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Relative Isomer Abundance of Fullerenes and Carbon Nanotubes Correlates
with Kinetic Stability
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A methodology to evaluate the kinetic stability of carbon nanostructures is presented based on the
assumption of the independent and random nature of thermal vibrations. The kinetic stability is directly
correlated to the cleavage probability for the weakest bond of a given nanostructure. The application of the
presented method to fullerenes and carbon nanotubes yields clear correlation to their experimentally
observed relative isomer abundances. The general and simple formulation of the method ensures its
applicability to other nanostructures for which formation is controlled by kinetic factors.
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Although fullerenes have been known for over two
decades [1], surprisingly, their formation mechanism is
still a matter of considerable debate. Many models were
proposed to explain relative cage abundances, but all of
them suffer from severe drawbacks. In the early models
[2,3], the fullerene cage was thought to be formed by the
sequential addition of small carbon clusters into quasi-
icosahedral spiral shells, in analogy to a growing snail or
snowball. These spiroids were indeed shown to exist as
intermediate species during the irradiation of carbon soot
by an electron beam [4]. However, the snowball mecha-
nism cannot explain the high abundance of I;, — C¢, and
Ds;, — C49. Smalley stressed therefore the importance of
realizing a maximum ratio of isolated pentagons over
hexagons in the fullerene cage, and proposed the pentagon
road [5]. In this mechanism, C, units are added to the
growing bowl-shaped structure in such a way that alternat-
ing hexagons and pentagons are formed. Moreover, it had
become clear that abutting pentagons are energetically
penalized, leading to the formulation of the isolated penta-
gon rule (IPR). Since 1, — C¢, and D5, — Cy are the first
and second smallest fullerenes obeying IPR, and simulta-
neously possess the highest and second-highest possible
ratio of isolated pentagons over hexagons, their high abun-
dance was explained in this way. However, there was no
experimental or theoretical verification of the central tenet
of the pentagon road, namely, whether it really is necessary
to achieve a maximum ratio of isolated pentagons over
hexagons. Further, it was not clear how the C, units were
directed in their final positions during the high-temperature
synthesis. The ring stacking mechanism by Achiba and
Wakabayashi [6] proposed that macrocyclic C,, rings stack
in precisely determined sequences, leading to Cgy and Cy
in ring condensation reactions following two related but
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different stacking sequences. A variety of other self-
assembly mechanisms have been proposed; see, for ex-
ample, the review by Goroff [7]. Curl et al. proposed early
on that the surprising abundance of Cg, and C;, has a
kinetic origin [8] and recently suggested that the fullerene
cage sizes may change during the formation [9]. Recent
experimental evidence [10,11] points to initial formation of
giant fullerenes C,, with n > 80, followed by cage shrink-
ing down to the size of Cg, due to carbon elimination. In
the latter experiment [11], the authors provided the first
visual confirmation of the shrink-wrap mechanism [5,12]
and its generalization to the shrinking hot giant (SHG) road
of fullerene formation [13—15]. Here, hot giant refers to the
concept that fullerenes are first formed as vibrationally
excited and structurally defective giant fullerenes (GFs),
which are subsequently shrinking (referred to as shrink-
wrap) by removal of carbon species (mostly C,) from
fullerene cages to sizes as small as the Cqy molecule. The
shrinking process that is part of the SHG road seems
obvious when comparing fullerene cage size distribution
before [10] and after [1] annealing. The important role of
C, cluster evaporation during laser shrink wrapping was
demonstrated in [16].

To summarize, all available data seem to indicate that
large carbon clusters (GFs and possibly others) can self-
assemble in hot carbon plasma or vapor, and that the
clusters shrink in size due to C, evaporation when the
carbon vapor plume expands.

We wish to point out here that the often assumed pro-
portionality between the yield of species and their
Boltzmann distribution exp(— Epi,q/kT) value, where
Eyinq 18 the binding energy per atom and 7 is the synthesis
temperature, does not apply to the fullerene synthesis
process. This conclusion follows from the observation
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FIG. 1.

that larger fullerenes have a larger value of Ey;,q as shown
in the lower panel of Fig. 1 [17], while experiments dem-
onstrate that larger fullerenes are less abundant than
smaller ones, see Table I. This means that the fullerene
synthesis is not an equilibrium process and that it is neces-
sary to invoke kinetic stability (KS) arguments to explain
the experimentally observed cage size distribution after
annealing [8]. In this work we propose a methodology
for the estimation of KS of fullerene cages. We show that
KS values for different fullerenes, see again Fig. 1, are
consistent with the SHG road of fullerene formation
[13-15], and it is also applicable for estimating the yield
of related carbon nanostructures, e.g., single-walled carbon
nanotubes (SWCNTS).

For that equilibrium geometries of selected fullerenes
and SWCNTs were computed with density functional the-
ory (DFT) [19,20] using the PBE functional [21,22] in
combination with plane wave basis set and ultrasoft
Vanderbilt pseudopotentials [23] as implemented in the
VASP 4.6 code [24,25]. For SWCNT calculations, the in-
tegration over the first Brillouin zone (BZ) was carried out
using 4 k points, located along the CNT axis and chosen by
the Monkhorst-Pack k-point sampling algorithm [26]. The
geometry optimization was carried out with the force con-
vergence criterion of 0.05 eV /A. The kinetic energy cutoff
was equal to 287 eV. Harmonic vibrational frequencies and
eigenmodes were calculated using numerical differentia-
tion of atomic forces. The phonon curves were determined
with the frozen phonon method [27] using (0,0,0) and
(0,0,77/a) BZ k points.

Our kinetic stability model is based on the assumption
that a cluster consisting of N atoms can be treated as a

Calculated relative kinetic stability (upper part) and binding energy from [17] (bottom part) for different fullerenes.

collection of 3(N — 2) modes of uncoupled harmonic os-
cillators. At that six modes corresponded to translations
and rotations of the cluster are inessential for consideration
of the cluster thermal vibrations, so we can omit them. We
express the time-dependent coordinate vector of atom n as

3(N—2)
R(n,1) = Ro(n) + > Xy(n)exp(i(wgt + ¢p)), (1)
k=1

where ﬁo(n) denotes atomic coordinates at equilibrium
geometry, X «(n) denotes the portion of the kth vibrational
eigenvector X ¢ referring to the atom n, and ¢, is the
corresponding vibrational phase. In the harmonic approxi-
mation the average kinetic and potential energies of a mode
k are equal as

N
nmy i nmy
Epot = Eyin = ) Z |Xk(n)|2 = 3
n=1

32
—wiXi, (2
where m; is the reduced mass. Taking into account thermal
equilibrium with environment, Eiyy = Epo + Eyin = kT,
yields the relationship between the temperature and the
magnitude of a vibration k as

TABLE I. Relative yield of some fullerene isomers produced
using the arc discharge method of Kritschmer. Data taken
from [18].

Cygo/so0t ratio ~ 10%
C;/Cgoratio ~ 10%
C,(n=174,76,78, 80, 82, 84, etc)/Cq <1%
C36/Ce0 ~1-2%
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Time-dependent displacements of atoms n and m can be
computed using Eq. (1) as

> -> -> 3(N72) -
AR(n,m, 1) = (Ry(n) — Roy(m)) + 3" (X;(n)
k=1

— X (m)) exp(i(wit + ). 4

A projection of the displacement AR(n, m, 1) on the equi-
librium bond direction can be written as

AR(n,m, t) = IAR)(n, m, )| X cos[Aﬁ(n, m, 1),
X (Ro(n) — Ro(m))]. 5)

According to the central limit theorem in probability the-
ory, the average X = %<ZZ:1 X,) of variables X, converges
to the normal distribution function when n approaches
infinity. Thus, using the central limit theorem and
Egs. (2)-(5), it is possible to calculate the distribution of
the projected displacements between all pairs of adjacent
atoms. Assuming that a chemical bond between atoms n
and m is broken if AR(n, m, r) = X, the bond breaking
probability P(AR(n, m, ) = X,,,,) is given by

302 (%.(n) — X.(m)|el@i* 60
(5 =i

1 0 u?
-7 Jo ool ) ®

where the expression on the right-hand side of Eq. (6) is the
normal cumulative distribution function and the total vari-
ance s, is defined by s2 = 3" o7 with o; being the
variance of fi. We adopted the value X, = 1.95 A as
the critical distance of C—C bond cleavage. The stability

i=1

data obtained from our model at 7 = 3000 K are in close
agreement with experimental findings (upper panel of
Fig. 1). An analysis of the data in Table II shows that the
inverse of the calculated fullerene cleavage probabilities
qualitatively agrees with the isomer abundance measured
experimentally. The Cgj, C7o, and Cgy fullerenes have the
smallest bond breaking rates and simultaneously reveal
maximal yield in plasma synthesis. Furthermore, the ex-
perimental yield of the Cg4(D,;) fullerene is 1.5 times
higher than that of C;4(D,) [28], as is qualitatively con-
firmed by our cleavage probabilities. On the other hand, the
experimental yield of the C35 — Dg;, from [18] is higher
than predicted by our calculated kinetic stability. The
discrepancy can be explained by the strong sensitivity of
C;4 and other fullerene cage abundances to the experimen-
tal and separation conditions, as the authors of [18] men-
tion in their work.

We note that isomers of the same cage size may have
dramatically different bond cleavage probabilities as indi-
cated by the Cgy_ 1, with and without a Stone-Wales (SW)
defect: 1.03 X 1013 and 8.54 X 10~13, respectively. The
latter comparison shows that the SW defect leads to high
cleavage probability, as assumed in the prevailing shrink-
wrap mechanism [12]. The application of our KS model to
SWCNTs (see Table I11) demonstrates inverse dependence
of P,y on the nanotube diameter d, which is in qualitative
agreement with experimental findings for SWCNT abun-
dance, see [29].

Also we investigated the role of the bond network envi-
ronment around the weakest bond for the destruction rate
of the P ,, for C3y — D5, cage. To this end we analyzed
the dependence of P,, on the number of actually vibrat-
ing atoms by performing calculations where all atoms of
the cage were divided in seven separable tiers. The first tier
contained the two atoms defining the weakest bond, tier 2
contained all the directly bound neighbors of atoms in
tier 1, etc. Dependence of the destruction rate on the

TABLE II. Fullerenes bond cleavage probabilities P, (sec™!), relative bond cleavage rates Pe., (Cop)/Pejeay from the kinetic and
thermodynamic™ [17] stability methods, and DFT binding energies Ey;,q (eV/bond).

Struct. Symmetry P eay P"%(CGO) P“‘%LC(’O) g Epina
Cgs D, 3.84E — 14 0.223 1.368 —5.933
Cos D, 4.55E — 13 0.019 1.231 ~5.912
Coo Ds, 7.57E — 14 0.112 1.163 ~5.912
Ceo I, 8.54E — 15 1 1 —5.887
Ceo 1,-SW 1.O3E — 13 0.083 s —5.870
Cs, Cs, 1.50E — 10 5.69E — 05 e ~5.736
Cao T, 8.05E — 12 1.O6E — 03 0.259 —5.700
Ca Dg) 2.76E — 12 3.09E — 03 0.188 —5.685
Cs¢ C, 1.88E — 10 4.54E — 05 s —5.654
Cy Ds, 2.62E — 08 3.26E — 07 0.138 —5.548
Cyo C,, L.92E — 11 4.44E — 04 oy ~5.592
Cs D, 1.02E — 09 8.37E — 06 —5.529
Cyo I, 1.92E — 06 4.45E — 09 —5.379
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TABLE III.  Bond cleavage probabilities P, (sec™ '), relative
bond cleavage rates Pgjeay(Ceo)/ Pejeays and DFT binding energies
Eping (€V/bond) for selected SWCNTs.

Structure Diameter d Pcay P‘;;]—(C"’O) Eiina

CNT(5,0) 391 1.66E — 13 0.051 —5.794
CNT(6,0) 4.69 4.99E — 15 1.711 —5.890
CNT(8,0) 6.26 333E—-16 2564 —6.000
CNT(5,5) 6.77 1.L1IE—16 7694 —6.022

number of vibrating atoms in some successive tiers, given
in Table IV, show that for reproducing the correct magni-
tude of P,, one has to allow practically all atoms in a
given nanostructure to vibrate. This analysis shows that the
bond breaking process is a global phenomenon involving
practically all atoms of the structure, even if the destruction
process have a quite local character. Also an analysis of
weakest bond length for all investigated fullerenes shows
that this bond is not necessarily the longest bond in the
fullerene, especially for small fullerenes, although it is
among the longer bonds. Figures of weakest bonds in
selected fullerenes are given in the supplementary material
[30]. The presented KS model, based on determination of
the cleavage probability for the weakest bond of a given
nanostructure due to thermal vibrations, has been success-
fully applied to explain the experimentally observed iso-
mer abundance of fullerenes and single-walled nanotubes
in carbon soot. It was found that Cg, C; and Cg, have the
smallest bond breaking rates, which inversely correlates
with their observed abundance in high-temperature syn-
thesis. Despite of larger thermodynamic stability of C
over Cgq, its KS predicted by our model is 1 order of
magnitude smaller. Thus, for the first time in the history
of fullerene research the predominance of Cg, over Cq, in
the carbon soot could be rationalized. Our model was also
successfully applied to SWCNTSs, where inverse correla-
tion of KS with the tube diameter was found. Note, how-
ever, that for SWCNTSs, in contrast to fullerenes, the kinetic
and thermodynamic stabilities follow the same trends.

TABLE IV. Dependence of destruction probability
Peav(sec™!) on the number of vibrating atoms belonged to
tier series in the C;y Ds;, fullerene.

Tier Number of Piesir
vibrating atoms

1 2 547E — 13
2 6 9.09E — 13
3 12 3.15E — 12
4 18 5.89E — 12
5 24 1.05SE — 10
6 29 2.55E—8
7 30 2.62E — 8

S.I, P.V. A, and A.S.F gratefully acknowledge gener-
ous hospitality during their visits to Krasnoyarsk (S.T) and
Fukui Institute for Fundamental Chemistry in Kyoto and
Nagoya University (P. V. A and A.S.F) under support of
the joint JSPS-RFBR travel grant 09-02-92107. This work
was partially supported by National Science Council
(grants NSC96-2113-M009-022-MY3 and NSC96-2113-
MO009-011-MY3) and Ministry of Education of Taiwan
(MOE-ATU project), as well as by the JAEA Research
fellowship (P. V. A). We thank the Institute of Computer
Modeling (Siberian Division of RAS) and the Joint
Supercomputer Center RAS for opportunity to use cluster
computers for performing all calculations.

*alex99 @iph.krasn.ru

[1] H.W. Kroto, J.R. Heath, S.C. O’Brien, R.F. Curl, and
R.E. Smalley, Nature (London) 318, 162 (1985).

[2] H.W. Kroto and K. McKay, Nature (London) 331, 328
(1988).

[3] H.W. Kroto, Science 242, 1139 (1988).

[4] E. Osawa, J. Phys. Chem. 106, 7135 (2002).

[5] R.E. Smalley, Acc. Chem. Res. 25, 98 (1992).

[6] T. Wakabayashi, P. Shiromaru, K. Kikuchi, and Y. Achiba,
Chem. Phys. Lett. 201, 470 (1993).

[71 N.S. Goroff, Acc. Chem. Res. 29, 77 (1996).

[8] R.E. Curl and R. C. Haddon, Phil. Trans. R. Soc. A 343, 19
(1993).

[9] R.F Curl, M.-K. Lee, and G. E. Scuseria, J. Phys. Chem.
A 112, 11951 (2008).

[10] M. Bogana et al., New J. Phys. 7, 81 (2005).

[11] J.Y. Huang, F. Ding, K. Jiao, and B.I. Yakobson, Phys.
Rev. Lett. 99, 175503 (2007).

[12] S.C. O’Brien, J.R. Heath, R.F. Curl, and R. E. Smalley, J.
Chem. Phys. 88, 220 (1988).

[13] S. Irle, G. Zheng, M. Elstner, and K. Morokuma, Nano
Lett. 3, 1657 (2003).

[14] G. Zheng, S. Irle, and K. Morokuma, J. Chem. Phys. 122,
014708 (2005).

[15] S. Irle, G. Zheng, Z. Wang, and K. Morokuma, J. Phys.
Chem. 110, 14531 (2006).

[16] G. Ulmer, E. E.B. Campbell, R. Kuhnle, H. G. Busmann,
and I. V. Hertel, Chem. Phys. Lett. 182, 114 (1991).

[17] E.N. Tomilin, P.V. Avramov, S.A. Varganov, A.A.
Kuzubov, and S.G. Ovchinnikov, Fiz. Tverd. Tela (S.
Peterburg) 43, 936 (2001) [Phys. Solid State 43, 973
(2001)].

[18] C. Piskoti, J. Yargen, and A. Zettl, Nature (London) 393,
771 (1998).

[19] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864
(1964).

[20] W. Kohn and L.J. Sham, Phys. Rev. 140, A1133
(1965).

[21] J.P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett.
77, 3865 (1996).

[22] J.P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett.
78, 1396 (1997).

[23] D. Vanderbilt, Phys. Rev. B 41, 7892 (1990).

175506-4


http://dx.doi.org/10.1038/318162a0
http://dx.doi.org/10.1038/331328a0
http://dx.doi.org/10.1038/331328a0
http://dx.doi.org/10.1126/science.242.4882.1139
http://dx.doi.org/10.1021/jp025639z
http://dx.doi.org/10.1021/ar00015a001
http://dx.doi.org/10.1016/0009-2614(93)85103-U
http://dx.doi.org/10.1021/ar950162d
http://dx.doi.org/10.1098/rsta.1993.0037
http://dx.doi.org/10.1098/rsta.1993.0037
http://dx.doi.org/10.1021/jp806951v
http://dx.doi.org/10.1021/jp806951v
http://dx.doi.org/10.1088/1367-2630/7/1/081
http://dx.doi.org/10.1103/PhysRevLett.99.175503
http://dx.doi.org/10.1103/PhysRevLett.99.175503
http://dx.doi.org/10.1063/1.454640
http://dx.doi.org/10.1063/1.454640
http://dx.doi.org/10.1021/nl034739t
http://dx.doi.org/10.1021/nl034739t
http://dx.doi.org/10.1063/1.1825375
http://dx.doi.org/10.1063/1.1825375
http://dx.doi.org/10.1021/jp061173z
http://dx.doi.org/10.1021/jp061173z
http://dx.doi.org/10.1016/0009-2614(91)80113-C
http://dx.doi.org/10.1134/1.1371387
http://dx.doi.org/10.1134/1.1371387
http://dx.doi.org/10.1038/31668
http://dx.doi.org/10.1038/31668
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRevLett.77.3865
http://dx.doi.org/10.1103/PhysRevLett.77.3865
http://dx.doi.org/10.1103/PhysRevLett.78.1396
http://dx.doi.org/10.1103/PhysRevLett.78.1396
http://dx.doi.org/10.1103/PhysRevB.41.7892

week endin,

PRL 107, 175506 (2011) PHYSICAL REVIEW LETTERS 21 OCTOBER 2011

[24] G. Kresse and J. Furthmiiller, Comput. Mater. Sci. 6, 15 [28]

(1996).

[25] G. Kresse and J. Furthmiiller, Phys. Rev. B 54, 11169 [29]
(1996).

[26] H.J. Monkhorst and J.D. Pack, Phys. Rev. B 13, 5188
(1976). [30]

[27] J. Kiirti, G. Kresse, and H. Kuzmany, Phys. Rev. B 58,
R8869 (1998).

175506-5

K. Tohji, A. Paul, L. Moro, R. Malhotra, D.C. Lorents,
and R.S. Ruoff, J. Phys. Chem. 99, 17785 (1995).

F. Simon, A. Kukovecz, C. Kramberger, R. Pfeiffer, F.
Hasi, H. Kuzmany, and H. Kataura, Phys. Rev. B 71,
165439 (2005).

See Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.107.175506 for
details.


http://dx.doi.org/10.1016/0927-0256(96)00008-0
http://dx.doi.org/10.1016/0927-0256(96)00008-0
http://dx.doi.org/10.1103/PhysRevB.54.11169
http://dx.doi.org/10.1103/PhysRevB.54.11169
http://dx.doi.org/10.1103/PhysRevB.13.5188
http://dx.doi.org/10.1103/PhysRevB.13.5188
http://dx.doi.org/10.1103/PhysRevB.58.R8869
http://dx.doi.org/10.1103/PhysRevB.58.R8869
http://dx.doi.org/10.1021/j100050a018
http://dx.doi.org/10.1103/PhysRevB.71.165439
http://dx.doi.org/10.1103/PhysRevB.71.165439
http://link.aps.org/supplemental/10.1103/PhysRevLett.107.175506
http://link.aps.org/supplemental/10.1103/PhysRevLett.107.175506

