, as will be seen. As was given earlier, the
parameters of the coupled defects are specified as follows:
u=001,¢;,=1,and ¢, = 1.1.

A substitution of Eq. (34) into Eq. (35) gives

A wo +u \/FEin
s — X
) ol —a)+u(l+a) ow-—ow,+il,
_ ASO (40)
T w— w, +il,’
where
1 - sWa
= Umwoe 1)
wo(l —a) +u(l + @)
Wq
=T , 42)
wo(l — o) +u(l + @)
1—‘Ein a
A = — YT Eue 43)

wo(l —a) +u(l + )’

o = ¢2/$>. Therefore, for the coupled defects the amplitude
A; acquires typical Bright-Wigner resonance behavior in
which the nonlinearity is excluded. Respectively, a substitution
of the solution (40) into Eq. (26) immediately results in the
transmission having the resonance dip at the frequency w,
with the half-width T',, which depends on ratio « and u.
That result is shown in Fig. 4(b) by the gray thick line. If
u — 0,0, - ¢, and o — 1, the frequency of the resonance
dip goes away, and I', — o0; that is, the resonance at the phase
parity breaking solution disappears, and the corresponding
transmission tends to zero as seen from Fig. 4(a).

Equation (34) fixes intensity at the defects
0=y

T 2Qlw,

which is similar to the former case given by Eq. (37). On the
other hand, we have according to Eq. (22) E| + E; = A /2¢;,
where A; is given by Eq. (40). A graphic illustration of
the solution of this equation with modules of E;,j =1,2
fixed by Eq. (44), is shown in Fig. 9(b). By presenting
E; = /Texpli(B +0)] and E; = /T expli(B — 6)], we ob-
tain from Eqgs. (40)

1 (44)

M",a)ua)rEizn
2a(1 — a)ws(w — w)[ (@ — w,)? + T2]

r

cos? 0 =

(45)

w— W,
T,

The behavior of the phase difference 26 on the frequency or the
incident wave amplitude E;, for u = 0.01 is shown in Fig. 10.

However, the most remarkable feature of the phase parity
breaking solution for u# # 0 is related to a current circulated
between the defects. When the phase difference 26 exists
between two quantum dots (QD) or superconductors, con-
nected by a weak link, a tunneling or Josephson current
J = Jysin26 will flow between them. The value of the
current Jy is proportional to the coupling constant between
QDs or superconductors.*’ In order to explicitly write the
expression for a current flowing between defects, we use
the Green function approach developed in Refs. 6,9, and 41
for the 2D photonic crystal (PhC) of dielectric rods with
the dielectric constant €y. The PhC holds the 1D cavity
(waveguide) and two OD cavities (nonlinear cavity rods) as
shown in Fig. 1(a). Then the dielectric constant of full system
€(x) is a sum of periodic perfect PhC and cavity-induced terms
€(X) = epnc(Xx) + 8€(X|E), where §e(X|E) = ew(X) + €4(X|E)
is contributed by the waveguide and the two nonlinear cavities:

tan 8 =

cXIE) =€y Y O0x—xX)+ Y €. (46)

n=—00 j=1.2

Here 6 = 1 inside the cavity rod and 6 = 0 outside, and the
nonlinear contributions €; are given by Eq. (16). Then the
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TM electric field directed along the rods of the PhC E(x,7) =
E(x)e' is satisfied by the integral equation

2
E(x) = / Py GxyldeE)EW).  (@7)

where G(X,y|w) is the Green function of the ideal 2D PhC of
the rods that was calculated in Ref. 41 for the square lattice
PhC. If the radius of the cavity rods is sufficiently small in
comparison to the wavelength of the EM wave, we can write
Eq. (47) as the discrete nonlinear equation®*!

En=) Jo-m(@3emEm, (48)

where Jy_m(w) = 0% G(xn,xm|w) o is the cross section of
rods, and n,m runs over sites of the centers of cavities [marked
by open and filled circles in Fig. 1(a)].

We use the nearest-neighbor approximation and write (48)
as the tight-binding linear chain coupled with two nonlinear
cavities

1
|:— - J()(a)):|E
€w
J>
= JI(Ewp1 + Epm) + 3n,0€—(361E1 + 862 E»),
W

[1 —de1Jo(w)]E| = JrewEp + Jider Es, (49)
[1 =66 Jo(w)]Er = JhewEy + Jide Ey.

The model is shown in Fig. 11 and consists of a linear
infinitely long tight-binding chain presented by amplitudes E,
whose spectrum is given by dispersion equation Jo(w) = — —
2J; cos k, and two nonlinear cavities presented by amphtudes
¢1,¢>. The coupling J, connects the cavities and the chain and
the coupling J4 connects the cavities.

By multiplying Eq. (49) by E} = t* and subtracting the
complex conjugated terms, one can obtain the value of the
power flow current flowing between the chain at the “0”th site
and cavities enumerated as j = 1,2 as follows:

Jos12 = ew L Im(tEY ,). (50

Similar manipulations with the cavity’s amplitudes give the
current between the cavities:

Jis2 = Jude Im(E  E) = Jadel sin(20). (628

o F

o F

FIG. 11. Tight-binding version of the PhC system shown in
Fig. 1(a): J, couples the chain and the cavities and J, connects the
cavities to each other (not shown).
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It follows also that the current from the “—1”th site to the “0”’th
site of the chain coincides with the current from the “0”th
site to the “1”th one. Therefore, the currents (50) and (51)
coincide also in accordance to the Kirchhoff rule. Thus, the
input power induces vortical current between the waveguide
and cavities via the coupling J, and between the cavities via
the coupling J4. The current is excited by the incident wave,
provided that the input power is applied and the defects are
nonlinear. Thus, our analysis shows that the symmetry can be
broken not only because of different intensities at the defects
but also by a circulating current between the defects, although
the intensities at the defects are equal. This model result of the
current between is reflected in computations of the Poynting
vector in the PhC structure in the next section.

VII. STABILITY OF SOLUTIONS

Furthermore, we studied stability of different solutions by
standard methods given, for example, in Refs. 5 and 42. The
stability of the solution can be found from the temporal CMT
equations

iay = [o5 + Ao + L) — iT ]ay
—i—)»wo(bs(ba(h — [Z)aa + ﬁEine—iwt,
iay = han@spa(ly — h)as + [wq + rway (I + 1)]aa. (52)

By  presenting  a,(1) = [A, + &(D]e 7 a (1) =
[A, + E.()]e™  with  Ag,A, as the steady state
obeying the stationary CMT equations (19) and
&) < |As],16.()] < |Az] we obtain the linearized
time-dependent equations for complex &;,&,
Re(&;) Re(§;)
Im(&, ~ | Im(&
G ) =L &) . (53)
Re(&,) Re(&,)
Im(&,) Im(&,)

Their stability is determined by eigenvalues of the matrix L,
which is time independent. The results of our calculation of

0.25
0.2
wi- 0.15

0.1

0.05

y A

0.8 0.85 09 0.95 1
®

FIG. 12. (Color online) Regions of stability of the solution. The
symmetry preserving solution is stable everywhere except interior
of the closed region shown by solid blue line. The stability of
the symmetry breaking solution is shown by red, while the phase
parity breaking solution is shown by gray. The parameters are
u=0.0l,0=1T =0.01,A = —0.01,¢; =1, and ¢, = 1.1.
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FIG. 13. Even (a) and odd (b) modes of two overlapped linear
defects in PhC. The defects have the same radius as the radius of rest
rods but different dielectric constant €y = 3. Then the isolated defect
has the frequency of monopole mode equal to 0.3593 in terms of a
value 2 ¢/a. For the case of two defects shown here, the frequency
is split to be equal to 0.3603 (even) and 0.3584 (odd).

stability are presented in Fig. 4, which shows that the stability
of the phase parity breaking solution appears if only the defects
are coupled and ¢, # ¢,. We collected the results of stability
of all three solutions in Fig. 12 in the form of phase diagrams
in plane of the incident wave amplitude and the frequency.
One can see that the phase parity breaking solution is stable in
some small area of the phase diagram.

VIII. NUMERICAL CALCULATIONS
IN PHOTONIC CRYSTAL

In what follows we take the PhC as shown in Fig. 1(a) with
the following parameters: The lattice constant a = 0.5 um;
the cylindrical dielectric rods have radius 0.18a and dielectric
constant € = 11.56 (GaAs at the wavelength 1.5 pum) in air.
Removing a row of rods fabricates the PhC waveguide with
effective width of the order of a few a."?** The waveguide
supports a single band of guided TM mode spanning from the

bottom band edge 0.315 to the upper one 0.41.%7
15~
10f
5,
o ‘ .
0,347 0,352 0,36

wa/2nc

FIG. 14. (Color online) Self-consistent solution for the intensity
of the EM field at the nonlinear defects in the PhC structure shown
in Fig. 1(a). The symmetry preserving solution is not shown. Solid
and dash-dotted red lines show the symmetry breaking solution.
Gray thick solid line shows the phase parity breaking solution. The
parameters of the PhC and defects are given in Fig. 13. The input
power per length equals 100 mW/a. n, =2 x 10712 cm?/ W,A =
—0.009.
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FIG. 15. (Color online) Transmission spectra in the PhC structure
shown in Fig. 1(a). Dashed blue line shows the symmetry preserving
solution, solid red line shows the symmetry breaking solution, and
gray thick line shows the phase parity breaking solution.

‘We substitute two defect rods with dielectric constant €y =
3 and the same radius as shown in Fig. 1(a). We numerically
solve the Maxwell equations (1) for the TM mode in the PhC
with defect rods by expansion of electromagnetic field over
maximally localized photonic Wannier functions.?”*3** For
the case of isolated defects their eigenfrequency wy = 0.3593
where the frequency is given in terms of 2w ¢/a. Overlapping
of the defect’s monopole modes gives rise to splitting of this
frequency wy; = 0.3603,w, = 0.3584 as numerical computa-
tion of Eqgs. (1) gives. Respectively, we obtain that the value
of coupling u = —0.001. The corresponding even and odd
modes for the nearest distance a between defects were found
in Ref. 45. For more distance 4a they are shown in Fig. 13. By

FIG. 16. Absolute value of the EM field solution for (a) the
symmetry preserving solution wa/2mxc¢ = 0.355, (b) the symmetry
breaking solution wa/2mwc¢ = 0.355, and (¢) wa/2wc = 0.358. The
EM wave incidents at the left of the waveguide.
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FIG. 17. Absolute value (a), real part (b), and phase ®(x,y) (c) of the EM field for the phase parity breaking solution shown in Fig. 14 by
gray line for w = 0.358. (d) Slices of the phase ®(x,y) at x = 0 are given for the symmetry breaking solution (dashed line) and for the phase
parity breaking solution (solid line). Positions of the defects are shown by solid open circles at bottom. The EM wave incidents at the left of

the waveguide.

the normalization condition (8) the heights of the amplitude
modes at the defects equal ¢y = 0.5569,¢, = 0.6179. Let us
evaluate the dimensionless nonlinearity constant A. We take, in
numerical calculations, the incident power per length of order
100 mW /a, which corresponds to the incident intensity /p =
100 mW /a?. For a chosen PhC lattice with period a = 0.5um
we obtain that the incident intensity equals 0.04G W /cm?. The
optical Kerr effect introduced by formula (16) is described by
the nonlinear refractive index 7, for linearly polarized light*¢+’
n = ng + ny I, where ng is the linear refractive index and / is an
intensity of light. With the use of € = €9 + 2,/€gn2 1, we obtain

A= —2\/emnx 1y, (54

where o is the cross section of the defect rods. We take the
linear and nonlinear refractive indexes of the defect rods to be,
respectively, ng = /ég = +/3, and ny =2 x 10~ 2cm?/W.
By substituting all of these estimates into (54) we obtain A ~
—0.9 x 1072, which is close to that used in the CMT consider-
ation. Finally, we estimate the coupling of the defect mode with
the propagation mode of the PhC waveguide /T. There are
many ways to calculate I' using, for example, Refs. 5,48, and
49. In the present paper we estimated I" numerically by using
the following approach. We took the single linear defect aside
the PC waveguide, as shown in Fig. 1(a), and calculated the
transmission spectra. By the resonance width of the spectra we
evaluated I' = 0.00185.
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The procedure of the self-consistency for the PhC with
nonlinear defects is described in Ref. 34. The solutions are
presented in the form of the intensities in Fig. 14, which are
similar to the CMT results shown in Fig. 2(a). Also, one can
see three solutions in the transmission shown in Fig. 15, as was
found in the CMT model for the transmission shown in Fig. 4.
However, there is no full resonance dip predicted by the CMT
for the phase parity breaking solution shown in Fig. 4 by the
gray line. The left edge of the propagation band in the PhC
waveguide at @ = 0.315 terminates this phase resonance dip,
as seen from Fig. 15. In the next figures we show patterns of the
electric field component E(x,y) of the TM mode in fragments
of the PhC with the waveguide and the defects included.
Figure 16 shows the EM field (the absolute value of the electric
field) for the symmetry preserving solution (a) and for the
symmetry breaking solution (b). In the latter case one can see
that the field is strongly different at bottom and top. Moreover,
Figs. 2 and 14 show that there is a frequency at which the
intensity of the EM field might be zero at the bottom defect.
Indeed, Fig. 16(c) demonstrates this case.

The phase parity breaking solution is presented in Fig. 17
by the absolute value (a), by the real part (b), and by the phase
of the EM field E(x,y) = |E(x,y)| exp (i®(x,y)) (c). One can
see that the EM intensity equals at the defects but that the
real (imaginary) part of the field has different values at the
defects, in full correspondence with the graphic illustration
for amplitudes E; and E, in Fig. 9(b). Figure 17(d) shows
the phase slice at that x where the defects are positioned. The
symmetry preserving solution has no difference of phases at
the defects and is not shown. One can see that the phase (dashed
line) differs by 7 at defects for the symmetry breaking solution,
while it might be any value for the phase parity breaking
solution (solid line). Thus, Figs. 17(c) and 17(d) demonstrate
that there is no parity relation for the phase ®(x,y) = O(x, —
y)+mn,n=0,1 at the defects. The phase parity is broken
not only at the defects in correspondence to the model theory
but everywhere, including the waveguide. The EM intensity at
the defects coincides, however, with an asymmetry between.
Therefore, the phase parity breaking solution might be also
referred to as the symmetry breaking solution, at least, in the
PhC waveguide.

In agreement with the model consideration, Fig. 18
shows that current flows (the Poynting’s vector patterns) are
strongly different for the different solutions. For the symmetry
preserving solution we have laminar current flow over the
waveguide with excitation of two current vortices around each
defect. The laminar flow over the waveguide and the vortical
flows around defects are well separated. The whole current
pattern is symmetrical relative to the symmetry transformation
y — —y. The picture has a similarity with ballistic electron
transport in a waveguide coupled to an off-channel quantum
dot.>” For the case of the symmetry breaking solution, there
is a current vortex inside the waveguide complemented by
two vortices near each defect, as shown in Fig. 18(b). The
circulation in vortical flow around the upper defect is opposite
to the circulation around the bottom defect. Qualitatively, the
current pattern is symmetrical relative to y — —y; however,
quantitatively, values of current are different at the defects
because of the difference of the intensities of the EM field in
accordance with Eq. (50). The vortical flow in the waveguide

PHYSICAL REVIEW B 83, 045109 (2011)

FIG. 18. Current flows for the symmetry preserving solution that
inherits (a) the linear case, (b) the symmetry breaking solution, and
(c) the phase parity breaking solution at aw/2m ¢ = 0.34. Open bold
circles mark the nonlinear defects.

and the vortical flows around the defects are well separated for
both solutions. In the third case (c) for the phase parity breaking
solution one can see the current vortex in the waveguide and
single vortices around the defects. Moreover, one can clearly
see currents flowing between the defects in correspondence to
the CMT results. As a result, the flow becomes asymmetrical
relative to y — —y.

IX. SUMMARY AND CONCLUSIONS

Processes of transmission through a linear waveguide
coupled with two nonlinear off-channel resonance cavities
(defects) display a surprisingly rich variety. For the linear
defects it is clear that we have a direct process of wave

045109-12



SYMMETRY BREAKING FOR TRANSMISSIONIN A . ..

transmission over the waveguide, which interferes with the
backscattering processes from the off-channel defects giving
rise to zeros of the transmission and the Fano resonances.
As was explicitly established in Ref. 7, a nonlinearity of the
defect leads to the nonlinear Fano resonance as dependent
on frequency and/or incident power. For two nonlinear off-
channel defects one can expect two nonlinear Fano resonances,
as was found in Refs. 6,9, and 11, indeed. However, our
calculations reveal a substantially more sophisticated picture
of the transmission. A mathematical reason for that is the
following. For the case of a single nonlinear off-channel defect,
the self-consistency equation is the cubic one with total number
of solutions equal to three. For the case of two nonlinear defects
a complexity of two self-consistency polynomial equations of
the fifth order (25) grows enormously. As a result, the number
of solutions jumps up to 10. Physically, the complexity of the
wave transmission in a waveguide coupled with two nonlinear
off-channel defects is the result of the interference of two
backscattering nonlinear processes between each other and
with the direct wave transmission in the waveguide.

In order to classify the solutions we consider two cases.
The first one is the case of defects that can differ by their
eigenfrequencies. There is no symmetry relative to y — —y.
The transmission displays two resonance dips, each at the
linear eigenfrequencies of the defects'? with resonance widths
determined by couplings of the eigenmodes with the waveg-
uide. For the nonlinear case these resonances undergo shifts
because of nonlinearity. If they are crossed the BSC arises,
which is a discrete state with the zero resonance width.?”-%
The BSC is to have zero coupling with the waveguide and,
therefore, is to be antisymmetric relative to inversion y — —y.
Indeed, numerics shows that the symmetry is restored in
the system with two different nonlinear defects, as shown
in Fig. 19 for the BSC frequency marked in Fig. 20 by the
open circle. However, because of violation of the superposition
principle in the nonlinear system, the incident wave couples
with the BSC to give rise to a resonance of the peculiar shape
shown in Fig. 20. That phenomenon is described in Ref. 13.

Surprisingly, the case of two identical nonlinear defects has
more solutions. For the linear case the eigenmodes rigorously

FIG. 19. Real value of the EM field for the case of different
nonlinear defects for wa /2w ¢ = 0.3314, the frequency of the BSC.
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FIG. 20. Transmission spectra in the PhC structure for the case
of different nonlinear defects. The parameters of the defects differ
by the dielectric constants €y = 2.8 and €, = 3.9. The corresponding
eigenfrequencies of the defects equal 0.3468 and 0.3622.

satisfy the symmetry y — —y (i.e., they can be classified
as even and odd modes). As a result, we observe only one
resonance dip at the eigensymmetric (even) mode frequency
wy, while the antisymmetric (odd) mode does not participate in
transmission phenomena because of its zero coupling with the
incident symmetric wave. Therefore, that mode is obviously
the BSC. The oscillations of the EM field at the defects have
no phase difference: 26 = 0.

For the nonlinear defects, the situation changes crucially.
We have three solutions.

(1) The symmetrical solution with equal amplitudes at the
defects, E| = E,. This symmetry preserving solution inherited
from the linear case exists for any frequency. There is no phase
difference between EM oscillations at the defects: 26 = 0. The
incident wave supports only the symmetrical mode, as shown
in Fig. 3. The transmission has a resonance dip at the frequency
at wg(1 + 2AT), where w; = wy — u is the frequency of the
linear even mode, and [/ is the intensity of the EM field at the
defects, which displays resonance enhancement.

(ii) The symmetry breaking solution for which intensities
at the identical defects are not equal, I; > I,. There is an
equivalent solution in which I} < I,. These solutions break
the symmetry relative to y — —y. The EM oscillations at the
defects are opposite in phase: 26 = =, although they might
be in phase at some domain of the incident amplitude, as
seen from Fig. 10(b). As shown in Figs. 3 and 6, the incident
wave excites both symmetrical (even) and antisymmetrical
(odd) modes. That results in an additional resonance dip at
the frequency (32) in the transmission. At the same frequency,
one of the defects becomes fully dark with zero intensity.
That striking illustration of the symmetry breaking is shown
in Fig. 16(c).

(iii) The phenomenon of breaking of symmetry for
transmission through nonlinear system is known.!4-16:19:20
However, we reveal once more the solution in which EM
oscillations at the defects have the same intensity but different
phases. This difference of phases is neither zero nor 7, but
smoothly depends on frequency and the amplitude of the
incident wave, as shown in Fig. 10. If defects are overlapped,
the phase difference gives rise to current circulation between
defects. The direction of current is incidental but its value is
given by Egs. (50) and (51), obtained in the framework of the
tight-binding model. These model results agree with the
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current flow patterns presented in Fig. 18 in application to the
2D PhC with two defect rods spaced symmetrically near the
PhC waveguide.

Although the CMT equations (19) might have the steady
solutions, they must be stable. As Fig. 12 shows, the domain
of stability of the solution (iii) is essentially small compared to
the solutions (i) and (ii). The area for the phase parity breaking
solution can be expanded to increase the difference between
the maximal amplitudes of the even and odd amplitudes ¢;
and ¢,, as our computations show. Thus, our results reveal

PHYSICAL REVIEW B 83, 045109 (2011)

a surprisingly rich variety of complex dynamics of the linear
PhC waveguide coupled with only two coupled nonlinear off-
channel defects even in a rather simplified limit. The defects
are presented by the only monopole mode, and the nonlinearity
is due to the Kerr effect A|E|>.
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